Geometric Elasticity in Soft Matter Physics
Boulder Summer School

Michael Moshe
Racah Institute of Physics
The Hebrew University of Jerusalem

Edmond J. Safra Campus, Jerusalem 9190401, Israel

July 1, 2026



Contents

1. First Lecture
1.1. Motivation: Why Geometry . . . . . . . . . . .. ...
1.2. Mathematical Background: Differential Geometry of Surfaces . . . . . ... ..

2. Second Lecture
2.1. Summary of previous lecture . . . . .. .. L Lo L
2.2. Dimension reduction . . . . . . . . . .. e e e e e e e e e e
2.3. Programming Shape . . . . . . . .. . L
2.4. Geometric elasticity: zero codimension . . . . . . . .. ...
2.5. Curvature-induced stress and the Elastic Munchausen Effect . . . . . . ... ..

3. Third Lecture: Geometric Charges and Generalized Defects
3.1. The cone and the disclination . . . . . . ... .. ... ... ... ........
3.2. Classification problem on a punctured disk . . . . .. ... ... ... .....
3.3. Complex-coordinate interpretation . . . . . . . .. ... ... L.
3.4. The impossible cone . . . . . . . .
3.5. Local changes of reference metric generate quadrupoles . . . . . . . . . ... ..
3.6. Physical consequences . . . . . ... Lo

4. Fourth Lecture: Anomalous Elasticity and Mechanical Screening
4.1. Motivation: Mechanical Screening in Holey Metamaterials . . . . . . . ... ..
4.2. Continuum theory of mechanical screening . . . . . . . . . ... ... ... ...

A. Extra Material on Thin Sheets
A.1. Non-Euclidean Plates: Thin Sheets and Dimension Reduction . . . . . . . . ..
A.2. Curvature potentials for non-Euclidean plates . . . . . .. ... ... ... ...

14
14
14
15
18
24

26
26
27
29
30
32
32

34
34
37



1. First Lecture

Learning Objectives

e Why Geometry? Motivating systems and phenomena
e Geometry of surfaces

e Shape Selection and Inverse Design

1.1. Motivation: Why Geometry

One family of questions that motivates geometric elasticity is pattern formation and shape
selection in nature. Nature exhibits many patterns, but in this lecture we focus on emergent
shapes in thin sheets: plant leaves and petals, cell membranes and self-assembled molecular
layers, and synthetic examples such as a torn plastic bag whose edge develops a fractal-like
wavy pattern. By the end of this lecture, we will view these shapes as the outcome of a simple
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Figure 1.1.: Morphological patterns in natural and synthetic thin sheets: self-assembly, Bauhinia
seed pods, responsive gels, and petals.

geometric conflict: the sheet has an intrinsic geometry that cannot be realized perfectly in the
surrounding space, so the observed shape is the result of an energetic compromise.

To demonstrate the geometric perspective, consider a bay leaf. As it grows, its edge becomes
wavy. This waviness is not simply a preferred three-dimensional shape: if the leaf is sliced
into narrow strips, the strips can flatten while revealing a preferred intrinsic geometry with
nonzero curvature. The shape is therefore emergent, arising from the way growth changes
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local distances within the sheet. To understand such phenomena, we first need a language for
quantifying shape. Geometry provides this language: it is the kinematics of surfaces and, more
generally, the kinematic framework underlying continuum mechanics.
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Figure 1.2.: Comparing narrow strips cut from the edges of flat and wavy leaves (top) and
flattened between glass plates (bottom) reveals the difference between their intrinsic
geometries. Strips cut from the flat leaf (left) form the expected sequence of arcs,
whose radii increase away from the center. In contrast, the outer strips cut from
the wavy leaf (right) form smaller arcs than the inner strips. The two leaves were
collected from the same bay-leaf bush. Adapted from E. Sharon et al., Leaves,
Flowers and Garbage Bags: Making Waves (2004).

With the geometric perspective you would be able to provide an explanation for the following:
e When a plastic bag is torn the edge buckles into a wavy, fractal-like pattern.

e When a properly designed three-dimensional printed plastic sheet is placed in hot water,
it changes shape according to information programmed during printing. Heating activates
a prescribed intrinsic geometry, and the sheet responds by adopting the corresponding
three-dimensional form.

e When a strip of cellophane is cut and held in the hand, it can bend and flip back and
forth as if it were alive.
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Demonstration: Deformed Elastic Sheet and Torn Plastic Bag

Consider a plastic bag marked with a Cartesian array of points indicating Lagrangian
coordinates. Distances between nearby material points are measured by a Euclidean
reference metric. An elastic deformation changes these distances, which are measured by
the actual metric. The strain measures the difference between the reference and actual
distances. Tearing induces irreversible changes in the rest distances, which can lead to
complex shapes.

But is that all? In the coming lectures, I hope to convince you that the geometric approach
does more than explain physical phenomena: it also sheds new light on classical concepts, such
as defects, and can predict and reveal new physics.

Before we start, a brief comment on notation is useful. I will often write vectors and tensors using
components with upper indices for vectors and lower indices for covectors. A useful motivation
for distinguishing vectors from covectors already appears in elementary Newtonian mechanics.
A virtual displacement dx is a vector, while a force naturally acts on this displacement to
produce the scalar virtual work

SW = F(dz) = F; 6"

Thus force is intrinsically a covector: a linear map that takes a displacement vector and returns
a number. In Cartesian Euclidean coordinates this distinction is often hidden because the metric
identifies vectors and covectors, but in curvilinear coordinates or on a curved configuration space
the distinction becomes essential. Similarly, stresses, strains, fluxes, and response coefficients
are tensors whose meaning is clearest when they are viewed as multilinear maps. This motivates
the language of vectors, covectors, tensors, dual spaces, and the Einstein summation convention
used below.

1.2. Mathematical Background: Differential Geometry of Surfaces

1.2.1. Notations and definitions

An important property of the geometric approach is that it is naturally formulated intrinsically
in a Lagrangian coordinate system. We describe a thin sheet as a manifold M with (Lagrangian)
coordinate system (x',2%) = (u,v). This manifold can be embedded in R? or R3.

A configuration is a map into either the plane or three-dimensional space:
$:M—R>  or ¢: MR

Explicitly, a planar configuration is ¢ = { X (u,v),Y (u,v)}, whereas a configuration embedded
in R? is ¢ = {X(u,v),Y (u,v), Z(u,v)}.

Consider a curve y(s) = (u(s),v(s)), and its image ¢(7(s)). The vector 4 is mapped to V¢ - 7.
For example, the tangent vector (1,0) is mapped to d,¢. Therefore, more generally, the tangent
vectors are obtained by differentiating the configuration:

€a = a¢-
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¢(u,v)
Figure 1.3.: Lagrangian coordinates label material points and move with the body during
deformation.

Note that the tangent vectors are generally not normalized. For an embedding in R3, the

corresponding unit normal is
e1 X ez

- |€1 X 62|.

$(u,v)
‘ .
Figure 1.4.: Local surface basis vectors ej, es, and the unit normal n.

The intrinsic and extrinsic geometry of the surface is encoded in the values and spatial variations
of the triad (e1,es,n).

1.2.2. Distances: The Metric, or First Fundamental Form

Our goal is to define distances and angles on the deformed configuration. Lengths and angles
are naturally expressed through an inner product. We now show that the inner product on
the manifold can be inherited from the embedding space. Consider two tangent vectors at a

given point. Then
V-U=V0Pe, - es
Upon defining
daB = €a " €53,

we get
VU =VeUPgup.
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As an inner product, the metric tensor g measures distances and angles.

Example 1.1: The metric tensor in the plane, the cone, and the sphere

Ppolar(r,0) = {rcosf,rsinb}
Gcone(T, ) = {rsinfy cos p, rsin Oy sin ¢, r cos Oy }

Gsphere (0, p) = {Rsinf cos p, Rsinfsin g, Rcos b}

At this point, we can already see why the metric tensor is naturally suited to describing elastic
materials. The rest metric is commonly denoted by g, while the actual metric is denoted by g.

The strain ]

uzi(g—g)

measures the deviation of the actual distances between material elements from their rest
values.

Remark: The Dual Space and Linear Transformations revisited

In the motivation section, we briefly discussed the distinction between covectors and
vectors. With the notion of the metric tensor in hand, this distinction takes another
form. In general, it is useful and convenient to think of vectors and tensors as multilinear
maps. The dual space T; M is the space of linear maps from tangent vectors to scalars.

The metric provides a natural map from a vector V = V%, to a covector V"’ by taking
an inner product with another vector:

VIU) =V -U = gogVoUP.
Thus the components of the associated covector are
Vg = gapV“.

In this sense, the metric lowers an index. Conversely, the inverse metric ¢®?, defined by
99,8 = 03, raises an index:
Ve = g* V.

The same convention applies to any tensor: contracting an index with g, lowers it,
while contracting with ¢®? raises it. For example,

T% =g"Tus,  Top = gopT"p.

1.2.3. A note on tensors

We have good physical intuition for vectors, but there are several complementary ways to
understand them. The multilinear-map viewpoint extends naturally to higher-rank tensors and
is therefore worth discussing. A velocity vector, for example, can be understood through its
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projections: given a unit direction, the projection of the velocity gives the rate of motion in
that direction. Similar interpretations apply to forces, fluxes, and other vector quantities.

The stress tensor is also naturally understood in this language. As a linear map, it takes the
direction of a material element and returns the force acting on that element. As a bilinear map,
it returns the component of that force in one direction acting on an element oriented in another
direction.

This viewpoint also clarifies equilibrium. The condition of vanishing total force leads, in a
simple coordinate form, to an equation such as 9,0®” = 0. This is not yet the fully general
form, because it omits important features associated with Lagrangian coordinates, which we
will address later. The essential point is that equilibrium has the geometric form dive = 0,
and writing it this way enables substantial analytical progress.

Even before discussing the full physical and mechanical content of continuum mechanics, this
example shows why we must understand how to differentiate vectors and tensors.

1.2.4. Differentiation and the Covariant Derivative

Differentiating scalar fields in an arbitrary geometry is straightforward, because it only requires
comparing scalar values at nearby points. Differentiating vectors or tensors is more subtle: one
must first specify how to compare objects that belong to tangent spaces at different points.

In Euclidean space with Cartesian coordinates, we usually compare vectors by keeping them
parallel as we move from one point to another. In curvilinear coordinates, and especially on
curved spaces, this intuition must be made precise. The object that provides this rule is the
connection. Its meaning becomes clear when we differentiate a vector field.

Consider a vector field written in the local basis as
V =V%e,.
Differentiating this vector field in the coordinate direction [ gives two contributions:
03V =05 (V%q) = (08V?) eaq + V¥Oseq,.

The first term measures the spatial variation of the components V. The second term measures
the spatial variation of the basis vectors e, themselves.

