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INTRODUCTION

hnphmuul‘h:-:mh&mu-

at the Fermi surface that are primarily f in
charscter. The electrons in these states inter-
act srongly and give rise 1o an unusual rans-
formation evident at low temperature. Near
room temperature ( ~ 300 KJ, the sublattice of
rarecarth or actinide atoms, usually cerium
or uranium, has properties resembling those

of weakly interacting magnetic moments im-
mersed in & sea of conduction electrons, The

elecironic iransport properties are dominated
by incohereni scatiering of the conduction
electrons by the local moments. As the tem-
perature is lowered, local-moment behavior
gives way 1o electronic properties that are
consistent with those of 2 narrew band of
conduction elecirons. A crossover temperz-
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iure, often referred 1o as the “coberence 1em-
perature™ T*, can be inferred from expert
ments. Al sufficiently low lemperature, the
thermodynamic properties of a system of
itinerant electrons may be described in terms
of thermal effective masses for the elecirons.
The electronic effective masses in most metaks
do not differ much from the mass of a free
electron. In contrast, the effective mass de-
duced from experiments oa the heavy-ferm-
ion systems is up to 1000 times greater than
that of a free clectron. Hence these materials
mmwmmm-ﬁm
cal pame “heavy-fermion systems.

H—ry-fmunnrymlﬁplnlmtynf
ground states including antiferromagnetic, su-
percanducting,

temperatures
have been performed, - 20 mK), or, as re-
cently observed, semiconduecting. Table 1 lists
some of the heavy-fermion sysiems with ther
ground states and ordering temperamres where
appropriate. Note that superconductivity and
antiferromagnetism often coexist, with the
Méel remperature Ty, typically being about an
order of magnitude larger than the critical
temperature T, of the superconducting staze.
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Table 1. Some heavy-eleciron sysiems.?

Ordering Temperature
(K)
Pl'i.ﬂ.l:ipli order c;;mmd rg TN
Superconductors Celu,Siy 0.65
13 0.90
Ukt 05 50
URu,Si, L5 17.0
UPd,Al, 2.0 150
Antiferromagnets UsZn, - 9.7
UCd,, —_— 50
UCus - 15.2
CePt,Sn, — 0.88
Mo long-range CeAl, - _
ordering to 0.02 K CeCu, - _
YbAgCu, - —
UAl, — —
Gap (K
Semiconductors CeNiSn 6.0
Ce,BiPr, 35.0

3Data from Fisk er al (1988); CePr,5n,, Bevermann er al {1991); YbAgCuw,, Rossel er al (1987); CeNiSn,
Takabatake er al. (1990); Ce,Bi 1y, Hundley e al (1990); and UPd,Al;, Amato er al. (1952).

Heavy-fermion systems generally appear to
be close to an instability, as suggested by the
proclivity of many of these systems to display
an ordered ground state on the addition of
impurities, on the application of a magnetic
field, and possibly on the application of pres-
Sure.

The low-temperature properties of some
heavy-fermion materials display similarities
to those of the archetypal Fermi liquid, liquid
*He. In particular, the specific heat of liquid
*He varies linearly with temperature, and the
magnetic susceptibility is temperature inde-
pendent. Both of these quantities are consid-
erably larger than expected for a weakly
interacting collection of *He atoms because of
large many-body effects. The low-temperature
properties of *He are well described by the
phenomenological Landau Fermi-liquid the-
ory. In the heavy-fermion systems, the specific
heat and magnetic susceptibility are also
greatly enhanced by many-body effects, and it
is generally accepted that the low-temperature
properties of these materials can also be de-
scribed by Landau Fermi-liquid theory. It was
hoped that analogies with liquid *He would
help clarify the role of the many-body prob-
lem in understanding the physics of the “co-
herent” heavy-fermion state even though they
suffer greatly from oversimplification. Liquid

*He is after all isotropic and translationally
invariant, and has only two spin states in
contradistinction to the potentially manyfold-
degenerate f electrons constrained to the sym-
metry of a crystalline lattice.

In seeking to describe not only the Fermi-
liquid state, but also the process whereby a
lattice of f moments immersed in a sea of
conduction electrons becomes a Fermi liquid,
microscopic approaches exploit the apparent
similarity to the Kondo model. The Kondo
model consists of a single impurity atom with
a magnetic moment embedded in a metallic
host. The heavy-fermion materials may be
viewed as a lattice of f atoms, each with a
magnetic moment, embedded in a metallic
matrix; a compelling example is UBej;. At
high temperatures the lattice reflects the prop-
erties of independent magnetic impurities,
and as the temperature is reduced one expects
1o observe the many-body effects characteris-
tic of the single impurity model. At even lower
temperatures, the interactions between impu-
rities become important and the magnetic
scartering from the lattice becomes coherent,
leading to the formation of Bloch states with
narrow bandwidths. A generalization of a
system of dense, periodically arranged, single
impurities, such as the Anderson lattice model



described below, s believed to contain the
essential phyvsics of the heavv-fermion phe
NOMENGH.

Duite apart from the ssue of the formation
of the heavy-fermion state itself is the nanwre
of the ordered states. In every case, the ground
state listed in Table 1 is vnusual as compared
to the corresponding ground state encoun-
tered in most other materials. The magnetic
siate is characterized by anomalously smafl
moments associated with the fatom sites. The
mrmangement of these moments i5 simple in
comtrast with the spiral phases often observed
in rare-carth magnets. The most studied or-
dered state 15 the unusual

Ii:ln.lhpuhamh:wrﬁﬂ'mimm
tems and *He extend beyond the normal state.
Below ~1 mK, the normal staie of *He be-
comes unstable to the formation of a super-
flutd state in which the pairing of atoms gives
rise to a condensate. A comparison of the
properties of the heavy-fermion superconduct-
ing state to those of superfluid "He suggests
the possibility of unconventional supercon-
ductivity in heavy-fermion systems. The con-
ventional ing state is described
by an order parameter that is a complex scalar
function having the symmetry of the poimt
group of the underiving ervstalline tattice, In
-mmuum
unconventiomal ‘He, one or more
of these symmetries may be broken (Rainer.
1988). The order parameter may have more
degrees of freedom than its conventional coun-
terpart, and different superconducting phases
may bedegeneraie. The possible consequences
of such an order parameter includs the exist-
ence of domain walls separating differem
superconducting phases and exofic vortices
ﬂmhcrdmmmhﬂ

occurs in a conventional superconduc
tor. The superfiuid state of *He is also unusual
because spin Buctuations are believed to pro-
vide the attractive effective interaction that
results in the pairing of *He atoms. In an
ordinary superconducior where the electron-

interaction

fAectuation-mediated interactions are
unfavorable 1o the pairing. The analogy with
liquid “He further suggests that the attractive
effective interaciion between elecirons in the
heavvfermion systems is not provided by the
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electron-phonon interaction as in ordinary
but rather is electronic in
origin and mediated by spin fluczuations.
While much progress has been made over
the past decade, a comprehensive understand-
ing of the heavy-fermion is sill
lacking. It should not be surprising, then, that
some of the material presented below, partic-
ularly the simple interpretations of various
experiments, appears in some cases 1o be
contradicrory; this is the nature of the field.
Below. we attempt w0 provide a necessarily
incomplete overview of the
materials and of the pirysical picture that has
evolved. One of the most exciting aspects of
the heavy-fermion phenomenon is the possi-
bility that they may be unconventional super-
conductors, which serves as the primary focus
of our discassion of the superconducting state.
Because of the mature of this article, it is not
passible to discuss the many key inmvestiga-
gons that have led to the current picture of
this phenomenon. It it also not always possi-
ble to refer to the original scientific literabure,
and we direct the reader to the more extensive
reviews listed in the Works Cited and under
Further Reading.

1.1 Background

Heavy-fermion maderials ocour in a varicty
of erystal structures as shown by the ceamples
in Tabie 2. Many of the heavy-fermion svs-
tems have erystal structures of uniaxial sym-
metry and, as expecied, exhibil anisolropic
properties. The degree of the anisotropy may
be unusualiy large, as we will soe below. A
common feature of the crvsial structures of
heavy-fermion systems is that they all have a
center of inversicn symmetry, & {act that has
impartant consegquences for the classification
of possible superconducting states. Ou and
Fisk ( 1987 observe another common feature
of the crystal structores of heavy-fermion
s¥stems: the nearest neighbors of an fatom do
not include another 7 atom. The large sepata-
tion between f atoms suggests that the rransfer
matrix elements directly connecting f orbitals
on differen: sites are small.

In spite of the large separation betwesn f
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atoms, these materials are not typical local-
moment magnets. Specific-heat experiments
played an important role in the discovery of
the heavy-fermion phenomenon. While it was
known in the 1970s that the properties of
CeAl; below 0.1 K were consistent with those
expected for a Fermi liquid characterized by
quasiparticles with an anomalously large ef.
fective mass (Andres eral, 1975), it was
unclear whether this was the correct interpre-
tation of the data. Steglich er al (1979}, showed
that CeCu,Si,, a compound with low-temper-
ature properties similar to those of CeAl,, isa
superconductor with a specific-heat jump at
the transition temperature consistent with
superconducting electrons with large effective
masses. This was not conclusive at the time
because CeCu,Si; is difficult to prepare and
may contain impurity phases. The large spe-
cific-heat jump could be the result of antifer-
romagnetic ordering (such as in NpSn; ), which
has a temperature-dependent specific heat sim-

“apparent” superconductivity could then be
explained by the existence of some impurity
phase. The discovery of superconductivity with
a similarly large specific-heat jump in UBe,;
by Ont er al. (1983) confirmed the interpreta-
tion based on large effective masses, because
UBe,; lacks the materials problems associated
with CeCu,Si; but shows similar low-temper-
ature behavior. Other heavy-fermion materi.
als were soon discovered.

12 Normal-State Properties

1.2.1 Specific Heat. The low-tempera-
ture specific heat of the metallic heavy-ferm-
ion systems differs dramatically from that of
an ordinary metal. For temperatures much
smaller than the Fermi energy and the Debye
temperature, the specific heat of an ordinary
metal consists of an electronic contribution
linear in temperature and a contribution from
phonons,

O T)=yT+87. (1

The specific heat of an ordinary metal may be
understood by comparing y with that ex-
pected for a gas of electrons neglecting inter-
actions, ¥ At low temperatures, only excita-
tions in the vicinity of the Fermi surface are
important. As a result of the interaction of an
electron with the periodic potential of the
lattice and with other electrons, these excita-

Table 2. Crystal structures of some heavy-fermion

Full-symmetry

Compound  Symmetry group
CeCu,Si, Tetragonal 4/ mmm
UBe,; Cubhic Feide
UPt, Hexagonal Poy/mmce
URu,Si, Tetragonal 14/ mmm
UPd,Al, Hexagonal P/ mmm
UsZn,, Rhombohedral  Pem2
ucd,, Cubic Pridm
UCu, Cubic Fiim
CeAl,y Hexagonal P6y/ mmc
CeCu, Orthorhombic Prima
YbAgCu, Cubic Fidm
UAL, Cubic Fdim
CeNiSn Tewragonal T4ymd
Ce,BiPt, Cubic 13
CePt,Sn, Tetragonal Pa/nmm

tions are not those of single electrons but
rather quasiparticles, which have an effective
mass different from the mass of a free elec.
tron. Quasiparticie excitations are probed in a
low-temperature specific-heat measurement,
and the ratio ¥/, provides a rough measure
of the effect of interactions. In a metal such as
sodium, the energy bands are broad and free-
electron-like; the interaction of an electron
with lattice excitations is relatively weak; the
effective mass of the quasiparticle does not
differ much from the free-electron mass; and
¥/vg is ~1.3. In contrast, enormous y/yp
ratios up to 1000 are inferred for the metallic
heavy-fermion systems.

