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e.g. blue phases of chiral liquid crystals
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B. Local order in the low-chirality limit: Double twist

According to Eq. (7.5) the local gradient free-energy
density is everywhere bounded below by the value—

—,'~ A,o, a value that is lower than the value —K Ao as-
sumed at every point in the uniaxial helical phase. This
lower value is attained at points where VA, vanishes and
where the director field satisfies the condition

J+ 2~&Jk k (7.10)

V, V';n +—,'c,-.kV, nk =0 . (7.1 1)

But using Eq. (7.10) to evaluate the second term in (7.11)
gives

(7.12)

which is inconsistent with the integrability conditions
that V', V; n should be symmetric in i and s.
One can, however, satisfy the condition (7.10) along

lines, and by continuity the local bulk free-energy density
will then be lower than that of the helical phase in some
neighborhood of those lines as well. A particularly sim-
ple way to do this, with a clear and plausible physical
motivation, has been given by Meiboom et al. (1981),and
forms the basis for all models of blue phases in the low-
chirality limit. Consider the director field given in cylin-
drical coordinates by

n=zcos —,'r —P sin —,'r . (7.13)

One easily calculates that

(7,:n +—,'e; kn„)=—,'+(sin —,'rlr) —sinr/2r, (7.14)

which does indeed vanish on the axis of the cylinder
(r =0), but not in its immediate neighborhood.
Thus if VA, is small, in the neighborhood of r =0 the

structure (7.13) has a more favorable free-energy density
than the helical structure (7.9). At large r, where P varies
slowly with position, the director field (7.13) locally ap-
proaches the helical one, and it can be viewed as the re-
sult of wrapping the planes of constant n in the helical
structure (7.9) into cylinders.
Meiboom et al. characterize the configuration (7.13) of

We can conclude at once that no unit vector Geld can
satisfy the condition (7.10) throughout all of space, for if
there mere such a vector field, we could pick the ampli-
tude A, to have the constant value ko and arrive at an in-
tegrated tota/ free energy lower than the helical phase,
contradicting the fact that the helical phase has the
lowest free energy among uniaxial structures with con-
stant amplitudes.
This conclusion can also be reached more directly.

The question of whether the local vector field specified by
Eq. (7.10) can be defined throughout a region of space is
just the question of whether the differential equation
(7.10) can be integrated to give a nonsingular vector field
n(r) throughout the region. If Eq. (7.10) did hold in a re-
gion, then we could take a second derivative to get

FICi. 17. The dark lines show the orientation of the director
field of "double twist" given by Eq. (7.13). The configuration is
cylindrically symmetric around r =0, which is at the center of
the figure.

the director near the axis of the cylinder, r =0, as one of
double twist (Fig. 17). Their terminology refers to the
fact that near r =0, n twists along all directions perpen-
dicular to itself (and in particular it rotates along both of
a pair of orthogonal directions —thus "double twist"), in
contrast to the helical structure in which n twists only
about a single direction, the pitch axis, and is uniform
along directions perpendicular to the pitch axis.
If one thinks of the constituents of a chiral nematic as

being screwlike objects and asks for the most eScient
way to pack a group of such "screws" about a central
one, the local arrangement that takes Inaximal advantage
of the helical symmetry of the screws is clearly one of
double twist. This is preferable to a "helical" arrange-
ment in which the axes of the neighboring screws twist
only in one direction, remaining parallel to the central
screw in the other.
As we have seen analytically, however, and as is evi-

dent when contemplating a collection of screws, double
twist cannot be extended to fiH a region of space. As a
result, if we attempt to build a structure consisting of lo-
cal regions of approximate double twist, the interpolating
regions must necessarily be less favorably aligned. It is
therefore possible that the locally less favorable helical
arrangement may still turn out to give the best overall
configuration. ' Whether a structure with local regions
of double twist can be stable with respect to the helical
phase is thus a question of whether the free-energy gain
over the helical phase from the local double-twist regions
more than o6'sets this increase in free energy outside of
the regions of double twist. The contribution to the gra-
dient energy of such unfavorable regions can be reduced
by decreasing A. in these regions, which is why A. is neces-
sarily nonuniform in such structures. Variations in A, ,
however, force one to pay a price in bulk free energy,
which penalizes any deviation from k=ko. Since the en-
ergetics are dominated by the bulk free energy as re~0,
there will be a threshold value of x below which such
variations are too costly and no blue phases are possible.