We therefore define the connection by
dpeq =TH P
and obtain
sV = (9sV* + Tl V) ey
Thus the covariant derivative of the vector components is

V,BV‘LL = 85‘/“ + Fgﬁva.

The correction term involving Fgﬁ accounts for the variation of the basis from point to point.
In this way, the covariant derivative gives an intrinsic rule for differentiating vectors in surface
coordinates.
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Example 1.2: Polar Coordinates on the Plane

Consider the configuration ¢ : M — R? C R? given by
o(r,0) = (rcosf,rsinb,0).
The coordinate basis vectors are
er = Opp = (cosb,sinb, 0), eg = Opp = (—rsinb, rcosb,0).

Differentiating these basis vectors gives

1
Orer =0, Ope, = (—sinb, cosh,0) = —ey,
r

1
Oreg = (—sin6, cos0,0) = —ey, Ogeg = (—rcos, —rsinf,0) = —re,.
r

Using
Ogeq = Fgﬁe#,

we identify the nonzero connection coefficients

0 o 1 _
Fre—rer—;a o — — T

Exercise 1.1: Covariant derivatives of covectors and tensors

Use the fact that the covariant derivative of a scalar coincides with its partial derivative
to derive covariant-derivative formulas for covectors and higher-rank tensors. One way
to do this is to form scalars by contracting tensors with arbitrary vectors; for example,
consider TagUaVﬁ .

Exercise 1.2: The Christoffel Symbols

Starting from the definition d,e5 = Fgﬂeu, with basis vectors derived from the con-
figuration, show that the connection has two important properties: it is symmetric,
FZ 5= Fg o> and it is metric-compatible, V,gg, = 0 (Convince yourself that this implies
the conservation of inner product upon parallel transport). Then show that these two
properties imply the Christoffel-symbol formula

1 v
Fgﬁ = 59“ (8agﬁu + aﬂgazz - al/gaﬁ) .

Hint: 0,98, = Oa(es - €4).
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1.2.5. Weingarten’s equations

From now on, when considering a thin sheet in R?, we denote the metric by a = g. The
covariant derivative defined here is only the tangential component of the ordinary derivative.
When the basis vectors e, are tangent to a surface embedded in R3, their spatial derivatives
need not remain tangent to the surface. Thus, differentiating a basis vector produces both
tangential and normal contributions. Accounting for the normal component, we write

Ogeq = F’;Beu + bagn, (1.1)

where Fgﬁ describes the tangential variation of the basis vectors and defines the intrinsic
covariant derivative on the surface. The tensor b,g is a bilinear map encoding the normal
component of the variation of the tangent basis vectors. By definition, n - 0,eg = byg. Since
n-eq = 0, this relation can also be written as bog = —eq - dgn. This expression assigns a simple
geometric interpretation to b. The component b,g represents the o component of the rate of
change of the normal in the § direction. The conclusion is that the equations for d,eg are now
supplemented with an equation

dan = —bles (1.2)

Together, these equations form a set of ODEs for the basis {e1, e2,n}.

This raises a solvability question: given the fundamental forms a and b, what are the necessary
and sufficient conditions for these PDEs to admit a solution? We discuss these conditions below,
after first providing a visual interpretation of the extrinsic curvature.

1.2.6. Geometric interpretation of curvature

The second fundamental form measures how the surface normal rotates as one moves along the
surface. If t = t%e, is a unit tangent direction, then the directional curvature in that direction
is

k(t) = bastt’.

Equivalently, k(¢) is the curvature of the normal section obtained by slicing the surface with the
plane spanned by ¢t and n. On a cylinder, for example, the curvature along the axial direction
vanishes, while the curvature around the circular direction is nonzero.

The surface normal can also rotate in a direction transverse to the direction of motion. In that
case, the curvature appears as a twist. This is illustrated in the figure below, which also shows
that the same geometric content can appear as pure curvature in one coordinate system and as
twist in another.

The extremal values of k(t) are the principal curvatures k; and ko. These are the eigenvalues
of the shape operator b%g = a®7b,3. Two scalar invariants are especially important:

k1 + ko

1
K = det(baﬁ) = k‘lk‘g, H = §tr(ba5) = B .

The Gaussian curvature K distinguishes qualitatively different local shapes. A spherical cup
has K > 0, since both principal curvatures have the same sign. A saddle, or Pringle-like shape,

10
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k O
b=
0 —-%

Figure 1.5.: The second fundamental form represented in different coordinate systems.

has K < 0, since the principal curvatures have opposite signs. The mean curvature H measures
the average bending of the surface and changes sign when the orientation of the normal is
reversed.

Remark: Intrinsic curvature

This classification already hints at a relation between intrinsic and extrinsic curvature.
Imagine measuring, entirely within the surface, the perimeter P(r) of a geodesic circle
of radius r. In the plane, this perimeter grows linearly, P(r) = 27r. Linear growth
also occurs on a cone, although with a different slope that reflects the angular excess or
deficit. On a positively curved surface, such as a sphere of radius R, the perimeter grows
more slowly than linearly, with P(r) = 2w Rsin(r/R). Thus an intrinsic measurement of
distances can detect whether the surface carries Gaussian curvature.

1.2.7. Solvability of Weingarten and Compatibility Conditions

Given the first and second fundamental forms, the Weingarten equations specify the derivatives of
the moving frame. They therefore constitute a first-order system of partial differential equations.
Is there always a surface realizing these forms? This question reduces to the solvability of
the Weingarten equations. We know that this cannot always be true. A configuration in
three-dimensional space is described by three degrees of freedom, whereas the first and second
fundamental forms contain six independent components. We therefore expect three constraints
on the fundamental forms for a surface with these forms to exist. As for any system of PDEs, a
solution exists only if mixed partial derivatives commute. The resulting compatibility conditions
are precisely the Gauss and Codazzi compatibility equations, which we now derive explicitly.

Gauss’s Theorema Egregium and the Mainardi—Codazzi Conditions from Commut-
ing Euclidean Derivatives Partial derivatives commute in R3; that is, 9201e; — 01021 = 0.
From the Gauss—Weingarten equations, the derivatives are decomposed into tangential and
normal parts according to

61'8]' = Vl-ej + bijn,
8Z-n = —bikek, (1.4)

11
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where V;e; = Ffjek is the connection with the Christoffel symbols, b;; is the second fundamental
form, and b;* = a*‘b;,.

Substituting Eq. (1.3) into the commutativity condition and separating tangent and normal
components, the tangential component becomes

(VoVy — V1Va)e, = (bnbgk —babi*) ex. (1.5)
Taking the inner product with ey gives

<(V2V1 — V1V2)e1, eg> = b11bgs — b%g. (1.6)

Finally, recalling that the Gaussian curvature is

K = det (a_lb) , (1.7)

we obtain

(VaVi = V1Va)ei, eg)
det a.

K = (1.8)

This derivation provides a direct geometric interpretation of Gauss’ theorem. The ambient
Fuclidean derivatives necessarily commute, but once each derivative is decomposed into tangen-
tial and normal components, the tangential derivatives no longer commute. Their failure to
commute is precisely the intrinsic Gaussian curvature, while the normal component describes
the extrinsic bending of the surface. The commutativity of the ambient derivatives therefore
forces these two descriptions to agree, yielding Gauss’ remarkable result that the Gaussian
curvature can be computed entirely from the intrinsic metric, despite its apparent dependence
on the embedding through the second fundamental form.

An immediate conclusion is that one cannot specify the fundamental forms of a surface arbitrarily,
and this Gauss’ theorema egregium is a necessariy condition for solvability. But not a sufficient
one as we still miss two additional constraints. These are obtained from the normal component
of the same calculation immediately yields the Mainardi-Codazzi equations. Indeed, substituting
the Gauss-Weingarten equations into the commutativity condition

0;0;er, — 0j0;e, = 0,
the normal component is obtained from
9i(L'em + bjgn) — 9;(Tiem + byn).
Collecting the coefficients multiplying n gives
0ibjk + Tkbim — Obik — Ligbjm = 0.
Recognizing the covariant derivative of the second fundamental form,

Vz'bjk = aibjk - F;?bmk - F?I;b Jms

12
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and using the symmetry of both the Christoffel symbols (Ff’] = Ffl) and the second fundamental
form (b;; = bj;), the previous equation becomes Vibjr, = Vb, or

which are the Mainardi-Codazzi equations.

Thus, the Gauss and Mainardi-Codazzi equations arise from the same compatibility condition.
The tangential projection of 0;0;e, = 9;0;e;, yields Gauss’ equation, while the normal projection
yields the Mainardi-Codazzi equations.

Exercise 1.3: Counting the Mainardi-Codazzi Equations

Show that, despite the three indices appearing in this expression, these equations contain
only two independent scalar equations.

13
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Learning Objectives

e Shape selection and shape programming
e Geometric elasticity (zero co-dimension)

e The elastic Baron von Munchausen Effect

2.1. Summary of previous lecture

A configuration of a surface in R? is a map ¢ : M — R3. Its tangent basis vectors and unit

normal are "
e e
ea = Outhy n=-—1"2 (2.1)

o ’61 X 62’ '
The derivatives of this moving frame split into tangential and normal parts:
dpeq = Fgﬂeu + bapn, (2.2)
dan = —bo es. (2.3)

We denote the tangent component of the tangents’ derivatives by Vge, = Fg seu- These are the
Weingarten equations. The first fundamental form a,g = e, - eg measures intrinsic distances,
while the second fundamental form b,3 measures how the normal changes along the surface.
Their scalar invariants of b are

Kg=det(a™'b), H= %Tr (a™'b). (2.4)

Finally, not every pair (a,b) comes from a surface. Requiring the mixed derivatives of the frame
to commute gives the compatibility conditions

Kg(a) = det (a_lb) , (2.5)
Vabsy = Vabas.

These are the Gauss and Mainardi-Codazzi equations.

2.2. Dimension reduction

Surfaces can be described as the thin limit of three-dimensional configurations. A standard
way to relate the three-dimensional geometry to the geometry of the mid-surface is to use the

14
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thickness coordinate as a normal coordinate. Let ¢nys(u,v) denote the configuration of the
mid-surface, and let n(u,v) be its unit normal. We describe points through the thickness by

d(u, v, w) = Gms(u, v) +wn(u,v),

where w measures signed distance from the mid-surface.

The tangent vectors to this three-dimensional configuration are
O0a® = €q +w0un, Ow¢ = n,
where e, = 0y¢ms. Using Weingarten’s equation,
Oan = —by e,

we obtain

Oa® = (007 —wb,) €.

The three-dimensional metric g induced by ¢(u, v, w) therefore satisfies
9o (U, 0, W) = Bad - Vg = g — 2whag + W2ba by,

while
Gaw = 07 Guw = 1.

Thus the first and second fundamental forms appear as the first terms in the Taylor expansion
of the three-dimensional metric through the thickness:

9ap(w) = gap(0) + W Ouwgasl,_o + O(w?).

In particular,
1
Qap = ga6(0)7 baﬁ = _5 8wgaﬁ|w:0 .