The specific heat of copper is described
well by Eq. (1) for temperatures below 10 K
with ¥ ~1 mJ/mol K2, In many of the heavy-
fermion systems, notably UBe;; CeCu,Si;,
CeAl;, and CeCuy, y(N=C(T)/T shows a
strong upturn with decreasing temperature
below ~10 K, as shown in Fig. 1 for lJBeu.
With further reduction in temperature ¥(T)
may show a weak maximum, but eventually it
tends to a value —1 J/(mol f-atom K?). Table
3 shows extrapolated values of y(0)
=limz_oC,(T) /T for some heavy-fermion sys-
tems. The specific.heat of UPi; and UAlL has
been fitted by the expression

C(T)=yT+8InT+p7T* (2)
for temperatures up to 20 K. This form is

suggestive of a strongly interacting Fermi
liquid and will be discussed further below.
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FIG. 1. The specific heat of UBe,, divided by temperature, 1{T) (Ott et &L, 1983}, in the normal state. Note the
temperature

upturn with
for copper. The inset shows tha
10} shouid be associated with itinerant electrons.

‘I‘I:canufurmnapets U;Znﬂ-and UCdum
unusual in that y(T) has already reached a
saturation value by 10 K. As discussed in
detail by Ott and Fisk (1987), UCu: is also
unusual in that the characteristic heavy-
fermion upturn in ¥(T) appears below the
antiferromagnetic phase wransition at 15 K.
Thus although a gap associated with magnetic
order appears over a major fraction of the

Table 3. Low-temperature

and the large extrapolated value of ¥0) as compared with 0.07 mJ/moie-K*
specific-heat jump at the superconducting transition, indicating that the enormous

Fermi surface, the mechanism that gives rise
to the formation of the heavy-fermion state is
still operative.

Specific-heat experiments at low tempera-
ture also show that the heavy-fermion state is
sensitive to impurities and to the application
of pressure. For example, substitution of
thorium for 3.3% of the uranium atoms in
UBey; causes the upturn of ¥(7T) to appear at

properties of some heavy-electron systems. Properties for anisotropic systems
m;imabmﬁeniudﬂﬂha:ﬁm;inﬂuhrm‘a/b/:’whmdlunnsind:mwlsmlmlmcf
¥(0) ¥i0) Po Pee
Compound (mJ/mol fatom K?) (107 emuecm™1 {ufl cm} (uftem K-1)
CeCusSi, 1000 0.13 48 10.7
UBe,, 1100 0.18 18 —_
UPy, 450 0.19/0.19/0.10 0.5 0.5
URu,Si, 180 0.03/0.03,0.10 33 0.17/0.17/0.10
UPd,Al, 150 0.14 EX) -
UsZngy 500 0.19/0.19/0.24 — -
vcd,, B40 0.24 — —
Uiu, > 150 0.18 — —
Cel, 1620 0.41 0.77 .35
CelCu, 1300 0.28 18.1/5.71/10.8 e
UAL 142 013 48 10.7
CePt,Sn, 10 000 0.30 57 -
YbAgCu, 245 0.47 14 0.06

*Data from Fisk er al. (1988); CePt,Sny, Bevermann er al. (1991); YbAgCu,, Rossel er al (1987); CeNiSn,
Takabatake er al (1990); CeyBi,Pt;, Hundley er al. (1990): UPd,Aly, Amato er al (19923,




440 Heavy-Fermion Phenomena

lower temperatures and leads to a substantial
increase in ¥(0). A similar replacement of
uranium by lutetium causes the opposite ef-
fect, resulting in a ~ 25% decrease in ¥(0). In
CCJ“.J. UBEH, CeCu;.andC:ﬁlzsiz ﬂ:ﬂ HFP].I'
cation of 1 GPa pressure leads to a 30% to 50%
decrease in ¥(0). Evidently some impurity
substitutions lead to a contraction of the
lattice and have essentially the same effect as
the application of pressure.

1.2.2 Magnetic Susceptibility. An inter-
esting crossover berween local-moment and
narrow-band regimes can be seen in the mag-
netic susceptibility as a function of tempera-
ture for the heavy-fermion systems as shown
in Fig. 2 for UBe,; and CeAl,. Near room
temperature, the susceptibility y(T) displays
a Curie-Weiss temperature dependence,

2
" Heg
= —— 3
xew(T) Sy (T—Ocn) i3)

where u.g is the size of the local moment, &y
is the Curie-Weiss temperature, n is the den-
sity of local moments, and kg is Boltzmann's
constant. The values of u.g and Oy obtained
from fitting y(T) by Eg. (3) appear in Table 4
for some heavy-fermion systems. The effective
moments deduced from the data are roughly
the same as those expected from Hund's rules
for free [ atoms with integral f occupancy,
which are also shown in Table 4 for compar-
ison. The values of @y are always negative
and lie between 8 K and room temperature. A
detailed discussion of the sensitivity of these
fits to the temperature range over which they
are performed appears in Ott and Fisk (1987).

At low temperature, y(T) is weakly tem-
perature dependent and resembles a Pauli
susceptibility. For a gas of noninteracting
electrons, the Pauli susceptibility and linear
specific-heat coefficient are related to the den-
sity of states at the Fermi energy N{eg) through

Ye=paN(eg), (4)
1?2
T-T FB.N{EF). (s)

and so a plot of ¥ vs yp for various free-electron-
like systems lies along the line y= (#*/3) (kg/
ug) yp- The heavy-fermion systems, especially
the superconductors, lie quite near this line
(Fisk er al, 1985), indicating that the low-
temperature magnetic susceptibility and spe-

¥ (molefemu)

0 100 200
T(K)
FIG. 2. The susceptibility y(T) of UBe,, and

magnetic

Caeal, piotted as y~'(T). The effective moments and
Curis-Weiss temperature from a fit by a Curie-Weiss
form at high temperatures are also shown. The tem-
perature dependence of y{7) weakens with decreasing
temperature and becomes Pauli type as shown for
CeAl, in the inset. This is not apparent in UBe,,, as a
transition 1o the superconducting state occurs before
any behavior consistent with Landau Fermi-iquid the-
ory is observed.

cific heat are enhanced by roughly the same
amount. The crossover between these distinct
temperature dependences occurs abruptiy rel-
ative to the upturn in the specific heat, sug-
gesting the existence of a characteristic energy
scale.

The magnetic susceptibilities of many of
the heavy-fermion compounds are anisotropic.
A particularly striking example is that of
URW,Si,, for which y( T for fields in the basal
plane is nearly temperature independent up
to room temperature whereas y(T) for fields
applied along the ¢ axis displays the classic
heavy-fermion behavior outlined above. In
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Table 4. High-temporature properties of Feavvsieciron Pro st For o :
nw“hﬁﬂhﬁ“hﬁ:hm“#wfm“ﬂ-m“m

= T e 300K )
Compound (K} ml '::n cmib
CeCuySi, 140 258 9
UBe, 53 il 107
Uy 50,170 18515 150
URiuinSiy —r 55 ——, 1} 1244304180
UPd,Al, 47 12 140
UyZn,, 108 13 110
UCd,, 23 145 B0

284 is 166
Cedly a6 143 &8s
Tl 50,5018 2472677146 07070
LAl 245 i 150
Cehlisa — - 206 1§7/125
CagBi 125 —24% b1}
CePlySn, 2% 2.5% ~ 140
YhgCu, i1 423 o N0
{ conparation Husd s-rule moment
i 2.5
7 1.5
i 387

*Diata From Fisk er al (1988): Ce Beyermann e al {1991 ); YoAgCu,, Rossel & ol (19871 CeMiSn,

Takabatake ¢ 4l (1990); Ce,BiP1,. Hundicy er ol (1990); UPdAL, Amato ar al {1992); UPty de Visser

(1986).

the limit of zero temperature, y,(01/y,(0!  nary metal, the low-temperature thermal ex.
~5. A less dramatic but still large anisotropy  pansion tracks the specific hest, and I is
exists for UPt,. There the basal-plane suscep  essentially temperature independent. The Gro-
tibility is nearly three times that along the ¢ neisen parameter for a heavy-fermion system
axis and shows a peak at 17 K. mncreases strongly with decreasing rempera.

hermal Expansion thermat  'ure below 10 K. In analogy with the contri-
#ﬁﬂmdm;ﬁm bution to T' from the lattice, which Is often
; P described by the volume derivative of the

and strongly temperature dependen Debye temperawre, the temperamure depen:
hﬂuwmnu-m dence of I Is Interpreted as the resull of a
temperature is evident for some materials, S0gle electronic cnergy scale. 7%, and an
while others show a thermal expansion that  ¢lecwonic Grineisen parameter is defined, T,
decreases monotonically with temperature. At =—a8nT*/3InV. The elastic constants, mag:
low wemperatures, the thermal expansion is  Retostriction. and thermal expansion are in-
-u-ulmulyhrnth}rnmurmmner serrelated by this model as discussed in some

detail by Fulde er al (1988).

Tlulhﬂ-mlnnnhunuuhmew 134 de | Alnhen ES De-

a Grincisen parameter,

= wiled information oo the geometry of the
a ¥V, Fermi surface and the cyclotron effective

r-?. (61 masses can be obtained from the observation

of oscillarions in the magnetization as a func-
where e,=(1/V18V/3T is the coefficlent of  tion of the reciprocal magnetic induction. In
volume thermal expansion. « is the (isother-  ascertaining the shape of the Fermi surface,
mal) compressibility, V., is the molar volume,  dectronic band-structure calculations have
and € is the molar specific bear In an ordi- mdidnuﬂyhnmu:duupﬁde.mdhr
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most ordinary metals, calculations and exper-
iment are in good agreement. Generally speak-
ing, the Fermi surface can have many sheets
resulting from different bands crossing the
Fermi energy. Consider a single sheet, In
Fermi-liquid theories, the fundamental fre-
quency of the oscillations gives the area of the
extremal cross section of the Fermi surface
perpendicular to the applied field. The tem-
perature dependence of the amplitude is re-
lated to the cyclotron effective mass, which in
turn is related to an average of the Fermi
velocity over the perimeter of the extremal
cross section. Although the cyclotron effective
mass is not rigorously equal to the thermal
effective mass, using the Fermi velocities de-
duced from a de Haas-van Alphen experiment
to estimate the specific heat usually gives a
result near the measured value.

