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1 What is physical learning?

As I compose these informal notes from Santa Barbara, CA, while helping coordinate
the KITP Brainless26 Workshop, I will assume that each of you has had some experience
interacting with a Large Language Model, such as Claude. Indeed, we have all witnessed
the Artificial Intelligence (AI) boom and now must grapple with how to effectively use Al
to become better theoretical physicists. And if AI will help us solve humanity’s problems,
then perhaps we should understand how Al really works.

There is an ever-growing collection of physicists, including myself, realizing that if we
are to understand how AI works then we must understand how the simplest systems, be it
living or nonliving, learn. And by “simplest” in living systems, we do not mean the brain
since brains developed quite a bit later in the evolution of life. In fact, one could argue that
all biological systems are learning systems, all biological systems are physical systems, and
so there must be a direct connection between physics and learning, hence, physical learning.
It is, therefore, somewhat obvious why physicists are becoming increasingly interested in
physical learning, beyond, of course, the initial brain-inspired work of Hopfield (and many
others) [1].

If “all” biological systems learn, let’s define a biological system as one with many interact-
ing components (a network) and that is capable of modifying/updating, to greater or lesser
extents, its own components and/or the interactions between components. A paradigmatic
biological system example is a single cell. There are many components to, say, a eukaryotic
cell, in terms of its cytoskeleton, its nucleus, its mitochondria, etc. And, for example, the
cytoskeleton can change into different morphologies (more branched, less branched) as the
cell interacts with its surroundings, i.e., it can modify itself. To some people’s surprise, single
cells learn. There is experimental evidence for this [2, 3, 4, 5]. For example, they habituate
to harmless signals from the environment, meaning they learn to ignore harmless signals [4].

Before further rambling, let’s define learning in the context of a task with inputs, outputs,
and some measure of performance. Given input signals from the environment, learning is
the modification of components/interactions in a system to produce an output that improves
performance of not just some current task but also future-related tasks. Obviously, this
learning construction does not distinguish between a living system and a nonliving system.
However, while for living systems modification is typically self-induced, nonliving systems
may need a little more help. In the habituation example above, the output is not responding



to the input and the learning is, for example, habituating to related harmless signals more
quickly.

Now that we have some idea about learning, as opposed to working with more complex
systems such a biological cell with its numerous interacting subsystems in terms of me-
chanical, metabolic, chemical, etc., let us turn to simpler interacting systems, namely flow
networks, resistor networks, and spring networks. While many of us have thought about
such systems prior to coming to Boulder, Eleni’s notes make the linear response of all three
systems clear. Thank you, Eleni!

To probe questions about learning in such networks, we need to elevate them to a system
that can be modified. What do I mean by that? For any network with fixed architecture,
modifications will be changes to interaction strengths, such as the resistance of each resis-
tor. These interaction strengths act much like updatable weights in a neural network. For
any network without fixed architecture, rewiring of the resistor network, is also a possible
modification (but one that conventional Al platforms do not seem to consider). In biology,
again, such modifications are done by the system itself (no supervisor required), while for
nonliving systems the modifications will, for the most part, be done by a computer or by a
person, i.e., a supervisor. Some sort of physical learning algorithm will be needed to quan-
tify the amount of modification. We will now focus on several such algorithms with the
first two learning class meets focusing on networks of fixed architecture (so no rewiring) but
modifiable resistance, for example, and the third learning class meet will address a system
in which the architecture is restructured.

Please note that some additional related references on physical learning will be provided
later on in the notes. The vast majority of the following was done in collaboration with a
number of people, including V. Anisetti, B. Scellier, A. Kandala, T. Zhang, S. Ameen, K.
Kim, O. Pfister, J. Paulsen, N. Pashine, M. Stern, I. Klich, A. Amanuel, W. Guo, and K.
Zhang. Also notice that there are no figures in these notes. There definitely will be figures
during the class meet, so please do not think of these notes as a replacement for the class
meet, but as a supplement. Lastly, each of the following three sections has a notation unto
itself. Apologies.

2 Learning Class Meet I: Multi-mechanism Learning
with fixed architecture weighted Laplacian networks

2.1 Driving question

Let’s cut right to the chase and ask:

How can a physical network learn a task using gradient descent?