As we shall see in Sec. VIII, this is indeed true for chiral fer-
romagnets, in which the locally ordered state always loses to the
helical phase.

Rev. Mod. Phys. , Vol. 61, No. 2, April 1989

locally favorable director
“double-twist” configuration

∂inj = − q0 ϵijknk
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e.g. blue phases of chiral liquid crystals

stacking is kept, as shown in Fig. 3. This is yet another

example of frustration, which finds no solution in R3. As a
consequence, the system usually displays rather complex

space structures, as the best compromise between these

conflictual forces. Among these structures there are the
fascinating infinite periodic minimal surfaces (IPMS) [19].

As in the previous cases, it is also possible here to

release the frustration by curving the underlying space,
here into either S2 9 R1 or S3 as described in ref. [3].

However, note that the IPMS are best described, in a
curved space approach, by working with a negatively

curved space, the H2 hyperbolic plane [20].

There is also a very interesting family of compact sur-
faces, called vesicles, which can adopt configurations

topologically equivalent to torus of different genus. They

find their place in the context of this article because of their
relation with the torus foliation associated with the Hopf

fibration. Vesicles with toroidal topology are predicted to

be stable for standard free energy models, and have been

observed with partially polymerized phospholipid mem-

branes and even with fluid membranes [21–23]. Further-
more, calculations and experiments agree on the optimal

toroı̈dal shape, the so-called ‘Clifford torus’, an axial-

symmetric torus such that the ratio of its generating circles

is
ffiffiffi
2
p

. From the theoretical side, this results from the

consideration of a bending energy Fb which is proportional
to the so-called conformally invariant ‘Willmore func-

tional’ [24] T :

T ¼
Z

H2dA

where H is the mean curvature, integrated over the mem-
brane. A second term in the energy comes from an inte-

gration over the Gaussian curvature which only depends

upon the surface genus, and is therefore constant here.
Willmore had conjectured that T C 2p2 for any toroidal

surface in R3, the equality holding for the Clifford torus.

Note that the conformal invariance of T makes the latter

Fig. 3 Schematic
represenatation of frustration in
amphiphilic bilayers. A constant
interfacial distance and
vanishing curvature are
compatible in R3 (central
figure), which fails to be true
in the presence of curvature
(left and right parts)

Fig. 2 Frustration in double-twisted cholesteric phases: a screw
schematic representation of two neighbouring cholesteric molecules,
b two different paths satisfying the double twist condition do not lead
generically to the same molecular orientation in R3, c the double twist

condition can be approximately realized in a double twist tube in R3,
d a piece of the ideal blue phase in S3, stereographically mapped onto
R3. This field is tangent to Hopf fibration circles
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Assembly of polyhedral particles 
in and out of curved space
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Cheng, Sun & Mao PRE (2024) 

the 600-cell, the shell we consider here includes the north and
south rings (Fig. 2g and h), αN < α < αS, which leads to a total
thickness of the shell h ¼ 2 arctanð1=2ÞR. In order for the thin
shell approximation to be valid, we need the thickness to be much
smaller than both the width and the length, as well as the radius
of curvature. As we discuss below when comparing the theoretical
and experimental results (see the section “Helicoidal morphology
of NPs assemblies and comparison with experiments”), this
criterion is indeed satisfied in the cases we explore here. The
reference first and second fundamental forms !aij $ !gijð0Þ and
!bij $ % 1

2R ∂t!gijð0Þ are

!a ¼
1 0

0 1

! "
and !b ¼

1
R

0 %1

%1 0

! "
: ð6Þ

The reference first fundamental form !a represents the ideal in-

plane metric of the mid-surface. The reference second funda-
mental form !b represents the reference curvature. It is off-
diagonal, so it favors pure twist around the axis defined by the
tetrahelix direction. The twist between the contact surfaces of the
tetrahelices packed in the shell generates stress between the upper
and lower surfaces of the sheet, as depicted in Fig. 2k. This
geometric frustration manifests in the fact that !a and !b are
incompatible in a surface embedded in Euclidean space for which
det !b= det!a ¼ %1=R2, while Kð!aÞ ¼ 0, violating Gauss’ Theorema
Egregium det !b= det!a ¼ Kð!aÞ. Note that the
Gaussi–Codazzi–Peterson–Mainardi (GCPM) equations are
satisfied.

