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The general formalism for path integrals expressed in terms of an arbitrary continuous representation
(generalized coherent states) is applied to give ¢-number formulations for the canonical algebra and for the
spin algebra, and is used to derive meaningful stationary-phase approximations for these two cases. Some
clarification of a recent discussion by Jevicki and Papanicolaou for the spin case is given.

I. INTRODUCTION

Transition matrix elements expressed in the
form of path integrals provide a natural scheme
‘to obtain stationary-phase approximations for
propagators.' Conventionally such analyses have
considered transitions between initial and final
coordinate eigenstates and have expressed the path
integral either in the pure Lagrangian form or in
the traditional phase-space form. However, there
is an alternative formulation of the path integral
which leads directly to transitions between initial
and final states that are coherent states.?3 More-
over, entirely analogous formulations exist for

other kinematical systems, such as spin systems,
that lead to strictly c-number path integrals for a
wide variety of problems.*® Such an alternative
path-integral formulation also leads to an uncon-
ventional form for the stationary-phase approxima-
tion. In this paper we apply the general formalism
developed elsewhere to formulate and analyze path
integrals® to the special cases of the canonical
algebra and the spin algebra. The latter system
has relevance for static colored quarks coupled to
Yang-Mills fields, and it is pedagogically useful

to discuss this case carefully. To set the stage
properly we first make some general remarks.

II. PATH INTEGRALS FOR GENERAL SYSTEMS

Elsewhere we have derived an expression for the path integral in terms of an arbitrary continuous
representation (generalized coherent states) suitable for analyzing stationary-phase approximations.? In

particular, this expression is formally given by

<lll’tﬂlll’ t/)E<lr/Ie-i " -t )f}clll>

€=0

=lim snf exp{i f:’[z(l‘.l) + (1] = | ]D —H(l)]dt}S)l . (1)

Here 1=1(t) is an L-component path connecting I’ =1(¢) and 1”=1(t"); |I) denotes one vector of an overcom-
plete family of states (generalized coherent states) which admits a resolution of unity in the form

1=f|z><zlcz,

(2)

where 0] is a suitable measure, ll) =d|1y/dt, 1=I1,81(¢), 9 is a normalization fixed by the composition law

<lm’tm|l/’t/>:f<l///,tmlln,tn><lu’tnll/’tl>alu s

and the classical Hamiltonian H is related to the
quantum Hamiltonian 3C by

H(1)=(1]3¢|1) . (4)

The first and third term in the Lagrangian lead
to a conventional first-order action; the unusual
additional term—which incidentally implies a char-
acteristic geometry on the Hilbert space hypersur-
face of vectors {|7)}—has a special role to play in
stationary-phase approximations. Note that the
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first-order extremal equations of the conventional
action are generally incompatible with the required
boundary conditions I’=1(¢') and 1”=1(;”). On the
other hand, the additional term in the action
changes the extremal equations to second-order
ones consistent with the boundary conditions. The
action evaluated for the extremal solution (or sol-
utions) leads to the dominant stationary-phase ap-
proximation. The derivation® of this form of the
path integral shows that the extremal solution is
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correctly given by this procedure and, further-
more, indicates the validity of the dominant sta-
tionary -phase approximation provided the extra
(e)-term ir the Lagrangian makes no explicit con-
tribution to the extremal action in the limit €—~ 0;
this is actually the case for the examples of the
canonical and spin algebras that we consider. On
the other hand, if the extra term did not make a
vanishing contribution, then recourse to the proper
lattice-space formulation for the path integral
would always provide a correct prescription to ob-
tain the dominant stationary-phase approximation.*
As usual, the first-order correction to the domi-
nant approximation due to fluctuations is obtained
most simply by applying the unitarity condition

<l"’ll-'>=f(l”,i”ll"’,t'>*
X1, "1, ) 81" (5)

to the needed degree of accuracy.

The examples that follow serve to illustrate and
explain the general scheme. They should suggest
a variety of other systems with a few or an in-
finite number of degrees of freedom for which
parallel methods are applicable.