2.2 Set-up of the weighted Laplacian network

To begin to answer our question, consider a weighted graph with N nodes labeled
1,...,N. Each edge connecting nodes = and y has a symmetric weight w,, = w,, and
Wy = 0 (no self-loop), i.e., there is a set of weights. It is these weights that will be modified



with the network architecture fixed. Note that x and y are node indices and not spatial
indices, fortunately or unfortunately. The weights, for example, represent conductances, if
we are considering a resistor network. Then, let v, denote the voltage at node x. Let us
choose M input pairs of nodes by which applied input electric currents flow into and out
of the network. Different applied input currents for different input node pairs are possible.
The input currents form a list of numbers, or I € R". Current conservation at each node
(using Ohm’s law) gives

N ey (0, —vy) = L, (1)

yd.c.x
where d.c. denotes the nodes y directly connected to node x. This equation can be written
in matrix form as

Li=1, (2)

as the voltages at each node form a list of numbers as well. Here, L is the weighted graph
Laplacian:

sz = Z Wy, Lzy = —Wgy ((L’ 7é y)> (3)

yd.c.x

so L is symmetric. For all nodes not directly connected, the weighted graph Laplacian
contribution is zero.

For the sake of argument, we will also consider an identical twin resistor network in
which the architecture and weights are the same. In this identical twin resistor network,
we define pairs of output nodes in which feedback currents are injected into and flow out of
the identical twin network. The feedback currents are, again, a list of numbers denoted by
E € R". When feedback currents are injected into the network, the response is governed by
the same weighted Laplacian operator, or

Li=E, (4)

with feedback voltages at each node denoted by wu,.

If you are scratching your head about the introduction of an identical twin network, you
have every right to be. Certainly biology is not set up that way. So instead, you are welcome
to also consider one multi-plexed network where the response to the input currents is a resistor
network. However, these resistors also act as conduits/tubes such that the response to the
feedback currents are measured in terms of pressures. Given this multi-plexed network, the
weights of the feedforward network with its input currents and the weights of the feedback
network with its feedback currents should take on the same values, which may or may not be
easy to do given that the weights represent different quantities. We can discuss this further
in person. The important takeaway is that u, and v, at each node must be distinguishable.

Finally, while voltage and pressure are scalar quantities, displacement is a vector quantity.
To quantify spring networks, one can group each spatial component together to form a block
weighted Laplacian.

2.3 A Task to Learn

There are many different tasks one can assign either the identical twin networks or the
multi-plexed network to learn, such as classification. To navigate the task, a cost function



C is defined as
C: §Z(U(I,y) _vd($7y>)27 (5)
0.p.

where o.p. denotes output pairs and voltage drops are defined via

v(z,y) = vy — vy, w(x,y) = Uy — Uy (6)

Achieving the task becomes synonymous with minimization of the cost function. Gradient
descent is a means by which to achieve this minimization.

To be more specific, the first extremely, extremely simple Al task one can try is Iris
classification [6]. This is a very old data set consisting of only numbers (and not images of,
say, handwritten digits from the MNIST data set or images of cars, airplanes, cats, frogs,
and six other types of creatures or objects, etc. from the CIFAR-10 dataset. There are 150
irises of three different types (50 of each). There are four inputs consisting of petal width
and length and sepal width and length. The data set is split in half; half for training and
half for testing so that we can test for generalization (as opposed to memorization).

Finally, as we stated above the learning involves a system either getting modified (via
a supervisor) or modifying itself (no supervisor/unsupervised). The trainable/updatable
degrees of freedom are the resistances/the tube diameters/the spring constants of the net-
work(s). The physical degrees of freedom are the voltages/pressures/strains.

2.4 Multi-mechanism (Multi-modal) Learning Overview

Now that we have a system with many interacting components that can be modified
and a task, let us turn to what is called the Multi-mechanism Learning (MmL) algorithm to
minimize C' [7]. Here is its pseudocode tailored to the Iris classification task.

Step 1: First give input currents for the four features and determine the voltage (v,) at
output node pairs. There will be 3 pairs of output nodes.
Step 2: Determine the feedback currents at the output nodes in the identical twin network

via ac
B, =—n—
T navx7 (7)

where 1 > 0 is a scalar that sets the feedback amplitude.

Step 3 Apply the feedback currents to the output nodes in the identical twin network and
compute the voltage (u,) at the output node pairs.

Step 4: The following learning rule updates each conductance locally as

Awgy = —au(z,y)v(z,y), (8)

with a > 0 a learning-rate factor.

Step 5. Steps 1-4 are iterated until a dimensionless version of the cost function C' decreases
below some threshold value that is much less than one.

Note that though there may also be some pre-processing of the inputs and post-processing
of the outputs that we can discuss in class.