We minimize the energy of the shell to find the actual first and
second fundamental forms a and b. We first consider the

Fig. 2 Structure of the 600 cell. a Tetrahelices are chiral linear assemblies of tetrahedra. b Chiral ligands induce a twist between neighboring tetrahedra,
and select and handedness of the tetrahelix. When the tetrahelix and the relative twist have the same (opposite) handedness, the distance between 4th-
nearest neighbor tetrahedra’s centers d(1, 4) increases (reduces), thus lowering (increasing) their electrostatic repulsion. At the same time, the edges of
the tetrahelix become more (less) coiled. c In 3D Euclidean space, two tetrahelices cannot fit side-to-side. d Two tetrahelices fitting perfectly together on
the 3-sphere S3 (a stereographic projection). e The base icosahedron of the 600 cell. The 4 toroidal shells are indicated by color gradient, with the α
coordinate of the boundaries between them marked. f–g 4 toroidal shells of the 600 cell, each containing 5 tetrahelices. f North pole bundle (0 < α < αN): 5
tetrahelices around the North pole of the base. g North ring of 5 tetrahelices wrapped around the North pole bundle (the latter is not visible). h South ring
of 5 tetrahelices wrapped around the North ring. The surface triangles are facing the South pole of the base. The north and south rings together occupy the
space αN < α < αS. i South pole bundle (αS < α < π/2): 5 tetrahelices are closely packed around the South pole of the base. j The coordinate Φμ= (α, β, θ)
(stereographic projection). k The slice !M, which contains the north and south rings (g and h, a total of 300 tetrahedra arranged in 10 tetrahelices,
corresponding to the middle 10 triangles in the base icosahedron in e), are characterized by layers of constant α surfaces within αN < α < αS. The angle
between (θ, β) evolves across the layers, according to the reference metric [Eq. (4)]. l The middle layer of !M is the Clifford torus (α= π/4, represented as a
square with opposite edges identified). The θ axis is along the RH tetrahelices, and along the long side of the ribbon when RH tetrahelices assemble. The
assembled ribbon (gray rectangle) has reference metric !g from the 600 cell but is not limited by the size of the Clifford torus.
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FIG. 1. (a) Overlap between three icosahedra sharing one edge.
(b) An example of a geodesic (red line) and a hyperplane (blue sur-
face) in the Poincaré ball model. (c) Central hyperbolic icosahedron
in the Poincaré ball model (yellow with thick blue outline) and the
first two layers of the hyperbolic crystal {3,5,3} (thin black outlines).

assembles characterized by negatively curved non-Euclidean
crystal tessellations, which have been predicted to carry exotic
excitations [20–26].

II. RESULTS

A. Constructing the hyperbolic crystal {3,5,3} in H3

We start by considering the packing of identical regular
icosahedra in space. The dihedral angle between two adjacent
faces in a regular icosahedron is arccos (−

√
5

3 ) ≈ 138.19◦;
three icosahedra sharing a common edge would have a slight
overlap of 54.57◦ [Fig. 1(a)]. This overlap can be eliminated
by introducing negative curvature, i.e., putting the packing in
H3, which is an isotropic 3D space with constant negative cur-
vature. One way to intuitively understand this is by realizing
that negative curvature can enlarge the space because a sphere
of radius r has volume proportional to er in H3 instead of r3

in E3. Therefore, negatively curved space can accommodate
more volume, making it possible to have three icosahedra
sharing a common edge without overlap.

Among all crystals that can be tessellated by icosahe-
dra, the hyperbolic crystal {3,5,3} is the “least frustrated,”
meaning that the H3 it corresponds to has the smallest neg-
ative curvature [Fig. 1(c)]. The tesselation denoted by Schläfli
symbol {p, q, r} is a tesselation whose unit cell is a regular
polyhedron. The surface of this regular polyhedron is a regular
p-gon with q p-gons sharing a common vertex and r unit cells
sharing a common edge in this tesselation.