III. PATH INTEGRALS FOR COHERENT STATES

In the present example the states {f I)} are taken
as the set of states of the form

|p,ay=expli(pQ —qP)]|0), (6)

for all real p and ¢, where P and @ form an ir-
reducible Heisenberg canonical operator pair,

with [@,P]=14, and |0) denotes the (unit frequency)
harmonic-oscillator ground state, a state for which
(Q +iP) ! 0)=0. Of course, the states in question
are just the fami}iar coherent states

oo

b, =]ey=e /23 1) 2wy, 7

n=0

where z=(q+ip)/V2 and |n) denotes the nth excited
harmonic-oscillator eigenstate.®” It has been es-
tablished elsewhere,®® in this case, that a resolu-
tion of unity is based on 8l =dpdq/2m, and in par-
ticular

1= [ |p,0)(p,4|(dpdg/2) ®)

when integrated over all phase space:

A. Path integral

In terms of these states the formal expression for the path integral reads*

(p”,q”,t" ‘p',q',t')EUJ",q"\l et @ -4 )Jclp/’q/>

=lim%x fexp{i_/‘:*"[é(‘bi] -pg) + -;-ie(f?2+t']2)—H(P,q)]dt}i),bi)q, 9)

where DpDq = [1,dp(t)dq(t), H(p,q)={p,q|%|p,q),
and9tis a normalization fixed by the composition
law (3). Observe that the real part of the action
in (9) has the usual phase-space form, while the
imaginary part, the term involving the ¢ factor,
has the canonical form dp®+ dg® characteristic of
a flat two-dimensional space. Even under arbi-
trary transformations of the p,q variables, which
include conventional canonical transformations,
the flat-space nature implied by this term remains
unchanged. (The appearance of a flat metric can
be traced to the fact that the Heisenberg group is
a factor representation of an Abelian group.)

B. Stationary-phase approximation

The stationary-phase approximation to the path
integral in (9) leads® to the two extremal equations

q-0H(p,q)/op=+ich, (10a)

p+oH(p,q)/2q= - Lig. (10b)

For very small €, the solution to such equations
generally separates into three temporal regions:
Near one end, ¢ —¢'=0(€¢), away from either end,
t-t'=0(1), t”" —=t=0(1), and near the other end,
t" = t=0(e).

Vanishing Hamiltonian

As a first example, assume for simplicity that
H=0, for which the solution to (10) for small €
reads

q(t)____a+ (q; _a)e-z @=t')/e¢

+(g” —q)e 2P/ (112)
p(t)=p +(p’ —ple2t-t/e
+(pll _Z)e-z(t"_t)/s’ (11b)
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where
G=1@"+q)-1i(p" -p"), (122)
B=i(p"+p")+Lilg"-q). (12b)
A useful rewriting of Eq. (12) is given by
q'+ip'=q+ip, (13a)
q" -ip"=q-ip. (13b)

The solution for ¢(f) (say) clearly illustrates the
three temporal regions: an initial, rapid change
from ¢’ to g, a long, intermediate duration as g,
and a final, rapid change from g to ¢”. The in-
termediate value g is in general complex which
reflects the fact that in performing the stationary-
phase (or saddle-point) approximation the integra-
tion variables generally become complexified in .
the search for extremals of the action.

When the action is evaluated for this solution,
(with H=0 still) the result for the path integral is
given by
exp{3ilg"p’ -p"q") - +[(p" -p"V* +(q" -¢"V*]}. (14)
The € term makes no contribution to this result
thanks to the boundary conditions, and, moreover,
this expression exactly equals (p ”,q"’p’,q’). In
other words, the dominant stationary-phase ap-
proximation (without fluctuations) for vanishing
Hamiltonian yields the correct answer for the co-
herent-state path-integral (propagator).

