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Geometry Topology of Waves in

Soft Structured

MatterLecture1 Multiscale physics of waves in soft
and structured matter

1 1 Waves in soft matter across scales

Wave equation uleftxtright wave field

fracpartial2upartialt2c2nabla2u
wave speed

Q1 Where is this equation from
a In elasticity fracpartial2upartialt2c2nabla2u

local acceleration net force
on element

restoring force
from

neighborsIblMore general Lagrangian partialS0 wave eqn
HWI

Euler Lagrangian equation

Similar formulasm for EM fields
One might say 1b is better as it's more fundamental

However it's important to remember that elasticity is

a theory for materials so it is always a

coarse grained theory from smaller DOFs degrees



of freedom
Therefore we need to think about the multiscale physics of

where this comes from
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left103mright
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sulknanoparticle Cloonm
colloids assemblies
gels foams

metamaterials

granularmatteratomic
molecular

crystalsdisplacements
coarsegrainedfieldsdisplacements

forces chemicalbondsdisplacements
rotations

elasticityexamples
UDLVO UVAWUEDL

eletrostatic double layer

Udepletion pidV overlap

osmotic

pressureThinanisotropic low

DhowD embeded in high D or partial symmetry breaking
liquid crystalspolymers membranes interfaces

always some soft DOFs strong entropic

correctionsfieldsdisplacements tangents orientations directors

curvaturesforcesenergetic coarse grained entropic

forcesBottomline coefficients in the wave equation for elasticity
come from sim1023 interacting microscopic DOFs



2 Ideal scalar and vector wave equations brief review

11 Scalar partialt2uc2nabla2u
This is a speciallimit.Candescribe longitudinal waves on rods

uleftxtright
7 c2fracErho

Or transverse waves on tensioned rods

uparrowuleftxtright I tension c2fracsigmarho
More complete

rhoApartialt2uTpartialx2uEIpartialx4u
General solution uleftxtrightu0eileftkxomegatright
plug into wave equ

w2c2k2rightarrowwcleftkrightDeltaw
dispersion

relation
Deltac

kQuestion
What if I add a term partialt2ucpartialx2uku

121 Veitor 3D elasticity

rhopartialt2uipartialjsigmaijpartialjleftCijklvarepsilonklright strain tensor

Eklfrac12leftpartialkulpartiallukright
in linear theory



If isotropic
cijke lambdadeltaijdeltaklmuleftdeltaikdeltaildeltaildeltajkright

Question what if chiral symmetry is broken
but keeping isotropy

Answer you need Cijkem strain gradient term
Cijkem

Eij2kEemBysymmetry
isotropy

ciiken Even Si 8mn t
permutationsLevi

Civita

symbolSorhopartialt2uileftlambdamurightpartialipartialjujmupartialjpartialjui
or rhopartialt2overrightharpoonuleftlambdamurightoverrightharpoonnablaleftoverrightharpoonnablacdotoverrightharpoonurightmunabla2overrightharpoonuXnabla2leftoverrightharpoonnablatimesoverrightharpoonuright

if chiralHodge

Helmholtz decomposition

uuLuToverrightharpoonk
with nablacdotuT0 nablatimesUL0

wL2CL2leftkright2 I CL2fraclambda2murho
wT2CT2leftkright2 CT2fracmurhonexistsupdownarrowuLuT

Two interesting limits

CT0 ordinary fluids

CLCTfracMrho in 2D bulkmodulus B2Dmulambda0
Wave equation becomes veitor Laplacian equation

rhopartialt2overrightarrowumunabla2overrightarrowu



3 Beyond simple wave equation

As we discussed the wave equation is a simple coarse grained

picture Many faiton can take us out of this regime
Nonlinearity

Dissipation viscoelasticity

Disorder

Internal resonance

1 Dissipation

simple approximation to add dissipation to the wave equ

rhopartialt2uknabla2uetapartialtnabla2ugammapartialtu

discussViscoelasticity

stress causedby
strain
ratefriction

drag
a velocity of

elementWecan still plug the planewave solution

uleftxtrightu0eileftoverrightarrowkcdotoverrightarrowxomegatright
Now we get complex w