2.5 Motivating the form of the update rule (after the fact)

Let’s demonstrate that this particular update rule performs gradient descent on C| i.e.,

oC
Aw,, = —an I (9)
zy

Because U depends on the weights through Eq. (2), the chain rule gives for each edge weight
Wey s

oc  [aC\' ov 10)
Owy, \ 0T ) Owy,
Multiplying both sides by —n and using Eq. (7), we arrive at
oC ~r OU
—n =F : (11)
OWgy OWgy
Given Eq. (4), i.e., we have
oC - ov L OU . OV
_ — (LT =g LT — 4L 12
"awzy (L) OWwgy Y OWgy Y OWgy (12)

since LT = L.
Next, differentiate the feedforward response equation (Eq. (2)) with respect to wy,, or

.ZA—/ - U P
OL 5 19" _j (13)
Owgy Owgy
to yield )
L OU oL
L = _ 14
OWgy OWgy (14)
Substituting Eq. (14) into Eq. (12) leads to
oc oL 0L
_ — — = — 1
n@wxy “ ( OWyy U) “ OWyy, Y (15)
or X
oC T OL
=u . 16
”awmy Y OWgy v (16)

From the definition of the weighted Laplacian (Eq. (3)), changing w,, affects only four

entries of L: oL L oL oL
wo_ wo_ 1 o], Yo, (17)
OWyy
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OWyy Owgy  Owyy

and all other entries are zero. Therefore,

oL
ﬂ:T

T = UyUy + UyUy — UgVy — UyVy (18)
OWyy,

= (uy — uy)(vx - Uy)

= u(z,y)v(z,y).



Combining Egs. (16) and (18) leads to

naic;y = u(z,y)v(z,y). (19)
Finally,
—omaic = —au(z,y)v(z,y) (20)
xy

matches the proposed update rule given in Eq. (8). Hence,
oC

0wy’

(21)

Awgy = —am

and each step of the algorithm performs one step of gradient descent with effective step size
amn.

2.6 Performance, comments on MmL and related algorithms

To see how well MmL does with learning the Iris classification, please see Ref. [7]. For
this simple linear physical network, the best testing accuracy is approximately 93%, or an
A student, but definitely not an A+ student. Our physical network is linear. Nonlinearity
is encoded in the weight update rule via a product of two responses, which is the simplest
nonlinearity one can construct. There are ways to improve the performance.

This algorithm is one of distributed learning in the sense that the update rule is a local
one. The update uses only edge-local quantities u(z,y) and v(x,y). This property is rather
different for the update rule used in backpropagation, whose update rule is nonlocal (as we
discussed in Learning Class Meet II with a very simple example). Moreover, the construction
relies on L being symmetric (undirected network, w,, = wy,). In the multi-plexed network,
one needs multiple mechanisms/modes of information transmission, or response, such that
both the feedforward field v and the feedback field u can be identified.

Finally, the inspiration for MmL was provided by a related algorithm known as Equilib-
rium Propagation developed back in 2017 by Scellier and Bengio [8, 9]. Equilibrium Propa-
gation (EP) compares the free equilibrium state of a physical system with a nearby weakly
nudged equilibrium state. In the small-nudging limit, the resulting dynamics can be shown
to follow the gradient flow of a cost function. Thus, although the physical system itself never
explicitly computes gradients, the measured physical contrasts are mathematically equiva-
lent to gradient descent. It should be noted that Coupled Learning (CL) developed in 2021
by Stern, Hexner, Rocks, and Liu closely resembles EP by comparing nearby constrained
physical states [10]. Please see also work from one of our amazing organizers, Xiaoming, on
very related learning in spring networks [11].

Recent theoretical work has shown that the updates of CL are not, in general, exactly,
but approximately, gradient descent [12]. This distinction suggests that physical learning
algorithms need not be viewed solely through the lens of gradient descent. Rather, the
underlying physical contrasts themselves are the primary objects from which learning rules
emerge. MmL can also be viewed as a contrastive learning algorithm as we shall see in the
next learning class meet.



A quick check on the explanatory power (or lack thereof) of these notes: Rather than a
multi-plexed network or identical twin networks, please think about constructing another ver-
sion of MmL involving a single network but using time as a way to distinguish the feedforward
and feedback responses.

3 Learning Class Meet II: Perturbative Contrastive
Physical Learning

3.1 Driving Question

With Multi-mechanism Learning, physical processes on a physical network can transpire,
if you will, to produce parameter updates equivalent to gradient descent. Of course, a
supervisor is needed to compute the amount of modification and enact the update. However,
we are working towards autonomous physical learning networks with other physical processes
performing the multiplication in the update rule. In fact, please see Ref. [13] where there
is a discussion of training a particular type of circuit to perform the multiplication. Please
recall that the MmL algorithm never explicitly computed the gradient of the cost function.
Rather, the gradient emerged implicitly through the comparison of two physical responses.
This observation raises a more fundamental question:

Can measurable physical contrasts themselves be the primary objects from which learning
algorithms should be constructed?