Dimension reduction therefore replaces the full three-dimensional metric near the mid-surface
by the pair (aqg,bas), together with higher-order corrections in the thickness coordinate. This
is the geometric origin of theories in which stretching is controlled by the metric and bending is
controlled by the second fundamental form. An immediate question is what happens when,
for example, the midsurface metric is Euclidean while the second fundamental form is that
of a sphere. No configuration realizes such a pair of fundamental forms, so the Weingarten
equations are not solvable for these prescribed data.

2.3. Programming Shape

The Gauss and Mainardi-Codazzi equations reveal a remarkable fact: the global shape of a thin
sheet can be programmed by prescribing its intrinsic geometry. There are two complementary
strategies.

15
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2.3.1. Programming the Metric

Gauss’ Theorema Egregium states that the Gaussian curvature is completely determined by the
metric. Consequently, if one can control the local distances within a sheet, one can prescribe
its Gaussian curvature and therefore a central property of its global shape.

A particularly elegant realization of this idea is provided by responsive polymer gels. The
local swelling ratio of N-isopropylacrylamide (NIPA) gels is determined by the local cross-
linking density, which can be spatially controlled during fabrication using patterned ultraviolet
illumination. Upon swelling, different regions of the sheet expand by different amounts, thereby
prescribing a reference metric. For isotropic swelling, the reference metric takes the conformal

__ 20y (10
e (110),

The corresponding reference Gaussian curvature is

form

K =—e % Aop. (2.7)

Thus, designing a target Gaussian curvature amounts to solving for the conformal factor ¢(x,y)
that satisfies this relation. The subsequent elastic relaxation determines the three-dimensional
configuration of the sheet. This principle underlies numerous shape-programming techniques
based on differential swelling, growth and thermal expansion.

Exercise 2.1: Metric Activation for a Spherical Cap

Calculate the Gaussian curvature and confirm Eq.2.7. Find a conformal factor ¢ for which
the activated metric has constant positive Gaussian curvature K = 1/R?, corresponding
locally to a spherical cap of radius R.

Exercise 2.2: Circular Nematic Pattern

Consider a thin nematic elastomer sheet polymerized in the nematic phase with a
prescribed director field. Locally, if the director is along the coordinate direction u, the
metric before activation is

ds? = du® + dv?,
whereas heating to the isotropic phase changes the local metric to
ds® = Ndu® + A" dv?.

Assume that the director field is circular, namely tangent to circles around the origin. In
polar coordinates this means that the director is along the azimuthal direction. Show
that the activated metric becomes

ds® = \™2dr® + \*r2d6*.
Introduce the geodesic radial coordinate p = A™"r, and show that

ds? = dp? + N2V p2q62,
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What shape is induced when A < 17 Interpret your answer by comparing the circum-
ference of a circle to its geodesic radius. What would change if the director were radial
rather than circular?

2.3.2. Programming the Curvature Tensor

A more complete approach is to prescribe not only the metric, but also the second fundamental
form. This is achieved naturally in bilayer structures.

A particularly versatile realization employs fused-filament 3D printing. During extrusion,
polymer chains become aligned along the printing direction. After cooling, this alignment is
frozen. When the printed sheet is subsequently heated above the glass transition temperature,
the printed layer contracts primarily along the printing direction, whereas the transverse
deformation is much weaker. By combining two such active layers, one obtains a bilayer with
a prescribed spontaneous curvature determined by the mismatch between the two metrics
associated with each layer.

Such a mechanism already appears in nature in the seed pods of Bauhinia variegata. Each pod
valve is a bilayer made of fibrous tissue. The fibers in the two layers are oriented approximately
perpendicular to one another, and upon dehydration each layer shrinks primarily in the
direction transverse to its fibers. Thus the two layers would like to realize different anisotropic
in-plane metrics. In coordinates aligned with these two preferred directions, a simple linearized

description is
(1« 0 _(1+« 0
Gup = 0 1+a)’ Jdown = 0 1—a)/”

The average metric of the bilayer is therefore approximately Euclidean,

a—l( + ) = Ly
_2 Gup Jdown) = 0 1)/’

so the sheet has no preferred Gaussian curvature at the level of its mid-surface metric. However,
the difference between the two layer metrics produces a through-thickness gradient of strain.
One principal direction prefers to bend with one sign, while the perpendicular direction prefers
to bend with the opposite sign. The resulting reference second fundamental form is therefore

hyperbolic,
= +ko 0
b= ,
0 —ko

up to the choice of normal orientation. This explains the shapes of the dehydrated Bauhinia
seed pods. As we will see later, thin sheets prefer to satisfy the metric and compromise on
the curvature. Therefore, the seed pod remains approximately Euclidean by adopting a nearly
cylindrical shape: it curves in one direction while paying bending energy because it cannot
satisfy the preferred curvature in the second principal direction.

17
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2.4. Geometric elasticity: zero codimension

Baron von Munchausen was a fictionalized German nobleman famous for telling exaggerated
and impossible stories about his adventures. In one story, he pulls himself out of a swamp
by his own hair. In ordinary Euclidean mechanics, this is impossible because internal forces
cannot change the total momentum of the center of mass. The image below, however, shows a
larval insect moving away from the center of a water tank using internal forces alone. This is
the capillary “Munchausen effect.” The term is inspired by Avron and Kenneth’s Swimming
i Curved Space or the Baron and the Cat, which describes how cyclic motions can produce
propulsion in curved spaces. Here we discuss the elastic Munchausen effect and develop a
geometric theory of two-dimensional elastic materials embedded in a curved two-dimensional
space.

Figure 2.1.: The elastic Munchausen effect.

In this second part of the lecture, we develop the elasticity of thin sheets embedded in R3,
re-examine geometric frustration, and explain the shapes of rose petals and the dynamics of
frustrated self-assembled macromolecules.

We begin with the simplest setting: a two-dimensional elastic body embedded in the Euclidean
plane. In the notation of the previous lecture, this is a surface with vanishing second fundamental
form, b = 0, whose metric is induced by the configuration ¢(u,v) = (X (u,v),Y (u,v),0). The
results of this lecture extend directly to three-dimensional elastic solids, so in this section we
use the more general notation g for the actual metric.

2.4.1. The strain

The basic assumption of elasticity is that the fundamental degrees of freedom are the positions
of material elements. Elastic deformation is measured by the deviation of the actual distances
between material elements from their rest values. The actual distances are quantified by the
metric induced by the configuration,

df* = g5 da®da”, (2.8)

18
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while the stress-free or reference distances are encoded by the reference metric
AP? = Gop da®dz’ . (2.9)

A natural measure of strain is therefore

1

Uaqp = 5 (gaﬁ - ga,@) > (2'10)

so that
df* — df* = 2uy5 da®da”. (2.11)

Exercise 2.3: Linearized Strain from the Metric

Assume a two-dimensional solid with rest configuration ¢g(u,v) = (u,v), and assume it
is deformed so that every point is displaced according to

d(u,v) = (u,v) + (d1 (u,v), dg(u,v)).

Calculate the rest metric, the actual metric, the strain, and the linearized strain. The
expressions you find are the classical definitions for stress-free materials described in
Lagrangian coordinates. The geometric formulation allows us to move beyond these
assumptions and describe materials in a displacement-free formulation, in arbitrary
coordinate systems, and potentially without a rest configuration.

2.4.2. Geometric nonlinearity

The essential difference between the linear and nonlinear theories is geometric nonlinearity: the
metric is a nonlinear function of the configuration. Let ¢ be a stress-free configuration and
write

Y=o +d. (2.12)

Then
9op = Oatp - Op¢p (2.13)
= Oa¥0 * aﬁ‘PO + 804900 : aﬁd + 0,d - 65800 + 0,d - 6/3(1. (2.14)

Since
Gap = Jatpo - Op¥o0, (2.15)

the strain is .

Uap = 5 (Oatpo - Ogd + 0po - Oad + Oad - O3d) . (2.16)

2

The last term is the nonlinear contribution that survives even when the displacement gradients
are small but not infinitesimal. The geometric approach naturally accounts for this nonlinearity.
For ¢o(u,v) = (u,v) we find

Uaf = % (0gda + Oadg + 0nd - O3d) . (2.17)
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2.4.3. Hyperelasticity and equilibrium
For a hyperelastic material one writes the energy as
Bliel= [ Wagav, = [ We.a)Vald (218)

where
9o = Oatp - Opp , (2.19)

and the energy density is positive definite with W(g,g) =0 iff g = g.

Exercise 2.4: Small-Strain Equivalence of Length and Squared-Length Mea-

sures

For a one-dimensional elastic element with actual length £ and rest length ¢y, one may
define a scalar strain proportional to 1 — ¢/¢y and write an elastic energy of the form

1
Ey = Eﬁo(f —p)?.

The metric-based strain used above compares squared lengths, suggesting instead an

energy of the form

1
E1 = 5%1(€2 — 63)2

Show that for small strains, [{—{y| < £, these two energies are equivalent up to a rescaling
of the elastic constant. What relation between k¢ and k1 makes their leading-order terms
identical?

Define the contravariant stress by

o8 =2 W (2.20)
89&6
Then
69 = Oap - 000 + Dpp - Dadip. (2.21)
Hence
1, —
o F :/920 B8gap\/|| d"x (2.22)
_ / 0%z - 93600/ [g] d". (2.23)
Q
Integrating by parts gives, up to boundary terms,
0 F = —/ Vs (0“5&1@) O dVy. (2.24)
Q

Here V is the Levi-Civita connection of g. In zero codimension the second derivatives of the
configuration can be expanded in the tangent basis,

9a0sp =T 5(9) Ouep- (2.25)
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Therefore the bulk equilibrium equation may be written as

Dgo®P + f‘zﬁao‘ﬂ + FZ‘BJ“B =0. (2.26)
Equivalently,
vWoos 1 (rgﬂ - rgﬁ) o8 =0, (2.27)
or
Vo + (T —T%) o’ =0, (2.28)

This is sometimes a strange-looking form of force balance because it involves both the actual
metric g and the reference metric g. We denote it schematically by

Divg g0 = 0. (2.29)

This covariant equilibrium equation was derived by Efrati et al.l.

The linear case is recovered when the reference metric is Euclidean, the coordinates are Cartesian,
and the strains are small, yielding 3500‘/3 =0.

2.4.4. Hookean Elasticity

The equilibrium equation derived above followed from variational principles and geometry,
but it did not require specifying a particular elastic energy density. To obtain a closed stress
formulation we must now choose a constitutive law. For small strains about a stress-free
equilibrium, the energy density can be expanded in powers of the strain. The linear term
vanishes at equilibrium, so the leading contribution is quadratic:

1
W(u) = 5,4&575%5%5 +0(u?). (2.30)

Here A®579 is the elastic tensor. Differentiating the energy with respect to the strain gives the

linear stress—strain relation
o = APy 5. (2.31)

When the elastic tensor is nondegenerate on the space of symmetric strains, it can be inverted.
We denote the inverse tensor by A,gys, so that the strain can equivalently be written in terms
of the stress as

Uop = Aaprso?. (2.32)

This inverse form is the one used below when the compatibility equation is rewritten as an
equation for the stress.