Nonvanishing Hamiltonian

When the Hamiltonian is nonvanishing, the solu-
tion to the equations of motion (10) for small €
reads

gt)=q(@t) + (q' =g )e-2 4t /¢

+(g" —g")e 2t -te (15a)
pO=pO)+ (p' ~p)e /¢
+(p” =pme2t -t (15Db)
where
7'=qt"), p'=p1t", : (16a)
7"=qt"), p"=pit", (16b)

and ¢(¢) and p(¢) are (generally) complex solutions
of the usual classical equations

q-oH(p,q)/ap=0, (17a)
b+ oH(p,q)/0g=0. (17b)

The boundary conditions appropriate to these clas-
sical equations are given by

q'+ip'=q'+ip’, (18a)
q” _ipfr:a” _ i,E” . (18b)

In particular, for the initial conditions one can set
q7'=q +w, (19a)
pl=p +iw, (19b)

where w is a complex parameter which is adjusted
to fit the complex final condition g” —ip”"=¢q" —ip”,
and where p”,q” is the time -evolved solution of the
classical equations with initial conditions p’,q’.
When the action is evaluated for this extremal
solution the € term again vanishes due to the boun-
dary conditions and the dominant stationary-phase
approximation to the propagator (10) is given by

(p",q",t"[p"q’st"

zexp{éi(q"i)—ll _p//&// +a,p,_5,q,)
tn .. L
”L [%(pq—Pq)—H(p,q)]dt}. (20)

If H is quadratic then this expression actually gives
the correct result, but otherwise not.

Discussion

In general, the extremal solution p(t), g(¢) is
complex, but it need not be. In particular, if the
solution of the classical equations starting with p’,
q' already evolves to p”,q"”, then the solution re-
mains real. Periodic solutions fulfill p”=p’,
g¢"=¢g’, and they may either be complex or real.
Real, periodic solutions are relevant for evaluating
the energy spectrum through the trace of the evol-
ution operator. It is noteworthy in this formula-
tion that periodic solutions require equal momenta
(p) as well as equal coordinates (¢), rather than
just equal coordinates as conventionally assumed
with path integrals.

We recall that in the studies of bound-state
spectra of various model problems by Dashen,
Hasslacher, and Neveu,'® additional stationary-
phase arguments were used that ensured equal
momenta along with equal coordinates, both of
which were necessary to obtain their principal
results. '’ The present work and that of Ref. 4
lead to the requirement of both equal momenta
and equal coordinates in a direct and natural
fashion.,

1IV. PATH INTEGRALS FOR SPIN STATES

In the example discussed in this section the
states { | I} are taken as the set of states of the
form

Ie, ¢)Ee-i.w§36-i9§2io> (21)

for all 0, ¢, with 0s 6 <mand 0< ¢ <27, where
S;, j=1,2,3, form an irreducible representation
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of the spin algebra,
(S;,8,]=i€ S, » (22a)
§ZEZ§,2=S(3+1), (22b)

withs=1%,1, £, ..., and where |0) denotes the

eigenstate of S; with maximal eigenvalue
8,]0y=s]0). (23)

Clearly the states |6, ¢) implicitly depend on s,
but we suppress that particular dependence.

For s= % and S the usual sp'm-% representation
(half the standard Pauli matrices),

et /% cost 6
lea ¢>: ; (243)

eio/2 sinz g
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for s=1 and S the usual spin-1 representation,
cosf cosp —ising
! 1
|9, ¢)=ﬁ cos@sing + i cos¢p . (24pb)
-sinf ‘
A similar construction applies for still higher

spins as well. Moreover, a resolution of unity
holds for each s in the form™

1= [ |6, 6)6, 6|25 +1)/arlsinodeds  (25)

integrated over the unit sphere, where 1 denotes
the (2s +1) x (2s + 1) unit matrix.