To observe these oscillations, the mean free
path [ of a quasiparticle must be larger than a

quasiparticle cyclotron radius,
I»vpioy, (7}
and the thermal smearing at the Fermi sur-
face must be sufficiently small,
Tgay . (8)

Here wp is the Fermi velocity, and wy
=efl/m*cis the effective cyclotron frequency
of quasiparticles of charge ¢ and effective
mass m* in a field H. For large effective
masses and short mean free paths, these con-
straints suggest that the experiment should be
performed at low temperature and high field.
It is important to note that the amplitude of
oscillation depends exponentially on the ef-
fective mass of the quasiparticles. Lighter
quasiparticles produce a larger signal and are
thus more easily observed.
Experiments have been performed on UP1,,
CeRu,S5iy, and CeCu, for temperatures ~ 20-
100 mK and fields up 10 —14 T. In all cases
unusually large effective have been
observed. For UPt,, the Fermi surface geom-
etry is in good agreement with that obtained
from electronic structure calculations
(Taillefer er al., 1987). The effective mass on
any given sheet of the Fermi surface, how-
ever, is some 10 to 30 times larger than that
obtained from band-structure calculations
(Wang eral, 1987) suggesting significant
many-body effects. The effective masses range
from 25 to 200 times the mass of a free

electron. The ratio of the effective masses to
those predicted by band theory is roughly the
same as the ratio of the measured specific heat
to that obtained using electronic structure
calculations. UPt; shows only heavy masses at
the Fermi surface, including the largest effec-
tive mass ever measured by the de Haas-van
Alphen technique. In contrast, lighter elec-
trons are evident in CeCuy and CeRu,Si;.
Experiments on CeCu, (Chapman er al, 1990)
find effective masses in the range (6-80)m,
and a Fermi-surface geometry that is neither
similar to LaCus, which has no f electrons, nor
to PrCu,, which has f electrons localized in
nearly atomic orbitals. Comparisons with spe-
cific-heat measurements suggest that unob-
served heavier bands exist. Observed electron
effective masses for CeRu,Si, lie roughly in
the range {1-20) m,.

1.2.5 Transport Properties. At room tem-
perature, the resistivity of a beavy-fermion
compound is large, typically of order 100
uft/em as shown in Table 4. In contrast to
ordinary metals, where dp/d7>0, dp/dT can
be of either sign. The qualitative behaviors
observed for the resistivity as a function of

plpeflemy

J THw=y

N [ o A
T ikt

FIG. 3. The electrical resistivity as a function of
temperature for the heavy-fermicn systems UzZn,,,
CeAl, CaCu,Si,, and UBs,



temperature in the heavy-fermion systems are
summarized in Fig. 3. The large value of the
resistivity and the often anomalous sign of its
derivative are often attributed to the Kondo
effect. Below room temperature, those heavy-
fermion materials exhibiting the largest effec-
tive masses show an anomalous increase in
the resistivity with decreasing temperature
followed by a rapid decrease, which has been
interpreted as the onset of “coherence” lead-
ing to the formation of the Fermi-liquid state.
The temperature at which this occurs, the
“coherence temperature,” implies the exist-
ence of a characteristic energy scale, presum-
ably the same energy scale inferred from the
thermodynamic data. At low temperature, the
resistivity of many heavy-fermion materials
mheﬁuedbgrafurmmggﬁnvcﬁfﬂrong
le scattering,

PN =py+p,.T°, (9

where p,, is some six to seven orders of
magnitude larger than that observed in ordi-
nary metals. The resistivity
of CeAl, displays a clear 7° contribution as
shown in the inset to Fig. 3. The resistivities of
UPt;, UAL,, and YbBiPt do not display a max-
imum below room temperature but are still
described by the Fermi-liquid form of Eq. (9)
below a material-dependent temperature less

The resistivity is sensitive to impurities,
pressure, and magnetic fields at low temper-
atore, as discussed in detail by Ott and Fisk
(1987) and Stewart (1984).
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The frequency-dependent resistivity of UPt,,
CeAls, and CePd, has been measured in the
microwave, infrared, and optical regions of
the spectrum. At low frequency, the conduc-
tivity can be fitted by a Drude form,

olw)=c(0) /(1 +e°7), (10)

where o(0) is the dc conductivity, which is
related to a relaxation time 7, a carrier density
n, and an effective mass m* by o(0) = ne’r/
m*. A narrow zero-frequency peak is observed
at low temperatures; the relaxation time in-
ferred from its width suggests that r is en-
hanced compared to that for an ordinary
metal by roughly the same factor as the effec-
tive mass that is obtained from thermody-
namic properties. The narrow peak is not
observed at room temperature, indicating that
it is a signature of the heavy-fermion state.
Complicated structure is observed at higher
frequency, possibly due to interband transi-
tions or plasmons.

In an ordinary metal, the Hall coefficient is
weakly temperature dependent and provides
information on the carrier charge and den-
sity. Experiments on the heavy-fermion sys-
tems find a strongly temperature-dependent
Hall coefficient, as shown in Fig. 4. The Hall
coefficient is large and positive at room tem-
perature and increases with decreasing tem-
perature. Usually the Hall coefficient displays
a peak at nearly the same temperature as a
similar feature in the resistivity. A peak is also
observed in UPt, and UAl,, which do not show
an associated peak in the resistivity in the

Ry, (102 cm3/As)
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corresponiding temperature range. For metals
coftaining small concentradons of impuriny
local moments, the Hall coefficient is often
interpreted as the sum of an ordinary Hall
coefficient, arising from the Lorentz force,
and a generally large extraordinary term rep-
resenting the incoherent scanering from local
moments. At high wimperatore, this interpre-
tation works well for the hewvy-fermion sy
temns (see solid line in Fig. 4) and is an aspect
of the single-impurity phenomenology de-
scribed below. In some heavy-fermion svs
mhuallnuuﬁﬂ:m:hluumuudl
lower temperatures. The rapid drop in Ry
wilh temperature just below the peak has been
Inlﬂpmd a3 a signawre of the onset of
of the conduction elec-
mummmm

1.2.6 Ultrasonic Measuremenis. The ap-
pearance of the heavy-clectron state is evident
in the temperature dependence of the elastic
constants. Measurements on CeAly (Libthi,
1985), UPt,, UBe,, (Yoshizawa e al, 1985,
-dCﬂuiwihu 1987) all show structure
al low ternperature and anomalies at high
temperature, which contrast with the gener-
ally smooth and featureless elastic constants
observed in an ordinary metal. Although some
of these features signal structural phasze tran-
sitions, as in the case of CeCu, at 220 K, athers
are interpreted as being due 1o magnetoelastic
coupling to the erymal-fisld-split F multiplets
{see Fulde ar al 1988). Al low Iemperatures,
where the heavy-electron state is developing.
the temperature dependence of the elastic
constants shows on snomalous change of
slope for CeCuy, UPY,. and UBe,y.

The enormous density of staves inferred
rom ic experiments suggeses
tha the vitrasonic sttensarion might be greatly
enhanced. In fact, experiment finds that the
magnitude of sound attenuation is of the
order of that for an ordinary metal. In con-
trast 1o the comparatively smooth and feature-
less ultrasonic attenuarion of an ordinary
metal, an anomalous peak appears in UPt, a
&!ﬁiﬁmuuhmﬂuhLur:m

1o higher temperatures and
broadens with ing frequency. At still
lower temperature, but above the supercon-
ducting wansition, UPt, displays an atenus
tion that vartes as 7%

and resistivity data show tha
the coherent heavv-clectron stale b well de-

veloped at temperatures below ~ 10 K. In this
regime, one expects that the phonon contribu-
tion to the uitrasonic attenuation should be
negligible, and the energy of the sound wave
should be dissipated primarily by the heavy-
electronic liquid. As noted abowve, the ulira-
sonic anenuation is similar in magnitude to
that measured for copper, which suggests that
the electron-phonon coupling is reduced by
an amound similar to the enhancement of the
guasiparticle mass. In an ordinary metal, the
sound speed v, is much smaller than the
Fermi velocity vy, the clectronic degrees of
freedom are able 1o adjust mapidly to the
lattice deformation presemted by the sound
wave, and the resulling attenuation process is
isothermal. Luthi { 1985) pointed out that this
is not the case in heavy-electron systems where
¥ & ¥, 50 that sound attenuation is adiabatic.
As a consequence, the leading temperature
dependence of the aitenuation is due not only
hﬂuﬂmuiwnflhthmy—ﬁuﬂmllﬂd
but also 1o the conduction of

1.2.7 Nuclesr Magnetlc Resononce. A1
high lemperature, the heavwy-fermion systems
show a nearly temperature-independent spin
relaxation time Ty, consistent with the ob-
served Curle-Weiss susceptibility. As the tem-
peranmre is decreased., there is a regime below
~ 10 K where I,T is essentally constant
{Maclaughlin, 1985), as cxpected for a Fermi
liquid. Az shown by Korringa, in & Fermi
ligquid the relaxation of polarization in the
nuclear spin system is due 10 the coupling of
the nuclear spin 1o the moment of
the guasiparticles. so that 1T, T l5 propor-
tonal w the density of states at the Fermi
surface {sée Slichter, 1978). A comparison of
7,7 for *Be in UBe, 3 and in UgegThagBeyy
just above T, shows that 1/T,T tracks the
increase in y observed in specific- heat exper-
imens,

In URwySly, T,(T) decreases rapidiy as the
termperamre is decressed through the anifer-
romagnetic transition a1 17 K. It is imerestng

to note that a Korringa temperature depen-
dence s evident above T, and below T~ 10K.

128 Neutrom Scattering. The results of
inelastic neutron-scattering experiments on
the magnetically ardered heavy-fermion sys-
wms I.I';.En" and Ull.l_[s‘l} and on the supcr-
conductor UPty (see Acppli e al, 1988; Kjems
and Brohobm, 1988 ) show great similarithes 1o



those sysems such as CeCuy and CeRu,Si,
{see Rossar-Mignod o al, 1988} thet remmin

down to the lowest tempern-
res. AN of these sysiems have 2 response
funcilon with a large gindependent compo-
neet that can be fitted by a reliocational form,

Yigar)m gl /(T — dw). (11}

The sysiems also bave a smaller g-dependent
comtribution that peaks ar a nonzero g, indic-
ative of antiferromagnetc correlations. As
mast of the integrated insensity expected from
surm rubes is ded up in the above

there is little intensity left 1o assign 10 the low-
a and -g peak associated with Pauli parasmag:
netsm. This implies srong spin-orbit cow.
pling between the quasiparticles of a Fermi
liquid, and thar most of the response is of focal
origin.