LE. Efrati, E. Sharon, and R. Kupferman, “Elastic theory of unconstrained non-Euclidean plates,” Journal of
the Mechanics and Physics of Solids 57 (2009), 762-775.
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2.4.5. Compatibility and Incompatibility

For a simply connected two-dimensional manifold, the first and second fundamental forms
satisfy the Gauss and Mainardi—-Codazzi equations. Since the second fundamental form vanishes,
the metric tensor satisfies

Ka(g) =0. (2.33)

A stress-free configuration corresponds to g = g, and such a configuration exists if and only if

Kea(g)=0. (2.34)

Remark: Multiply Connected Domains

The condition K;(g) = 0 is sufficient locally, and on simply connected domains it is the
relevant global compatibility condition. On multiply connected domains there can be
additional global conditions. For example, on an annulus the metric

dl? = dr? + (rg + (r — 79)k)%d6?

with kK = 1+ pcos 6, has zero Gaussian curvature, and its total curvature over the annulus
is also zero. Nevertheless, for p # 0 it cannot be embedded isometrically in the Euclidean
plane as a single-valued planar annulus. We will discuss this later in the context of
geometric defects.

The reference metric g is prescribed by the material, and therefore it need not satisfy the planar
compatibility condition. If its Gaussian curvature is nonzero, Kg(g) # 0, then no stress-free
embedding into the Euclidean plane exists: any planar configuration must have an actual metric
g with Kg(g) = 0, and therefore cannot coincide with g. This makes the reference Gaussian
curvature a natural local measure of incompatibility, in the same spirit as the classical notion
of incompatibility in crystalline solids.

To connect this geometric statement with linear elasticity, write the actual metric as
g =g+ 2u.
The compatibility condition is then
Ka(g+ 2u) = 0.
For small strains this linearizes to
Kg(g)+VxVxu=0. (2.35)

In classical linear elasticity, compatibility of a strain field with a planar displacement is expressed
by the vanishing of the double curl of the strain. The term Kg(g) therefore plays the role of a
source of incompatibility. Since defects are classical sources of incompatibility, this motivates
interpreting the reference Gaussian curvature as a geometric defect density, or more generally
as a source for elastic fields.
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2.4.6. Airy stress function

In the linear planar theory, the equations of equilibrium consist of the force-balance equation
for the stress together with the linearized compatibility condition for the strain. In Cartesian
coordinates these are

dgo® =0, (2.36)

and
€17 9p0p1.,5 = 0. (2.37)

The first equation is solved identically by introducing the Airy stress function y, defined by
o = 19,0, x. (2.38)

Thus the stress is represented in terms of a single scalar potential. The constitutive law expresses
the strain in terms of the stress, uns = Aaguo"”. Substituting the Airy representation into
the compatibility condition gives, for a homogeneous isotropic elastic solid,

A%y =0, (2.39)

which is the biharmonic equation. This reduction of planar elasticity to a biharmonic equation
is extremely useful: it turns the coupled equilibrium and compatibility equations into a single
scalar PDE. Many classical problems can then be solved with powerful methods from complex
analysis. For example, cracks may be treated by conformal maps in finite geometries, or as
sharp-corner singularities in the semi-infinite limit.

At the same time, the construction has a limited domain of validity. The Airy stress function
solves the linearized force-balance equation, (%Jaﬁ = 0, and the biharmonic equation follows only
after substituting this linear stress representation into the linearized compatibility condition. It
is therefore not obvious how to extend the same potential formulation to geometrically nonlinear
elasticity, or to materials whose reference metric is intrinsically non-Euclidean.

2.4.7. Generalized Airy Stress Function

The equilibrium equation
Divg 4,0 =0, (2.40)

can be interpreted as an equation for the configuration, in which case the system is closed.
Alternatively, it can be interpreted as an equation for the stress, strain, or metric, but then a
compatibility condition must be imposed separately. In two dimensions, the actual metric must
obey Kg(g) = 0. Interestingly, but not surprisingly, an exact representation of the stress in
terms of a potential still applies:

1
o = 750‘“5’6”wa. (2.41)

V1glv/g]

This result enables the calculation of geometrically nonlinear elastic fields. Such nonlinearities
are not merely incremental corrections; they can form the basis of elastic instabilities. For now,
we assume small strains and use the leading-order expression for the stress,

1 _
Jaﬁ _ @EOM@BVVWJX- (2.42)
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Now consider a thin elastic sheet with reference metric g constrained to a surface of constant
Gaussian curvature K. The equation of motion and the potential representation still hold,
but the compatibility condition becomes Kg(g + 24~ '0) = K. Upon writing the Gaussian
curvature explicitly we find

%AZX = Ka — Ke. (2.43)

Exercise 2.5: Pressurized Annulus and Isotropic Inclusion

Consider a planar annulus with inner radius ¢ and outer radius b, where a < b. A
uniform pressure p is applied on the inner boundary r = a, while the outer boundary is
traction-free. Solve the elastic problem using the Airy stress function. Then consider a
circular domain in which a small disk of radius a at the center is isotropically inflated by
a factor n. What is the corresponding reference metric? Solve Eq. 2.43 and show the
duality between local pressure and isotropic inflation.

Exercise 2.6: Inverse Design by Internal Forces

The important conclusion of the pressure-inflation duality is that internal forces can
effectively modify the reference metric. Suppose a desired reference state is prescribed,
either as a reference metric gg%s or as a reference Gaussian curvature K, ges'

What internal force field f should be applied in order to generate this reference state
effectively? Assume the equilibrium equation is 730‘"5 = f¢ and impose constraints as

you wish to recover the equilibrium equation

Ly~ Kol 24

2.5. Curvature-induced stress and the Elastic Munchausen Effect

Glass surface

Steel surface

Figure 2.2.: Experimental demonstration of the migration of a two-dimensional frustrated gel
in a nonuniformly curved space.

Consider a two-dimensional elastic body constrained to a surface of spatially varying Gaussian
curvature K. If the disk is small compared with the length scale over which Ky varies, its
stressed state is approximated by the result from the previous section:

A’y =YAK , (2.45)
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where AK = K — Kj. For an axisymmetric solution,

Ax = 1d ( dx) : (2.46)

rdr Tdr

and the biharmonic equation becomes

1d d (1d dx
Integrating once gives
1d ([ dx 1 9
-—|r—= | =-YAK 1 . 2.4
o (Tdr> 1 r“+ Cilogr + Cy (2.48)

A general radial solution is therefore

YAK
x(r) = ol r* 4+ Cy + C1 logr + Cor?logr 4+ Csr?. (2.49)

The constants are fixed by regularity, by the absence or presence of singular sources, and by
the boundary conditions.

The stretching energy scales as

1
Ew/yozrdrdﬁ (2.50)
YAK? [
~ g /r dr dé (2.51)
YAK?
~ 2 RS, 2.52

Upon accounting for the spatial variation of the ambient curvature, this produces an effective
force B
F~-CYR’ (K - K) VK. (2.53)

This appears paradoxical only if one expects internal forces to generate no net force. The
resolution is that the usual center-of-mass argument is Euclidean: it relies on translational
symmetry. On a curved substrate there is no global translational symmetry and no unique
Euclidean center of mass for an extended deformable body.

For the capillary version of the Munchausen effect, see “Surfing locomotion of elastic sheets
driven by curvature mismatch,” PRL (2025).
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3. Third Lecture: From Defects to Geometric Charges—Generalized
Defects in Disordered Solids

Defects are central to the materials science of crystalline solids and are key to understanding
plasticity, melting, and related phenomena. Their definition relies on the existence of an
underlying order, which gives them a topological character. Their mechanical relevance,
however, comes not only from their structural content but also from the stress fields they induce.
For example, a 5-7 dislocation in a planar triangular lattice induces an elastic energy that
diverges logarithmically with system size.

In crystalline materials there is a direct link between defects and their geometric constructions.
For example, a five-fold or seven-fold disclination in a triangular lattice may be constructed
by removing or inserting an angular sector. When such a construction is applied to a thin
elastic sheet, the sheet may deform into a cone or an excess cone (e-cone). The five-fold defect
corresponds to removing a sector of angle /3, while the seven-fold defect corresponds to an
excess angle of the same magnitude. This construction immediately shows an asymmetry:
positive disclinations, interpreted as angular deficits, are bounded above by 27, whereas negative
disclinations can have arbitrarily large angular excess.

The three-dimensional configuration attempts to realize the reference metric a. If a defective
thin sheet is forced to remain planar, this reference metric generally cannot be realized in
the plane, and residual stresses develop. For a non-Euclidean reference metric, the reference
Gaussian curvature acts as a source of stress. In the linear Airy formulation this appears,
schematically, as .

A%y ~ K. 3.1
7AX (3.1)

Away from the defect core, however, any small piece of the material may be stress-free when
removed from the body. The stress is generated by the singularity of the reference geometry at
the defect. Thus the familiar Volterra construction can be reinterpreted geometrically: a defect
is a singular source of reference Gaussian curvature.

3.1. The cone and the disclination

The Volterra construction provides a direct geometric description of a disclination. Begin with
a Fuclidean disk whose line element is

de3 = dr* + r*do*. (3.2)

Remove a sector of opening angle Af and identify its exposed edges. Before identification, the
angular coordinate spans an interval of length 27 — Af. To restore a 2w-periodic coordinate,

define 0 AB
, a=1——. (3.3)

‘p:& 2T
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3. Third Lecture: Geometric Charges and Generalized Defects

The reference metric of the glued disk is therefore
dl* = dr? + o®r?dy®. (3.4)

Although this metric is locally Euclidean away from the origin, a circle of radius r has
circumference 2mwar. The angular deficit is thus encoded intrinsically in the metric and
concentrated at the apex. This reference metric exposes the asymmetry between the possible
magnitudes of positive and negative disclinations, with 0 < o < oc.

Figure 3.1.: Continuous geometric representation of a disclination.

This motivates the following working hypothesis. Singular sources of stress are singularities
of the reference Gaussian curvature. Defects are particular realizations of this more general
geometric notion.