A. Path integral

In terms of such states the formal expression for the path integral reads

(9”, d)”yt”l 6', (bl,tl>—=— <9”, d)ule-i @ -t mi 9/’ 05/)

" . . .
:mmnf exp{i /; [s cosb¢ + +ise(6* + sin®6p%) — H(6, d))]dt} DO, (26)
€~0 .

where

DO= H ao(t) = H [sin6()d6(t)do(t)],
t . t

H(6, $)=(6, ¢|5¢[ 6, 6)
and 9N is a normalization fixed by the compositién
law (3).
An alternative expression for the path integral
(26) also holds. It may be determined that

§z§(e,¢)z<9,¢f§]9, ® @mn
is given by the triplet '
S,=s sinbcose, (28a) -
S,=s sinfsing, (28b)
S,=scosb. (28c)

Furthermore, for ¥= 3C(§) it is also possible to re-
define the lattice-space path integral in such a way
that the expression which enters the path integral
as the classical Hamiltonian is given instead by

H'(6, ¢)=5(3(6, ¢)) . (29)

This expression possibly differs from the previous

one by terms of order 7. '
Note also that the term in the path integral (26)

involving the € factor has the canonical form d6*

+ sin®6d$® characteristic of the two-dimensional

surface of the unit sphere. This geometry directly

r

reflects the fact that we are dealing with states
defined with the aid of the rotation group, and it
clearly is a coordinate-invariant property.

Canonical formulation

An important and characteristic feature of the
path integral (26) for spin stems from the particu-
lar form of the kinematic term in the action,
namely

f s cosbpdr . (30)

It is evident from this expression that s cosé plays
the role of momentum conjugate to ¢, i.e.,

p=scosb, (31)

and the Hamiltonian H(6, ¢) may be unambiguously
reexpressed in terms of p and ¢. Indeed, since
(up to an irrelevant sign)

s sinbdbd$ = sd cosbdp=dpdo , (32)

the resultant path integral expressed in p and ¢
variables has just the standard form of a phase-
space integral for a single degree of freedom.
Note that Dirac brackets'® or related techniques
are not required in our discussion of classical
(or quantum) spin formulations, unlike the treat-
ment elsewhere. ' In particular, the classical
variables S,=5,(6, ), =1, 2, 3, defined in (28),
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exactly fulfill the Poisson brackets appropriate to
spin variables,

{855 Saton =€ juSs » v (33)
where
dA 3B 0A 3B
{4,Blp, == — - == =—, .
»Bley ap ap op 9. (34)

This relation shows the pa’rticular interplay of
p=scosb and ¢ as proper conjugate variables.

<§u, L ,él’ e <9u’ ¢”,t”! 6, ¢I’tl>

o rSsn L
=limMN fexp zf [M*"
€~0 t S "53

where the notation is as before and where the 5-
functional ensures that S*(¢)=s” for all /. The
first-order action that appears here is the one
studied by Doering and by Gilbert.* The objection
to this form raised by Jevicki and Papanicolaou®
and the preference they express for an alternative
first-order Lagrangian that differs by a total
derivative is difficult to understand (see below),
especially when concentrating on diagonal matrix -
elements as they do.

Alternative for spin 1/2

Yet another approach suitable for spin 3 is
evidently provided by states of the form

(1= [x]r
[x)= , 38)
X

where the complex variable x obeys 0< |x|<1.

Up to an overall phase, this is just the same vec-
tor introduced in (24a) for spin 3 as is clear from
the identification

x=sinZ 6e’® . , (39)
It follows that
i (x| = Lix*3;x= L cosbp - 1, (40)

which differs from the previous kinematic expres-
sion 4 cosf¢.for s = 5, owing to the aforemen-
tioned difference in phase factor, but such a dis-
tinction is of no physical importance whatsoever.

Additionally it follows that

1= f |xX x| @/mdx,dx; , (41)

Spin variable formulation

Another way to rewrite the classical action and
the path integral for spin is in terms of the var-
iables 5, which is a form sometimes encountered
in the literature. It is straightforward to see that

w =5 cosfd : (35)
—v3
and that

§2=52+ 5,2+ 5,7 = s2(6 + sin04°) . (36)

These relations mean that the path integral (26)
may alternatively be formulated as

Lisies? —H(§)] dt} 5(8? —5%)D8, 37

where x=x, +ix; and the integration is over the
entire unit disc, 0< [x[ <1. Consequently the

formal path integral for spin % (omitting the €

factor) becomes

<X”,t".’ X’,t’>5€-i°” /2<9H, (b”yt”| 9/’ ¢/,t/>eio' /2

~ TR
=9 | exp{i [$ix*d;x
»

—H(x)]dt} DX, Dx;, (42)

where H(x)=¢( x[ﬁCl ¥). Coincidentally, this formu-
lation is identical to the one proposed by the
author in 1960 for a c-number path integral fora
single Fermi degree of freedom,'® which is of
course precisely that suitable for a single spin-3
system as well. (The ¢ factor can easily be worked
out in this language, and is essential to make sense
of the stationary-phase approximation, but it is
omitted here for convenience.)