In conventional machine learning, optimization with gradient descent is used. It assumes
that gradients can either be computed analytically. Physical systems, however, can be rather
complex and so we do not even know the governing physics equations. And yet, physical
systems reveal information through their response to perturbations. A small change in an
applied force, boundary condition, or internal/hidden parameter may produce a measurable
change in the observable state of the system. Physics is largely built upon this simple ob-
servation: perturb a system and measure how it responds. The central idea of Perturbative
Contrastive Physical Learning (PCPL) is to elevate this physics principle into a learning
principle [13]. Rather than computing derivatives symbolically, we compare nearby physical
states generated by controlled perturbations. These measurable contrasts provide sufficient
information to guide parameter updates. Learning, therefore, becomes a process of prob-
ing, measuring, and remodeling/modifying a physical system according to its own accessible
response. This viewpoint generalizes MmL, EP, CL, and in situ backpropagation. Such algo-
rithms rely upon the same fundamental principle: useful learning information is contained in
measurable differences between nearby physical states. PCPL places this contrast principle
at the center of the learning process. In what follows for the rest of this section, you are
welcome to also check out Ref. [13] for more information.



3.2 Physical response maps

Let’s go beyond a weighted Laplacian network and consider a physical system described
by a response map

z=G(y,0), (22)

where y denotes some encoded input, 6 represents the modifiable/updatable physical param-
eters (formerly known as w,, in the previous learning class meet), z denotes the measured
physical response. The encoding of the raw data may itself involve a fixed preprocessing
stage y = F(x), where x denotes the original data. Please note that « and y denote different
quantities from the last learning class meet. Perhaps I should have labelled in the encoded
input apple and the output orange since they are relatively easy to draw. Apologies. Also
note that unless otherwise stated, y and z and x should be interpreted as vectors of inputs
(which were input currents I in the previous section) and measured outputs whenever the
physical system has multiple inputs or outputs. Moreover, ¢ also forms a list. In other words,
the notation has been streamlined. Finally, throughout this section of the notes, we assume
that the encoding map F' remains fixed, while learning modifies only the response function
G. Importantly, G is not required to be linear.

As discussed in Learning Class Meet I, the objective of learning is to determine an update

0 — 0+ A0 (23)

(formerly known as w in streamlined notation) that improves the performance on a prescribed
task. The parameter update is inferred from measurable contrasts between nearby physical
responses,

AQ ~ M(Zl,ZQ), (24)

where M denotes a measurement operator that converts observable contrasts into param-
eter updates. The measurement operator depends upon the physical implementation. It
may involve differences between equilibrium states, differences between oscillatory responses,
measured displacements, optical quadratures, or other experimentally accessible observables.
The important point is that M acts on measurable physical quantities rather than symbolic
derivatives. So we ask, which nearby physical states should be compared? This simple
question naturally gives rise to two distinct learning geometries.

3.3 Two learning geometries

Here are two complementary modes of PCPL, namely

Mode A. The perturbed response is compared with the system’s own free response. Learn-
ing therefore probes the local sensitivity of the system and can be interpreted as mea-
suring a Jacobian action.

Mode B. The perturbed response is compared with an externally specified target. Learning
therefore solves an inverse problem whose geometry is determined by the physical
response of the system itself.



3.3.1 Mode A: Learning Through Local Response

Linear response theory occupies a central role throughout physics. Mode A adopts
precisely this philosophy for learning. To be more specific, the system is first allowed to
evolve without any perturbation, producing the free response,

zr = G(y,0). (25)
Next, the system is perturbed slightly, # — 6 4 66, yielding the perturbed response
z, = G(y,0 + 00). (26)
The measurable contrast is, therefore,
Az =z, — z5. (27)

No gradients have been computed. No adjoint equations have been solved. Only two physical
measurements have been performed. Provided the perturbation remains sufficiently small,
then

G(y,0+d0) = G(y,0) + Jp00 + 0(502), (28)
where e
_ 7 2
Jo 20 (29)

is the Jacobian of the response. Finally,

This equation is the central result of Mode A. The measured contrast is nothing more than the
Jacobian acting upon the imposed perturbation. The measured contrast must be converted
into a parameter update using the measurement operator defined above with z; = z¢ and
29 = %, which extracts the information required for learning. Formally, the update becomes

A =M (zp, zf), (31)

where 717 denotes the learning rate. Notice that the target itself does not appear explic-
itly during the perturbation step. Instead, the desired task enters implicitly through the
construction of the measurement operator M.