wleftkrightwleftkrightiwleftkright

oscillationdecayGeneral
picture

kunderdampedoverdamped
dueto frictionoverdampeddue to viscoelasticity



121 Internal resonance

local osillatory DOF characteristic time scale

Start from dricrete example

M

freqWhen

mm mm MM mmmm MM mm mm MM mm mm MM
vrightarrow
rightarrow

u
natural freq from resonators Omegaosqrtfrackomr

w

Omega0
casqrthMsqrtKrho

wave vec q

Mddotuikleftui1ui12uirightk0leftuiviright
mrddotviK0leftviuiright
continuum limit PfracMa mfracmra Kka Kfrack0a
rhopartialt2ukpartialx2ukleftuvright
mpartialt2vkleftvuright

Plug in general solution leftbeginmatrixuvendmatrixrightleftbeginmatrixuvendmatrixrighteileftqxwtrightD 2 2matrix

K kq2krhow2kkmw2leftbeginmatrixUVendmatrixright0
4th order eq for w 2nd ordereenfor w2Det D0

wpm2leftqrightfrac12leftc2q2Omega2pmsqrtleftc2q2Omega2right24c2Omega02q2right
with c2fracKrho Omega02frackm Omega2Omega02fracKrho



Simple picture
w omega

resonator

gap
Omegao

omega

q

Interesting to mention If eliminate V

VfracKkmw2U sub to U eq
Pmo

kq2w2rhoeypleftwrightrhoeffleftomegarightrhofracmOmega02Omega02omega2
Omega0

omega

Pertleftwright0
This doesn't need a chain A Single man in mass

object does this too

mmSimilarphenomena negative refractive index

4 Periodic media Bragg gaps and Bloch

wavesspatial
periodicityAnalogy

temporal periodicity wedge

very
different

resonators
1

periodic driving



Mecheng language metamatials phonoric crystals

111 Bragg gaps
Consider simpleexample

rho0partialt2upartialxleftKleftxrightpartialxuright with KleftxrightKo25KcosleftGxright
G2pia

a0

stiffness
modulation

How will a wave eileftqxwtright get scattered bythis modulation

hardsoft had

softA

few ways to think about it

D Elastic energy Efrac12intkleftxrightleftpartialxuright2dx resonant scattering

displacement

high1au2at softlow 12n2 at harducleftxrightcosfracGx2
strainStrain
partialxucsimsinfracGx2 2a

will solve laterlow Erightarrowomegac2fracG24rho0leftk0deltakright
displacement

usleftxrightsinfracGx2
highbutat hardlow 124 at

softstrainStrain
partialxUssimcosfracGx2 2a

will solve laterhigh Erightarrowomegas2fracG24rho0leftk0deltakright



General translation sym of space xrightarrowxDelta

is reduced to discrete translations xrightarrowxa

Momentum conservation q
is reduced t Mod G

qrightarrowqG is allowed

Strong scattering when qfracG2fracpia
There are cosleftfracG2xright and sinleftfracG2xright composed of

eifracG2xeifracG2x

qfracG2 qfracG2
lattice scattering

wedge

___
wt

I
I omega

i

G reciprocal lattice
vectors

eiqxeiqxleftqfracG2right
omega

sinfraca2xcosfracG2xdegeneracybreak into

w

because of periodic Kleftxright



121 Bloch's theorem for continuum elastic waves
Consider a general ID elastic wave problem

rhopartialt2upartialxleftKleftxrightpartialxuright
discrete periodicityKleftxrightKleftxaright

still have time translati
symmetry

Consider time harmonic solution

uleftxtrighteiomegatpsileftxright
rhow2psileftxrightpartialxleftkleftxrightpartialxpsileftxrightright

def LpsipartialxleftKleftxrightpartialxpsileftxrightright
Also def translation operator leftTapsirightleftxrightpsileftxaright

rightarrowTaLpsileftxrightTapartialxleftkleftxrightpartialxpsileftxrightright
partialxleftkleftxarightpartialxpsileftxarightright
partialxleftkleftxrightpartialxpsileftxarightrightLTapsileftxright

thereforeleftTaLright0 We can find a complete

orthonormal basis for both simultaneously
therefore

Eigermodes of I can be chosen to translate as

psileftxarightlambdapsileftxrighteiqapsileftxright
ID representation

of translationgroupmust
beunitary

psileftxabrightlambdablambdaapsileftxright

psiqleftxarighteiqapsiqleftxright Bloch's

theoremThisalso means that we can write the wave function as

psiqleftxrighteiqxuqleftxright with uqleftxrightuqleftxaright
periodicity of unit cells
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Geometry Topology of Waves in

