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Density Functional Theory |

‘| interacting many-electron system l

Kohn - Oham

eq,uaﬂgns

system of non-interacting

electrons

Hohenberg and Kohn (1964)
Kohn and Sham (1965)
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The Local Density Approximation
(LDA)

_ assumes that the exchange-correlation en-
ergy per electron at a point r in the electron
gas is equal to the exchange-correlation en-
ergy per electron in a homogeneous electron
gas that has the same density as the electron

gas at point r.

TRUE LDA
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Self-Consistent Equations Including Exchange and Correlation Effects*

W. KouN axp L. J. Sgam
University of California, San Diego, La Jolla, California
(Received 21 June 1965)

From a theory of Hohenberg and Kohn, approximation methods for treating an inhomogeneous system
of interacting electrons are developed. These methods are exact for systems of slowly varying or high density.
For the ground state, they lead to self-consistent equations analogous to the Hartree and Hartree-Fock
equations, respectively. In these equations the exchange and correlation portions of the chemical potential
of a uniform electron gas appear as additional effective potentials. (The exchange portion of our effective
potential differs from that due to Slater by a factor of 2.) Electronic systems at finite temperatures and in
magnetic fields are also treated by similar methods. An appendix deals with a further correction for

systems with short-wavelength density oscillations.

I. INTRODUCTION

N recent years a great deal of attention has been
given to the problem of a homogeneous gas of inter-
acting electrons and its properties have been established
with a considerable degree of confidence over a wide
range of densities. Of course, such a homogeneous gas
represents only a mathematical model, since in all real
systems (atoms, molecules, solids, etc.) the electronic
density is nonuniform.

It is then a matter of interest to see how properties
of the homogeneous gas can be utilized in theoretical
studies of inhomogeneous systems. The well-known
methods of Thomas-Fermi' and the Slater? exchange
hole are in this spirit. In the present paper we use the
formalism of Hohenberg and Kohn?® to carry this
approach further and we obtain a set of self-consistent
equations which include, in an approximate way, ex-
change and correlation effects. They require only a
knowledge of the true chemical potential, u,(%), of a
homogeneous interacting electron gas as a function of
the density .

We derive two alternative sets of equations
[Eqgs. (2.8) and (2.22)] which are analogous, respec-
tively, to the conventional Hartree and Hartree-Fock
equations, and, although they also include correlation
effects, they are no more difficult to solve.

The local effective potentials in these equations are
unique in a sense which is described in Sec. IT. In par-
ticular, we find that the Slater exchange-hole potential,
besides its omission of correlation effects, is too large
by a factor of £.

Apart from work on the correlation energy of the
homogeneous electron gas, most theoretical many-body
studies have been concerned with elementary excita-
tions and as a result there has been little recent progress
in the theory of cohesive energies, elastic constants,
etc., of real (i.e., inhomogeneous) metals and alloys.
The methods proposed here offer the hope of new
progress in this latter area.

* Supported in part by the U. S. Office of Naval Research.

1L. H. Thomas, Proc. Cambridge Phil. Soc. 23, 542 (1927);
E. Fermi, Z. Physik 48, 73 (1928).

2 . C. Slater, Phys. Rev. 81, 385 (1951).

¢ P. Hohenberg and W. Kohn, Phys. Rev. 136, B864 (1964);
referred to hereafter as HK. .

In Secs. IIT and IV, we describe the necessary modifi-
cations to deal with the finite-temperature properties
and with the spin paramagnetism of an inhomogeneous
electron gas.

Of course, the simple methods which are here pro-
posed in general involve errors. These are of two general
originst: a too rapid variation of density and, for finite
systems, boundary effects. Refinements aimed at re-
ducing the first type of error are briefly discussed in
Appendix II.

II. THE GROUND STATE

A. Local Effective Potential

Tt has been shown?® that the ground-state energy of an
interacting inhomogeneous electron gas in a static po-
tential v(r) can be written in the form

1 n(®)n () ,
E= fv(r)n(r) dH_E // —lr——r'l_dr dr —I—G[n:l , o

where #(r) is the density and G[#] is a universal func-
tional of the density. This expression, furthermore, is a
minimum for the correct density function #(r). In this
section we propose first an approximation for G[#x],
which leads to a scheme analogous to Hartree’s method
but contains the major part of the effects of exchange
and correlation.

We first write

Glnl=Tn}+Exln], (2.2)

where T'[»] is the kinetic energy of a system of non-
interacting electrons with density® #(r) and Ex[#] is,
by our definition, the exchange and correlation energy
of an interacting system with density #(r). For an arbi-
trary #(r), of course, one can give no simple exact ex-
pression for Ex[#n]. However, if #(r) is sufficiently
slowly varying, one can show?® that

Bulnl= / #(©eln(e)) dr, 2.3)

4+ W. Kohn and L. J. Sham, Phys. Rev. 137, A1697 (1965).
5 For such a system it follows from HK that the kinetic energy
is in fact a unique functional of the density.
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This paper deals with the ground state of an interacting electron gas in an external potential »(r). It is
proved that there exists a universal functional of the density, F[#(r)], independent of v (x), such that the ex-
pression E= [v(t)n (r)dr--F[ = (r) ] has as its minimum value the correct ground-state energy associated with
v(r). The functional F[n(r)] is then discussed for two situations: (1) n(r)=no+7(r), #/n,<<1, and
(2) n(r) = ¢(r/ro) with ¢ arbitrary and o — 0. In both cases F can be expressed entirely in terms of the cor-
relation energy and linear and higher order electronic polarizabilities of a uniform electron gas. This approach
also sheds some light on generalized Thomas-Fermi methods and their limitations. Some new extensions of

these methods are presented.

INTRODUCTION

URING the last decade there has been considerable

progress in understanding the properties of a
homogeneous interacting electron gas.! The point of
view has been, in general, to regard the electrons as
similar to a collection of noninteracting particles
with the important additional concept of collective
excitations.

On the other hand, there has been in existence since
the 1920’s a different approach, represented by the
Thomas-Fermi method? and its refinements, in which
the electronic density n(r) plays a central role and in
which the system of eléctrons is pictured more like a
classical liquid. This approach has been useful, up to
now, for simple though crude descriptions of inhomo-
geneous systems like atoms and impurities in metals.

Lately there have been also some important advances
along this second line of approach, such as the work of
Kompaneets and Paviovskii,? Kirzhnits * Lewis,® Baraff
and Borowitz,® Baraff,” and DuBois and Kivelson.® The
present paper represents a contribution in the same area.

In Part I, we develop an exact formal variational
principle for the ground-state energy, in which the den-
sity #(r) is the variable function. Into this principle
enters a universal functional F[#(r)7], which applies to
all electronic systems in their ground state no matter
what the external potential is. The main objective of

* Supported in part by the U. S. Office of Naval Research.

T NATO Post Doctoral Fellow.

} Guggenheim Fellow.