3.2. Classification problem on a punctured disk

We therefore ask: what are all reference metrics g that are Euclidean everywhere except possibly
at one point? Consider a punctured disk

D* =D\ {0}. (3.5)

By the two-dimensional uniformization theorem, there is a local coordinate system in which
the metric takes the conformal form

a7 — p20(zy) L0
g=e (0 1) . (3.6)
Equivalently, in polar coordinates,
_ . 1 0
Gpot = €277 (0 Tg) : (3.7)
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3. Third Lecture: Geometric Charges and Generalized Defects

The Gaussian curvature of this metric is
K =—e % Aop. (3.8)
Thus flatness away from the puncture requires

Ap=0  on D" (3.9)

The singular part of a general harmonic function on a punctured disk has the multipole
expansion

o(r,0) =alogr + Z 7" (by, cos nb + ¢, sinnh) + regular terms. (3.10)
n=1

The logarithmic term is the monopole. The terms

COSQ’ sine’ (3.11)
r r
are dipoles, and the terms
cos 20 sin 260
o 7 (3.12)
are quadrupoles.
The invariant delta function with respect to the metric area element satisfies
0 () dAg = 6 (z) d dy. (3.13)
Since
dAg = *? dx dy, (3.14)
we have
5;2)(@ = e 2263 (). (3.15)

Thus the conformal factor converts harmonic singularities into geometric curvature charges.

The solution in Eq. 3.10 implies a hierarchy of geometric charges and the corresponding multipole
expansion

K = M§® () + P20,0P (x) + Q*P8,050 (z) + - -- . (3.16)

For continuous charge distributions, the singular coefficients are replaced by smooth density
fields: B
K = M + 0o P* + 0,05Q + - - - . (3.17)

Exercise 3.1: Distributed Dislocations

Show that a rectangular domain with a Cartesian metric and a uniform distribution of
geometric dipoles is equivalent to a polar domain.
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3.3. Complex-coordinate interpretation

To interpret the different multipolar geometric charges, we seek a local isometric embedding of
the metric in the plane. The conformal representation provides a convenient way to construct
this embedding. Write

z =+ 1y, dzdz = dz?* + dy?. (3.18)

If
©(z,2) = Re f(2) (3.19)

for a holomorphic function f on the punctured disk, then

dP? = e¥#(@) (d2® + dy?) = e**dzdz = e’ el )z dz. (3.20)
Defining a new complex coordinate Z by
dz = e/@dz, (3.21)

we obtain
dP? =dZ dZ = dX? +dY>. (3.22)

Thus the metric is Euclidean, and the configuration is then (X,Y’). It therefore remains to
express these new variables in terms of the (z,y) or (r,0) variables. The defect is encoded in
the fact that Z(z) may be multi-valued, singular, or require a branch cut.

For example,

logr = Relog z. (3.23)
Taking
f(z) = qlogz (3.24)
leads to
»1+q

dZ = 2%dz, Z

_ , 1. 3.25
T q# (3.25)

To construct the corresponding planar representation, one must choose a branch cut, which
fixes the angular range of the map. The configuration is then

1+q

X =ReZ = I—i— . cos((1+ q)f), (3.26)
plta
Y=ImZ= 1+qsin((1+q)9). (3.27)

Exercise 3.2: Recovering Volterra from Geometric Charges

Plot the planar embeddings associated with the dipole and quadrupole singularities.

Note that the quadrupole is the first multipole that can be formed locally without tearing
the material.
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6
4
4t .
2y 2 210
0 L . 0 m 0 F
w \/
-2 -2 1-2f
-4 -4t | Rad
-4 -2 0 2 4 -4 =2 0 2 4 -6 -4 -2 0 2 4 6
Figure 3.2.: Planar isometric embeddings of g for the conformal factor ¢ = glogr, with
g = —0.125 (left), ¢ = 0 (middle), and g = 0.125 (right).
3.4. The impossible cone
Consider the conformal metric
di® = Ar*? (dr* + r2d6?) . (3.28)
Equivalently,
1 0
= _ 2q
g=Ar <0 7“2> . (3.29)
Define a new radial coordinate p by
dp = rdr. (3.30)
For g # —1,
ratl
= . 3.31
P= T (3.31)
Then
r2dr? = dp?, (3.32)
and
r2 2402 = (q +1)2p?do>. (3.33)
Thus the metric becomes
di? = A (dp® + (q + 1)*p*db?) . (3.34)
This is a cone with angular factor
a=q+1. (3.35)
The total angle around the apex is
O =2m(qg+1), (3.36)
and the angular deficit, with one common sign convention, is
Af =21 — O = —2nq. (3.37)
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Therefore Ad
=——. 3.38
4= (3.38)
For the ordinary cone construction one has
—1<q< o, —00 < Al < 2. (3.39)

However, in the conformal representation ¢ is not intrinsically limited by this Volterra construc-
tion. For example, take

q=-2. (3.40)
Then
A0 =4n (3.41)
with the above sign convention, and
di* = Ar~* (dr® +1%d?) . (3.42)

This metric is related to the Euclidean metric by inversion. Indeed, if

R? R2
p=—2, dp = ——ZOdr, (3.43)
T T
then
dp® + p?do? = Ry dr? + r2dg? 3.44
pe 4 ptdo” = 74( e+ rido”). (3.44)

Thus inversion realizes a flat metric away from the origin, but the representation is singular
at the origin. It can therefore be interpreted as an “impossible” conical defect: a geometric
singularity that is natural in the conformal metric but not obtainable by an ordinary planar
Volterra construction.

The main lesson is that geometry provides a non-Volterra construction of defects. Instead of
starting from cutting and gluing operations, one starts from a singular reference metric gns
and identifies the corresponding singular reference curvature K = Kg(g). The price is that
the construction is no longer directly tied to a microscopic order parameter or to the classical
classification of ordered media.

In two dimensions, inversion already produces a singular conformal metric. In three dimensions
the same idea becomes even more striking. The inversion

_ R

R 3.45
- (3.45)
transforms the Euclidean metric into the conformally Euclidean metric
»_ RG L o ao
I oy (dr® + r2dQ7) (3.46)

which is flat away from the origin but singular at the origin. Thus inversion creates a singular
geometric solution without specifying an ordinary Volterra cut-and-glue operation.
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3.5. Local changes of reference metric generate quadrupoles

We have classified the possible geometric charges and their corresponding reference metrics.
We have also seen that monopoles and dipoles can be generated through Volterra constructions.
Material response, however, is often governed by local plastic rearrangements that modify the
reference metric. Whether these rearrangements are sparse and effectively isolated or dense
and correlated is the subject of the next lecture on mechanical screening. Here, we ask which
geometric charge is induced by a generic local perturbation of the reference metric. Let the
reference metric be a small perturbation of the Euclidean metric,

Jap = 5&6 + qas- (347)

To linear order in g, the Gaussian curvature is obtained by applying the linearized double-curl
operator to the metric perturbation,

_ 1
K~ —ieme”aaaﬂqw. (3.48)
If we define the quadrupole tensor
QP = 60‘7665%5, (3.49)
then the curvature takes the form
_ 1
K~ —iaaaﬁQaﬁ. (3.50)

Thus a localized change in the reference metric naturally produces a quadrupolar curvature
source. In this sense, quadrupoles are the elementary local geometric charges.

A distribution of quadrupoles can generate effective dipoles and monopoles, particularly through
boundary terms. This observation connects local internal rearrangements to macroscopic defect-
like sources of stress.

3.6. Physical consequences

We now regard the defective metric g as the reference metric of the body. The elastic problem
is to find, among all compatible metrics g, the one closest to g. Residual stress arises because a
defective reference metric with K # 0 cannot satisfy g = g.

Substituting the stress-potential representation into the Hookean energy, which is quadratic in
the strain, and integrating twice by parts yields the interaction between defects. In analogy
with electrostatics, let x; be the Airy stress function generated by the first defect and let Ko
be the curvature singularity, or geometric charge, of the second. Their interaction energy is, up
to the sign and normalization set by convention,

B = /Q 1 (x) Ko (x) dA. (3.51)
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For two pure quadrupoles in an infinite elastic medium, with orientations 61 2 relative to their
connecting line, this gives
B9 — Qs o (201 + 265) , (3.52)
r

T
where r is their separation and 6; is the orientation of the i-th quadrupole relative to the line
joining them. For fixed positive magnitudes, the interaction is minimized when 0; + 0 = 7/2
modulo 7. There is therefore a continuum of minimizers for pairwise quadrupole interactions.
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Anomalous elasticity refers to the behavior of elastic-like materials that support external stresses
yet deform in ways that appear to contradict the standard principles of elasticity. Examples
include an anomalously soft spring with vanishing stiffness (see Schenk and Guest, On Zero
Stiffness, 2014) and a material with nonreciprocal interactions that appear to violate Newton’s
third law (see Fruchart, Scheibner, and Vitelli, Odd Viscosity and Odd Elasticity, 2023). In
this lecture, we show that mechanical screening provides a natural extension of elasticity for
materials with internal degrees of freedom that can relax stress and strain. The theory predicts
anomalous mechanical responses that were subsequently confirmed in experiments on disordered
granular matter.

4.1. Motivation: Mechanical Screening in Holey Metamaterials

Screening—the reduction of energy through material response—is central to many physical
systems. The canonical example is a dielectric, in which an applied electric field induces dipoles
whose collective response renormalizes the effective dielectric constant.

A classical model considers an array of conducting spheres embedded in a perfectly insulating
medium. The applied field polarizes each sphere, while the resulting dipoles alter the local field
acting on every other sphere.

THE

Feynman

LECTURES ON PHYSICS

Figure 4.1.: Left: A model dielectric in which an array of perfectly conducting spheres becomes
polarized in response to an external electric field (adapted from The Feynman
Lectures on Physics). Right: A mechanical analogue in which the elastic matrix
plays the role of the insulating medium and the holes play the role of the conducting
spheres.
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This problem can be studied using the method of image charges. Each conducting sphere is
replaced by an image dipole, placed at its center, whose field is chosen to balance the boundary
condition of constant potential on the sphere. For an array of spheres, the dipole moments must
respond both to the applied field and to the fields generated by all the other image dipoles. An
approximate self-consistent solution is obtained by treating these dipole moments as variational
degrees of freedom and minimizing the electrostatic energy with respect to them, yielding a
constitutive relation between the applied field and the macroscopic polarization.

This theoretical picture has a direct analogue in two-dimensional perforated elastic metamaterials.
The elastic matrix plays the role of the insulating medium, while the holes play the role of the
conducting spheres. An applied load induces elastic fields around each traction-free hole, and
these fields must satisfy both the external boundary conditions and the boundary conditions
on all hole edges.

As in electrostatics, the holes can be replaced by image charges placed at their centers. The
leading admissible elastic image charge is a quadrupole: elastic monopoles and dipoles correspond
to topological charges, whereas a quadrupole can be induced locally without changing the
material topology. At leading order, the Airy stress function is approximated by

x(#) = Xew () + 30 QX3 (= ), (4.1)

where Q?ﬁ is the image quadrupole associated with the i-th hole.