In paramagnetic heavy-fermion systems,
the amiferromagnetic correlmions only be-
CoRme Apparerns ai low vemperatures. The widths
of the peaks in Siqw) at fized « indicate
Eleﬂmlnmhsnhhenrdu‘uH—mL[n

ordered systems, the single-site compo-
udhmmm:m

the resul: of a slight increase in the effective
exchange interaction a1 low temperatures.
This interpretation is consistent with the ob-
servation that many of the paramagnetic sys-
mmhhuhmtluwdﬂ-dphn
ﬂhﬂmmmdm“:dmnuﬂh
prising ragnetic systems
only URu,Si; shows the exissence of
spin-wave-like exchations, albeit with a small
dispersion. Perhaps Lthe most surprising result
of all is found in the elastic scatiering peaks:
in URu;Si; and UPty the sirength of the anti-

ic Bragg peak is indicative of an
ordered magnetic moment with very small
magnituds, ~0.03zy and - Fespec-
tvely. [t should also be potnted out that the
Bragg pcaks are broadened, indicating finite
mrdllhurmhﬂmwdaﬂmm
abiy due 1o defects.

Iﬂm The photeemission

& measure of the occupied
puﬁaudiheﬂmkd:uﬂy of states, if
surface effects and the imeraction between
the ohserved electron and the sysiem can both
be peglecsed. Likewtse the inverse photoemis-
slom spectrum is related to the unoccupied
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electronkc density of states, Using the phenom-
enen of resonances, it 15 possible to extract the

nermial rare-earth and sctindde sysiems. On
oo hand, the cerum sysiems show pro-
nitinced featores that may be atributable 1o
traasilions between localized wonic configure-
tions, The scparation between these
fratures is raken w be a messure of Uy, the
Coulomb Imeraction energy berwesn the slec-
trons in the 44 orbitals on the cerium loss. On
the other hasd, mormal ursaium-based sy
tems, such as Ulry (Arko o ol 1983), agree
quite well with hand theory, indicating much
smaller values of Uy for uranium. This satis-
factory state of affairs does not extend a0 the
beavy-fermion uranium systems. When the 5f
spectre of UPry and UAL were compared 1o
the demsity of stawes obiained from band-
structure cadculations io the local-density ap-
proximation (Allen er ol 1985}, it was found
tha the observed spectra were considerably
for UBeyy, UsZa, 5, and URusSé; (Allen , 1988).
It has been shovn that these discrepancies in
width exhibiz a systemanc variaton (Arko
eral, 1988) that is most profound in the
heavy-fermicn systems and is anributable to
the development of sateilites in the occupied
pnrﬁun of ihe specira Similar amalysis of

imverse photoemission experiments on UBe;
shows some evidence for the existence of
satedlites in the unoocupied 5f density of states.
Thus, is the heavy-fermion systems it appears
as though the spectrum may have slight fea-
tures corresponding 10 localised stades super-
imposed on wop of 3 5/ band that cots across
the Fermi lewel.

In conirast 10 the wranium-based heavy-
fermion systems, there have been wery few
bom systems, The carlior siudies seem to indi-
cate tha the features seen in the f spectoum
are less sharp than those found in the cerium
systems with more modestly enhanced elec-
tromic masses, perbaps being more akin 1o the
uranium heavy-fermion systems. The interpre-
tation of the photoemission spectra of cerfum-
hundmpumd;klh:mhjn:tﬂfmmdr.r
abls comtroversy (Allen o al, 1984; Liu er al,
1982; Freeman er af, 1987). The spectra show
three magjor peaks one above. one below, and
ons cuiting acnoss the Fermi level, One school
of thought anributes the peaks above and
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below the Fermi level to transitions from an
initial state to f* and f¥ nalstate configura.
tions, respectively. The peak near the Fermi
level Is associated with the Kondo effect
whereby a spin polarization is induced in the
conduction band st low temperatures, in or-
der w compensate the magnetic moment of
the f* configuration. The intensity in this peak
is expected to scale with T, the characteristic
energy scale of the Kondo model. A second
school of atrributes the existence of
the two peaks a1 and below the Fermi level 1o
oo different mechanismes that are availabls to
scresn the charge deficiency sssociated with
the ° final state. This school relates these
screening channels to the systematic variation
of the two peaks found in the photoemission
of the prascodymium and neodymium rare-
earth compounds, which have slectronic mass
enhancements of the order of those in ordi-
nary metaks.

13 Properties of the Superconducting
State

in the heavy-fermion sys-
tems differs markedly from that in ordinary
metals. Here, we briefly summarize some of

the unusual properties of the heavy-fermion

superconducting state, pointing out the differ-
enced between the heavy-fermion and conven-
tional BCS states that lead to

the conjecture that these are enconventional
superconduciors as defined in the Introduc-
tiomn.

At the transition temperature 1o the super-
conducting state T, , the quasiparticies at the
Fermi surface of a conventional superconduc-
tor are unstable to the formation of Cooper
pairs. In the absence of a current, the Cooper
pair consists of two electrons in states of
mementa and spin ko and —k, —o bound in a
refative swave state by an atiractive (nierac-
tion mediated by phonons. Correlations be-
tween Cooper pairs generally lead to the for-
miaticn of a gap in the quasipanticle dispersion
relation,® which at sufficiently low tempera-
ture results in & thermally activated tempera-
ture dependence for specific heal, ultrasonic

*This does not occur |n so-called gapicis .
bmgiriTies. vy-lermion supefooREUCIONs ars
no inerinsically gaples.

attenuation, nuclear spin reloation, and ther-
mal conductivity (see Schrieffar, 1964,

In contrast, the specific hest well below T,
for the heavw-fermion uranium compounds is
described by

CiT=y,T+&T 121

where ¥, is sampie dependend and has often
been attributed o conduction elecrons that
remain in the normal state, and @8 3 and 2

different exponents have been found, depend-
ing on the polarizaton and direction of prop-
agation of the sound wave relative to the
crystal axes. The exponents are also sample
dependent. The powerdaw behavior observed
inall of these properties strongly suggests that
the gap function vanishes for some region on
the Fermi surface and thus that, s the very
least, the gap function depends srongly on
the direction of k. The more exciting passibil-
ity is that the gap funcrion has a lower sym-
metry than does the crystal lattice as a result
of quasiparticles that pair in & nonzero Engu-
lar momentum state, possibly in a triplet state
as in liquid "He. '

ence effects ¢an be observed in many

The anenuation of sound waves
and the relaxstion rate of & nuclear spin show
classic signatures of interference effects in a
conventional BCS superconductor (Schrief-
fer, 1964). As the temperature is lowersed

ation rate of a nuciear spin displays a Hebel-
Skichter peak as shown for "In in Fig. S(a).
In the heavy-fermion systems, the Hebel-
Slichter peak is not observed, as shown for
UBey in Fig. 5(b); the spin relaxation rais
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FIG. 5. Nuclear spin retaxation rate for (a) the conven-

tional BCS superconductor '™in and (b} the heavy-
termion system UBe,, Note the absence of a Hebel-
Slichter peak in UBe,.

specific heat at T, consistent with the expec-
tation for guasiparticles with a large effective
mass condensing into the superconducting
state. The normalized specific-heat discontinu-
ities AC(T )/ Cyl T,) of several heavy-fermion
superconductors are listed in Table 5. For
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most superconductors, AC(T,.)/C(T,) lies
within 20% of the weak-coupling BCS theory
result of 1.43 (Parks, 1969). Larger values
may occur as a result of strong coupling 1o
lattice phonons. With the exception of UBe;,
and CeCu,Si,, the heavy-fermion supercon-
ductors show substantially smaller normal-
ized specific-heat discontinuities. Moreover,
the transition is often broad, as in UPt; and
URu,Si;. We return to this point below.

The heavy-fermion superconducting state
is very sensitive to impurities and defects. The
transition temperature can be strongly de-
pressed in UPt; by grinding the sample. The
substitution of a small amount of thorium for
uranium in UBe,; leads 10 a rapid decrease of
T. . Further thorium substitution reveals the
complicated phase diagram of U,_,Th.Be; in
Fig. 6 that shows at least two and possibly
more superconducting phases. For thorium
concentrations lying roughly between 0.017
and 0.05, two phase transitions were observed
in specific-heat experimenis with discontinu-
ities at the transitions of comparable size. The
upper critical field of the higher-temperature
phase behaves differently from that for pure
UBe,; when doped with small amounts of Gd
impurities, suggesting that these are two dif-
ferent superconducting phases. Early sound
attenuation experiments suggested that the
low-temperaiure phase transition was to a
magnetically ordered state. Sul t neu-
tron-scattering experiments failed to observe
a magnetically ordered state. Muon-spin res-
onance experiments detect a small ordered
moment <0.0lug. The small size of the mo-
ment suggests the possibility that the low-
temperature transition may separate two un-
conventional superconducting phases. We
discuss this possibility in Sec. 3 below.

The phase diagram of a conventional su-
perconductor is determined by the ratio of the
characteristic length scale over which the
magnetic field varies, the penetration depth 4,

Table 5. Properties of some heavy-fermion superconductors.

T, = dHa/dT | o, HalT=0)
Compound K AC(T/CLT.) eV, S iy
CeCu,Si, =0.7 1.3 23 ' 20
UBe,, 0.85 25 - 42 .
UPy, 0.45 1.0 6.4/7.5 20/25
URu,Si; 11 0.82 414 8.0/20
UPd,Al, 20 1.2 4.3 ~3.6
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® Y. Onset of superconductivity

02— —
B R FIG. & The tem con-
centration (¥} phase diagram of
{solid as x is increased through
0.00 0.02 x Q.04 .06 X.==0.018 and the second phase frans:-
tion at T(x) (dashed line).

to that over which the order parameter varies,
the coherence length £. For a type-Il super-
conductor, x=A/£> 2, and the H.T phase
diagram shows two superconducting phases
and one normal phase separated by the lower
critical field A, (T) and the upper critical field
H4(T). In the Meissner phase (H < H,),
magnetic fields are excluded from the super-
conductor. As the field is increased above
H,,, magnetic flux penetrates the supercon-
ductor in a triangular lattice of flux rubes.
Each flux tube is a vortex in the phase of the
order parameter. The order parameter van-
ishes on the vortex axis and heals to its bulk
equilibrium magnitude in a distance of the
order of £, The magnetic field is a maximum at
the center of the vortex and decays on the
scale of A. As the field is increased so too is the
density of vortices until at H, the voriex cores
begin to overiap and a transition occurs to the
normal state.