! ¥or a review see, for example, D. Pines, Llementary Facitations
in Solids (W. A. Benjamin Inc., New York, 1963).

2 For a review of work up to 1956, see N. H. March, Advan.
Phys. 6, 1 (1957).

#A. S. Kompaneets and E. S. Pavlovskii, Zh. Eksperim. i.
Teor. Fiz. 31, 427 (1956) [English transl.: Soviet Phys.—JETP
4, 328 (1957)].

4D. A. Kirzhnits, Zh. Eksperim. i. Teor. Fiz. 32, 115 (1957)
[English transl.: Soviet Phys.—JETP 5, 64 (1957)].

S H. W. Lewis, Phys. Rev. 111, 1554 (1958).

6 G. A. Baraff and S. Borowitz, Phys. Rev. 121, 1704 (1961).

7G. A. Baraff, Phys. Rev. 123, 2087 (1961).

3D. . Du Bois and M. G. Kivelson, Phys. Rev. 127, 1182
(1962).

theoretical considerations is a description of this
functional. Once known, it is relatively easy to deter-
mine the ground-state energy in a given external
potential.

In Part IT, we obtain an expression for #[»] when n
deviates only slightly from uniformity, i.e., #(r)=7,
+4i(r), with #/nc— 0. In this case F[#] is entirely
expressible in terms of the exact ground-state energy
and the exact electronic polarizability a(g) of a uniform
electron gas. This procedure will describe correctly
the long-range Friedel charge oscillations® set up by
a localized perturbation. All previous refinements of the
Thomas-Fermi method have failed to include these.

In Part IIT we consider the case of a slowly varying,
but not necessarily almost constant density, #(r)
= o (r/ro), ro—> . For this case we derive an expansion
of F[»n] in successive orders of r¢7! or, equivalently of
the gradient operator v acting on #(r). The expansion
coefficients are again expressible in terms of the exact
ground-state energy and the exact linear, quadratic,
ete., electric response functions of a uniform electron
gas to an external potential v(r). In this way we recover,
quite simply, all previously developed refinements of
the Thomas-Fermi method and are able to carry them
somewhat further. Comparison of this case with the
nearly uniform one, discussed in Part II, also reveals
why the gradient expansion is intrinsically incapable
of properly describing the Friedel oscillations or the
radial oscillations of the electronic density in an atom
which reflect the electronic shell structure. A partial
summation of the gradient expansion can be carried
out (Sec. II1.4), but its usefulness has not yet been
tested.

I. EXACT GENERAL FORMULATION
1. The Density as Basic Variable

We shall be considering a collection of an arbitrary
number of electrons, enclosed in a large hox and moving

9 J. ¥riedel, Phil. Mag. 43, 153 (1952).
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under the influence of an external potential v(r) and
the mutual Coulomb repulsion. The Hamiltonian has
the form

H=T+V+U, )
where!®
1
s—/vwwnv¢OMn @
2
szmwmwma, 3

1
=
2

We shall in all that follows assume for simplicity that
we are only dealing with situations in which the ground
state is nondegenerate. We denote the electronic density
in the ground state ¥ by

n(n)= (TP* (Y (N¥), )

which is clearly a functional of »(r).

We shall now show that conversely v(r) is a unique
functional of #(r), apart from a trivial additive constant.

The proof proceeds by reductio od absurdum. As-
sume that another potential v'(r), with ground state
¥’ gives rise to the seme density n(r). Now clearly
[unless ¥'(r)—v(r)=const] ¥ cannot be equal to ¥
since they satisfy different Schrédinger equations.
Hence, if we denote the Hamiltonian and ground-state
energies associated with ¥ and ¥’ by H, H' and E, F/,
we have by the minimal property of the ground state,

E'=(V HY)< (V,HV)= (¥, (H+V'-V)¥),
so that

1
- O W (W (x)drdy’.  (4)

E’<E+/[v/ (r)—o(x) Jn(r)dr. (6)

Interchanging primed and unprimed quantities, we find
in exactly the same way that

E<E’+/[v(r)—v’ (r) Jn(r)dr. 0]

Addition of (6) and (7) leads to the inconsistency
EYE<FE+E. (8)

Thus #(r) is (to within a constant) a unique functional
of n(r); since, in turn, v(r) fixes H we see that the full
many-particle ground state is a unique functional of
n(r).

2. The Variational Principle

Since ¥ is a functional of #(r), so is evidently the
kinetic and interaction energy. We therefore define

Fln(r)]=(¥, (T+U)¥), )

1 Atomic units are used.
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where F[#] is a universal functional, valid for any
number of particles! and aeny external potential. This
functional plays a central role in the present paper.

With its aid we define, for a given potential #(r), the
energy functional

E[n]= / () (t)dr+F[n]. (10)

Clearly, for the correct #(r), EJJn_ equals the ground-
state energy E.

We shall now show that E,[#] assumes its minimum
value for the correct n(r), if the admissible functions
are restricted by the condition

JV[n]E/n(r)dr:N. (1D

Itis well known that for a system of IV particles, the
energy functional of ¥’

&LV ]= (¥, V¥)+ (¥, (T+U)¥) (12)

has a minimum at the correct ground state ¥, relative
to arbitrary variations of ¥ in which the number of
particles is kept constant. In particular, let ¥’ be the
ground state associated with a different external po-
tential ¥/ (r). Then, by (12) and (9)

[V ]= / o(t)n’ (V) dr+F[n'],
(13)
>81,[\I/]=/v(r)n(r)dr+F[n].

Thus the minimal property of (10) is established rela-
tive to all density functions #’(r) associated with some
other external potential v/ (r)." :

If F{n] were a known and sufficiently simple func-
tional of #, the problem of determining the ground-state
energy and density in a given external potential would
be rather easy since it requires merely the minimization
of a functional of the three-dimensional density func-
tion. The major part of the complexities of the many-
electron problems are associated with the determination
of the universal functional F[»].

3. Transformation of the Functional F[n]

Because of the long range of the Coulomb interaction,
it is for most purposes convenient to separate out from

11 This is obvious since the number of particles is itself a simple
functional of #(r).

12 We cannot prove whether an arbitrary positive density distri-
bution #’(r), which satisfies the condition /n’(r)dr=integer, can
be realized by some external potential o' (xr). Clearly, to first order
in #(r), any distribution of the form #'(r) =#+7(r) can be so
realized and we believe that in fact all, except some pathological
distributions, can be realized,
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F[#n] the classical Coulomb energy and write

FOn=- f —(de wrdnl, (1)
so that E,[# ] becomes
E[n]= /v(r n(r)dr-+— / drdr’—}—G[n] (15)

where G[n] is a universal functional like F[7].
Now from the definition of F[#], Eq. (9), and G[»],
Eq. (14), we see that

2(;

GDL:]—~/V Vertty (8, | e dr+— /‘~———~drd/ (16)

Here #(r,r’) is the one-particle density matrix; and
Ca(r,t') is the two-particle correlation function defined
in terms of the one- and two-particle density matrices as

Co(t,t)=ny(r,0; 1,0 ) — 0y (r,0)0, (v 1) {7

Of course #;(r,r)=n(r).