The unknown quadrupole magnitudes and orientations are determined variationally. Substitut-
ing this ansatz into the elastic energy produces an effective interaction energy Eog({Q;}), which
includes the coupling of each quadrupole to the applied load and to all other quadrupoles. The
former produces an energy term that is linear in both the quadrupole charge and the external
stress, whereas the latter is quadratic in the quadrupole charges. The approximate solution is

obtained from
OF g

0Qr

(4.2)

Thus a continuum problem with many hole boundaries is reduced to a finite problem of
interacting elastic quadrupoles, as developed by Bar-Sinai et al. in Geometric Charges and
Nonlinear Elasticity of Two-Dimensional Elastic Metamaterials (2020). As in the dielectric
model, one can derive a linear constitutive relation between the inducing stress and the induced
quadrupole, with the proportionality coefficient playing the role of a quadrupolarizability

Q" =AY o . (4.3)

There is, however, an essential difference between the two problems. Electrostatics is fully linear,
so the induced charges remain proportional to the external field, and their mutual interactions
cannot dominate their coupling to that field. Elasticity, by contrast, remains geometrically
nonlinear even when the material response is Hookean. The ansatz in Eq. 4.1 is fully linear, so
higher-order corrections are required to capture geometric nonlinearities. These corrections
generate nonlinear load—quadrupole and quadrupole—quadrupole interactions that can drive
mechanical instabilities. This mechanism produces the nonlinear screening relation

Q=AV5+AO3 . (4.4)
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Figure 4.2.: Three deformation regimes of a holey elastic metamaterial under compression. Left:
The undeformed structure, with circular holes arranged on a square lattice. Middle:
At weak compression, the holes deform into ellipses with a uniform orientation
selected by the external loading. Right: Beyond the instability, the hole orientations
alternate to form a checkerboard pattern that minimizes hole—hole interactions.
The holes are shaded gray only to emphasize their deformability.

and provides a natural explanation for the instability of holey metamaterials. At small
compressive loads, the coupling between each quadrupole and the applied stress dominates,
aligning all induced quadrupoles with the external loading (Fig. 4.2, middle panel). At larger
compression, quadrupole—quadrupole interactions dominate and select a collective pattern.
According to Eq. 3.52, the interaction between two quadrupoles is minimized when the sum of
their orientations, measured relative to the line joining them, equals 7/2. On a square lattice,
alternating horizontal and vertical quadrupoles form a checkerboard state that minimizes
both nearest-neighbor and next-nearest-neighbor interaction energies, reproducing the pattern
observed beyond the instability (Fig. 4.2, right panel). A complete derivation appears in
Bar-Sinai et al., Geometric Charges and Nonlinear Elasticity of Two-Dimensional Elastic
Metamaterials (2020).

The quadrupolar image-charge construction is one realization of the broader concept of mechan-
ical screening. Earlier work interpreted the buckling of two-dimensional defective membranes
as the screening of structural defects by Gaussian curvature; see Seung and Nelson, Defects
in Flexible Membranes with Crystalline Order (1988). Conversely, in curved self-assembled
crystals, stresses generated by the imposed curvature can be screened through the nucleation
and rearrangement of structural defects; see Nelson, Defects and Geometry in Condensed Matter
Physics (2002), and Irvine, Vitelli, and Chaikin, Pleats in Crystals on Curved Surfaces (2010).
These examples illustrate the dual role of curvature and defects: each can act as a source of
stress, and each can screen the stress generated by the other.

The duality between curvature and defects—each acting both as a source and as a screening
field—is reflected in the equation for the stress potential y:

1
Here K is the Gaussian curvature of the deformed configuration, while Kp represents singular

or distributed structural defects (see Seung and Nelson, Defects in Flexible Membranes with
Crystalline Order, 1988). The equation shows that stress is generated by the mismatch Kp— Kg.
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Thus, when the curvature is prescribed, the material can reduce its elastic stress by nucleating
and rearranging defects so that Kp partially compensates K. The defect patterns observed
in curved colloidal crystals provide a direct realization of this screening mechanism. More
broadly, Figure 4.3 illustrates four different screening mechanisms: (a) nonlinear screening by
quadrupoles, (b) plastic screening by dislocations, (c) screening by localized plastic deformations,
and (d) screening by localized wrinkles. In the next section, we derive a continuum screening
theory in which defects, understood in the general sense developed in the previous chapter,
nucleate to screen elastic fields.

Figure 4.3.: Mechanical screening mechanisms. (a) Nonlinear quadrupole screening in holey
metamaterials, developed by Bar-Sinai et al. in Geometric Charges and Nonlinear
Elasticity of Two-Dimensional FElastic Metamaterials (2020). (b) Screening by
dipoles through dislocation unbinding in a two-dimensional crystal bubble-raft
model; see Bragg and Nye, A Dynamical Model of a Crystal Structure (1947),
and Bowick et al., Bubble-Raft Model for a Paraboloidal Crystal (2008). (c) A
quadrupolar Eshelby plastic event in an amorphous-solid model, adapted from
Maloney and Lemaitre, Amorphous Systems in Athermal, Quasistatic Shear (2006).
(d) Screening by localized quadrupolar wrinkles, adapted from Timounay et al.,
Crumples as a Generic Stress-Focusing Instability in Confined Sheets (2020).

4.2. Continuum theory of mechanical screening

Screening theories are often derived from a detailed microscopic model. The Debye—Hiickel
theory, for example, starts from the statistical mechanics of mobile ions and derives a screening
length from their temperature and concentration. For the athermal and frequently disordered
systems of interest here, such a microscopic route is neither universal nor always available.
We instead ask what can be deduced from symmetry, conservation laws, and the geometric
character of the elementary relaxation events. This approach leads to a hierarchy of continuum
screening theories without requiring that the microscopic screening element be identifiable as
a defect in an ordered lattice; see Livne et al., Geometric Theory of Mechanical Screening in
Two-Dimensional Solids (2023).
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4.2.1. Screening Hierarchy in the Electrostatic Analogy

The logic is most familiar in electrostatics. In a dielectric, the electric field induces a polarization
density P®. Homogeneity, isotropy, and linearity give the constitutive relation

P% = x.E®, (4.6)
while Gauss’ law reads
Oa (e0EY + PY) = pext- (4.7)

Eliminating P merely replaces the vacuum permittivity by € = €g + .. Dipoles therefore screen
the field quantitatively, but the governing equation remains Poisson’s equation.

A different regime is obtained when effective monopoles are mobile. Their density is the
divergence of the polarization,
Pind = —0a P (4.8)

The lowest-order isotropic cost assigned to this density introduces a material length. Eliminating
the polarization then gives a Helmholtz equation for the electric potential,

(A -2 p= -2, (4.9)
€0
where /p is the screening length. The important point for us is not its microscopic Debye—Hiickel
value, but the continuum logic: allowing successively lower multipoles changes the differential
operator and introduces new material moduli with dimensions of length.

More generally, the hierarchy of screening modes can be derived from an energy functional
rather than imposed directly on the field equations. The screening field is allowed to relax
the original field, but this relaxation is accompanied by a material-dependent energy cost for
nucleating the induced charges. The multipole expansion constrains the form of this cost. For
an electric polarization (P%), a term (P, P%) penalizes the creation of dipoles, whereas (V,P%)?
penalizes effective monopoles produced by the divergence of a nonuniform dipole field. By
contrast, V x P does not appear in the charge multipole expansion. Consequently, one should
not introduce an independent curl cost, or an unrestricted gradient cost that would include it.
The central construction is therefore to permit field relaxation while assigning nucleation costs
only to multipoles allowed by the relevant underlying mechanisms. These constraints determine
the form of the energy and, after minimization, the resulting screening theory.

In electrostatics, charge conservation implies that the variation is performed with respect to the
polarization field. The energy may nevertheless contain terms depending on the polarization
itself or on its divergence, which represents the induced monopole density.

4.2.2. Geometric charges in ordered and disordered solids

The corresponding local relaxation field in a solid is a change of its reference metric. Let gg 3
be the fixed initial reference metric and write the locally relaxed reference metric as

Jap = ggﬁ + 2QO45’ (4.10)
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The symmetric tensor g, is a strain-like quadrupole field. If u,g denotes the total strain
measured from g%, the elastic strain that stores energy is

Ugg = Uap — Jaf- (4.11)

A localized change of reference metric produces a quadrupolar distribution of reference curvature.
Monopole and dipole elastic charges cannot be created by a strictly local rearrangement without
changing global geometric invariants; the quadrupole is therefore the lowest elastic multipole
that can be nucleated locally.

This observation gives a definition of a mechanical defect that does not rely on crystalline order.
In a crystal, a dipole is visible as a dislocation and a quadrupole can be realized as a bound pair
of dislocations. In an amorphous solid, the same quadrupolar field is generated by a localized
particle rearrangement, even though no lattice is available with respect to which a missing or
extra row of particles could be identified. What matters to the continuum theory is the elastic
field produced by the rearrangement, not its structural appearance.

According to Eq. 3.50, the relaxation deformation ¢ induces an elastic charge,
K = 0,05Q%, (4.12)
where Q% = 6“’7655%5. Spatial derivatives of ) generate lower elastic multipoles:
P =35Q%, M = 0,P% = 0,05Q°, (4.13)

where P% and M are the effective dipole and monopole densities. For example, a finite line of
correlated quadrupolar rearrangements can terminate in two opposite dipoles. In a crystal, this
process appears as the nucleation and unbinding of a dislocation pair; in a disordered solid it
appears as a sequence of local plastic events forming a shear band. Geometrically, these are
two realizations of the same charge distribution.

The most general quadratic, isotropic, long-wavelength cost may consequently be organized
as
1 afBvyd
E[uy(ﬂ = § 0 [A (uaﬁ - Qaﬂ) (U'yJ - qWJ)

+ A QupQqs + AY PaPs + Ay M?|dA.

(4.14)

The three core costs define quadrupole-, dipole-, and monopole-dominated screening regimes.
If the local Q? term dominates, minimizing over @ gives a local relation between the induced
quadrupole and the stress. As in a dielectric, the result is quasi-elastic: the elastic moduli are
renormalized but the form of the equilibrium equation is unchanged. If the cost of a uniform
quadrupole is small and the P? term dominates, gradients of the quadrupole field become the
relevant degrees of freedom and the response is dipole screened. If the monopole cost becomes
finite as well, a third screening regime follows. The hierarchy is summarized schematically
below; the dipole-screening case is derived in detail in the following section:

screening mode | dominant charge cost ‘ stress-potential equation

quadrupole Q? %AQX = Ky (4.15)
dipole P? %Agﬁ + 61_342))( = Ig'o ’
monopole M? v (A2 + 4y ) x = Ky
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Numerical coefficients in the definitions of £p and £;; depend on conventions and on the isotropic
screening tensors. Their physical role is unambiguous: they are new mechanical moduli, beyond
the Young modulus and Poisson ratio, that set intrinsic screening lengths.