As detailed in Appendixes A and B, we construct the
{3,5,3} non-Euclidean crystal by mirror reflections starting
from the fundamental domain of the icosahedron, following
the Coxeter group [27]. The resulting crystal is infinitely large.
To perform calculations and visualize the results, we adopt
the Poincaré ball model for H3 (detailed in Appendix C). The
Poincaré ball is an open unit ball in R3 together with the
metric

ds2 = 4
dx2 + dy2 + dz2

(1 − x2 − y2 − z2)2
. (1)

From this metric it is clear that distances between points close
to the boundary of the Poincaré ball diverge, bringing points
at ∞ in H3 to this unit ball. In the Poincaré ball model, a
geodesic (i.e., a length-minimizing curve between two points)
is an arc perpendicular to the boundary of the unit ball, and
hyperplanes (i.e., surfaces with constant negative curvature
that can be decomposed into disjoint union of geodesics)
are spheres perpendicular to the boundary of the unit ball
[Fig. 1(b)]. The hyperbolic tiling {3,5,3} can be constructed
via hyperbolic reflections, similar to how Euclidean crystals
can be generated by mirror reflections in Euclidean space.
First, construct a hyperbolic icosahedron (i.e., a polytope in
H3 with 20 faces having the same symmetry as icosahedron
in Euclidean space) centered at the origin. The curvature of
this H3 is chosen such that the dihedral angle between two
adjacent faces is 2π

3 [Fig. 1(c)]. Then, reflecting the central
icosahedron using its 20 faces, we get the second layer of
icosahedron. Repeating this process we get the entire tiling
[Fig. 1(c), and as detailed in Appendix B).

B. Model energy of frustrated NP self-assembly in E3

We next consider the energy of the assemblies as one
“flattens” the non-Euclidean crystal {3,5,3} to our Euclidean
space E3. We consider a model energy of four parts [13],

E = Eelastic + Erepulsion + Ebinding + Eboundary. (2)

Here, Ebinding describes the binding energy between the NPs,
and Eboundary describes the exposed surfaces of the NPs in con-
tact with the solvent. We consider the regime where Ebinding is
large (e.g., ∼50kBT between a pair of bound NPs), and thus
tight face-to-face binding following the pattern of the {3,5,3}
non-Euclidean crystal is favored. Therefore, we can assume
the assembly is obtained by choosing a suitable slice M of the
hyperbolic crystal {3, 5, 3}, and flattening it into the Euclidean
space. Once M is chosen, Ebinding and Eboundary are fixed, as
Eboundary is determined by the amount of surfaces exposed to
the solution and Ebinding depends on the number of attached
surfaces.

The morphology of M in our Euclidean space is determined
by the combination of Eelastic and Erepulsion. We take the con-
tinuum limit to enable an analytic treatment of the problem.
The elastic energy comes from the fact that the {3,5,3} non-
Euclidean crystal necessarily needs to be distorted to fit into
E3. Let gτ

µ be the actual Euclidean metric of the assembly
and gτ

µ be the curved metric of H3 representing the ideal,
stress-free distance between the NPs. In the continuum theory,
close to a local minimum the elastic energy can be generally
written as that of an isotropic homogeneous elastic medium of

054132-2

radius R ¼ K−0.5 while keeping the packing fraction
constant, thereby flattening the curved spaces. This tech-
nique geometrically frustrates the assemblies and has
shown to increase the kinetic fragility of glass formers [47].
By comparing the local environments of particles
assembled in curved and in flat space, we show that the
geometric incommensurability, that prevents particles to
form entropically favorable tessellations, manifests itself
in two different ways as we gradually flatten space.
Interestingly, the Euclidean assemblies of tetrahedra and
of dodecahedra still exhibit signs of their 3-sphere tessel-
lations. For crystal structures with multiple local environ-
ments the geometric frustration suffered by the tessellating
assembly as curved space is flattened is resolved by the
appearance of defects, leading to an assembly with free
volume nonuniformly distributed through the structure.
In contrast, we find that the assemblies of octahedra and
of icosahedra have a large curvature mismatch between
the curved spaces they tessellate and Euclidean space, and
thus their 3D assemblies are not related to defect-ridden
tessellations from curved space. Instead, shapes which form
crystals with unique local environments resolve the geo-
metric frustration in Euclidean space by maximizing
entropy uniformly among all the particles, resulting in
colloidal crystals of considerably less complexity than
those assembled by shapes of type 1.
Self-assembly of 4-polytopes.—The family of regular