To help make Mode A more concrete, let’s recast MmL as Mode A learning. Specifically,
the two physical states being compared are

zp =0, Zp = U, (32)

where one construction is identical to the prior construction in Section 2 (with stream-lined
notation). The measurement operator is simply

(M (2p, 2f)]ay = —ulz, y)v(z,y). (33)

Consequently,
Awyy = n[M (2p, 2¢)]ay- (34)

9



Indeed, MmL measures two nearby physical responses and combines them through a local
measurement operator. Gradient descent emerges only after mathematical analysis of the
physical measurements. Here, the perturbed response is the feedback current applied to the
identical twin network, for example. And although Mode A does not explicitly compute gra-
dients during learning, the construction of an effective measurement map is itself generally
a nontrivial task. In the case of Multi-mechanism Learning (Section 2), the measurement
map was designed and subsequently shown to produce exact gradient descent. Thus, gradi-
ents entered the theoretical development of the algorithm, even though the physical system
executing the algorithm never computes them explicitly.

A quick check on the explanatory power (or lack thereof ) of these notes: Please construct
the pseudocode for Mode A.

3.3.2 Mode B: Learning Through Inversion

Suppose we already know the response that we would like the physical system to produce.
Rather than probing its sensitivity, Mode B solves an inverse problem. Learning proceeds
by determining which parameter changes most effectively reduce the discrepancy between
the current physical response and a desired target. As before, the measured instantaneous
response is z, while the target response is z*. The instantaneous error e is, therefore,

e=z2"— 2z (35)

Our objective is to determine a parameter update that reduces this error. To begin to achieve
this objective, let’s again assume that the parameter update remains sufficiently small, so
that G(y,0+060) = G(y,0) + Jp60 + O(56?), then 2* ~~ z+ Jpd6. Once Jy has been estimated,
we seek a generally different parameter change whose linearized response reduces the output
error. Requiring the updated response to approach the target gives

e~ JyAO. (36)

In general, this equation cannot be solved exactly. So instead, we seek the parameter update
Af that minimizes the regularized objective

min || A0 — e||” + A [|A6]1%, (37)
Al

where the second term \|Af||* penalizes large parameter updates and the scalar A > 0
controls the strength of regularization. Taking the derivative with respect to Af and setting
it to zero yields

)
1720 ="+ A f120]]
=2J"(JAO —e) +2X A0 = 0, (38)

which gives (J'J + A) A0 = J"e. The closed-form solution is, thus, the regularized pseu-
doinverse step
A= (JTT+ A" T e (39)

10



Note that this is the Newton-Gauss method for optimization with a Tikhonov regularization,
which is a standard method for those solving inverse problems. Please search for references.
Here, we have shown that linear response theory from physics naturally leads to such a
method for physical learning. Also note that if the Jacobian cannot be computed analytically,
particularly when we do not even know the physics governing the system, then one can
approximate entries in the Jacobian with finite differences.

The appearance of JIJy has an important geometric interpretation. Gradient descent
assumes that all directions in parameter space are equally important. Consequently, pa-
rameter updates follow the Euclidean geometry of the parameter space. Mode B behaves
differently since directions in parameter space that strongly influence the measured response
naturally receive larger corrections than directions to which the system is relatively insensi-
tive. Learning, therefore, follows the intrinsic geometry of the physical system rather than
the Euclidean geometry of the parameters.

A quick check on the explanatory power (or lack thereof ) of these notes: Please construct
the pseudocode for Mode B.

To illustrate Mode B in a super simple setting, consider a resistor network with two
trainable conductances, #; = ¢g; and 0y = g, connect two input voltages, v; and wv,, to a
single output node of voltage vs3. The output node is connected to ground through a fixed
conductance gz (since we are now using the good ole physics notation for conductance).
Applying Kirchhoft’s current law at the output node gives

gl(Ug — 1)1) + gg<U3 — UQ) + gsUs = 0. (40)
Solving for the output voltage yields
_ 9101+ Gate