4.2.3. Dipole screening in the stress-potential formulation

We now demonstrate the derivation for the dipole regime. We work to leading order about a
flat reference metric and retain only the dipolar core cost,

1

Ealq] = 5 /Q (A% (15— o) (15 — 30) + ApPaP"|dA (4.16)

Variation with respect to the configuration gives ordinary force balance for the elastic stress,
9507 =0, 0% = AP (u 5 —qys) - (4.17)

In two dimensions this equation is solved identically by an Airy stress potential,
1 _
af __ ap Bro0

= ——=c"ePPV X 4.18
a det go ;UJX ( )

The stress—strain relation then expresses the metric in terms of the potential:
Jap = §25 +2¢0p + 2A;§7507‘5 . (4.19)

Requiring the actual configuration to be planar, and therefore the curvature of g to vanish,
reduces the geometric compatibility condition to

1 - - _

where

Ko = detgoe““eﬁ”?quag. (4.21)
The variation with respect to g.g, together with isotropy and the dipolar core cost, relates the
induced charge to the hydrostatic part of the stress. Writing Ap = YZ%, the relation is

K, L e LA (4.22)

Q= "y a= "X :
Yz, Yi,

Thus, unlike quadrupole screening, the induced charge is not locally proportional to the full
stress tensor. It is generated through spatial variations of the quadrupole field and is controlled
by a new length-like modulus. Eliminating K¢ between Eqs. (4.20) and (4.22) yields

1o, < _ \p
?A(A—MPQ)X:KO, @27 (4.23)

with possible isotropic numerical factors absorbed into £p. Ordinary elasticity is recovered
when the screening length is irrelevant on the scale of the system. Otherwise the Airy potential
contains a Helmholtz sector in addition to its harmonic sector, and stresses acquire an intrinsic
spatial scale. This is the mechanical analogue of the change from dielectric to Debye—Hiickel
screening, although the mechanical sign permits spatially oscillatory rather than exponentially
decaying responses.
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Exercise 4.1: Pressurized Annulus with Dipole Screening

Revisit the pressurized-annulus problem of Exercise 2.5, but now assume that the material
is in the dipole-screening regime. In the annular bulk take Ky = 0, so that the Airy
stress function satisfies

A (A+€I§2)X = 0.

Assume an axisymmetric solution, apply a uniform pressure p at the inner boundary
r = a, and leave the outer boundary r = b traction-free. Derive the radial equation
and its general solution, identify the harmonic and Helmholtz sectors, and state the
additional boundary conditions required for the screening field. Determine the radial
and azimuthal stresses and compare them with the ordinary elastic solution recovered as
{p — oco. How does the screening length alter the spatial transmission of stress across
the annulus?

4.2.4. Equivalent displacement formulation

The same theory can be written directly in terms of the displacement field d. Assuming a
Euclidean gg and integrating out the quadrupolar relaxation field in an isotropic two-dimensional
solid gives the screened equation

_1+1/
C1l-v

Ad+AV(V-d) = —pd, A (4.24)

where 1 has dimensions of inverse length squared and is determined by the dipole nucleation
cost; see Mondal et al., Ezperimental and Numerical Verification of Anomalous Screening
Theory in Granular Matter (2022). When g = 0, this is the usual scale-free equation of linear
elasticity. For finite p, solving for the induced dipole field requires fixing the displacement
gauge, for example by imposing zero displacement on the boundary. Consequently, the equation
is not invariant under adding a uniform displacement to a given solution.

The qualitative prediction is especially transparent for radial inflation. Consider an annulus
Tin < 1 < Tout, With

d(T’) = dT‘(T)?gv dT’(rin) = do, dr(rout) =0. (425)

For ordinary elasticity the solution is

2 2
Tin '™ —T
d?(r) = dg— ——2ut (4.26)
" r TiQn - Tgut

It is positive and decreases monotonically from the expanding inclusion to the fixed outer wall.
Importantly, after lengths are normalized by ro,t, this profile contains no adjustable elastic
modulus.

In the dipole-screened regime Eq. (4.24) reduces to

1 1
d) + dy + <;<2 - 7«2> d =0, r2=-1_, (4.27)
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The radial displacement is therefore

Y1 (kr)J1(krous) — J1(k7)Y1(Krout)
d(r) = dOY ) (4.28)
1(k7in) J1(KTout) — J1(K7in) Y1 (KTout)
where J; and Y] are Bessel functions. Unlike the elastic solution, this profile can be nonmono-
tonic, cross zero, and oscillate in space. In particular, the screening theory predicts that a
grain may move inward toward the center even though the central inclusion pushes outward.
This counterintuitive motion is not a nonlinear correction to elasticity: it is a linear response

governed by a new screening modulus.

=0 o 1.0 £=0 o
;E=3.66 05 =9
,:10 =375 . k=120
= 0.0
< 0.5 '
-0.0 0.5

02 04 r0.6 0.8 1.0 0.2 04 r0.6 0.8 1.0

Figure 4.4.: Solutions of Eq. 4.28 for various values of the dimensionless screening parameter
k = KTout- The radial coordinate is normalized by 7oy, and the displacement is
normalized by dp. Left: Small values of K produce a weakly anomalous elastic
response, for which the displacement profile may become nonmonotonic. Right:
Large values of kK produce a strongly anomalous response, including nonmonotonic
and sign-changing displacement profiles. The number of nodes in the displacement
field increases with k.

4.2.5. Verification in granular matter

The radial prediction was tested in two-dimensional bidisperse frictional granular assemblies
confined by a circular wall, as reported in Exzperimental and Numerical Verification of Anomalous
Screening Theory in Granular Matter (2022). A conical pusher at the center acted as an inflating
grain, and particle tracking measured the angle-averaged radial displacement. Parallel discrete-
element simulations implemented the same protocol.

Confining pressure controls the availability of local rearrangements. At high dimensionless
pressure, quadrupolar plastic events are sparse and their gradients are negligible. Both
experiments and simulations then collapse onto the universal elastic profile in Eq. (4.26). At
low pressure, local rearrangements are abundant and form a distributed dipole field. The
measured displacement becomes nonmonotonic and changes sign over part of the sample:
particles move toward the expanding center. Equation (4.28) reproduces this profile using only
the dimensionless screening parameter x7q,t as a fit parameter.

The experiment therefore distinguishes two solid-like regimes. In the quasi-elastic regime,
screening renormalizes material properties without changing the form of elasticity. In the
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{ — Theory f;z =0

S S

Tin +do

Anomalous Quasi-Elastic

Figure 4.5.: Experimental and numerical tests of radial inflation. Left, red frames: Experi-
mental setup. Top: At high pressure, quadrupolar rearrangements are costly and
sparse, producing a quasi-elastic response. Bottom: At low pressure, quadrupolar
rearrangements are inexpensive and abundant; their spatial organization produces
effective dipole screening and anomalous mechanics. Adapted from Ezperimental
and Numerical Verification of Anomalous Screening Theory in Granular Matter
(2022).

dipole-screened regime, the material still supports static loads, but its response is governed by
an intrinsic length and can be spatially oscillatory. This is the anomalous mechanical behavior
predicted by the geometric screening theory.

4.2.6. Odd-dipole screening

Equation (4.24) follows from minimizing an energy and therefore assumes a reciprocal consti-
tutive relation. Disordered solids, however, possess many metastable reference states. After
a closed quasistatic deformation cycle the macroscopic shape may return to its initial state
while particle rearrangements leave the system in a different microscopic state. Such a cycle
can store or release a finite amount of mechanical work. A potential energy defined only by the
macroscopic configuration is then insufficient.

The dipole screening relation may be written
P, =Tupd’, T =rel (4.29)

Homogeneity and isotropy do not require I' to be symmetric if the existence of a potential is
abandoned. In two dimensions the minimal extension is

T = (“e "%) = kR(6),), (4.30)

with

k= /K + K2, tan b, = . (4.31)

(¢]
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Figure 4.6.: Basic mechanical screening modes, their realization through particle rearrangements,
and the corresponding geometric charges. (a) A strain-induced rearrangement
produces a quadrupole of angular deficits and excesses, marked by +. Its magnitude
is proportional to the applied strain, as indicated by the color bar; the heat map
shows the induced monopole-charge distribution. (b) Linear relation between the
applied strain modes and the induced quadrupole charges. (c) A displacement-
induced rearrangement produces nonuniform quadrupoles whose coarse-grained
description combines quadrupole and dipole charges. (d) Linear relation between
the applied displacement and the induced dipole. (e) Under odd screening, the
induced dipole is not parallel to the applied displacement. (f) Corresponding odd
linear relation. In (c), the displacement and dipole are parallel, corresponding to
ko = 0; in (e), the dipole is rotated by 6,, = arctan(ko/Ke)-
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The even modulus k. measures ordinary strain relaxation. The odd modulus x, rotates the
induced dipole away from the inducing displacement and quantifies the nonconservative work
associated with a closed deformation cycle. This is odd screening rather than odd elasticity: the
elastic tensor itself may remain symmetric while nonreciprocity resides in the internal screening
response; see Cohen et al., Odd-Dipole Screening in Disordered Matter (2025).

The screened Navier equation becomes the vector equation
Ad+ AV(V -d) = —-T'd. (4.32)

Its most direct consequence is coupling between orthogonal displacement components. For a
rectangular sample of width L subjected to body shear, the imposed affine field is dy = uzyx.
Even screening alone preserves d, = 0, whereas odd screening predicts a transverse displacement.
Using coordinates normalized by L/2, the leading solution takes the form

sin ¢ T=ugytanty, ¢ =+/cosOr/(1+N)L/2. (4.33)

dy(z) =7 [x—

The functional form of d, is therefore a direct signature of the odd modulus.

L ux
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0.054

. — 0.081
— 0,108

- ¢ =0.702

—03 0150 0.15 0.3 ~03-0.15 0 0.15 03
X X

.0

Figure 4.7.: Odd-displacement coupling in disordered granular matter. Theory (solid lines) and
experimental data (dots) for the anomalous displacement d(z) induced by the
affine body shear d, = u,,x. The displacement is averaged along the y direction and
fitted to Eq. 4.33 using x and 6,.. (a) Experimental and theoretical displacement
fields for several packing fractions at fixed imposed shear. (b) Corresponding fields
for several shear loads at fixed packing fraction.

This prediction was tested in a two-dimensional shear-jammed packing of bidisperse frictional
disks by Cohen et al. in Odd-Dipole Screening in Disordered Matter (2025). The substrate
imposed a quasistatic body shear, and the particle displacement was averaged along the direction
of shear. A transverse component d,(x), forbidden by the even isotropic theory, was observed
over packing fractions 0.692 < ¢ < 0.816 and imposed shear strains up to approximately 22%.
Equation (4.33) accurately reproduced the measured profiles. At small strains the extracted
even and odd screening parameters were reproducible across initial configurations and packing
fractions, as required of continuum material parameters. At larger strains they became strain
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dependent, yet followed reproducible relations and the same continuum equation continued to
describe the displacement field.

The combined picture is thus broader than defect mechanics in a crystal. Local quadrupoles
provide a common language for holes, dislocation pairs, Eshelby events, wrinkles, and cellular
rearrangements. Their spatial organization produces dipole screening and anomalous length-
dependent mechanics; nonreciprocal evolution among metastable reference states adds an odd
screening modulus and transverse response. The continuum fields identify the mechanically
relevant defects through the stresses they generate, whether or not those defects can be
recognized by eye in the underlying structure.