Soft Structured

MatterLecture2 Band structure and geometry of mechanical waves

1 Block waves
Two parallel formulasm

tight binding
model

eachmddmDiscrete
lattices

DOFs'm unitcellContinuumnearly free electronmodel

hardhard
softSoft

mpartialt2leftbeginmatrixui1ui2vdotsuimdendmatrixrightleftbeginmatrixFi1leftui1uiui1rightvdotsFimdleftrightendmatrixrightrhopartialt2uleftxtrightpartialxleftEleftxrightpartialxuright

IBZm ofsites
in unitcell

d Spacedim

011 angles

examples 0

Gfrac2pina kfrac2pinL
gfrac2pia
shortestG

1monomorowwowF
T Eleftxrightsum_GEGeiGx

FT

leftbeginmatrixui1vdotsuimdendmatrixrightsum_keikxleftbeginmatrixu1leftkrightvdotsumdleftkrightendmatrixright
uleftxrightsum_kCkeikx
rhow2Cksum_akleftkGrightEGCkG

Foreach k infty equations coupled

block diagonalized infty fracinftynicefracLa



mw2leftbeginmatrixu1leftkrightu2leftkrightvdotsumdleftkrightendmatrixrightleftbeginmatrixDleftkrightmdtimesmdendmatrixrightleftbeginmatrixu1leftkrightu2leftkrightvdotsumdleftkrightendmatrixrightPw2leftbeginmatrixvdotsCkgCkCkgvdotsendmatrixrightleftbeginmatrixDleftkrightinftytimesinftyendmatrixrightleftbeginmatrixvdotsCkgCkCkgvdotsendmatrixright

in basisof
site disp
orbitals

in basis

of periodic
for in unit cell

eigenvalue

wnleftkright

infty bands

eigenvec

eigenvalue

omeganleftkright

md bands

eigenvec

CGleftnrightleftbeginmatrixvdotsCkleftnrightCkgleftnrightvdotsendmatrixrighteikxsum_GckGeiGx

overrightarrowuleftnrightleftkrightleftbeginmatrixU1leftnrightleftkrightvdotsUmdleftnrightleftkrightendmatrixright
wave eikxoverrightarrowuleftnrightleftkrightwave:mddim

equivhatUkleftxrighthatUkleftxaright
periodicity of
unitcellExample

of resonator chain Bloch's

therren

Full translation
sym TFull momentum

conservation

upmleftkrightleftbeginmatrix1fracOmega02Omega02omegapm2leftkrightendmatrixrightwedgeleftbeginmatrix10endmatrixright

There are

alway real

but notgeneralreduceMomentum ModGconservedreduce
leftbeginmatrix11endmatrixright

Translation on

lattice Ta
1



2 From Block waves to vector bundles

The Block waves we discussed above can be seen

ascomplexveitors

discrete UleftnrightleftkrightrangleleftbeginmatrixU1leftnrightleftkrightvdotsUmdleftnrightleftkrightendmatrixrightC ambient space
mathbbCmd

continuum

UleftnrightleftkrightrangleleftbeginmatrixvdotsCkleftnrightCkgleftnrightvdotsendmatrixrightC
ambient space mathbbCinfty

eleftx2rightanalogy uleftk2right
ambient
spaceeleftx1right

Uleftk1right
bandbundlerealvector

bundleAbit background

Vector bundle VleftVppinBright
point Ebaseavector

spaceattained

to point
supset

Section smooth choice of one vector from each fiber

vBrightarrowVvleftprightinVp
Inner product leftlangleuvrightranglesum_iuivi

sum_GCukGCvkG int

I
druleftrrightvleftrright



There is a gauge degree of freedom

leftunleftkrightranglerightarroweixleftkrightrightunleftkrightrangle
is the same wave

physically.Geometric
concept

Base

Coordinate

SectionConnectionGange
transformationVectorbundle

Manifold M

xmu

VleftxrightVuleftxrighteu
Gammauba
eacdotnablaueb

Band bundle

Brillouin zone Td
ku
leftunleftkrightrightrangle

Berry connection

Amuleftnrightleftkright
ileftlangleUnleftkrightpartialknunleftkrightrightrangle

gauge potential

Berrycurvature

Omegamunuleftnrightleftkright
partialknAvleftnrightpartialkvAmuleftnright
field strength