The heavy-fermion superconductors are
type-11 superconductors with x, as inferred
from the slopes of H., and H, at T, as large
as ~ 50 or more. These rank among the largest
« values found in conventional superconduct-
ors, for which the large value of x occurs asa
result of scattering from impurities. In con-
trast, the heavy-fermion substances are pure
materials. The temperature dependence .of
H_,(T) for the heavy-fermion systems is gen-
erally unusual. As shown in Table 5,
dh";[ﬂfdfl T for UBC” is uﬂuﬂﬂl]}" hl.'::.
possibly exceeded only by that for the high-
T superconductors. In UBey, H,(T) is nearly
linear over a large range of temperature and
shows a change in slope at about 0.5 K. In UP1;
an anomalous crossover in the anisotropy of
H_(T) occurs with decreasing temperature.
For temperatures near 7., Hay /Hg~1.3
{where || and L refer to the field direction
with respect to the crystal ¢ axis) and drops to



~0.8 as T approaches 0. The T=0 extrapo-
lated value of H,; exceeds simple estimates of
the paramagnetic limit at which the spin-
polarized normal state is favored over a con-
ventional superconducting state. The upper
and lower critical fields in the basal plane of
m:-mdﬂﬂ{niﬂ Ul-zThlBelJmth‘em'
temperature transition, show unusual sharp
kinks.

The phase diagram of UPt; in the H-T plane
shows five superconducting phases in contrast
to the two observed in an ordinary supercon-
ductor. This is strong evidence, as we discuss
below, that UPt; is an unconventional super-
conductor. The phase diagram as observed in
the sound speed measurements of Adenwalla
eral. (1990) is shown for field in the basal
plane and along the c-axis in Fig. 7 (see also
Bruls et al, 1990). The figure shows three
phases in the mixed state, but does not show
the Meissner phases, which lie close to the
temperature axis,

A connection between weak antiferromag-
netic order and superconductivity is sug-
gested in Table 1. For some of the heavy-
fermion superconductors, a transition to an
antiferromagnetic state with an extraordinar-
ily small magnetic moment, of order ~0.01pg,
occurs at a Néel temperature Ty~10T. A
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notable example is UPt;, for which recent
specific-heat (Fisher er al, 1989) and sound-
velocity experiments observe two supercon-
ducting wansitions 0 mK apart, which may
be a signature of the coupling of an uncon-
ventional superconducting-order parameter
to a magnetic-order parameter (see Sec. 2.3
and Hayden er al, 1992). It is interesting that
prior experiments found only a single broad
peak at the superconducting transition in UPt;
as also observed for URu,Si,. This suggests
Lhﬂmapnge&eumnyomurmﬂh,mdﬂm

order may appear with rime
(Smith, 1992). A possible mechanism for an
aging effect is radiation damage due to ura-
nium decay.

2. THEORY

2.1 Phenomenology

2.1.1 Landau Fermi-Ligquid Theory. At
low temperature, the linear dependence of the
specific heat, the nearly temperature-indepen-
dent susceptibility, and the large T* coefficient
of the resistivity suggest that the heavy-
fermion systems settle into a strongly renor-
malized Fermi-liquid state below a (material-
dependent) characteristic temperature. Well

25 T T T T T T T
. L - Hile .
- 15k 3 . -
20 . - - ,
x iy,
1o " =
: \,
15— * oSk " N
A
E o 1 1 1 - |
T UP1y * 0 100 200 200 400 500
1ol - T{mK} _
- L e e
he
= & o= -‘ Hie as geduced from sound-veiocity maa-
LI T surements for fields in the basal plane
05— Fam —1  (irom Adenwalia ef al, 1980). The
u lower critical field separating the mxed
., phases from the Maissner phases is
i not shown but lies just above the
i I | | A .J temperature axis. in all there are five
D.Do 100 200 300 ) £00 superconducting phases in the H-T

plane. Inset: The corresponding phase
diagram for fields along the ¢ axis.



450 Heavy-Fermion Phenomena

below an effective degeneracy temperature,
the properties of diverse sysitems of strongly
interacting fermions resemble those of a sys-
tem of noninteracting fermions and are de-
termined in large part by the low-energy
excitations of the interacting system. The phe-
nomenological Fermi-liquid theory of Landau
may be used to describe such systems. The
central concept of Landau Fermi-liquid the-
ory is the guasiparticle, which is an elemen-
tary excitation of the interacting system that
can be crudely viewed as a particle sur-
rounded by a cloud of other particles. The
lifetime of a quasiparticle near the Fermi
energy [varying as 1/(e?+#T%), with e mea-
sured from the Fermi energy eg] is sufficiently
long to provide a useful description of the
low-lying elementary excitations of the inter-
acting system. The original system of sirongly
interacting “bare” particles is thought of as a
system of interacting quasiparticies. The dy-
namical properties of these quasiparticles,
such as the mass, are renormalized from those
of the bare particles by the accompanying
motions of the surrounding particle clouds.
The Landau theory provides no prescription
for calculating the properties of or interac-
tions between quasiparticles; rather, these are
to be determined from experiments or micro-
scopic theories. The Landau theory provides
relations between physical quantities in terms
of the effects of residual screened interactions
between the quasiparticles. A proper Landau
theory for any metal should incorporate the
symmetry of the underlying crystalline lattice
as outlined by Fulde er al (1988) for heavy-
fermion systems. Such a description is com-
plicated by the occurrence of a large number
of parameters describing the quasiparticle
interactions. So we describe an overly simpli-
fied theory that is similar in construction to
the Fermi-liquid theory for liquid *He, for the
purpose of introducing Fermi-liquid theory
and also because the results of some calcula-
tions based on model Hamiltonians are ex-
pressed in terms of the Landau parameters of
this model.

The free energy may be expanded about its
zero-temperature limit in terms of the inter.
actions between quasiparticles,

nn=ﬂu}+2£".,&ng+ Y fyoangsnl,

pplas’

+lerms D([En‘:3], (13

where p and ¢ are momentum and spin
variables and 8nj is the deviation of the
distribution function from its zero-tempera-
ture limit. We have retained only the interac-
tion between two guasiparticles £, which is
dominant at sufficiently low temperature. Sym-
metries are used 1o simplify the form of f and
to choose an appropriate set of basis func-
tions; the coefficients appearing in the basis
function expansion are the so-called Landau
parameters. For example, rotational symme-
tl'}rmsmnspmleadstothefnrmf-"’
=1+ fpp Forliquid *He, the appro-
priate basis functions are the usual spherical
harmonics; p has the meaning of a quasipar-
ticle momentum and o the meaning of a
quasiparticle spin. Various thermodynamic
and transport properties of the system can be
expressed in terms of the Landau parameters.
In this case one finds for the compressibility

m* S m

- I+F
and for the susceptibility
m‘/m 2.

1+F'
where % and y? are the corresponding sus-
ceptibilities in the noninteracting system, and
the dimensionless Landau parameter F}
= Nieg)fi, where N(eg) isthe density of states
that appears in the linear coefficient of the
specific heat,

= nr¥
1r'=—NJ (ep)kp=—r", (16)
m

X% (14)

xs= (15)

m* is the quasiparticle effective mass, and
kg is Boltzmann's constant.

Carneiro and Pethick (1975) showed that
long-wavelength fluctuations of spin and den-
sity in a system of interacting fermions will
generally contribute a term to the low-temper-
ature specific heat that depends logarithmi-
cally on the temperature,

CT=yT+EPInT+ 8T +..., (17m

where { may be expressed in terms of the
Landau parameters.

The observation that UPt, has a specific
heat of the form Eq, (17} led to the proposal
that quasiparticle spin fluctuations play a
similar role in UPt, as they do in *He (Stew-



art, 1984). The electron-phonon interaction
can also contribute to the T°InT term in the
specific heat, but the sign of this contribution
to £ is opposite to that produced by the spin
and density fluctuations and is also of oppo-
site sign to that observed in UPt;. A single-
bmdspm—imndelwudgwlopedforlr[’t;md
UAl,, assuming an expression for ¢ taken
from the Landau theory of *He, estimating the
effective radius of the Fermi surface, and
neglecting scattering processes involving an-
gular momentum channels of /=2 and higher
(see Pethick and Pines, 1987, for a review).
This allowed the analogy of UPty and *He to be
extended to the superconducting state. In
*He the superfluidity is believed to occur due
to an attractive interaction mediated by spin
fluctuations. The analogy vields an attractive
effective interaction between two electrons,
which produces superconductivity below a
critical temperature 7. They calculated the
pressure dependence of T, and found it to be
in agreement with experiment. The mecha-
nism for the formation of Cooper pairs (see
Sec. 3) in this model is of purely electronic
origin, and the resulling superconducting state
is unconventional. A further consequence of
this model is that the effective moments of the
quasiparticles are renormalized so that g<
Hp-

2.12 Single-Impurity Model. For tem-
peratures well above the “coherence temper-
ature” 7%, the single-impurity Anderson model
provides a useful phenomenclogical frame-
work for the heavy-fermion systems. This
model was originally introduced by Anderson
to describe dilute magnetic impurity ions
dissolved in a solid. However, the heavy-
fermion systems have a relatively high con-
centration of magnetic (f) ions, and so the use
of this single-ion phenomenoclogy in the high-
temperature regime implicitly assumes the
d_m:q:ling of the f orbitals on different lattice
sites.

The single-ion Anderson model describes a
doubly degenerate localized level, e.g., an f
level, that is bathed in a Fermi sea of conduc-
tion electrons. The Hamiltonian can be writ-
len as

H=HI+HJ+HH. (18)

where H; describes the f-electron system, H,
describes the conduction-electron system, and
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Hyy describes the coupling between these svs-
tems. The Hamiltonian H; is
H= X Epng+ X Uynony, (19)
@ axf
where n, represents the number of electrons
in the f orbital with spin index a. The frst
term, proportional to E; , represents the bind-
ing energy of an electron of spin a in the f
shell. The second term, proportional to Uy,
represents the Coulomb repulsion between
pairs of electrons in the f shell. The Pauli
exclusion principle makes this term inactive
when a=g. The conduction electrons de-
scribed by H, are noninteracting conduction
electrons in band states:
H£= Z Eyfs o (Zﬂl
ka

where ny,, is the number of electrons of spin a
in the conduction-band state labeled by the
Bloch wave vector k and e is the dispersion
relation of the conduction-band states. The -
and d-electron systems are coupled byaspm
conserving hybridization interaction HH .
which represents processes whereby individ
ualclem'msmmnn:lnutohhcflﬂ:lmm
the conduction-band states along with the
reverse processes. This hybridization process
has mairix elemenits between localized f states
| fa} and itinerant states |dk.«) given by

Vi={fa|Hy|dk,a). {21)

Applying Fermi's “golden rule,” one obtains
an effective f-level width A, for the state in
which the f electron is occupied by a single
electron, given by

a=r|V|*Nieg), (22

where N{eg) is the conduction-band density
of states, per spin, evaluated at the Fermi
ENErgy &g.