4-polytopes can be identified as tessellations of the 3D
positively curved volume of a 3-sphere. We performed
HPMC simulations of the self-assembly of N ¼ 600

tetrahedra, N ¼ 120 octahedra, and N ¼ 24 dodecahedra
with circumsphere diameter σ confined to the 3-sphere into
4-polytopes corresponding to the 600-cell consisting of 600
tetrahedral cells, the 120-cell with 120 dodecahedral cells,
and the 24-cell with 24 octahedral cells, respectively. There
exist even more tessellations of the three Platonic solids in
both hyperbolic and spherical space, but these three
tessellations deviate in curvature the least from flat
Euclidean space, which makes them the strongest candi-
dates for a comparison with self-assembled 3D structures.
Because cubes already tessellate Euclidean space, and
icosahedral tessellations exist only in hyperbolic space,
we do not simulate these two shapes [48]. All self-assembly
simulations were carried out at constant pressure and
constant N. Figure 1(d) shows equations of state for all
three shapes. The data indicate a first-order transition from
the disordered fluid phase into a crystalline phase for the
tetrahedron and dodecahedron systems. Although a first-
order transition is not evident in the octahedron data, we
suspect this is simply due to the necessarily small system
size [50,51].
The crystal structures that self-assemble above the

transition pressure (or corresponding density) are quanti-
fied by two different types of radial distribution functions
(RDF); see Figs. 1(b) and 1(c). The RDF gcðrÞ quantifies
spatial correlations between particle centroids, and devel-
ops peaks that coincide with the characteristic geodesic
distances between cells of the ideal 4-polytopes. Similarly,
the RDF gvðrÞ calculated from the polyhedron vertices
develops peaks that fit the dual lattices of the 600-cell

FIG. 1. Self-assembly of 600 hard tetrahedra into the 600-cell (top row), 120 hard dodecahedra into the 120-cell (center row), and 24
hard octahedra into the 24-cell (bottom row) on the 3-sphere. (a) Stereographic projections of the ideal 4-polytopes and the densest
obtained assembled configuration via MC simulations. Particles that are highly deformed by the stereographic projection are outlined by
their edges for better visualization. Normalized radial distribution functions at different densities ρ in regard to the (b) center positions
and (c) vertex positions of the particles. (d) Space curvature vs pressure calculations during the phase transition. (e) Highest densities
obtained from self-assembly simulations at different number of particles N.
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where even more constraints come from the coupling between nematic order and the elasticity of
a polymer network.

The current article can be regarded as a follow-up to a previous review article titled “Order and
Frustration in Chiral Liquid Crystals” (6), coauthored with Kamien in 2001. The single greatest
difference is that the previous article concentrated on chirality as the mechanism to induce modu-
lated phases, and the current article regards chirality as just one of four fundamental mechanisms.
Indeed, this difference shows progress over twenty years in the field, which now recognizes an
even richer variety of complex modulated phases.

2. NEMATIC LIQUID CRYSTALS
2.1. Director Deformation Modes
In a nematic liquid crystal, the molecules have orientational order along a local axis, which is
represented by the director field n̂(r), but they do not have positional order. To analyze direc-
tor deformations, we use a mathematical approach that was recently developed for purposes of
topology by Machon & Alexander (2) and was applied to elasticity theory by Selinger (3). This
approach decomposes the director gradient tensor as

∂in j = −niB j +
1
2
S(δi j − nin j ) +

1
2
T ϵi jknk +$i j , 1.

with the four modes B, S,T, and$ij defined below. In mathematical terminology, these modes are
four irreducible representations of the group of rotations about the director n̂.

2.1.1. Bend. The first mode is bend, defined as B = n̂× (∇ × n̂) = −(n̂ · ∇)n̂. A deformation
with locally pure bend, and all other modes equal to zero, is shown in Figure 1a. This mode indi-
cates how n̂ varies as one moves along the n̂ direction. It is a vector in the plane perpendicular to n̂.
It has two degrees of freedom, because n̂may change in either of the two directions perpendicular
to n̂. In a nematic liquid crystal, the director n̂ and −n̂ represent the same physical state. Because
the bend is even in n̂, it is invariant under the transformation n̂ ↔ −n̂, and hence it is a uniquely
defined physical object.