U3 ) 41
g1+ 92+ 93 (41)
To train on multiple input examples, consider for the input voltages v%l) =1, Uél) = 0 and
v§2) =0, v§2) = 1 with the respective desired outputs oM = % and v = i. The output

vector is initially therefore

g1
+ g2+
v(g)= | TR B, (42)
g1+ 92+ 93

and the error vector becomes e(g) = v3(g) — v« (again using stream-lined notation). Defining
S = g1 + g2 + g3 and differentiating the output voltage with respect to either conductance

gives the compact expression
8’03 ’Uj — U3

dg; S

with j = 1,2. Evaluating these derivatives for each training example produces the Jacobian

(43)

8v§1) (%:gl)

g1 0o

J = . (44)
8U§2) 81}&2)
g1 992

11



Assume all three conductances are set to unity, then S = 3 and vél) = v:gQ) = %, and
172 -1
). ”
The initial error is )
e=| (46)
12

Using the update rule for Mode B without any regularization leads to

Ag = (3) . (47)

Thus,
7
new __ _ 48
91 1’ ( )
B =1, (49)
Substituting these updated/”new” conductances into the circuit equations gives
7
15| _ (0467
Unew = i ~ (0267 ) (50)
15

which is substantially closer to the desired target. Of course, the target is not reached exactly
because the Gauss—Newton step solves only the linearized problem. Repeating the procedure
with the updated conductances would produce successive approximations to the nonlinear
optimum.

This very simple training example serves only as a pedagogical example. However, it
readily demonstrates when learning is not effective, such as when vs =~ vy, for example. On
the other hand, imagine being handed a mysterious resistor network. The governing physics
may be unknown, or it may be perfectly understood but too complicated to differentiate
analytically. Regardless, Mode B requires only the ability to probe the system by introducing
small parameter perturbations and measuring the resulting changes in the outputs. From
these measurements, we estimate the local Jacobian and compute the same Gauss—Newton
update as before.

More importantly, because the desired task has been specified explicitly from the outset,
the estimated Jacobian does more than guide parameter updates. It characterizes the local
learnability of the physical system. When training succeeds, the Jacobian identifies the
parameter combinations responsible for improving performance. When training stalls, it can
reveal whether the limitation arises from weak parameter sensitivities, poor conditioning,
or intrinsic constraints of the physical system. In this sense, Mode B is simultaneously an
optimization algorithm and a tool for probing what a physical system can and cannot learn.

12



Although both Mode A and Mode B seek to reduce the output error and both may
ultimately succeed or fail depending on the capabilities of the underlying physical system,
they differ fundamentally in how the learning task is represented. In Mode A, the learning
objective is encoded implicitly within the physics through paired system states. The material
itself generates a local learning signal without explicitly constructing either a Jacobian or
a global model of its input—output behavior. In contrast, Mode B begins with an explicit
specification of the desired task, estimates the parameter-to-output map through controlled
perturbations, and computes a parameter update. Viewed together, the two modes provide
complementary perspectives on physical learning: one demonstrates how learning can emerge
from the material itself, while the other systematically explores what that material is capable
of learning.

A quick check on the explanatory power (or lack thereof) of these notes: Please list some
systems that may be more amenable to either Mode A or Mode B.

4 Learning Class Meet III: Can sand learn?

4.1 Driving question

Perhaps the above question caught your attention (or perhaps not). Why would someone
(such as myself) even pose such a question? Perhaps it is because I have moved on from
Santa Barbara, CA, with its sandy beaches, to camping out amongst the Redwoods and the
Great Basin National Park, with its wonderfully starry night sky (since it is in the middle
of nowhere for mainland USA), and now camping in desert terrain, with, well more sand.
Sand, or more generally, interacting particle systems, have been known to exhibit interesting
properties too numerous to discuss here, other than stating it can jam (or become rigid as
Ileana has discussed), it can flow [14], it can store memories [15]. Probably something that
is less known is that sand can act as a finite-state machine in certain conditions [16].

A finite-state machine (FSM) is made up of a finite set of states, imagine a set of M spins
each with two states, a transition table between the sets of states, and an initialization. Start
the FSM and let it run. One of the simplest example of a FSM is the turnstile (according to
Wikipedia, (yes, Wikipedia)). A turnstile acts as a finite-state machine because it occupies
one of a finite number of states (locked or unlocked) and transitions between these states
only in response to specific inputs, such as inserting a coin or pushing the gate. At any
given time, the behavior of the turnstile is completely determined by its current state and
the received input. The transition rules are fixed, so the same input always produces the
same response when applied to the same state.