From (16) we see that we can define an energy-density
functional
a[n =3V Vo (6,r) | rer

1 [ Cy(x—1'/2;141'/2)
—/ dr’  (18)
2 '

such that

Gln]= / g mldr. (19)

The fact that g.f 5] is a functional of # follows of course
from the fact that ¥ and hence #; and #; are.

It should be remarked, that while G[#] is a unique
functional of », g[n] is of course not the only possible
energy-density functional. Clearly the functionals

0
glnl= gr[n]+2 —h:D[n],

=1 Qs

(20)

where the 2@ are entirely arbitrary, give equivalent
results when used in conjunction with (19).
The following sections deal with G[#] and g.[#] in

some simple cases.
II. THE GAS OF ALMOST CONSTANT DENSITY
1. Form of the Functionals G[n] and g¢,[n]
We consider here a gas whose density has the form

n(t)=no+7(r), (21)
with
7a(r)/ne<1

HOHENBERG AND W.
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/ fi(r)dr=0

Here we clearly must have a formal expansion of the
following sort:

and

(23)

GIn]=G[n ]+ /K (r—1")7i{e)7(r" ) drdy’

+/L(r,r’,r”)ﬁ(r)ﬁ(r’)ﬁ(r”)drdr’dr"—!—- L (24)

In this equation there is no term linear in #(r) since
by translational invariance the coefficient of #(r) would
be independent of r leading to zero, by (23). The kernel
appearing in the quadratic term is a functional of |r—1’|
only and may therefore be written as

K(r—r)= (1/QY K(g)e-ia- G (25)

The higher order terms will not be further discussed
here.

One may also quite trivially introduce a density
function

2= o)+ / K@)+ ale— )+ -, (26)

where go(#o) is the density function of a uniform gas of
electron density #, (kinetic, exchange, and correlation
energy).

2. Expression of the Kernel K in Terms of
the Electronic Polarizability

We shall now see that the kernel K appearing in
Eqgs. (24) and (26) is completely and exactly expressible
in terms of the electronic polarizability a(g). The latter
is defined as follows: Consider an electron gas of mean
density #y in a background of uniform charge plus a
small additional positive external-charge density

ey (1) = (\/Q)2 a(q)ei, 27)

Write the electronic density, to first order in A, as
n(r)=net /DX bi(ge . (28)

Then
a(g)=b1(q)/a(qg). (29)
Let us now define the operator
pa=2_ Cx—q¥cx, (30)
k

where ¢*, ¢ are the usual creation and annihilation
operators. Then, by first-order perturbation theory,

bi()=—(8 wf@z(ﬂ"z"@(ﬂlmql 0
" Fo—1I,

(31
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s0 that
—81 _ (0fpq]n) (] pqlO)

Ey—E,

alg)= (32)

2 3
q

Next we express the change of energy in terms of a(g).
By second-order perturbation theory we have

N a@]* O] )] 5-0]0)
= g — 5
Q 4 ¢t " Io— K,
N2w _ fa(q)]?
=L g—— *“‘_“01(9):
Q v g
M |bu(a)]?
= flg— — . (33)
2 ¢ alpg

On the other hand, combining Egs. (15), (24), (25),
and (28) gives

: 1 [ u(ni’)
E=/v(r)n(r)—|—~ e dt’ + G 1]
2 [r—1"]
M @I 2 @)
e Tage | @ ¢

>\3
+EZK@Hh@P-@®

Comparison of Egs. (33) and (34) gives

W= 53)
g)=— ———1] 35
¢*Lalg)
Equivalently, in terms of the dielectric constant,
(9) : (36)
elg)= - 36
1—a(q)
we may write
- (37)
g)=-— . 3
¢ e(g)—1

3. The Nature of the Kernel KX

The polarizability «(g) has the following properties,
as function of ¢ (see Fig. 1)

q—0: a(g)=14cg+eg*+---; (38)
g— 2kp: da/dg— —c; (39)
g—o: a(q) — const/¢*. (40)

These general properties are exemplified by the random-
phase approximation in which

a(g)=[1+(¢/k?)S (@) I (41)
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F16. 1. Behavior
of the electronic po-  ®d
larizability «(g), as |
function of ¢ (elec- 0.5 |
tronic density =4 |
X10% cm™3). !

4/qp —>

where kg is the Thomas-Fermi screening constant,

ko= (4kp)?

kl«' (12
S(q)s[%+——(1——~) In
20\ 4ki2

This gives for K(g), by (35),

(42)

T. (43)

and
q+2ky

(]—ka'

g—0: K(p)=2r[—cot(c?—c)g®+---]; (44)
g 2kp: dK/dg— + o ; (45)
g—so0: K{(q) - constX¢?. (46)

ZSee Fig. 2.)
The power-series expansion of K(g), (43), leads to

K(@)=2n[—cot(cd—c) V24 - - ]8(r) , (47)

which in turn gives

Gn]=Gno ]+ 27{ —a / 7i(r)2dr

—I—(@“’——m)/Wﬁ(r)l%r—{—- . :| , (48)

i.e., a gradient expansion.

At this point an important remark must be made.
One of the most significant features of K(g) is its
singularity at g=2kp. This is responsible for the long-
range Friedel oscillations® in K (r),

r—w: K(r)~const cos(2kpr+8)/7. (49)
These obviously lie outside the framework of the
power-series expansion (44) of K(g) and hence outside
the gradient expansion (49) of G[#]. This explains
why neither the original Thomas-Fermi method [which
for the present system reduces to keeping only the first
term in (44)7], nor its generalizations by the addition of
gradient terms, have correctly yielded wave-mechanical
density oscillations, such as the density oscillations in
atoms which correspond to shell structure, or the Friedel

oscillations in alloys which are of the same general origin.

1B 7. S. Langer and S. H. Vosko, Phys. Chem. Solids 12, 196
(1960).
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Fic. 2. Behavior
of the kernel X(g),
as a function of ¢
(electronic density =4
X10% cm™3),

q/q, —>

III. THE GAS OF SLOWLY VARYING DENSITY
1. The Thomas-Fermi Equation

For a first orientation we shall derive, from our general
variational principle, the elementary Thomas-Fermi
equation. For this purpose, we use the functional (18)
and in (16) we neglect exchange and correlation effects,
thus setting C,=0. We approximate the kinetic-energy
term by its form for a free-electron gas, i.e.,

gn]=7slkr(n)n, (50)
where the Fermi momentum kp is given by
kr(n)y= (3n'n), (51)
This results in
1 ra@n@)
E,[n]= / v(On(x)dr+— | —————drdr’
2 [r—1'|
+5% (3#2)2/3/[71(r)]5/3dr. (52)
To determine #(r) we now set
5{E@[7z]—y/n(r)dr‘l=0, (53)

where p is a Lagrange parameter. This results in the
equation

n(r")
o(r)+ f | ,ldr’+%(37r2>2/3[n<r>]2/3—u=0. (54)
r—r
If we now introduce the “internal” potential
n(
= [ e, (55)
lr—r'|
(54) is equivalent to the pair of equations
n(r)= (1/3r){2 u—0v(r) —v.(r) J}*", (56)
and
Vi, (r)= —4mrn(r). (57)

From (56) and (57) we can climinate #(r) and arrive at

HOHENBERG AND W.
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the Thomas-Fermi equation
V() = (—277/3m)[p—v(r) —v:(r) 2.