2.1.2. Splay. The second mode is splay, defined as S = ∇ · n̂. A deformation with locally pure
splay, and all other modes equal to zero, is shown in Figure 1b. This mode is a scalar, with one
degree of freedom. It indicates how n̂ tilts inward or outward, isotropically in the plane perpen-
dicular to n̂. We emphasize that pure splay is double splay, in both directions perpendicular to n̂.
It is not single splay, like slices of pizza. Indeed, it must be double splay because it is a scalar, which
has no characteristic direction in the plane perpendicular to n̂. Because S is odd in n̂, it changes

a   Bend B b   Splay S c   Twist T d   ∆ mode

Figure 1
Director deformation modes in a nematic liquid crystal.
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Figure 5. Pure splay and bend configurations in the Poincaŕe ball representation of H3. (a) Pure splay field lines, along parallel
geodesics coming from a point at infinity (here the north pole on the limit sphere). (b) Pure bend field lines, tangent to a bundle
of horocircles drawn on a bundle of horospheres (here tangent to the north pole on the limit sphere).

Figure 4 shows a polar plot of the four deformation modes as functions of the angles α and β. Two special
cases are particularly interesting: the director field has pure constant splay if β = 0, and it has pure constant
bend if β = π/2. In the latter case, note that there is a continuous set of pure bend field upon varying α.

To visualize these director fields in H3, we use the Poincaré ball representation, analogous to the
Poincaré disk discussed in section 3.3. For this representation, we make a stereographic projection from the
hyperboloid onto the (x, y, z) space, by constructing a line from any point in the hyperboloid to the pole
(0, 0, 0,−1). This line maps any point of the hyperboloid (x1, x2, x3, x4) onto x = x1/(1 + x4),
y = x2/(1 + x4), z = x3/(1 + x4), which lies inside the unit ball B3. In this Poincaré ball, points at infinity
of H3 are represented by the limit sphere R = 1. Geodesics are represented by arcs of circles orthogonal to
the limit sphere, as shown in figure 5(a), and geodesic surfaces by spherical caps orthogonal to the limit
sphere. Horospheres are spheres tangent to the limit sphere, shown in figure 5(b), and horocircles are fibers
on those spheres.

Now the two special cases of director field are easily identified. The pure splay field (with β = 0)
amounts to varying σ with constant µ and ν, leading to the geodesic field lines in figure 5(a), which
converge toward a single point at infinity. The corresponding director field n̂ = ĉ has pure constant splay,
with zero bend, twist, and biaxial splay. (The zero bend is expected because the field lines are geodesics.)
There is a continuous set of such director fields with pure constant splay, which can be obtained by global
rotations changing the bundle end point on the unit sphere bounding the Poincaré ball.

For the pure bend field (with β = π/2), we can use any unit vector in the {â, b̂} plane. For example,
varying µ with constant σ and ν leads to the field lines shown in figure 5(b). Here, the constant σ defines a
horosphere, and the constant ν selects a horocircle on that horosphere. We can therefore build an overall
horocircle bundle of H3. The corresponding director field tangent to these horocircles is n̂ = â, which has
pure constant bend, along with zero splay, twist, and biaxial splay.

Note that the pure bend field lines are everywhere orthogonal to the pure splay field lines. Therefore, the
chosen exponential coordinate system gives a local basis of tangent vectors with pure constant splay along
one direction, and pure constant bend along the other two.

From these results, we can see that the hyperbolic space H3 allows director fields with pure constant
splay or with pure constant bend, just as the three-sphere S3 allows director fields with pure constant twist.
If we change the curvature radius of H3 from 1 to ρ, the splay of the first director field would change to
S2 = 4/ρ2, and the bend of the second director field would change to |B|2 = 1/ρ2. Hence, if the free energy
for bent-core molecules favors a certain bend, as in equation (12), or the free energy for pear-shaped
molecules favors a certain splay, as in equation (13), the ideal structure can be achieved without frustration
in a hyperbolic space with the appropriate curvature radius.

As previously discussed for H2, we can also transform, by inversion, from a Poincaré ball visualization to
an upper half-space visualization of H3. This upper half-space visualization is defined for positive z, and it
has the metric dℓ2 = z−2(dx2 + dy2 + dz2). In this visualization, the pure splay case corresponds to field
lines along z, and the pure bend case corresponds to parallel lines in the (x, y) plane.

We now extend the analysis to the remaining five 3D homogeneous geometries, which are anisotropic,
especially to search for an example of pure constant biaxial splay.