How can a class of interacting particle systems act as a FSM you ask? Both experi-
mentally and numerically, researchers have found that an interacting particle system (such
as colloids at an oil-water interface), in response to cyclic shear exhibits localized particle
rearrangements known as hysterons [16]. They are hysterons in the sense that the shear
amplitude to trigger the particle rearrangement in one direction is different from the shear
amplitude to trigger the particle rearrangement to go back to the “initial” particle configura-
tion. So there are two states, of the localized particle rearrangement, and there is hysteresis
in going from one state to the other. Interestingly, or perhaps, obviously, there are inter-

13



actions between these as mediated by the other particles not participating in the localized
rearrangements.

This interacting hysteron system can be mapped to a FSM [17]. We can sketch out a quick
example in class. The point of raising the FSM construction is to emphasize that “sand” can
perform nontrivial tasks, just as a turnstile has its own task to not allow people through the
gate if they do not pay, then perhaps we can train sand to perform nontrivial tasks as well.
If the interactions between the hysterons can be updated in some way, then we perhaps can
indeed train the system. Only now, as opposed to Learning Class Meet I, where training
a fixed architecture system involved updating weights in terms of conductances, here, let’s
not update interaction strengths between particles. Together, let’s take a leap. Let’s try
to train a system that does not have a fixed architecture and let’s use the changing of the
architecture as the training task itself. Again, we will not change any interaction strengths
or particle sizes in the particle packing. The updatable parameters are the positions of the
particles themselves, or what some would call the physical degrees of freedom.

With this background in mind, let’s reframe the question opening this section as:

Can one train a rigid, but reconfigurable, particle packing to learn associative tasks?

4.2 Mechanical training for associative tasks

We will look at a few slides to illustrate training “sand” for a particular range of asso-
ciative tasks, associative meaning an output is associated with an input [18], just as Pavlov
trained his dogs to salivate at the sound of the bell because the dogs associated the bell
with dinner [19]. For those who have heard of protein allostery, there is work on modifying
a spring network, which is a placeholder for a protein, such that the strain on an output
edge is associated with a particular strain on an input edge [20, 21, 22]. Let’s turn to some
slides to see how a particle packing, with the particles interacting via the Lennard-Jones
potential, responds to be trained for an associative task. Hope you like the slides! For even
more details, please see Ref. [18].

4.3 Toy model for particle packing training: History-Modifying
Mechanical Finite-State Machines

Now that we have seen our best performance to date is that of a B- student, we (Tao
Zhang and I and others) are continuing to play with the training algorithm to try to obtain
better performance. On the other hand, let’s see if we can construct a toy model to better
understand fundamental limits on this type of training. Why could we not do better than a
B-student? Moreover, unlike the previous two learning class meets, here, we do not yet know
the explicit update rule, so perhaps a toy model invoking an update rule may be useful, so
that we can begin to determine what types of learning rules are possible.

The idea here is to view a mechanically trained material, such as “sand”, as an effec-
tive History-Modifying Mechanical Finite-State Machine (HM-MFSM). The HM-MFSM is
not intended as a microscopic description of the material, but rather as a coarse-grained
description of transitions between metastable mechanical states. We define the HM-MFSM
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where Q(H) denotes the set of metastable mechanical states, > denotes the family of loading
protocols,dy represents the history-dependent transition law, and H denotes the loading
history. The defining feature of the HM-MFSM is

5 = 6(H), (52)

and, more generally,

Q=QH). (53)
Thus, both the available metastable states and the transition law may evolve under repeated
loading. Unlike conventional FSMs, the transition function is not fixed. And unlike MmL or
PCPL, there is no explicit optimization, nor is any Hebbian update rule assumed, which has
helped drive neural network learning. In fact, the HM-MFSM framework does not assume
any particular local learning rule. Instead, driving history modifies the energy landscape, one
determines how metastable states evolve, and the HM-MFSM records the resulting transition
structure.

Since the HM-MFSM framework provides only a coarse-grained description of how his-
tory modifies transitions between metastable mechanical states, to make more progress, we
can attempt to specify the microscopic origin of the evolving transition law. Let’s do so
by considering a simple quasi-static toy model motivated by the idea that repeated coop-
erative rearrangements modify the local mechanical environment, thereby changing future
rearrangements. The purpose of the following calculation is to illustrate one possible mech-
anism by which associative behavior can emerge from history-dependent evolution of the
energy landscape.