2. The Gradient Expansion

(58)

It is well known that one condition for the validity
of the Thomas-Fermi equation is that #(r) must be a
slowly varying function of r. This suggests study of the
functional G[#], where » has the form

n()=e(x/ro),

Yo—>0 .

(59)
with
(60)

It is obvious that this is quite a different class of systems
than that considered in Part II (n=mno+7, #/n:K1),
since now we shall allow ¢ to have substantial varia-
tions. On the other hand, whereas in Part II, % could
contain arbitrarily short wavelengths, these are here
ruled out as 7o becomes large.

We now make the basic assumption that for large #q,
the partial energy density g#] may be expanded in
the form

el 1= ol OHE £ T

+ 23: Cge,i OV () Vi (r)Vin(r)

M) VIR T (o)

Here successive terms correspond to successive negative
powers of the scale parameter 7, Quantities like
go(n(r)), g«(n(r)) etc., are functions (not functionals)
of n(r). No general proof of the existence of such an
expansion is known to us, although it can be formally
verified in special cases, e.g., when G[#(r)] can be ex-
panded in powers of [n(r)—no] At the same time,
we know that, for a finite 7o, the séries does not strictly
converge (see the discussion at the end of Sec. I1.3),
but we may expect it to be useful (in the sense of asymp-
totic convergence) for sufficiently large values of 7o.

Now a good deal of progress can be made, using only
the fact that g/#] is a universal functional of #,
independent of v(r). This requires g.[#] to be invariant
under rotations about r. The coefficients g, ;, - - - (#(r)),
being functions of the scalar #, are of course invariant
under rotations. Hence one finds by elementary con-
siderations that g[#] must have the form

gL n]=go(m)+ g2 (n)V2n+ga® (n) (Vn- V) ]

~+terms of order V4, (62)

A further simplification results from the fact that we
may eliminate from g% an arbitrary divergence
> V. [n] (see the end of Sec. 1.3). It is then elemen-
tary to show that g.[»]] may be replaced by

& n]=gon)+ 2.2 (n)Vn-Vn
+{24® (1) (V) (Vo) 4 g4 ® () (V21) (Vin- Vi)

F£:@ (1) (Vi-Va)2}+0(V:E). (63)
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Here the subscripts refer to the number of gradient
operators (or the order in 1/79) and the superscripts to
the number of times that # appears to the right of
8P (n).

It may be worth recalling that while g,[#] is an
admissible density function in the sense that

6rnl- [ g, o4

it differs from the energy density function g.[#], Eq.
(18), by a divergence.

3. Identification of the Coefficients of the
Gradient Expansion

We shall now express the coefficients g, (n) ap-
pearing in Eq. (63) in terms of the expansion coef-
ficients, in powers of g, of the electronic polarizability
a(q), and similar higher order, nonlinear, response
functions.

We do this by applying our general expression (63) to
the case of a nearly uniform electron gas, considered
already in Sec. IL.2. We go, however, beyond (28) and
write

)\2

A
n(r)z’“’JrF;Z bl(q)f“"uf}gz ba(g)eie -+ (65)

The linear- and second-, third-, etc., order response
functions are then defined by the relations

bi(q)=a(g)alq),
b= 2 alque)ae(q)al(qs),

qr+qe=q

(66)

etc.

Now let us compare these expressions with what one
obtains with the use of (63). We require that
]
—{E,,[n]—u/n(r)dr}=0. (67)

"

This gives
n(t')
PaeTAs U
r—t

0+ [ 7

— 28, V238, @ (V)24 28, (V) Vo
+2g4®'Vn-V (V)4 22,2 (V2V?)

A g4 (Vn) - 28.9Vn - V(Vn)?

+ 2B (V2(Vn)2—2Va- V (V) —2(V2n)?)

—3g.(4) (Vn)t—4g, OV (Vn)t—4g, 9V V(Vn)?

4eee—u=0. (68)
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Now let us set
AMr  a(q)
o(r)=—2 ——g T, (69)
g 1 ¢
1 .
n=nyt~ 2 [Nb1(@)+Nb2(q)+ - - Jemivr,  (70)
Q «
M=Mo+>\ll«1+)\2ﬂ2+ Tt (71)
Collecting terms of order A% AL, A%, we find
g’ (1) —po=0, (72)

47 4w
——a(q)+ {—2+g°"+282(2)92
g

q2
+2g0¢ - }bl(q)—fﬂ, (73)
.. 970,
giving
g 12 g 1\ 2 g @)
AOR { 1+<~i>q2+[(~‘—’—) —2—]q4+- - }a(q).
4 4 27
(74)

Also clearly
u1=0,

Similarly, we obtain

1

@ -2 o@ita—). 09
o | 87
If we now expand the response functions in powers of g,
a(Q)=14cg+cg*+- - . (76)
alg,q)= 2 X cnn'igg", a7
.

we can identify the functions g,. Thus
g/ JAn=—ca, (78)
g:®/dr=%(—cstcs), (79)
2@ /4r=%(—cet2co04—cb). (80)

Similarly all other coefficients g, (#) can be expressed
in terms of the expansion coefficients ¢, of the linear
polarizability «(q) of an electron gas of density #.

In an analogous manner we can express all g,® in
terms of a(q:) and «(q1,q2) ; and generally g, in terms
of Ol((h), o 'a(quq27' : 'qu——l)'

On dimensional grounds we can see from (63) that
the gradient expansion requires

| V| /n<kr(n) (81)
and

|V V| /| Vn|<<kr(n). (82)
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Both of these conditions are necessary. For while (81)
would admit the case of a nearly uniform gas with a
small but short-wavelength nonuniformity, this and
similar cases are excluded by (82), as they must be.