4.4. Space S2 × R
The space S2 × R consists of the 2D sphere S2 extended uniformly in an orthogonal direction. A natural
coordinate system (θ, φ, z) is just the (θ, φ) angular coordinates of S2 combined with the z coordinate along
R. In this coordinate system, the metric is dℓ2 = dθ2 + sin2 θ dφ2 + dz2. This space is clearly anisotropic,
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III. NUMERICAL SIMULATION OF FLAT MEMBRANES v'3k=p = (3.8)
We consider a 2D triangular lattice of atoms with unit

mean spacing. ' Any deformation maps the lattice points
r, into new locations r,'. We deSne a stretching energy

F," ""=,'e g-(lr.' r—'b
l

—1)',
&a, b&

(3.1)

Fdiscrete ] & ~ U2
a

(3.2)

where U, is the local sum over nearest neighbors b of
atom a,

U, =—,
' g (

l
r,' —rb l

—1)
b

(3.3)

To derive the continuum limit, imagine that some con-
tinuous deformation map r~r' is given which matches
our discrete map r, ~r,' =r, +u, (r, ) at the lattice
points. Let g; be the metric tensor induced by the defor-
mation

g; =8;r' B.r' .
Then we can make the approximation

(3.4)

I r.' rb
l =[g;,—(r. )r.'br.'b]'"
= I [5; +2u,j(r, )]r,'br, b ] '

=[1+2u;j(r, )r,'b,'b]

where the sum is over distinct nearest-neighbor pairs of
atoms a and b. This can be reexpressed in terms of a
stretching energy density U„

and calculate the 2D Young's Inodulus and Poisson ratio
using (2.12),

Ko—— —e, o.=—.2
v'3 (3.9)

To construct membranes with defects, we start out
with a hexagonal region of the lattice. The hexagon is
composed of six equilateral triangular wedges. If we ex-
cise one wedge and attach the exposed edges, we obtain a
positive disclination. The negative disclination is con-
structed by cutting a slit and inserting a seventh wedge.
The dislocation is a hexagon with a line of atoms running
from a vertex to the origin removed, or equivalently, a
positive and negative disclination separated by a single
lattice spacing. Sample configurations are depicted in
Fig. 1.
In Sec. II we minimized the stretching energy function-

al F, [u;~] to obtain the equations of plane elasticity
theory. We have shown that the continuum limit of our
function F, '"""of 2N coordinates (where N is the num-
ber of atoms) is precisely this functional. Hence minimiz-
ing F '"""should give the same results for large N.S

There are two algorithms for minimization of a function
which utilize gradient information: conjugate gradient
and variable metric. ' The conjugate gradient method is
superior for our purposes because it requires less storage.
Like most methods of multidimensional minimization, it
is performed as a series of one-dimensional minimiza-
tions. Its special feature is that it constructs a series of
"noninterfering, " or "conjugate" directions. Minimiza-

=1+u;j(r, )r.br,'b, (3.5)

since the strain tensor is defined by the equation
g;J =5;j+2u;J, and the undeformed distance

l r,b l
is uni-

ty. As the index b ranges over the nearest neighbors of
atom a in Eq. (3.3), the unit ~ector r,b =r, —rb steps over
the vertices dp of a regular hexagon. This fact enables us
to evaluate the stretching energy density

6
U, =—,

' g (u, dpjp)
P=1

8 ~ij ~kl(5ij 5kl+5ik5jl+5il5jk )

=—',(2u,j+ukk ), (3.6)

where the strain tensor is understood to be evaluated at
r, . Thus the continuum limit of (3.2) becomes

F '"""='g U = — Jd U( —)1
S 2 0

a

E d r(2u, .j+ukk ) .
8

(3.7)
(b)

(c)

Comparing with (2.6), we can read off the 2D Lame
coefficients

FIG. l. (a) Flat dislocation. (b) Flat positive disclination
(s =2~/6). (c) Flat negative disclination (s =—2m/6).
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e.g. blue phases of chiral liquid crystals

JAMES P. SETHNA

Bragg scattering). The existence of an apparently stable
phase amorphous on such a long length scale is very in-
teresting. There is much speculation on the existence of
ideal glassy state, which is approached asymptotically as
one quenches arbitrarily slowly. The fact that, in certain
parameter ranges, cholesteric Auids appear to have an
amorphous ground state may have relevance to these
ideas. (Note that the fog seems to be the most elusive of
the blue phases. )
Sachdev and Nelson ' have understood properties of the

metallic glasses as Gaussian Auctuations about the isotro-

pic state. Although Hornreich and Shtrikman claim
that fluctuations in the isotropic state cannot explain the
blue fog, it is possible that they are wrong. Clearly, one
must perform the analogous calculation for the blue
phase. It would be fascinating if the blue fog were a pre-
cise analog of the metallic glasses.
We can form a model blue phase out of the 45' tubes in