One question of interest is whether the
impurity ion can carry a magnetic moment in
a metallic matrix. Anderson (1961}, working
within the Hariree-Fock lppmimntinn,
showed that 2 magnetic moment might be
formed for sufficiently large Uﬁ/ﬂ. whm.:a.s
for smaller values of the ratio the i
was nonmagnetic. These results can be under-
stood by first considering two extreme limits
that can be solved exactly: In the atomic limit,
for which &4 = 0, adding an electron of spin 8
to a localized level alreadv occupied by an
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electron of spin @ costs an energy of E;
+ Ujs whereas the energy for removing the
electron of spin a is E; . Thus, the one-elec-
tron density of states is split into two sharp
levels; the 8 level occurs above the Fermi
level, and the a sublevel occurs below the
Fermi level. The other extreme limit is the
noninteracting limit where Uy; = 0, in which
case the f states admix with the conduction-
giving rise to a resonant peak in the f density
of states at E; with width given by A . In this
noninteracting case, the f states of spin a and
spin B are occupied by equal numbers of
electrons (possibly fractionally) and hence
possess no net magnetic moment. For the
same reason that the f level splits in the

atomic limit, the Hartree-Fock solution also
shows a splitting of the f density of states for
large but finite values of the ratio Uy/A. The
two subbands are of different :ptn:{:arum
and are separated by an energy of the order of
Uy; . This split density of states, shown in Fig.
8, can lead to the formation of a local f
moment when occupied by electrons in accor-
dance with the Pauli exclusion principle. For
systems with a number of f electrons per f ion
less than wnity, 7;< 1, the Hartree-Fock treat-
ment requires that | £;—eg| <A, which places
the lower subband close to the Fermi level and
the upper subband above. For almost integer
occupation of the f level the lower subband
will lie at even lower energies and may have
very little weight at the Fermi energy. This

N(E)

FIG. B. The density of states from the Hartree-Fock solution o the single-impurity Anderson mode! showing that
the effect of the intra-atomic Coulomb int2raction is to spit the onginal flevel into two levels accarding to spin. One
level occurs at the position of the original f level, the cther at an energy L, higher and above the Fermi energy.
Processes by which an electron can tunnel from an atomic f orbital to the conduction band and the reverse
processes called hybrdization are responsible for tha finite level width — A,



latter regime is defined as the Kondo regime,
in which Hartree-Fock theory would predict
well-developed local moments. Schrieffer and
Wolff (1966) have shown that these local
moments are coupled to the spin polarization
of the conduction electrons by an antiferro-
magnetic exchange interaction of stremgth
J=V/E, . This coupling introduces quantum
fluctuations in the directions of the local
moments that are not included in the Hartree.
Fock solution.

The most marked modifications to the Har-
tree-Fock results are required in the Kondo
regime, as i$ suggested by renormalization-
group scaling arguments (Haldane, 1978).
What happens is that J produces a bound state
that when occupied hy an electron produces a
compensating spin polarization in the conduc-
tion electrons. At low temperatures the result-
ing complex is a spin singlet, whereas at
higher temperatures the bound state is ionized
leading to the reappearance of the local mo-
ment. This low-energy behavior leads to the
appearance of a narrow temperature-depen-
dent resonance in the single-electron spec-
trum at the Fermi level known as the Kondo
peak. Noziéres (1974) has shown that the low-
temperature properties can be described quite
well by a Landau Fermi-liquid theory in which
the impurity produces a phase shift for the
conduction electrons that reaches &y(kg)=
7/2 at the Fermi energy. The picture of a
low-energy, low-temperature Fermi liquid can
also be obtained by a projection method for
minimizing the Coulomb interaction energy,
developed by Gutzwiller (1965), which basi-
cally renormalizes the hybridization width A
by a factor of 1—n; corresponding 1o the
elimination of processes in which an electron
may hop into an f shell that is already occu-
pied. For cerium, with an f band less than half
filled, the maximum intensity in the Kondo
peak is above the Fermi energy. The resulting
picture of the one-electron spectrum in the
Kondo regime is that of a filled subband
below the Fermi energy, separated by an
energy U; from an unfilled upper subband,
together with a temperature-dependent Kondo
resonance located at the Fermi energy. The
width of the Kondo resonance is related to the
Kondotemperature Ty where kg Ty ~&(1—ny)
and its peak height is —1/74.

Confidence in the above picture has been
established by exact Bethe-dmsarz solutions
{Schlottmann, 1989; Tsvelick and Wiegman,
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1983) and by exact numerical renormalization-
group studies (Krishnamurthy er al, 1980).
One of the most notable features of these
solutions is that the thermodynamic proper-
ties only depend on a single energy scale given
by the Kondo temperature.

For the heavy-electron systems, one imag-
ines a lattice of such impurities { the cerium or
uranium atoms). As the temperature is re-
duced it is possible that the compensating
polarization clouds of each impurity lock
together in a coherent heavy-fermion state.
This possibility has motivated studies of the
interactions between two Anderson impuri-
ties (Jones ef al, 1988). As a result of the
occurrence of another energy scale, the ex-
change interaction J between the impurity
moments, two possibilities arise. If JgTy,
then the compensation of each local moment
occurs independently, whereas if J» Ty, the
moments order before the screening clouds
develop.

Noziéres (1985) noted another complica-
tion of this picture. The formation of a com-
pensating screening cloud only involves con-
duction electrons within Ty of the Fermi
surface, but the total number of such elec
trons is much less than that required to screen
every local moment in a concentrated com-

Although much use can be made of the
above phenomenologies, it remains unclear o
what extent they provide a firm theoretical
basis for understanding the properties of a
lattice of f ions immersed in a Fermi sea of
conduction electrons.

2.1.3 Model Hamiltonians. [t is believed
that the physics of the single Kondo impurity
is related to the physics of the process by
which the system of apparently weakly inter-
acting local moments in a sea of conduction
electrons is transformed to an itinerant band
of heavy quasiparticles. The Anderson lattice
model makes this notion more precise and
guantitative, by generalizing the Hamiltonian
of a single f impurity to a dense lattice of
sites.

The Anderson lattice Hamiltonian may be
writien as the sum of three terms as in Eq.
(18), but with H; representing a lartice of f
ions:

HFE;Z P+ _Z Uggnpainigg: . (23)
i Lach
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where i labels the f-lattice sites and o labels an
appropriate basis set that reflects the full 14-
fold spin- and orbital-degenerate f level. The
hybridization terms are generalized by allow-
ing the f level at each site to admix with the
conduction-band states, The transformation
from the Wannier representation of the 7
levels to a Bloch representation,

Z &Nifia),
together with conservation of crystal momen-

tum, leads to the simple form for the hybrid-
ization matrix element

Ifk.a}=

(24)

. /_\

2 f
(2]

- ek
(@)
—_ E+/\
= |
e al

m E_
() k

FIG. 9. Flat atomic § level, and a broad conduction
band shown as a funchon of crystal momentum in (a),
are admixed by the hybridization matrix slement V. to
produce the two spin-degenerate bands shown in (b).

Inihcabsmncnfthcintmsiu Coulomb inter-

action, Uy, = 0, the lattice Hamiltonian can be

y diagonalized. This yields two spin-
eg:ncnuc bands with dispersion relations

E, (k) =} Epre = [(E—e)?+ 2V, 1)),
(26)

which are sketched in Fig. 9. If the hybridiza-
tion matrix element Vj, is non-vanishing over
the entire Brillouin zone, then the electronic-
spectrum exhibits an indirect gap of magni-
tude V2/ W where W is the d-band width. The
existence of a hybridization gap depends on
the validity of many simplifying assumptions
such as the neglect of direct ff hopping,
crystalline field effects, spin-orbit coupling,
and so on. Nonetheless, the hybridization gap
often plays an important role in many-body
theories for the heavy-fermion semiconduc-
tors.

The introduction of the Coulomb interac-
tion U,_fisexpecwdtnmodlfynhnabuvc
simple picture of the electronic states. Unfor-
tunately, no exact solutions for the Anderson
lattice model are known, leading researchers
to rely on approximate methods.

At high temperature, the Anderson lattice
Hamiltonian is expected to behave like an
incoherent superposition of single Anderson
impurities. As observed above, the properties
of the heavy-electron systems at high temper-
ature resemble those of a collection of single
Anderson impurities in the Kondo regime.
Thus one expects that in order for the Ander-
son lattice Hamiltonian to describe the heavy-
fermion systems, the ratio U;/A should be
large and the f level should lie well below the
Fermi level. Moreover, the upper single-
impurity band, E;+ Uy lies well above the
Fermi level. In this situation,-fluctuations of
the f-site charge are strongly suppressed and
fiuctuations of the f-site moments are the
important degrees of freedom.

Many different approximations have been
developed for the Anderson lattice Hamil-
tonian, as reviewed by Lee et al (1986) and
Fulde er al {1988). Of particular interest for
the heavy-fermion systems are strong-cou-
pling approximations that include direct de-
coupling of the hierarchy of equations of
motion for the Green's functions, variational
methods (Rice and Ueda, 1985), and expan-
sions in powers of the spin and orbital degen-
eracy of the flevels, which are generalizations



to the lattice of methods used for the single-
impurity problem known as 1./N expansions.
The decoupling schemes and variational meth-
ods, depending on initial choices of aliowable
physical states, are not systematic and have
not been the methods of choice for most
researchers. For technical reasons, much of
the work on the Anderson lattice Hamiltonian
{e.g., 1/N expansions) has been done for the
llmnﬁﬁ—-anmthehupeofdmbmgthc
m:nl:alfuﬂu‘esufmucnrrﬂhum

The expansions in powers of the spin-
orbital degeneracy N are made with the as-
sumption that N is a large number and that
the expansion is rapidiy convergent (Bickers
1987, Newns and Read, 1987). In the Limit
N - =, amean-field solution is expected to be
exact. This mean-field solution produces a set
of bands similar to those shown in Fig. 9(b).
However, the position of the f level is renor-
malized upwards, and the magnitude of the
hybridization is reduced in order to minimize
the Coulomb interaction energy. Physically,
the smaller the number of f electrons, the less
the interaction energy. Furthermore, reduc-
ing the hybridization matrix element from its
noninteracting value makes it less likely for a
conduction electron to hop into a localized f
arbital and interact with the electrons already
present there, which also minimizes the ef-
fects of the Coulomb interaction. The above
picture is that of renormalized bands, in which
the width of the f states is narrowed by the
Coulomb interactions. This picture is modi-
fied by including terms of higher order in
L/N. In general, the above states are subject to
further changes in their dispersion relations
and also acquire a finite lifetime that is both
temperature and energy dependent. The en-
ergy dependence of the lifetime can cause
structure in the electronic density of states
that is not directly related to the quasiparticle
dispersion relations. For physical values of N,
the contribution of the quasiparticle disper-
sion relations to the density of states is a small
peak close to the Fermi energy, and the main
structure occurs as a result of the energy
dependence of the lifetime.