4, Partial Summation of Gradient Expansion

In the preceding section we have expressed the coef-
ficlent g,® in terms of the expansion coefficient ¢, of
the polarizability «(g), Eq. (76). However, we may apply
the expression (63) to the special case of the gas of
almost constant density,discussed in Part I1. This shows
that the leading term go(n) and the subsequent sub-
series involving coefficients g, () may be summed to
yield

0= go(n(0)+ / Kot () (r+-26) —n(1)]

X[n(r—35t")—n(r)]de'4 - -

apart possibly from terms of the form of a divergence
or of higher order in the superscript » of g,. Here

(83)

1 2 1
Koo (r,)zéz ~<FM)-e*iq-r’. (84)

1 ¢ \eun(q)

The form (83) of g, has the merit of being exact in both
limiting cases where either the density has everywhere
nearly the same value (see Part I1) or is slowly varying.
Its quantitative value for calculating the electronic
structure of actual atomic, molecular, or solid-state
systerus is at present uncertain but is being examined.
However, it is already clear that if applied to an atom
it will, unlike the simple Thomas-Fermi theory, yield:
(1) a finite density at the nucleus, and (2) oscillations
in the charge density corresponding to shell structure.

5. Approximate Expressions for the Coefficients
of the Gradient Expansion

In the previous section we have expressed the coef-
ficients g, appearing in the gradient expansion (63)
in terms of properties of the uniform electron gas. We
now collect some results of existing calculations refer-
ring to the uniform electron gas which are useful for
our present purposes.

a.. go(n)

This is the sum of the kinetic+-exchange-correlation
energy density of a uniform gas of density »#. Here one
has available the high-density expansion of Gell-Mann
and Brueckner';

2.21 0916

go(n)={———
7

4-0.062 Inr,—0.0964+0(r,) (7, (83)

Vs

4 M. Gell-Mann and K. Brueckner, Phys. Rev. 106, 364 (1957).
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where 7, is the radius of the Wigner-Seitz sphere defined
by
smrd=1/n. (86)

This expression is believed to be reasonably accurate
only for »,$1. At lower densities, such as occur in
metals (257.55), various approximate expressions
have been proposed. One is due to Wigner'

2.21 0916

0.88
— 7.

rs+7.8

(87)

goln)~

s 7s

Other approximations are due to Hubbard,!® Nozieéres
and Pines,” and Gaskell.!8

b. 6.2 (n)

These coefficients are all determined in terms of the
electronic polarizability, a(g). For this latter quantity
there is available, at present, a random-phase expres-
sion, Eq. (41), which gives

@ 2”[ Tsw] (88)
a(g)=—| 14+—S5 ] 88
k2 ko 7
and
e® 11
S (9)
471' 24 k'[zkl«'?
a® 11
AR (90)

dr 180 kyPkst

Inclusion of the first of these in the energy expression
agrees with a correction to the Thomas-Fermi energy
functional derived by Kompaneets and Pavlovskii.?

An expression for a(g), allowing in an approximate
manner for exchange effects has been proposed by
Hubbard.'¢ It is

1 q? qz —1
a(q)=[(1+— )+#s<q>] o)
2 Pk Byt

where S(g) is defined in Eq. (43). This form yields

g2<2) 1 ( 1 6 >
471"*24 k'rzkpz k1a4 .

For typical metallic densities this has the opposite sign
from the random-phase approximation expression (88).
Thus we see that the lowest nonvanishing gradient cor-
rection to the Thomas-Fermi theory depends quite
sensitively on refinements in the theory of the electronic
polarizability, a(g).

(92)

1 . P, Wigner, Phys. Rev. 40, 1002 (1934).

6 J. Hubbard, Proc. Roy. Soc. (London) A243, 336 (1957).

17 P, Nozitres-and D. Pines, Phys. Rev. 111, 442 (1958).

18 T. Gaskell, Proc. Phys. Soc. (I.ondon) 77, 1182 (1961); 80,
1091 (1962).
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IV. CONCLUDING REMARKS

In the preceding sections we have developed a theory
of the electronic ground state which is exact in two
limiting cases: The case of a nearly constant density
(n=no+7(r), i(r)/ne<<1l) and the case of a slowly
varying density. Actual electronic systems do not belong
to either of these two categories. The most promising
formulation of the theory at present appears to be that
obtained by partial summation of the gradient expan-
sion (Sec. IT1.4). It has, however, not yet been tested
in actual physical problems. But regardless of the out-
come of this test, it is hoped that the considerations of
this paper shed some new light on the problem of the

GAS B&71
inhomogeneous electron gas and may suggest further
developments.
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“Thomson’’ scattering of a high-intensity, low-frequency, circularly-polarized electromagnetic wave by a
free electron is considered. We find that by neglecting radiative corrections and pair effects, the Feynman-
Dyson perturbation expansion is summable, and the sum can be analytically continued in the form of a sum
of continued fractions. By imposing the boundary conditions that at 2= = « the photons and target electron
propagate as free particles, we obtain results which differ from those reported by Brown and Kibble and by
Goldman. In particular our results differ in two aspects. The first difference is in the kinematics; namely, we
findno intensity-dependent frequency shift in the scattered photon. The second difference is in the dynamics;
that is, we obtain a different expression for the scattering amplitude. Both of these changes originate in the
choice of boundary conditions. Instead of treating the asymptotic radiation field classically, we choose our
states as linear combinations of occupation-number states. Finally, contact is made with the results of Brown
and Kibble and of Goldman using a mixed set of classical and quantum boundary values.

I. INTRODUCTION

HE advent of masers and lasers has stimulated a
great deal of interest in the interaction of intense
electromagnetic fields with matter. This activity has
been focused on three different aspects of the subject.
First, a great deal of attention has been devoted to the
dynamics of production of high-intensity light! A

* A preliminary version of this work was presented at the
Pasadena Meeting of the American Physical Society, Bull. Am.
Phys. Soc. 8, 615 (1963).

T Present address: Lowell Technological Institute, Lowell,
Massachusetts; on leave from the U. S. Naval Ordnance
Laboratory.

} National Academy of Sciences—National Research Council
Postdoctoral Research Associate, 1962-64.

1J. R. Singer, Masers (John Wiley & Sons, Inc., New York,
1900); ¥. Schwabl and W. Thirring (to be published); W. E.
Lamb, Jr., Lecture Notes, Enrico Fermi International School of
Physics, Varenna, 1963 (unpublished).

second area of concentration is the question of proper
description of the electromagnetic radiation emanating
rom a laser; i.e., questions of coherence and correla-
tion.? And fAnally, the problem of interaction of laser
light with matter has attracted considerable interest.?
It is this latter question to which we are devoting our-
selves in this paper.

The particular problem of immediate interest is the
effect of the presence of the high-intensity field on the
Compton (Thomson) scattering amplitude. Recall that
the Thomson amplitude describes the scattering of a

2 R, Glauber, Phys. Rev. 130, 2529 (1963); E. C. G. Sudarshan,
Phys. Rev. Letters 10, 277 (1963); E. Wolf, Proc. Phys. Soc.
(London) 80, 1269 (1962).