Quantum geometric

tensor Qmunuleftkright

leftunleftkrightrangleeithetaleftkrightrightunleftkrightrangle

AleftnrightAleftnrightnablakthetaleftkright

Curvature OmegamunuleftnrightOmegamunuleftnright
invariant

Rbmunua
Riemanntensor

Metric guv

QmunuleftnrightQmunuleftnright
invariantds2gmunudxmudxnu leftlanglepartialkmuunleftleftIleftunranglelangleunrightrightrightpartialknuunrightrangle

gmunuleftnrightleftkrightiOmegamunuleftnrightleftkright
quantumBerry
curvaturemetric



A bit background

Vector bundle VleftVppinBright
point Ebaseavector

spaceattained

to point
supset

Section smooth choice of one vector from each fiber

vBrightarrowV vleftprightinVp

trivialExamplea
seitionBase

S1 in this caseP

Vp
nontrivial twisted

No global non vanishing

section exists

VP rotates by TL across the Mobim strip

3 Wave topology

With this wave geometry mapping we can discuss

topology of wares
41 The Zak phase

The simplest topological index

Strictly speaking the Zak phase is NOT topological



unless protected by symmetry next lecture

We defined the Berry connection

AleftnrightleftkrightileftlangleUleftnrightleftkrightnablakUleftnrightleftkrightrightrangle
The holonomy of this connection over a ID 1

BZ:thenet transformation
acquired by an object after
it is parallel transported
around a closed loop

gammanoint_BZAleftnrightleftkrightdk
is called the Zak phase

Note Aleftnrightleftkright changes under a gauge transformation

AleftnrightleftkrightAleftnrightleftkrightnablakx
Rightarrowgammanleftkrightrightarrowgammanleftkright2pin

winding of x

smooth but can change

by 21in across IBEthereforegamman 1k1 is defined modulo

2TYoucan also generally defined the Berry phase

over any loop in a 2D k space

ky

OAkxgammacoint_coverrightarrowAcdotdoverrightharpoonk



121 The first Chern number

Apply Stoke's theorem to the Berry phase formula
on a contractable loop

mod 2pigammacoint_coverrightharpoonAcdotdoverrightharpoonkint_sOmegaxyleftoverrightharpoonkrightdkxdky
S

c

This formula is NOT topological you cancontrasttheloop to 0

For a non contractable loop

oint_coverrightharpoonAcdotdoverrightharpoonkneqint_sOmegaxydkxdky
in
generalhole

C

Important example of non contractable loop
Cx at kyfracpiaIBE

for 2D
systems

wedge wedgeCx
Mwedge wedge

C ContractableCx 1Cy hot
contractable

Cy
Cx at kqfracpia

The Chern number is defined as

Cfrac12piint_MOmegaxyleftkrightdkxdkyinmathbbZ
frac12piint_CoverrightharpoonAcdotdoverrightharpoonk

integers



To see why c has to be integers
Consider Zak phase associated with kx at givenby

gammaxleftkyrightoint_fracpiafracpiadkxAxleftkxkyright
ky and kyGkyfrac2pia are the same line

gammaxleftkyGrightgammaxleftkyright2pin
Chernnumber

CpmfracgammaxleftkyGrightgammaxleftkyright2pifrac12piint_MOmegaxydkxdky
invariant under gauge
transformations

3 Analogy with Gauss Bonnet theorem

In week 1 we learned that for closed oriented surfaces

frac12piint_MKdAXleftMright
Eulercharacteristicgaussian

curvatureHere
we have for band bundles

frac12piint_IBZOmegadkC
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Geometry Topology of Waves in