Many results obtained by the 1/N expan-
sion technique can also be obtained by other
methods. An example is a variational scheme
based on a method of projecting out doubly
occupied f states, thereby minimizing the en-
ergy of the Coulomb interaction. Rice and
Ueda {1985) applied this method to the Ander-
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son lattice model and produced an effective
band model similar to that obtained by the
1/N expansion techniques. These authors ar-
gued thar in the Kondo regime the physics
should be similar to that of the Hubbard
model near localization. The main results are
discussed in the Landau Fermi-liquid lan-
guage introduced above. They find that the
divergence of the effective mass, as localiza-
tion is approached, is balanced by a similar
divergence in F§, and thus the charge suscep-
tibility remains unrenormalized. The param-
eter Fj that conirols the tendency for mag-
netic ordering depends strongly on the total
degeneracy of the f level. In the direct 1/N
expansion techniques it has been found that
the paramagnetic heavy-fermion state is only
stable if the orbital degeneracy is large.
Although the strength of the Coulomb in-
teraction is mﬂ':il:lcntljr large that series expan-
sions in powers of I/ are not expecied to
converge rapidly, ::s along these lines
have been pursued (Czycholl, 1986). The main
motivation for applying perturbation theory
to the Anderson lattice model is that for the
single-impurity Anderson model with particle-
hole symmetry (2E;+Uy=2ep see Fig. B),
perturbation expansions for certain quantities
are rapidly convergent (Horvati¢ and Zlati¢,
1985). Since the heavy-fermion state itself is
apparently a Fermi liguid and the formal
underpinnings of Fermi-liquid theory are de-
scribed in terms of self-consistent perturba-
tion theories that sum infinite classes of dia-
grams, it is further hoped that such an
approach could at least describe the low-
temperature {imit. Numerical calculations are
required to evaluate the expressions of self-
consistent perturbation theories beyond Har-
tree-Fock theory, and it is possible to include
the results of band-structure calculations with-
out further approximation. The choice of
classes of diagrams to be summed is to some
extent arbitrary, although conservation laws
provide guidance in selecting sets of terms.
Apparently because of the difficulty of the
numerical calculations (Schweitzer and Czy-
choll, 1990}, fully self-consistent calculations
have not been reported for the Anderson
lattice model in three dimensions; the calcu-
lations that have been performed have been
limited 10 second-order perturbation theory.
The resuits show that the quasiparticle disper-
sion relation is strongly renormalized near
the Fermi energy and that a temperature-
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dependent peak appears in the density of
states at the Fermi level that bears a qualita-
tive resemblance to the Kondo resonance in
the single- impurity model. An unfortunate
feature of these calculations is that they have
been performed largely for models that in-
clude only one spatial dimension; such mod-
els may contain well-known pathologies re-
lated to low dimensionality.

Both the weak-coupling and strong-cou-
pling schemes do yield results that have some
qualitative similarities, namely a narrow tem-
perature-dependent peak in the density of
states close to the Fermi energy. However, no
quantitative agreement has been reached be-
tween the strong- and weak-coupling schemes.
This has led various groups to apply numeri-
cal techniques, which have given some insight
into these problems. Conspicuous among these
is the quantum Monte Carlo method, which
has allowed the accuracy of some approxi-
mate solutions to be assessed. Unfortunately
these calculations have been restricted to small
systems, high temperatures, and near particle-
hole symmetry. Thus, despite its deceptively
simple appearance, the exact solution for the
low-temperature, low-energy properties of the
Anderson lattice Hamiltonian remains elu-
sive.

2.2 Electronic Structure Calculations

The electronic structures of the heavy-
fcrmbn:yum:s&ll,.ﬂac iz, CeCuy, UB#;J.
UPI]. U}ZI‘.I..]I. ll]dURu;Siz ve all been cal-
culated in the locai-density approximation
(Fulde er al, 1988). This approach is based on
a theorem due to Kohn and Sham (1965) that
states that the energy of the fully interacting
electronic system is a functional of the elec-
tronic density (see ELECTRON STATES IN SOL-
p§). Electronic correlations are incorporated
by the introduction of an exchange and cor-
relation term in the energy functional, and the
result of the calculations should be the exact
real-space electronic charge density and the
total energy. The exact form of the exchange
and correlation functional is unknown, but in
the local-density approximation (LDA) it is
approximated by the form appropriate for a
system with uniform electron density, bu:
evaluated with the local value of the electronic
density. As a by-product of the Kohn-Sham
formalism a set of eigenfunctions and eigen-
values is generated; the spectrum of eigenval.

ues often exhibits a close resemblance to the
electronic spectrum, as measured by, for ex-
ample, angle-resolved photoemission. An ad-
vantage of these calculations is that crystal-
field effects and spin-orbit interactions are
awtomatically included. In the latter case,
fully relativistic calculations are required. The
resuits of these calculations share the com-
mon feature of a band with primarily f char-
acter straddling the Fermi energy. For cerium
systems, the occupied 4f weight accounts for 1
to 1.3 f electrons, whereas for the uranium
systems, the 5/ count lies berween 2 and 3
electrons per uranium atom. The total f band.
widths are of the order of 1 eV as the 7
character admixes to states in bands that are
energetically removed from the Fermi energy.
Although this is narrow when compared to the
bandwidth of a typical conduction band, it is
still oo Jarge to account for the order-meV
energy scale deduced from the thermody-
namic and transport properties of the heavy-
fermion materials. Moreover, the calculated
total density of states at the Fermi energy is
still much smaller than that deduced from the
linear temperature coefficient of the specific
heat.

A tightbinding parametrization of LDA
calculations is essential, if quantitative predic-
tions incorporating many-body correlations
are to be made; only a few such parametriza-
tions have been performed. Although the en-
tire parameter sets may vary from one fitting
procedure to the next, the individual param-
eters do indicate the importance of hybridiz-
ing the f band with non-f bands.

2.3 Superconductivity

Perhaps the most exciting aspect of the
heavy-fermion systems is that some of them
might be unconventional superconduciors.
Various authors have proposed that an aniso-
tropic but still conventional state occurs as a
result of the strong coupling of f electrons 1o
the lattice. This point of view is reviewed at
length in Fulde et al. (1988).

The superconducting state is expected to be
unusual at the very least. The standard theory
of superconductivity relies in large part on the
existence of smalil parameters. The difference
in the thermodynamic potential between the
superconducting state and normal state may
be expressed as an asymptotic expansion in



T./Te, where Ty is the Fermi energy. The
leading term is of order (T./T¢)® and gives
the weak-coupling BCS theory of supercon-
ductivity, which can allow both conventional
and unconventional order parameters, Eliash-
berg theory, which treats strong electron-
phonon coupling. is of order (7./T;)? and
also of leading order in the ratio of the
electronic mass to the ionic mass. Strong-
coupling corrections due 1o guasiparticle-
quasiparticle ing appear at the next
orderin { T/ Tg). These corrections are known
to be im t in superfluid *He where T/
Tg~107°. Even though 7, is small in the
heavy-fermion systems, the effective degener-
acy temperature is also small, and T/ T~ 107
or larger. Strong-coupling corrections due to
quasiparticle-quasiparticle scattering may thus
be important in the heavy-fermion supercon-
ductors; evidently they are unimportant in
an ordinary superconductor where 7./T;
~ 107 or smaller.

In a conventional BCS superconductor, the
weak attractive interaction between electrons
is mediated by phonons. The ratio Tp/Tf,
where Ty, is the Debye temperature, is small,
allowing one to treat accurately even a strong
electron-phonon interaction in second order.
In the heavy-fermion systems, this ratio is
evidently of order unity, and the validity of

The narrow bandwidth of the f electrons
suggests that the repulsive interaction be-
tween quasiparti due to the Coulomb in-
teraction be important in these mate-
rials. In liquid *He, strong short-ranged
repulsive interactions between *He quasipar-
ticles discourage Cooper pairing in a relative
s-wave state, and the quasiparticles form a
Cooper pair in a relative p-wave state. Analo-
gies with liquid *He gave rise to the initial
speculation that the quasiparticles forming
the condensate wave function in the heavy-
fermion superconductors are in a relative
angular momentum state with [ > 0. The strong
intrasite repulsion between electrons on f
sites also gives rise to spin fluctuations in the
normal state. Analogy to liquid *He suggesis
that spin fluctuations, rather than phonons,
may provide the attractive interaction be-
tween quasiparticles. The mechanism for pair-
ing in the heavy-fermion svstems and the
microscopic description of the superconduct-
ing state are topics of considerable contro-
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versy and lie outside the scope of this work.
We refer the reader to Lee ef al (1986) and
Fulde er al. (1988) for reviews.

The determination of whether heavy-ferm-
ion superconductors are conventional or un-
conventional rests on the interpretation of
experiments that probe the symmetry of the
order parameter. The apparent absence of
small parameters has prompted an approach
that relies primarily on symmetry and on the
most fundamental assumptions. Thus a con-
siderable effort has been devoted to exploring
the predictions of Ginzburg-Landau (GL) the-
ories of unconventional superconductors. The
connection between GL theory and micro-
scopic theory has been studied carefully for
superfluid *He, the archetypal unconventional
“superconductor.” Superfluid *He shows two
distinct superfluid phases in the temperature-
pressure phase diagram. At low pressure the 8
phase is stable, consistent with weak-coupling
BCS theory. As a result of strong-coupling
corrections, the A phase becomes stable at
high pressure. The form of the Ginzburg-
Landau free energy is dictated by symmetry;
the value of the parameters that appear in the
free-energy functional may be calculated from
microscopic theory or deduced from experi-
ments.

The normal-to-superconducting transfor-
mation can be viewed as a second-order phase
transition in which quasiparticles form a con-
densate of Cooper pairs. A natural order pa-
rameter describing the superconducting state
is the condensale wave function,

(¥, (R+T)¥(R—T)), (27)

where R and r are the center of mass and
relative coordinates of the guasiparticles in
the Cooper pair, and #,(r} is a field operator
that destroys a particle of spinz atr. It is a
general property of a second-order phase tran-
sition that a symmetry of the normal state is’
broken in the ordered state. In the supercon-
ducting state, the gauge symmetry of the
normal state is broken by the appearance of
the condensate wave function. In an uncon-
ventional superconductor, not only is gauge
symmetry broken, but a symmetry or symme-
tries of the crystalline lattice may also be
broken because the condensate wave function
has a lower symmetry than the crystal lattice.
For example, because *He quasiparticles are
paired in a spin-riplet orbital p-wave state,



458 Heavy-Fermion Phenomena

parity is broken, and *He is an unconven-
tional superfluid.

In the heavy-fermion systems, strong spin-
try in spin space, but the crystal structures
have a center of inversion symmetry, so that
the notions of “singlet” and “triplet” states
should be replaced by “even-parity” and “odd-
parity” states. The condensate wave function
may still be written as above if @ and g are
interpreted as pseudospin labels.