3J. A. Armstrong, N. Bloembergen, J. Ducuing, and P. S.
Pershan, Phys. Rev. 127, 1918 (1962); Z. Fried and W. M. Frank,
Nuovo Cimento 27, 218 (1963).
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where ex.(n) is the exchange and correlation energy per
electron of a uniform electron gas of density #. Our sole
approximation consists of assuming that (2.3) consti-
tutes an adequate representation of exchange and corre-
lation effects in the systems under consideration. We
shall regard e.. as known from theories of the homo-
geneous electron gas.,®

From the stationary property of Eq. (2.1) we now
obtain, subject to the condition

/Bn(r) dr=

[”]Jrﬂxc(n(r))} dr=0; (2.5)
)

(2.4)

the equation

/ an<r>[¢<r>+5;s

here

v, (2.6)

and
pxe(m)=d(nexc())/dn 2.7

is the exchange and correlation contribution to the
chemical potential of a uniform gas of density #.
Equations (2.4) and (2.5) are precisely the same as
one obtains from the theory of Ref. 3 when applied to a
system of noninteracting electrons, moving in the given
potential ¢(r)+uxe(2(r)). Therefore, for given ¢ and
u, one obtains the n(r) which satisfies these equations
simply by solving the one-particle Schrédinger equation

{"‘%VZ“{‘[(,D(I‘)—**;.LXO(%(I') )]}1,01(1‘) = eﬂlJ@‘(I‘) ) (28)

and setting

N
nm=% |¢:(n)]?, 2.9)

=1
where IV is the number of electrons.

It is physically very satisfactory that px. appears in
Eq. (2.8) as an additional effective potential so that
gradients of uy, lead to forces on the electron fluid in a
manner familiar from thermodynamics.

Equations (2.6)-(2.9) have to be solved self-consist-
ently: One begins with an assumed #(r), constructs
o(r) from (2.6) and px. from (2.7), and finds a new #(r)
from (2.8) and (2.9). The energy is given by

N n(r)n(r’)
—21: T // [r—1'|
+ / 1(6) Less (1 (6)) e () Y] d. (2.10)

The results of our procedure are exact in two limiting
cases:

(@) Slowly varying density. This regime is character-
ized by the condition 7,/r¢K1, where 7, is the Wigner-

6 For a review see D. Pines, Elementary Excitations in Solids
(W. A. Benjamin, Inc., New York, 1963).
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Seitz radius and 7o is a typical length over which there
is an appreciable change in density. In this case, as
shown in HK, we can expand the true exchange and
correlation energy as follows:

Eunl= f () dr
+/Exc(2) (#®)|Vn|2dr+---, (2.11)

where ex,® is the exchange and correlation portion of
the second term in the energy expansion in powers of
the gradient operator. In this regime we may similarly
expand 7'j[#] in the form

T(n]= f 5 Ba’n)?3n dr

-|—/t<2)(n)|an“’dr+---. (2.12)

From HK, expecially Sec. ITI 2, we have the following
expression for the energy'

n(On() (r’)

=7 ’I

E[n]= / v()n(r) dr—l—

+ [t et [ altart -, @13
where
go(n)= {75 B3nn)* P+ exo(m)}n, (2.14)
and
8@ (n) = {exc® (n) 1D (m)}n. (2.15)

Since in our approximation (2.3), the |V|? term of
Eq. (2.11) is neglected, it is clear that for a gas of slowly
varying density our expression (2.10) for the energy has
errors of the order |V|?, or equivalently, of the order
7’0_2.

Surprisingly, our procedure determines the density
with greater accuracy, the errors being of order | V|4
This is shown in Appendix 1.

At this point a comparison of our procedure and that
of Slater? may be appropriate. For one thing, Slater’s
original work does not include correlation effects.” But
even the exchange correction is different from ours. To
obtain Slater’s exchange correction, one may begin by
writing the Hartree-Fock exchange operator in the form
of an equivalent potential acting on the %th wave

¥ O¥e(n),  (2.16)

7 Subsequent to the original paper by Slater, there have been
several attempts to add correlation corrections: S. Olszewski,
Phys. Rev. 121, 42 (1961); J. E. Robinson, F. Bassani, B. S.
Knox, and J. R. Schrieffer, Phys. Rev. Letters 9, 215 (1962);
W. A. Harrison, Phys. Rev. 136, A1107 (1964); S. Lundqvist
and C. W. Ufford, Phys. Rev. 139, Al (1965).

function

'l)xk(l' = — Z

k' =1

P @™ (o (D (r')

|r—r'|
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where the symbols r and r’ are understood to include
electron spin coordinates and integration is understood
to include summation over spin coordinates. One next
assumes that the wave functions can be approximated
by plane waves which results in

__kp(r)l- 'kpz(r)-—kz
tea(e)= L L 2k (r) :

k+kr(r)
k—kp(l‘)

n

] )

where kr(r)={3n*u()}*®. Finally, one averages uvxx
over the occupied state &, which results in

(1) = — (3/2m){3n2n ()} 112, (2.18)

In our procedure (neglecting correlation) we obtain, in
place of Slater’s uvx

px(t)=— (1/m){3rn(r)}'#, (2.19)

smaller by a factor of 4. From the discussion in Appen-
dix 1, it follows that while ux gives the exchange correc-
tion of the density correct to order |V|?, inclusive, 2x
[as indeed any other function of #(r)] leads to errors of
order | V{2 The same comment applies to any extension
of Slater’s exchange to include correlation in the self-
consistent potential.

We may note that our result is equivalent to taking,
not the average of (2.17), but rather its value at
k=Fkp(r); l.e., the effective exchange potential for a
state at the top of the Fermi distributions. This is
physically understandable since density adjustments
come about by redistribution of the electrons near the
Fermi level.

(b) High density. This regime is characterized by the
condition 7,/@¢K1, where @, is the Bohr radius. In this
case, the entire exchange and correlation energy is
smaller than the kinetic energy by a factor of order
(rs/ao) and hence our inaccuracy in representing these
portions becomes negligible.

The reader will have noticed that while in Eq. (2.3)
we approximate the exchange and correlation energy by
the expression valid for a slowly varying density, we
made no approximation for the kinetic-energy func-
tional 7'[#] of Eq. (2.2). This procedure is responsible
for the exactness of the high-density limit, even when
the density is rapidly varying, such as in the vicinity
of an atomic nucleus.

We now make a few further remarks about our ap-
proximation. If in Eq. (2.2), we had approximated
T[n] by its form appropriate to a system of slowly
varying density,

T.[n]— / & Brtn)n dr (2.20)

we would have been led to the generalization of the

Thomas-Fermi method suggested by Lewis.® This

method shares with the Thomas-Fermi method two

shortcomings: (1) It leads to an infinite density near
8 H. W. Lewis, Phys. Rev. 111, 1554 (1938).
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an atomic nucleus, and (2) it does not lead to quantum
density oscillations,* such as the density fluctuations
due to atomic shell structures. By not making the re-
placement (2.20), we avoid both of these shortcomings.