The difference in overall phase between the two
states |x) and |6, ¢) is responsible for the dif-
ference in the kinematical term in the classical
action for the two cases. If we reexpress the x-
form interms of the spin variables S, it follows
that

(43)

which coincides with the kinematical expression
(for s = +) advocated by Jevicki and Papanicolaou.’®
It is now easy to see the origin of their particular
form of the Lagrangian. They based their deriva-
tion of the path integral for spin variables on a
reduction of states within the context of a coherent-
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state formulation. Since coherent states conven-
tionally are defined with a real “first” term, i.e. ,'
(0]z) [cf., Eq. (7)], then the overall phase is like
that for the |X) states (since (0|x) is also real)
rather than like the |6, ¢) states as we have defined
them.

Relation to Euler angles

It is also worth noting that the definition of the
| 6, ¢) states in (21) is clearly connected to the
description of rotations in terms of Euler angles.
In one such parametrization one can introduce
three-parameter vectors of the.form

l9, d)’¢>Ee-io§3e-ie§26-w§3lo>. (44)
But if §3| 0) :s[O}, as we have assumed, then
|6’ b, d)):__e-iswle’ ¢>, (45)

and ¥ enters simply as an overall phase factor,
devoid of any physical significance. On the other
hand, in terms of the full set of Euler angles the
condition that | 0) be an eigenvector of §3 may be
relaxed and a seemingly covariant formulation
may be given. This formulation entails one too
many coordinates and some form of gauge condi-
tion needs to be imposed (our implicit gauge con-
dition was =0). Moreover, the resultant action
is only superficially covariant since there is al-
ways a direction implicit in any acceptable choice
of vector |0), namely the direction of the vector
¥=(0|8|0), a vector which must not vanish if the
kinematical term is to make any sense at all. "’

Our further analysis of the spin model is based
on the initial formulation as expressed in terms
of the variables 6 and o.

B. Stationary-phase approximation

The stationary-phase approximation to the path
integral for spin variables (26) leads to the two
extremal equations

s sinbo + aH(6, $)/26= - gise(é ~ sin6 cos6e?)
(46a)
s sind6 — H(6, 6) /3¢
= -;-ise(sinzega +2sin6coshhd).  (46b)

As before, for very small ¢, the solution to such
equations is rapidly varying near the boundaries
t" and t”, and slowly varying in between.

Vanishing Hamiltonian

As a first example, assume for simplicity that
H=0, for which the solution to (46) for small ¢
reads

cosb(t) =c+(cos6’ —g)e2 ¥t /¢
+(cosg” —g)e 2 ¥t/ e )
while

1 +cos9’)

a1l OSSO
o)=0¢ +_2'lm(1—(\:os9’

(48a)

L (LS (cosg’ —T)e 2 4-¥ ’/e)
TP \1 27 Z(cose’ —p)e 2t/

for ¢ near ¢’ or intermediate times, and

1+ cos6” )
1 -cos6”

¢>(t)=<b”-—§iln(

) 1+?+(cos9/l_-c-)e-2(t"-t)/e
gl (1 - —(cos” —g)e2#"-)/¢ (480)

for ¢ near ¢” or intermediate times. Equality of
these two expressions for ¢(¢) at intermediate
times requires that

1-¢
1+7T

=tan} 6”tanl ’e"t """, (49)

a relation that fixes the (generally) complex con-
stant C.