The general theory of second-order phase
transitions allows the pessible unconven-
tional superconducting states to be classified
according to the symmetry of the condensate
wave Function, without making assumptions
about the nature of the pairing interaction or
the extent of strong-coupling corrections to
the superconducting state. Here, we give a
heuristic explanation of the symmetry classi-
fication of the superconducting order param-
eter, based on weak-coupling BCS theory. A
gap matrix related to the condensate wave
function is defined by the expression

Apas= 2 VK (9, (k) e(k)),  (28)
kr

where (¢, (k)¥,(k’)) is the Fourier transform
of the condensate wave function and
¥k k') is the generally spin-dependent
pairing interaction. The gap equation sepa-
rates by symmetry representation, and there
is a transition temperature 7’ for the ith
representation. Generally only one represen-
tation will occur at the physical T_, although
meore than one may be present because of the
occurrence of “accidental degeneracies.” For
order parameters of lower symmetry, the
nonlinear gap equation can couple order pa-
rameters from different representations so
that other representations may be induced
below T. . This has been discussed for *He by
Leggett (1975) and reviewed in more detail
along with the symmetry classification by
Sigrist and Ueda (1991). A group-theoretical
analysis for strong spin-orbit coupling is given
by Volovik and Gor'kov {1985) and Blount
{1985}, and the weak spin-orbit coupling case
is discussed by Ozaki eral (1983). A GL
theory of the superconducting state can be
constructed once the symmetry of the order
parameter is known.

As we have noted, at sufficiently low tem-
peratures it is generally accepted that the

heavy-fermion systems behave like Landau
Fermi liquids. Many authors have used this as
Jjustification to proceed with a BCS description
of the superconducting state (Sigrist and Ueda,
1991; Lee eral, 1986). The connection be-
tween the condensate wave function and the
quasiparticle dispersion relation is dependent
on the theoretical description of the supercon-
ducting state. In BCS theory for a singlet
superconductor, the quasiparticle energy is
related to the gap function A(k) through

Ey=vei+|atk) |

The gap function of an unconventional super-
conductor may vanish for points or lines on
the Fermi surface, which can be determined
from the classification. Such an
analysis shows (Blount, 1985) that for strong
spin-orbit coupling, odd-parity states have no
nodal lines. The thermodynamic and trans-
port data described above suggest that the gap
function of the heavy-fermion superconduct-
ors vanishes on points or lines, giving rise to
power-law (rather than thermaliv activated)
behavior at low temperatures. Detailed calcu-
lations of these properties for various uncon-
ventional superconducting states show a strong
dependence of the "power law” on impurity
sﬁttmng(sum:ndﬂada. 1991}, mak-

(29}

probe the symmetry of the order parameter. A
GL-theory analysis of upper critical fields by
Gor'kov and by Burlachkov (see Gor'kov,
1987) showed that the reduced symmetry of
an unconventional order parameter can lead
to unusual upper-critical-field anisotropies.
For example, the upper critical field in the
basal plane of a tetragonal crystal might ap-
pear in contour like a four-leaf clover. Similar
anisoiropies would be apparent in H,,.

The order parameter describing an uncon-
ventional superconductor often has more de-
grees of freedom than its conventional coun-
terpart, and there often exist degenerate
superconducting states. Some tests for uncon-
ventional supercenductivity rest on the con-
sequences of lifting a degeneracy between
different superconducting states. Joynt and
Rice (1985) showed that the condensation to
an unconventional superconducting phase de-
scribed by an order parameter with lower
symmetry than the crystal lattice would be



accompanied by a lattice distortion. This ef-
fect can be “inverted” by applying a uniaxial
stress that induces a splitting of the supercon-
ducting transition. The transition to the un-
conventional superconducting state may break
time-reversal symmetry, for example, result-
ing in a weak magnetic moment, which may
explain the small magnetic moment observed
below the lowertemperature transition in
U;_;Th,Be,;. Tokuyasu er al. (1950) showed
that broken time-reversal symmetry can also
result in an unusual anisotropy of 4.,. Revers-
ing the direction of the field applied along a
high-symmetry direction in an unconven-
tional superconductor with broken time-rever-
sal symmetry creates a vortex state that is
inequivalent to that for the original field di-
rection, resulting in a different value for H.,.
For this effect to oceur, it is crucial that one
time-reversal symmetry-breaking state cannot
be continuously deformed into the other as is
the case in a crystal of uniaxial symmetry.
Other tests are reviewed in Gor'kov (1987)
and Sigrist and Ueda (1991).

As a superconductor is cooled through the
phase transition, different states may nucleate
in different areas of the sample and domain
walls form. Generally, the presence of do-
above. For example, the anisotropy of the
upper critical field can be obscured by ran-
domly oriented superconducting domains.

Perhaps the most compelling evidence for

gram of U, _.Th Be,; (see Fig. 6). The expla-
nation of these phase diagrams is controver-
sial; however, we will discuss the most
developed ideas in the area to illustrate some
additional tests for unconventional supercon-
ductivity.

A promising model for UPt, assumes that
the order parameter 7 has two complex com-
ponents as allowed by the hexagonal symme-
try of the crystal together with the assumption
of strong spin-orbit coupling (Tokuyasu er al,
1990). Numerical solutions of the Ginzburg-
Landau equations (Tokuvasu er al, 1990; Tokus
yasu and Sauls, 1990) for vortices along the ¢
axis in the time-reversal symmetry-breaking
homogeneous phases 5* ~ (1,+1) suggest an
explanation for the line separating phases [
and I in Fig. 7. For a range of parameters
entering the GL free energy, Tokuvasu showed
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that the low-field solution of the GL equations
is a miangular lattice of vortices each axially
symmetric, threaded by two quanta of mag-
netic flux, and having a finite superfluid den-
sity in the core. At a higher field (~03H,),
this lattice becomes unstable and abruptly
transforms into & distorted lattice of singie-
flux-quantum vortices. A phase line like that
shown separating phases II and I11 in Fig. 7
occurs as a result of the coupling of the order
parameter to a symmetry-breaking field that
lifts the twofold degeneracy of the pairing
interaction { see for example, Hess er al,, 1989;
Garg, 1992). In zero field, the phase transition
is split into two: a transition from the normal
state to a superconducting state described by
a single complex component, e.g. 7~(1,0),
and a lower-temperature transition from the

antiferromagnetic order in the basal plane
that has recently been correlated with the
splitting of T, (Hayden ef al, 1992). The
additional phase lines in the mixed state may
not be true phase lines but may rather mark
regions of rapid crossover (Garg, 1992).
Attempts to understand the x-T phase dia-
gram of U,_,Th,Be; assume that supercon-
ducting states belonging to two different rep-
resentations are involved. A simple model
with coupled s- and d-wave order parameters
was considered by Kumar and Walfle (1987).
In their picture, pure UBes is a d-wave super-
conductor in the vicinity of the phase transi-
tion. As the temperature is lowered, s-wave
character mixes in smoothly without introduc-
ing a second phase transition. Since a gap of
lower symmetry is generally more sensitive to
impurities, the effect of doping is to reduce the
d-wave transition temperature dramatically
so that above the critical concentration, the
high-temperature transition is to an s-wave
state. At lower temperatures a transition o a
state described by a d-wave order parameter
occurs. Sigrist and Rice (1989) took imto
account the cubic symmetry of the crystal and
supposed that the pairing interaction leads 1o
order parameters for two or more represen-
perature. They explored the simple possibili-
ties for various representations and concluded
that the most promising phase diagram has an
order parameter belonging to the Ty {or T's)
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{one- or three-dimensional, respectively) rep-
resentation for x<x_, while for x>x_ and
T>T, (see Fig. 6) the I's (or I"}) representa-
tion appears. For T < T, the order parameter
breaks time-reversal symmetry and belongs to
a mixture of the two representations.

3. SUMMARY

The heavy-fermion materials are character-
ized by f electrons that exhibit localized be-
havior at high temperatures and itinerant
behavior at low temperatures. The transfor-
mation from one regime to another suggests
the existence of a characteristic energy scale.
The entropy associated with the high-temper-
ature magnetic moments is retained down to
very low temperatures and appears in a spe-
cific heat that goes linearly with temperature.
The slope of the specific heat at low tempera-
ture is anomalously large and suggests a nar-
row band of electrons characterized by an
enormous effective mass. This state appears to
be well described by Fermi-liquid theory, but
it is unclear how such a state is formed from
a lattice of weakly interacting magnetic mo-
ments. Taken as a dense lattice of local mo-
ments, the single-impurity Anderson model
seems to be useful in discussing the high-
temperature properties of these materials. Ap-
proximate methods applied to a model con-
taining a dense lattice of Anderson impurities
appear to yield the essential physics required
to understand the heavy-fermion phenomena.

Many of these materials display unusual
ordered ground states at low temperatures.
Particularly interesting is the superconduct-
ing state that can apparently coexist with
weak antiferromagnetic order, The unusual
nature of the superconductivity suggesis an
order parameter of lower symmetry than that
of the crystal lattice and a pairing interaction
of electronic origin. The magnetic state is
characterized by small magnetic moments
associated with the f-atom sites and a simple
magnetic structure. Although the magnitude
of the magnetic moments is intimately con-
nected with the removal of residual entropy, it
is utterly unclear why so little entropy is
associated with these transitions.
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GLOSSARY

BCS Theory of Superconductivity: Mi-
croscopic weak-coupling mean-field theory of
superconductivity developed by Bardeen, Coo-
per, and Schrieffer in which electrons of
opposite spin and momenta are paired by a
weak arractive interaction.

Effective Mass: A parameter introduced
as a renormalization of the electronic mass
that takes into account the effect of the erys-
talline environment on the electronic energy
specirum. It includes the effect of interactions
with other electrons and with the periodic
potential of the atomic lattice.

Fermi Liquid: A macroscopic system of
strongly interacting Fermi particles that can
be described for energies and temperatures
small compared to the degeneracy tempera-
ture as a gas of Fermi excitations {quasipar-
ticles) with an effective mass different from
that of a free constituent particle.

Hartree-Fock Approximation: Anapprox-
imate treatment of the interactions between
particles, obtained by replacing the effect of
the other particles with a self-consistently
chosen potential.

Hybridization: A quantum-mechanical ad-
mixture of atomic single-particle states, gen-
erally of differing symmetry.

Kondo Problem: The problem of describ-
ing a local magnetic impurity in a simple
metallic environment.

Local-Density Approximation: An ap-
proximation made within the framework of
density-functional theory for calculating elec-
tronic structure, in which the term represent-
ing the effects of electronic interactions is
approximated by a quantity that depends only
on the local electron density.

Mixed-Valence Materials: Materials con-
taining elements of the lanthanide series, no-
tably cerium, samarium, europium, thulium,



and ytterbium, which show properties char-
acteristic of a strong admixture of two or
more f configurations in the ground state,

Unconventlonal Superconductivity: A
superconducting state with an order parame-
ter that breaks not only gauge symmetry
{because the pair wave function is complex),
but also some other symmertry of the crystal
point group. In a conventional superconduc-
tor, only gauge symmetry is broken.
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