Let us now qualitatively discuss the appropriateness
of our procedure for various classes of electronic
systems.

In atoms and molecules one can distinguish three
regions: (1) A region near the atomic nucleus, where
the electronic density is high and therefore, in view of
case (b) above, we expect our procedure to be satis-
factory. (2) The main “body” of the charge distribution
where the electronic density n(r) is relatively slowly
varying, so that our approximation (2.3) for e is ex-
pected to be satisfactory as discussed in case (a) above.
(3) The “surface” of atoms and the overlap regions in
molecules. Here our approximation (2.3) has no
validity and therefore we expect this region to be the
main source of error. We do not expect an accurate de-
scription of chemical binding. In large atoms, of course,
this “surface” region becomes of less importance. (The
surface is more satisfactorily handled in the nonlocal
method described under B below.)

For metals, alloys, and small-gap insulators we have,
of course, no surface problem and we expect our ap-
proximation (2.3) to give a good representation of ex-
change and correlation effects. In large-gap insulators,
however, the actual correlation energy will be con-
siderably reduced compared to that of a homogeneous
electron gas of the same density.

B. Nonlocal Effective Potential

Instead of the Hartree-type procedure discussed in
Sec. ITA it is also possible to obtain a scheme which in-

cludes exchange effects exactly. We write in place of
Eq. (2.3)

Eu[nl=Elnl+ / nDeln®)dr (2.21)

where E,[#n] is the exchange energy of a Hartree-Fock
system of density n(r) and e(x) is the correlation energy
per particle of a homogeneous electron gas. Applying
this ansatz in conjunction with Eq. (2.2) and the sta-
tionary property of (2.1) leads to the following system
of equations:

{— V24 o (@) +uc () }¥:(r)

(3} (r’rl)
- lﬁi(l‘,) dl’l= éi\Pi(l‘) s (222)
lr—r'|
where
wo=d(nes)/dn, (2.23)
N
ni(r,r’) = Zl 1 ZIO 7 (2.24)

and ¢(r), »(r) are defined as before, Eqs. (2.6) and (2.9).
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The energy is now
n(r)n(r’)
= Z"“// ]
/ / mler dr dr’
jr—r'|
+ [ 1O eE) b @29

This procedure may be regarded as a Hartree-Fock
method corrected for correlation effects. It is no more
complicated than the uncorrected Hartree-Fock method
but, because of the nonlocal operator appearing in Eq.
(2.22), very much more complicated than the method
described in Sec. ITA. Since at least exchange effects
are now treated exactly we must expect, in general,
more accurate results than from the method of Sec. IIA.
In particular, near the surface of an atom the effective
potential now is correctly (—1/7) whereas in Sec. IIA
it approaches zero much faster. Even here, however,
correlation effects are not correctly described near the
surface.

III. FREE ENERGY; SPECIFIC HEAT

We can generalize the consideration of the ground
state to finite temperature ensembles by using the finite
temperature generalization of Eq. (2.1) given by
Mermin.? He has shown that the grand canonical po-
tential can be written in the form

/v(r)n(r)dr—l— /n( D) dr dr’

lr—1'|
+G[n]—p/n(r) dr, (3.1)

where G[#] is a unique functional of the density at a
given temperature 7 and p is the chemical potential. For
the correct » this quantity is a minimum.

In analogy with (2.2) we now write

G[n]= Ggl:n:l‘}'Fxcl:n] >

G [n]=T[n]—7S{n], (3.3)

where T,[n] and S,[n] are, respectively, the kinetic
energy and entropy of noninteracting electrons with
density z(r) at a temperature 7; and Fxo[ %] is, by defini-
tion, the exchange and correlation contribution to the
free energy. For the latter quantity, we make the
approximation

Fun]= / 1(E) fua () i,

3.2)
here

(3.4)

where f..(#) is the exchange and correlation contribu-
tion to the free energy per electron of a uniform electron

¢ N. D. Mermin, Phys. Rev. 137, A1441 (1965).
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gas of density #; i.e.,

fre()=f(n)— foln) , (3.5)

where f and f; are the free energies per electron of an
interacting and noninteracting gas, respectively.

0= ¢ (0)+ (OG.L[#]/6n(O))+pxe(n(t))—p, (3.6)
where ¢(r) is given, as before, by Eq. (2.6) and
pxo(R)=d (1 fro(n))/dn. 3.7

Equation (3.6) is identical to the corresponding equa-
tion for a system of noninteracting electrons in the
effective potential ¢ pux.. Its solution is therefore de-
termined by the following system of equations:

B R OO P
an:
n<r>=§N1 @ ety . (3.9)

wis determined as usual by the total number of particles
from Eq. (3.9). This value also represents our approxi-
mation for the chemical potential of the interacting
system.

Of special interest for metals and alloys is the low-
temperature heat capacity. This may be obtained by
making an expansion, in powers of r, of the above
system of equations. An equivalent, but more con-
venient, method is as follows: From thermodynamics
and Eq. (3.1) we have

o
an(r)

() () -

The integral vanishes because of the stationary property

of @, so that
S[n]=— (0G[1n]/07)nie),v- (3.11)

The same argument, applied to a system of noninter-
acting electrons of density #(r), gives

SSEWJZ— (6G8[n]/6r),,(,),y. (312)

Combining Eqgs. (3.11), (3.12), (3.2), and (3.4), we
obtain

S[n]=S{n]+/n(r)(Gfxc(n)/ar)n(,),ydr. (3.13)

SEn]E—£(9+ﬂN)V=— / {sa( )+

For small 7 it is well known that S, is given by

Si(n]=Nen*kirg. () , (3.14)

where g, is the single-particle density of states in the
effective potential ¢-uxe at zero temperature ; further,

(0 fxc(8)/3T)n iy, v =4k g uln) )— go(uo(n) )] ,
(3.15)
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where u(n) and po(n) are, respectively, the chemical
potentials of an interacting and a noninteracting homo-
geneous gas of density », and g and go are the respective
densities of states.? ;

It follows immediately that the low-temperature heat
capacity is given by

Co=wyr, (3.16)
where
7=%ﬁk2[wgsw+ / (O Gun ()= g0 o))} dr] .
3.17)

We shall not present a treatment, analogous to
Sec. IIB, in which exchange effects are included exactly.
The development is straightforward but leads to a well-
known divergence in the low-temperature specific heat.