Soft Structured

MatterLecture3 Wave topology and topological

mechanicsBriefrecap Block waves
multiplyunit cell periodic

wavepatter leftUnleftkrightrightrangle band
bundleBlockwave envelop
ikr

geometry

topologymaterialwithperiodic
modulation of propertiesunitcell discrete nodes or continuum

1 Elastic Su Schrieffer Heeger SSH model

SSH model
K1 k2A A BAB B

unit

cellRealspace equation of motion EOS

mddotuAjK1leftuBjuAjrightK2leftuBj1uAjright
mddotuBjK1leftuAjuBjrightK2leftuAj1uBjright

Wave form of solution Bloch wave

leftbeginmatrixuAjuBjendmatrixrightleftbeginmatrixuAleftkrightuBleftkrightendmatrixrighteileftkjawtright



mw2leftbeginmatrixuAleftkrightuBleftkrightendmatrixrightleftbeginmatrixk1k2k1k2eikak1k2eikak1k2endmatrixrightleftbeginmatrixuAleftkrightuDleftkrightendmatrixright

dynamical matrix

So wleftkright2 eigenvalues of Dleftkright
It's often convenient to drop the leftk1k2rightcdotI part
and define the chiral 2 band SSH hamiltonian

hSSHleftkrightleftbeginmatrix0k1k2eihak1k2eika0endmatrixright
Define dleftkrightK1K2eike we have hSS1leftkrightleftbeginmatrix0dleftkrightdleftkright0endmatrixright

dleftkrightleftdleftkrightrighteiphileftkright
Solve this 2times2 matrix

Eigenvalues lambdapmpmleftdleftkrightright
Eigenvectors leftupmleftkrightrightranglefrac1sqrt2leftbeginmatrix1pmeiphileftkrightendmatrixrightfrac1sqrt2leftbeginmatrix1nicefracdleftdrightendmatrixright
Actual frequencies of there eigenstates

omegapmleftk1k2pmleftdleftkrightrightrightnicefrac12
To understand the eiganmodes

We analyze dleftkrightk1k2eika as k
goes across the IBZ kinleftfracpiafracpiaright



Two cases

K2K1 Lleftkrightk2k1
leftharpoonup

leftarrow

k2 K2

kfracpiakfracpiaduparrow
K1 intk0K1

wedgePhileftkright phileftkright

pikfracpiakkfracpia
0fracpia fracpiak 0

pi

xw
xwleftbeginmatrix11endmatrixright

1ei0l leftbeginmatrix11endmatrixright

band
inversion

leftbeginmatrix11endmatrixrightleftbeginmatrix11endmatrixrightfracpiak
leftbeginmatrix11endmatrixright

UBmoremore
behind UA

leftbeginmatrix11endmatrixright

leftbeginmatrix1eiphiendmatrixright beginmatrix11endmatrixleftbeginmatrix11endmatrixright

fracpiak
2 Zak phase and interface modes of the SSH model
With this nice analytic solution we can compute

the Zak phase introduced in Lecture 2

Berry connection



ApmleftkrightileftlangleUpmleftkrightpartialkUpmleftkrightrightranglefraci2left1pmeiphileftkrightrightleftbeginmatrix0pmiphileftkrighteiphileftkrightendmatrixrightfrac12phileftkright

Zak phase

gammapmint_IBZApmleftkrightdkfrac12oint_IBZphileftkrightdkpiNwmod2pi
winding number

Nw1 for K2K
gammapi

Nw0 for k2k I

gamma0

Important phileftkright winds by 2pi but gammapi

A few points
1 nontrivial vs trivial

but it's only a shift of unit cell for the SSH
What matters is the change of

gamma at interfaces example

1k2k 1 VS K2K1

below
In contrast 2D Chern number is truly nontrivial

121 The Zak phase of this problem is protected by the

chiral symmetry leftsigmazhSSHright0
To see this we write hSSH as general 2 band

hleftkrightd0Idxleftkrightsigmaxdyleftkrightsigmaydzleftkrightsigmaz
Pauli matrices

for spinfrac12 particles

Any 2 band hermitian U can be written as this

rightarrowoverrightharpoondleftkrightleftdxdydtright is like a B field

sigmaxleftbeginmatrix0110endmatrixright sigmayleftbeginmatrix0ii0endmatrixrightsigmazleftbeginmatrix1001endmatrixright