Exercise 4.2: Pressurized Annulus with Odd-Dipole Screening

This problem is technically difficult, so a numerical solution is also valuable. Repeat the
pressurized-annulus problem of Exercise 4.1, but now replace the even dipole-screening
coefficient by the odd screening tensor and use the displacement formulation

I' = kel + Koe.

Although the loading and geometry are axisymmetric, allow the displacement to have
both radial and azimuthal components,

~

d(r) = dp(r)7 4 dp(r)6.

Substitute this ansatz into Eq. (4.32) and derive the coupled radial equations and
boundary conditions. Show that when x, # 0, radial pressurization generates a nonzero
azimuthal displacement dy, so that a chiral response emerges from an achiral annulus
and loading protocol. Verify that reversing the sign of x, reverses the handedness of the
solution, and recover the even dipole-screened result when k, = 0.

46



A. Extra Material on Thin Sheets

A.1. Non-Euclidean Plates: Thin Sheets and Dimension Reduction

We now turn to thin sheets. Let w denote the coordinate through the thickness. The three-
dimensional metric induced by a surface may be expanded as

aps — 2wbag + w?cas 0
gij(x,w):( 8 Oﬁ B 1>_|_.... (A.l)

Similarly, the reference metric may be expanded as

G — 2w, 260 0
gij(x’w):(aaﬁ w8@+w Cap 1>_|_ (AQ)

Here aqg is the first fundamental form and b, is the second fundamental form of the mid-surface.
We now substitute these metrics into the definition of strain and then into the energy,

1
E= /Q gA”kl (9i5 — Gi5) (961 — Gr1) dVj. (A.3)

After integrating through the thickness, the term that mixes the metric and curvature strains
vanishes, and the elastic energy becomes

h
E=z / A (agp — dag) (a5 — Gys) V/]al dz (A-4)
h3 _ _
+ 24/ A (bag = bag) (bys — bys) Vial Pz +--- . (A-5)
w

The first term is stretching and scales as h. The second term is bending and scales as h>.

Remark: Monge-patch representation

For a nearly flat sheet one may work directly with a configuration in Monge form,

o(z,y) = (x + ue(x, ), y + uy(x,y), w(z,y)). (A.6)
Then the metric and curvature are
Ao = 0ap + Oaig + Oguq + Oqw Ogw, bog ~ 0a0pw. (A.7)

Since a and b come from an actual map, the Gauss and Mainardi—-Codazzi compatibility
conditions are automatic. Minimizing the stretching—bending energy with respect to u,
and w gives the Foppl-von Kdrméan equations. In the absence of lateral or transverse
loads,

950" =0, BA*w = 0*79,05w. (A.8)
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A.1.1. Gauss and Mainardi—Codazzi compatibility

The intrinsic and extrinsic geometries of a surface are not independent. They must satisfy the
Gauss equation
Kg(a) = det (a_lb) , (A.9)

and the Mainardi—Codazzi equations
Vabgy = Vigbay. (A.10)

Unlike the actual fields, the reference fields need not satisfy the compatibility conditions.
When they do not, the elastic sheet is frustrated because its preferred metric and curvature
cannot be realized simultaneously. We distinguish between two kinds of incompatibility: Gauss
incompatibility,

Kg(a) # det (@ 'b), (A.11)

and Mainardi—-Codazzi incompatibility,

vab57 % Vﬁba,},. (A.12)

Bilayer of fibers. A simple model for a bilayer of fibers, as in Bauhinia seed pods, is

a:<(1) (1’> b:<2 g) (A.13)

These reference fields violate the Gauss compatibility condition.

Rose petals. In polar coordinates a simplified reference geometry is
_ 1 0 - k 0
o (08). 5= (50). a0

Kqg(a) =0, det (a™'b) =0, (A.15)

Then

so the Gauss equation is satisfied. However,
Vabsy # Vbay, (A.16)
so the Mainardi—Codazzi equations are violated. The symmetric solution may lose stability,

and a lower-energy nonsymmetric configuration is obtained.

A.2. Curvature potentials for non-Euclidean plates

The stretching and bending strains are therefore
1

1 _
8% = — (aug — Gas) , e — = (bog — bag) - A.17
ap = 5 (0o — Gap) bt 2\/3( 5 — bap) (A.17)
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The elastic energy is

1
E— 2/ <hAa,876€ztﬂ€it6 + thaﬁﬂ/éEZ%&Bg) ds. (A.18)
Q

Here h is the sheet thickness and A%P79 is the elastic tensor of the two-dimensional material.

The corresponding stretching stress and bending moment are

OF OF h3
o = 95t hAamégEytév o= 9ebn 714&5765%' (A.19)
eSs e 2V/3
It is useful to define the effective in-plane stress
b = g s, 5%, = a"7b,,, (A.20)

where s = a~'b is the shape operator.

The equilibrium equations are obtained by varying the energy with respect to the configuration
¢. A virtual displacement can be decomposed into a tangential part and a normal part,

8¢ = C*0nd + i, (A.21)

The tangential variation changes the parametrized distances along the surface, while the normal
variation bends the surface. The corresponding variations of the fundamental forms have the
schematic form

8aap = Valg + Vpla — 21bag, (A.22)
0bap = Lcbap + VaVn —1bayb’ s, (A.23)

where L¢ denotes the Lie derivative along the tangential field ¢. After integration by parts, the
coefficients of the arbitrary fields (¢ and 1 must vanish separately. The coefficient of (% gives
the tangential, or in-plane, force balance. The coefficient of 7 gives the normal force balance, in
which bending moments are balanced against the normal projection of the in-plane stresses.

In the notation of geometric plate theory these two bulk equations can be written as

0= (divaa) g 2% + (diva,a) g m"” a7¥bsys, (A.24)

0= Va |(divaa), maﬂ — 985 (A.25)
The mixed divergence operator is
(divaa), T =V, T" + (Thg — Thp) T (A.26)

The appearance of both a and a in this operator is one reason why the fully geometric equations
are nonlinear and implicit: the differential operator itself depends on the unknown metric.

For the Foppl-von Kdrman scaling, one assumes small stretching strain and small bending
strain, with b = 0, so that the difference I' — I" is higher order. To leading order the equilibrium

equations reduce to -
Vso®? =0, (A.27)

VaVam® — .5 = 0. (A.28)
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The first equation is the in-plane force balance. The second is the normal force balance. It
states that the transverse force generated by gradients of bending moments is balanced by the
work done by in-plane stresses on a curved surface.

The equilibrium equations are not yet a closed theory for the fundamental forms a and b,
because not every pair (a,b) comes from an embedded surface. They must also satisfy the
compatibility equations

Kg(a) = det (a_lb) ) (A.29)

Vabgy — Vbay = 0. (A.30)

The first equation is Gauss’ theorem: the intrinsic Gaussian curvature of the metric equals the
determinant of the shape operator. The second equation is the Mainardi-Codazzi compatibility
condition, expressing the integrability of the normal field. The reference forms (a,b) need
not satisfy these conditions. Their failure to do so is precisely the geometric frustration of a
non-Euclidean plate. The actual forms (a,b), however, must always satisfy these conditions.

The curvature-potential formulation is based on replacing the direct configuration variables
by scalar potentials that solve the two differential compatibility problems. The first scalar is
the Airy stress potential x. In the FvK limit the in-plane equilibrium equation ?500‘5 =0is
solved by writing the stress as a double curl,

el _ af
0 = EVERT Wy, B = \EIFI (A.31)
a
For a flat reference metric this reduces to the usual expressions
o' = 85}(, ¥ = 92y, o™ = —0,0yX. (A.32)

Thus the stress potential automatically enforces in-plane force balance.

The second scalar is the curvature potential ¥. In the small-strain regime, and locally for a
Euclidean or nearly Euclidean reference metric, the Mainardi—-Codazzi equation is solved by
writing

bap = VaVa1h. (A.33)

This is the key replacement of the classical height function by an intrinsic curvature-generating
field. If the surface is a shallow graph z = f(z,y), then byg ~ 0,03 f, so that 1 coincides with
the height function f. In general, however, 1 is not a height. It is a scalar potential whose
Hessian gives the curvature tensor, and the configuration is reconstructed only later from a and
b by solving the Weingarten equations.

The Gauss compatibility condition then becomes the stretching equation. In the FvK approxi-
mation the metric is written as a small perturbation of the reference metric,

(af = Gag + 2Uag. (A.34)

Using the isotropic stress—strain relation to express u,g in terms of 03 and then using the
Airy representation of ¢®?, the linearized intrinsic curvature of the metric gives

SAAy = det (a78) - Ko (A.35)
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Here Y is the two-dimensional Young modulus and Kg = Kg(a). This equation says that
Gaussian curvature is the source of stretching stress. For a non-Euclidean reference metric, K¢
acts as a prescribed geometric source. Bending can partially screen this source through the
extrinsic term det(a~1b).

For an isotropic plate with b = 0, the bending moment in the FvK regime is

« (% — Yh2
Substituting b,z = ?aﬁﬁw into the normal force balance gives
BAAY = 0P, (A.37)
Equivalently,
Yh2AAY = 12(1 — 1*)0Pb,g. (A.38)
The curvature-potential form of the FvK equations is therefore
1 _ _ _
A =det (a7'VVY) - Kg (A.39)
BN R (A.40)
120 —p2)" V77 Yels '
with
o = ETEPV, Vsx. (A.41)

These equations have the same structure as the classical FvK equations, but the field v is
interpreted as a curvature potential rather than as a height function.

In flat coordinates, where a,3 = d,3, these equations become

1 _
?A2X = w,zmw,yy - @D?xy - Kg, (A'42)
Y'h? 5
mA Y = Xyy¥ar + XaaVyy — 2X,ay¥ 2y- (A.43)
Using the bracket
[f7 g] = f,ac:cg,yy + f,yygyac;t - 2f,acyg,acyv (A-44)
this can be written as
1 1 _ Y h?
A2y = = - K T A%y = . A .45
yAX =S¥ - Ke, 20— ?) ¥ =[x, ¥] (A.45)

The advantage of the curvature-potential formulation is that it keeps the scalar-potential
structure of FvK theory while removing the need to represent the surface as a single-valued
height graph. Once x and v are known, the curvature tensor follows from b,3 = V.V, and
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the metric follows from the stress—strain relation. The actual configuration is then recovered
from the Weingarten equations

Oait = —Vabud,  Balpd =T",0,0 + bagit. (A.46)

Thus the potentials determine the intrinsic and extrinsic geometry first, and the embedding is
reconstructed only afterward. This is why the formulation can describe large rotations, multi-
valued configurations, and non-Euclidean geometric frustration while retaining the analytic
form of the FvK equations.
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