Fig. 12, which is consistent with the present experimental
data on blue phase II.' (Most, although not all, of the
proposed model blue phases can be interpreted in terms of
double-twist tubes. The defect-line description can be
used in all models, because it is topological. ) One can
pack these tubes into a cubic array [Fig. 14(a)], defining
the "0 " phase. Defect lines pass through the right-
handed corners, and meet in the center of the unit cell
[Fig. 14(b)]. Each corner of the unit cell has also four de-
fect lines passing from it; the defect lines form two inter-
penetrating diamond lattices.

III. IDEAL TEMPLATES

(a)

In the preceding section we saw that cholesteric fluids
and metallic glasses are frustrated: the local low-energy
structures cannot be used to fill space. In this section, we
shall begin by seeing that both of these systems are un-
frustrated in an unphysical space—the surface S of a
sphere in four dimensions. We shall refer to these ideal,
unfrustrated configurations as "templates" for the real
flat-space structures. The defect lines will have a natural
interpretation as the edges of the cuts needed to flatten the
spherical templates.
In Fig. 4, we saw that when five undistorted tetrahedra

are fit around an edge, there is a 7—,' gap. If we go to a
space of positive curvature, we can shorten the circumfer-
ence of a circle while keeping its radius fixed; in particu-
lar, on the surface of a sphere of radius ~ '=1.59a, five
tetrahedra of edge length a will join together perfectly at
an edge. This process can be continued to form a Euclide-
an solid in four dimensions. 600 tetrahedra will smoothly
cover S with five tetrahedra meeting at each edge. This
solid has 120 vertices, so 120 atoms of diameter a can be
fit onto a sphere of radius tc ', the neighbors of each
atom form an icosahedron. This ideal template was
described long ago by Coxeter' (it is polytope I3,3,5I).
It was proposed as a model for metallic glasses by Sadoc'
and Kleman, ' and has been studied in detail by Nelson.
Cholesteric fluid can have double twist everywhere on

the surface of a sphere of radius q '. If
x —(xQ x ] «x 2 x3 ) is a point on the sphere, then the ideal
template is given by the vector field

n(x)=q( —x),xo,x3,—x2) . (3.1)

FICx. 14. (a) Crystalline blue phase: tube structure. Proposed
model for blue phase II, shown as an array of 45' tubes. (b) De-
fect structure. The same model blue phase, showing the s =—2
defect lines in the unit cell.

This is a unit-vector field (n =1) everywhere tangent to
the sphere (n x =0). Most important, it has double twist
everywhere, ' ' n;.~ =—qe,jknk. We now check explicit-
ly that it has double twist in the neighborhood of the top
of the sphere. At xo=(q ', e„,e~, e, ),

n( x)o=(—qe„, l,qe„qe~) . — (3.2)
The first component represents the change in n necessary
for it to remain tangent to the sphere [n(xo) points in the

JAMES P. SETHNA
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cover S with five tetrahedra meeting at each edge. This
solid has 120 vertices, so 120 atoms of diameter a can be
fit onto a sphere of radius tc ', the neighbors of each
atom form an icosahedron. This ideal template was
described long ago by Coxeter' (it is polytope I3,3,5I).
It was proposed as a model for metallic glasses by Sadoc'
and Kleman, ' and has been studied in detail by Nelson.
Cholesteric fluid can have double twist everywhere on

the surface of a sphere of radius q '. If
x —(xQ x ] «x 2 x3 ) is a point on the sphere, then the ideal
template is given by the vector field

n(x)=q( —x),xo,x3,—x2) . (3.1)

FICx. 14. (a) Crystalline blue phase: tube structure. Proposed
model for blue phase II, shown as an array of 45' tubes. (b) De-
fect structure. The same model blue phase, showing the s =—2
defect lines in the unit cell.

This is a unit-vector field (n =1) everywhere tangent to
the sphere (n x =0). Most important, it has double twist
everywhere, ' ' n;.~ =—qe,jknk. We now check explicit-
ly that it has double twist in the neighborhood of the top
of the sphere. At xo=(q ', e„,e~, e, ),

n( x)o=(—qe„, l,qe„qe~) . — (3.2)
The first component represents the change in n necessary
for it to remain tangent to the sphere [n(xo) points in the
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