overrightarrowdleftkright chiral
symBlockspheremap SSH model has dzleftkright0
k2k1

k
dz K2K1

magnetic
monopole

dy
dx One can show

that onthe Blocksphere gammaointAfrac12Omegasolid2pin
pi0

pull
offprotected by

chiralsymIf
dzleftkrightneq0 is allowed

gamma in NOT robust

Quick mention of the Chern number
x C as a gauge indep mathbbZ

wrapWhy
does 8 matter Topological interface modes

bulk boundary correspondence

Quick numerical example

If youcompute eigenstates
domain domain

rrbracket

k1k2

wedgeomega I

K1K22nodes
in

gapsee lecture notes fortheorymode



2 Maxwell lattices topology of constraints

An important matrix for mechanics of networks
C compatibility matrixI Vc dim

vec of
edge extensions

c
NaxNd

eu

KinematicsN'd dimvec of mode
dispQt 8QCT equilibrium

matrixNdxNcforce
balanceI Va dim

vec of edgetensionsN
d dim vec
of mode net

forcetrivialrigid bodymotion of whole

nontrivial soft modesKer C zero modes ZM

Ker Q states of self stress SSS

Rank nullity theorem on c and CT

dimleftImCrightdimleftkerCright onmDomainleftright

RankC NoNd

dimleftImQrightdimleftkerQrightdim Domain Q1
RankQN SSS Nc

same

NdNcN0N sss Maxwell
Calladineindex

theoremSSSStotal
DOFsConstrantsZMs



Same structure as Hodge decomposition we discussed in week

1DomainC all displacements U
INexNd

DomainQ all tensions t
I NdtimesNc

compatible

stresses caused

bydisplacements

Rank Q

incompatibledisplacements
that cause

stress

RankCZ
Ms
N0

SSS

N

frustration
energy1to 1 correspondence of

non 0 eigenstates of c and QCT

Vector fields on modes U drip F net force

Scalar fields on nodes V potential I net flow
Domain C all potentials VDomain Q all flows i

VtimesNcNeXN
power

dissipationZM
nodepotentialswithoutflow

disconneted

Nopotentials
that

cause flows
Rank CCycleflowsFlows

caused

by potentialsI V
sRankQ incompatible

flows

1 to 1 correspondence of
non 0 eigenstates of c and QCT

We can also call them

Qpartial or hatDeltaT
boundaryoperatorC

partialT or hat
Delta

co boundary operator



So what is the Hodge Laplacian

LpartialTpartialpartialpartialT
The Kane Lubensky theory for topological mechanics

is an example of this

3 Topological mechanics of Maxwell lattices

We first write there matrices in k space

QleftkrightCleftkright

nc n

dconstraints
in unitcellRidNonodesin unit cell

verge of instabilityMaxwell lattices ncdotdnc

Bulk of a Maxwell
lattice perfect
dof constraintZM of a finite piece kaCleftkright

SSS of an interface kerQleftkright
allowing kkik
spatialoscillation4L

Cut

piecedecay growth
N0proptoL
perimeter sub extensive

To solve for KaC Ken Q we need to find
kinmathbbC that detQleftkrightdetCleftkright0



This turns out to be controlled by a Zak phase
Kane Lubensky defined the chiral Hamiltonian

Hcleftkrightleftbeginmatrix0QleftkrightQleftkright0endmatrixright
Note that this hamiltonian acts on beginmatrixutendmatrix nodsedges

Hcleftkright2leftbeginmatrix0QQ0endmatrixrightleftbeginmatrix0QQ0endmatrixrightleftbeginmatrixQQ00QQendmatrixright
dynamicalmatrix

D
supersymmetry partner

of DwidetildeD
1 This is an example of Hodge Laplacian vector potential

versionnodes edges

partialleftbeginmatrix0Q00endmatrixrighteltamoderHcpartialpartialHc2leftpartialpartialright2partialpartialpartialpartial
partialtleftbeginmatrix00Qt0endmatrixright