When the action is evaluated for this solution
(with H=0 still) the dominant stationary-phase
approximation is given by

[cos% 6”coss 6’ @"-0 /2

+sini 6”sing 'e7 @702 (50)

Thanks to the boundary condition the € term again
makes no contribution to this result validating this
expression. Moreover, this expression equals'®
(", 0"|6", 6" for all s, s = H1L, 5.0 In
other words, the dominant stationary-phase ap-
proximation (without fluctuations) for vanishing
Hamiltonian yields the correct answer for the
path-integral (propagator) expressed in terms of
spin continuous representations for all s,s

= %, 1, %, ... . Since the integrals involved are
all non-Gaussian this is rather a remarkable re-
sult.

Nonvanishing Hamiltonian

When the Hamiltonian is nonvanishing, the solu-
tion to the equations of motion (46) for small ¢
again has three characteristic temporal regions.
In particular, the solution is given by

cos6(¢) = cosB(?) + (cosb’ —cos@’)e 2 4= /¢
+(cos8” __cos_én)e-z(t"-t)/e’ (51)

while
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¢(t) :'a(t) —(—b_"*‘ ¢1+ %“_n (H_C?f_@_’)

1 —cos6’

Lo (L cos8’ + (cosh’ — cosh’)e 28"t/ E)
T2 1 —cos8’ —(cosb’ —cosf’)e 2+ /e

(52a)

for.¢ near ¢’ or intermediate times, and

1+ cosg”
1 —cos§”

6O =31 - B"+ 6" - %iln(

1] (1 +c0s8” + (cos6” — cosh”)e 24" P/¢ )
z ‘1 - cos6” —(cos6” —cosB”)e 24"/«

(52b)

for ¢ near t” or intermediate times. In these ex-
pressions

_é’E—é(t'), Elza(tl)’ (53a)
8=90"), ¢"=6("), (530)

where 6(¢) and ¢(¢) are (generally) complex solu-
tions of the classical equations

The appropriate boundary conditions for these
classical equations are found by insisting that
#(¢) changes from ¢’ to ¢’ during the rapid tem-
poral change near ¢, and that ¢(f) changes from
¢” to ¢” during the rapid temporal change near
t”. This requirement leads to the boundary con-
ditions ,
tani 6’¢'® =tan10%'" (55a)
tanZ 9”e"°”=tan-;—§"e"'3". (55b)
In particular, for the initial conditions one can set
tani 6'=e“tant 6’, (56a)
=o' +iw, (56D)

where w is a complex parameter which is adjusted
to fit the complex final condition

tan%?”e"a" =tani 6”e"**" (67
and where 6”,$” is the time evolved solution of
the classical equations with initial conditions 6’,
o',

When the action is evaluated for this extremal
solution the € term again vanishes due to the boun-

in6¢ + =
s smefb oH(0, $)/26=0, (542) dary conditions and the dominant stationary-phase
s sin66 - gH(6, ¢)/6p=0. (54b) approximation to the propagator (26) is given by
" n gnl gr Yy sind”sing’ \* .ft" - - =
0", ", ¢t [6 , b ’t>~(sin'9”sin'9'> exp{z . [s cosb¢ —H(D, ¢)]dt}. (58)

For a general, nonvanishing Hamiltonian, of
course, this approximation cannot be expected to
provide the correct result by itself.

Discussion

In general, the extremal solution 6(¢), ¢(¢) is
complex, but it need not be. In particular, if the
solution of -the classical equations starting with
0’, ¢’ already evolves to 6", ¢”, then the solution
remains real. Periodic solutions fulfill §”=6’,
¢”=¢’, and they may either be complex or real.
Real, periodic solutions are relevant for evaluat-
ing the energy spectrum through the trace of the

—

evolution operator. Once again, it is noteworthy
in this formulation that periodic solutions require
equal momenta (6) as well as equal coordinates
(¢), rather than just equal coordinates as conven-
tionally assumed with path integrals.

We remark that in the study of the spectra of the
one-dimensional continuous Heisenberg spin chain
by Jevicki and Papanicolaou’® periodic solutions
having both equal momenta and equal coordinates
were assumed in order to obtain their principal
results. The present'work provides a clear de-
monstration of the necessity of that assumption,
as well as clarifying the entire question of path
integrals for spin variables and the associated
stationary-phase approximation.
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