Consider two localized rearrangement motifs, R; and R,, each of which may either acti-
vate or remain inactive during a loading cycle. Let’s introduce binary variables s; € {0, 1},
where s; = 1 indicates that motif R; rearranges. Unlike a neural-network model, we do not
assume that the rearrangements directly modify pairwise couplings between rearrangements.
Instead, repeated cooperative rearrangements slowly modify a structural variable, such as
residual stress, or another coarse-grained measure of the evolving mechanical environment.
We denote this slow variable by mis > 0. Following each loading cycle,

miy = (1= Bymyy +syss”, (54)

where v measures the structural change produced by a cooperative rearrangement and (3
represents slow relaxation or forgetting. Thus, isolated rearrangements do not significantly
modify the local structure, whereas simultaneous rearrangements produce persistent struc-
tural evolution.
Suppose motif R, possesses a quasi-static activation threshold 63. History modifies this
threshold according to
05" = 03 — gmly), (55)

where ¢ > 0 quantifies how structural evolution changes local stability. Given an applied
loading amplitude I', the activation rule is

s =0 (r - 95”)) . (56)
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In other words, the structural memory may indeed modify the local energy landscape asso-
ciated with motif Ry. More precisely, whenever neighboring motifs rearrange cooperatively,
i.e. s1 = s9 = 1, the structural memory changes. For repeated cooperative events,

miy) =5 [1= =9, (57)
As training proceeds, mis changes the geometry of the local energy landscape, thereby
shifting T'.(my2). Consequently, a loading protocol that initially fails to activate motif Ry
may eventually trigger it after sufficient structural evolution, i.e., should mg) > 8T
While the structural evolution of mis may be gradual, the transition law can evolve
discontinuously given particle packing rearrangements. Before the rearrangement, coarse-
grained coordinate ¢ describing progress along the collective motion associated with a lo-
calized rearrangement lies near one local minimum of the energy landscape. As loading
increases, the minimum eventually loses stability, and the system rapidly evolves to another
nearby minimum corresponding to a new particle configuration. Since rearrangements occur
when a metastable state loses stability, we approximate the energy near such an instability
by the simplest polynomial that can describe the disappearance of a local minimum, or

q" a,
E(q) ~ 7 e T (58)

The disappearance of the local minimum is governed by

2
(‘9_E =0, (’“)_E =0, (59)

dq dq°

which determines the critical loading amplitude I'.(m;2) (assuming that ¢ depends on my2).
You are perhaps familiar with such analysis with the van der Waals gas in terms of identify-
ing the critical point in the water phase diagram. In catastrophe theory, this local behavior

is described by the fold catastrophe (given the two parameters a and c¢). The activation
threshold therefore emerges from the geometry of the evolving energy landscape rather
than being imposed phenomenologically. The learning mechanism can be summarized as
rearrangements — structural memory — evolving energy landscape — new metastable state —
modified FSM.

A bound on learning. Since mg") = %, the structural memory cannot grow indefinitely.
Consequently, I'.(m12) can only move a finite amount. The model therefore predicts a finite
upper bound on learning performance arising from finite landscape plasticity rather than
imperfect optimization. In particular, the largest threshold shift is £ % and so motif Ry being
learned is possible if #9 — " < & % Should this condition not be satisfied, then no amount of
repeated training can trigger R, given R;. Finding such bounds will be important in terms
of bounds on learning. Perhaps this toy model gets at the heart of why our best student was
a B- student.

Before leaving this section behind, this toy model raises numerous open questions: Can
history-dependent transition graphs be learned systematically? Can one classify different
physical learning universality classes? Can statistical mechanics provide a theory of learning
in evolving energy landscapes?
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5 Concluding Remarks

We have seen how physical systems ranging from fixed architecture resistor networks (and
trainable parameters) to particle packings can learn different tasks. The emerging field of
physical learning is indeed taking shape with new algorithms being uncovered to be applied to
nonliving systems to give rise to new types of learning platforms that will ultimately hopefully
complement conventional neural network platforms. I envision that perhaps depending on
the classes of problems one would like to solve, one platform may be more handy than
another bearing in mind the different trade-offs, including power consumption.

Viewing biological systems through this learning lens will ultimately be paramount to
understanding how biology actually works. When studying a biological system beyond its
immediate response to some perturbation, we should not be pre-occupied with developing
biophysical models with fixed parameters. Rather, we should consider the system to be a
learning system and develop teaching protocols to figure out how these systems learn. If you
are curious about applying contrastive learning techniques to a cell packing in which cell
rearrangements and weight updates are involved please check out a pre-print by Shabeeb
Ameen, Tao Zhang, and myself [23].

Since the field of physical learning is relatively young, so to speak, there is much to do
and even simple results can make an impact. Here are two review articles on the subject for
your perusal [24, 25]. Moreover, the history dependence discussed explicitly in the previous
section cries out for a statistical mechanics of learning in which history is part and parcel to
the framework. Please stay tuned!
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