IV. SPIN SUSCEPTIBILITY

To obtain a theory of the spin susceptibility of an
electron gas, we first extend the theory of HK to include
the effects of spin interaction with an external magnetic
field. The result is that if we take the field in the z
direction and write the magnetic-moment density as

m(r)=— (1/2c)0[¢* (1 () — o * (e (1 [0),  (4.1)
the ground-state energy can be written in the form
E,,,H=/{v(r)n(r)—H(r)m(r)} dr

% / "_(2"%_) dr dr'+GLn(r)m(r)],

[r—r'

(4.2)
where G is a universal functional of # and m, and the

correct m(r), n(r) make (4.2) a minimum.
For small # we expand G in the form

1 ,

G=G[n]+§ /G(r,r’; [ )m@)ym (') dr de'+-- - ; (4.3)
the linear term vanishes for a paramagnetic system in
which m=0 when H=0. From the stationary property

of (4.2) we find, for small H, that # is unchanged to first
order and that

—H(r)+ / G(r; [n])m()dr'=0, (4.4)

where n is the zero-field density. We now formally
invert this equation, which gives

m(r)= / Gy [n DH({E )dr' . 4.5)

For a uniform field this gives for the susceptibility

1
X[n]=;a—2 /m(r) dr= /G‘l (' ;[n]) dedr. (4.6)

10 J. M. Luttinger, Phys. Rev, 119, 1153 (1960).
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So far everything is formal and exact. We now write,
in the spirit of the previous sections,

G [n]) =G @ [n )+ G (0t [2]) . (A7)

The second term we approximate as for a slowly
varying gas, which gives

1
A=l f [X (@)~ X @) T dr, (4.9)

where
Xo[n]= (1/26*(N/V) X gs(u) , (4.9)

and X(n), X,(n) are, respectively, the susceptibilities for
uniform systems with and without interactions.

APPENDIX I: GRADIENT EXPANSION OF
THE DENSITY

" In this Appendix we show that for a system of slowly
varying density our procedure gives the density
correct to order |V|? inclusive. When dealing with such
a system we may proceed in two entirely equivalent
ways: (1) We can solve the self-consistent equations,
Egs. (2.8) and (2.9), for »n(r), and (2) we can go back
to the underlying variational principle (2.5), make a
gradient expansion and determine »(r) directly. We
shall here follow the second route to estimate the errors
in n(r).

From (2.5) and the expansion (2.12) of T',[#], we
obtain

p= () +un(m) =1’ (n) | Vi |*— U (n)Vin+-0 (V) ,
(A1.1)

where p is the chemical potential [cf. HK, Eq. (68)].
Note however that because of our approximation of
keeping only the first term in (2.11), some other contri-
butions of order |V|? are missing in (A1.1).

To solve (Al.1), let us write the external charge

density as
next(r)EfU(r/rO) y (A1'2)

where 7o~ (slow spatial variation), and try the
ansatz

n(t)=no(r)+n.(r) ,
no(r)= fo(x/r0) (A1)

exactly neutralizes the external charge and #; is assumed
to approach zero as 7o — o, Neglecting, for the moment,
the terms of order |V|? in (A1.1) and substituting
(A1.3) into (Al.1), we obtain

(A1.3)
where

71 (l")
w= lr—r'| dr'+pn(no)+n1 (Ops’ (1) +0 (1) .
r—r
(A15)
Now define
R=r/r,, (A1.6)
and write

ni()=f1(R) . (A1.7)
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With this notation, (A1.5) becomes

p=re Il];_l_(_%dkl‘*'#h(f o(R))
+ /1R’ (fo(R))+O(f17) . (ALS)
We may now write
AR)=1/rd) AD R)+ (/7 AD R)+-- -+, (ALY)
and
p=pO+1/rHp®+ - - (A1.10)

The first term of Eq. (A1.9) is correctly determined by
Eq. (A1.8) and not affected either by the inclusion of
terms of order V2 in (A1.5) or by the terms of order f;?
in (AL8). Hence, in spite of the errors of order V2 in
(A1.1), the density given by our procedure is correct to
order 1/7¢* or |V{% inclusive. Equation (A1.8) shows
that this curious result stems from the infinite range of
the Coulomb interaction.

APPENDIX II: EFFECT OF RAPID DENSITY
OSCILLATION ON EXCHANGE AND
CORRELATION

In Eq. (2.3), we approximated EyJ[#] by the first
term in the gradient expansion. In actual physical
systems, there are quantum density oscillationst whose
effects on exchange and correlation are not included in
the approximation (2.3). Now we put forward a correc-
tion to (2.3) to include such effects.

In HK, the gradient expression for the energy func-
tional is partially summed such that it is also correct
for a system of almost constant density! even when the
density fluctuations are of short wavelength!:

GLn)= / g0 @) dr—% [ KG—r'; n(®)

X{n(@)~n{)}? dr dr’,

where K (r—1’; »n) is determined by the polarizability
of a homogeneous electron gas at density #, and
F=%(r-+r'). To the same approximation,

(A2.1)

1
Euln]= [ H0)e(0)) &= / Kuul—'; 1(5))

X{n(@)—n())2drdr’ (A2.2)

where K. is the difference between K of the interacting
homogeneous gas and that of the noninteracting gas at
the same density. We believe that for an infinite system,

1t The second term of HK, Eq. (83) is in error; it should be
—3 [E@s @) i) —n— ) dr.

The kernel K has the same meaning as in HK.
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such as a metal or an alloy, the second term on the
right-hand side of (A2.2) accounts adequately for the
effect of rapid density change on exchange and
correlation,

This Ex[#] again leads to a set of Hartree-type
equations like Eq. (2.8), with an addition to the effec-
tive potential given by

1/ OK.(r - /o
—5 {0K(t'; n(r)) n(r)}
X {n(t+3r") —n(e—3r)}* &’
_Z/Kxc(l'——r’; w(E)Wn()—n()} dr’. (AL3)

Note that in the random-phase approximation Ky,
vanishes. Hence, in a calculation which includes the
effective potential (A2.3), we need reliable estimates of
Ky, calculated beyond the random-phase approxima-
tion, which are not available at present.

The addition of (A2.3) to the effective potential ob-
viously makes the solution of the self-consistent equa-
tions much more difficult. However, assuming that the
modification of #(r) produced by this term is small, one
may calculate #(r) and E first without including it, and
then, because of the stationary property, Eq. (2.5),
one can obtain the correction to the energy by evaluat-
ing the second term in (A2.2) with the unmodified
density.

Nole added in proof. We should like to point out that
it is possible, formally, to replace the many-electron
problem by an exactly equivalent set of self-consistent
one-electron equations. This is accomplished quite
simply by using the expression (2.2) [without the ap-
proximation (2.3)] in the energy variational principle.
This leads to a set of equations, analogous to Egs.
(2.4)~(2.9), but with px(n) replaced by an effective
one-particle potential vy, defined formally as

Uxo (1) =0E,0[ 1 ]/8n(r).

Of course, an explicit form of vy, can be obtained only
if the functional E[n], which includes all many-body
effects, is known. This effective potential will reproduce
the exact density and the exact total energy is then
given by

E=§: ei—-—;: // Mdt dv'+Ey[n]

[r—r'|
— / U0 (1) 2(r) dr.

Of course, if we make the approximation (2.3) for E,,
the above exact formulation reverts to the approximate
theory of Sec. I1.