2 Maxwell lattice topological mechanics is then

controlled by a Zak phase

gammafrac12oint_IBZphileftkrightdkpiNw mod 2pi

phileftkright phase of det Qleftkright

HCleftkrightrightarrowhSSHleftkright



3 A few points to mention link in LaTeX notes

This gamma or Nw controls SSSs and ZMS

localization a lot more robust than the

AB spring chain In Maxwell systems A B

are nodes and edges another layer of
topological protection

2D 3D lattices Nw for each lattice direction

rightarrowoverrightharpoonRTn1overrightharpoona1n2overrightharpoona2n3overrightharpoona3
The Mod 2T gauge dependence can actually
be removed at long wave length using
continuum elasticity Polarized elasticity

Many applications asymmetric surface stiffness

transformation

wave guide
stress focusing
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2D lattices: 

• C. L. Kane and T. C. Lubensky, Nat. Phys. 10, 39 (2014).

Topological polarization

𝑹𝑇 = 𝑛1𝒂1 + 𝑛2𝒂2

Brief Review: Topological Mechanics in Maxwell Lattices

Topological winding number:

𝑹𝑻



Floppy modes vs. states of self-stress

• C. L. Kane and T. C. Lubensky, Nat. Phys. 10, 39 (2014).

Brief Review: Topological Mechanics in Maxwell Lattices

𝑁0 − 𝑁𝑆 = 𝑁𝑑 − 𝑁𝑏

SSSsZMs

Programmed locations



Analogy with magnetic polarization: ZM (N pole), SSS (S pole)

Brief Review: Topological Mechanics in Maxwell Lattices

Property coming from bulk instead of edge
→ Highly robust against damage



Rigid connector

Hinge

Webpage of video:
https://sites.lsa.umich.edu/xiaoming-
mao/



Maxwell Topological Mechanics + Nonlinearity

• D. Z. Rocklin, S. Zhou, K. Sun, X. Mao, Nat. Comm. 8, 14201 (2017). 



TTMM + Bistability

Xiu, et al, PNAS 119, e2211725119 (2022)



• Ball-and-spring 
model

• Topological edge 
modes at 𝜔 = 0

• Non-ideal hinges 
providing 
bending stiffness 

• Topological edge 
modes at 𝜔 > 0

• Transport!

Ma, Zhou, Sun, Mao, and Gonella, PRL 121, 094301 (2018)

Realistic Maxwell Lattices



Floppy side

Non-floppy side
Zoom-in figure of the 
experimental specimen

1 cm

• Material: ABS with reflective paint
• Cutting method: waterjet
• Thin sheets: in-plane mechanics
• A point shaker for excitation
• Measurement: 3D Scanning Laser 

Doppler Vibrometer 

Ma, Zhou, Sun, Mao, and Gonella, PRL 121, 094301 (2018)

Experimental Setup



Ma, Zhou, Sun, Mao, and Gonella, PRL 121, 094301 (2018)

Observing Topological Edge Modes

Excitation 
from hard 
edge

Excitation 
from soft 
edge



Zhang and Mao, New Journal of Physics 20, 063034 (2018) 

Effects of states of self stress

Stress focusing on SSSs:



Effects of states of self stress

Widstrand et al, IJSS 274, 112268 (2023)



Effects of states of self stress

Widstrand et al, IJSS 274, 112268 (2023)



Effects of states of self stress

This works even when it’s broken! 

Widstrand et al, IJSS 274, 112268 (2023)



Elastic energy in linear materials

strain tensor (𝑑 × 𝑑 symmetric)

“Maxwell continuum”:

elastic constants 
𝝀𝒊 = 𝝀𝟏, ⋯ , 𝝀𝒅, 𝟎,⋯ , 𝟎

𝑑 positive 𝑑(𝑑 − 1)/2

𝑑 dim displacement vector 𝑢
Marginal stability: 
degrees of freedom = constraints

K Sun and X Mao, PRL 124, 207601 (2020)

Mechanism of marginal stability: ෤𝝐

Voigt notation (𝑑(𝑑 + 1)/2 vector)

From Maxwell lattices to Maxwell continuum



Rocklin et al, Nat Comm 8, 14201 (2017)

Classification Based on Soft Strain ෤𝝐



Continuum theory

“Long wavelength theory” for topological mechanics

K Sun and X Mao, PRL 124, 207601 (2020)

𝑧 = 𝑒𝑖𝑘𝑎



Thanks!

Summary
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