Chapter 0O

A Quantum Mechanic’s
Toolbox for Magnetism

BOULDER SUMMER SCHOOL 2003 LECTURE NOTES
DANIEL AROVAS, UCSD (UPDATED FEB. 2014)

In these lectures I will introduce/review two powerful and commonly-
invoked techniques in the quantum theory of magnetism: (i) the spin path
integral, and (ii) the large- N method. Several excellent books with distinctly
modern slants on magnetism have recently appeared, and I commend the in-
terested student to the following monographs:

e Eduardo Fradkin, Field Theories of Condensed Matter Systems (Addison-
Wesley, 1991)

e Assa Auerbach, Interacting Electrons and Quantum Magnetism (Springer-
Verlag, 1994)

e Subir Sachdev, Quantum Phase Transitions (Cambridge University Press,
1999)

If you find errors or have questions about these lecture notes, please do not
hesitate to contact me by email at darovas@Qucsd.edu.



Chapter 1

Path Integral for Quantum
Spin

1.1 Feynman Path Integral

The path integral formulation of quantum mechanics is both beautiful and
powerful. It is useful in elucidating the quantum-classical correspondence
and the semiclassical approximation, in accounting for interference effects,
in treatments of tunneling problems via the method of instantons, etc. Our
goal is to derive and to apply a path integral method for quantum spin. We
begin by briefly reviewing the derivation of the usual Feynman path integral.

Consider the propagator K(x;,xz;,T), which is the probability amplitude
that a particle located at = z; at time ¢t = 0 will be located at x = x; at
time ¢t = T. We may write

K(z, 2, T) = (x4 e M| ;) (1.1)
_ <'TN‘ e—z’e?-l/h 1 e—ie?—[/h 1---1 e—ie?—[/h | $0>
(1.2)

where € = T'/N, and where we have defined z, = z; and zy = z;. We are
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interested in the limit N — oo. Inserting (N — 1) resolutions of the identity
of the form

1= [dulo)) (13)
we find that we must evaluate matrix elements of the form

[e.e]

(Tjpa| e MM 2p) ~ /dpj (i1 | pj) (pj| e T/ e VeIl | o))

— 00
[e.e]

_ /dpj oiPs (Tj11—;) p—iep]/2mh —ieV (w;)/h (1.4)

—00

The propagator may now be written as

ON-1 ON-1 N-1
_HT/h ~ A d ~ I e S
(zy]e jwo) ~ [ [ dos | []dpeexpQid ) {pulon —an) — 5—p}
o=t L k=0 k=0 m
ohi N SN-1 . N-1 9
- ( :Em) /Hdatj exp{% {%m<@) —V(x;
=t k=1
T
= /Dx(t) exp {% /dt |:%m;(;2 _ V(:C)]} ,
z(O)fzi 0
ac(T)—acf

where we absorb the prefactor into the measure Dx(t). Note the boundary
conditions on the path integral at ¢ = 0 and ¢ = 7. In the semiclassical
approximation, we assume that the path integral is dominated by trajectories
x(t) which extremize the argument of the exponential in the last term above.
This quantity is (somewhat incorrectly) identified as the classical action,
S, and the action-extremizing equations are of course the Euler-Lagrange
equations. Setting 6§ = 0 yields Newton’s second law, mi = —9dV/0x,
which is to be solved subject to the two boundary conditions.

The ‘imaginary time’ version, which yields the ‘thermal propagator’; is

€
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obtained by writing 7' = —ihf and t = —i7, in which case

‘Euclidean action’ s,

-
7 \

hp

el e | ) = / Dar(r) exp{ —% /dT [%mx’szV(x)] } (1)

w(O):wi
z(hﬁ):zf

The partition function is the trace of the thermal propagator, viz.

=Tr e M = z (x| e P 2) = x(7) exp (— (T .
Z-T _éd (@ |>(0)=/Wz)><> b (= Sple(ml/E) (17)

The equations of motion derived from Sy are mi = +0V/0x, corresponding
to motion in the ‘inverted potential’.

1.2 Coherent State Path Integral for the ‘Heisenberg-
Wey!l” Group

We now turn to the method of coherent state path integration. In order
to discuss this, we must first introduce the notion of coherent states. This
is most simply done by appealing to the one-dimensional simple harmonic
oscillator,

H = 2]9_m + %mw%xz
= Twp (ala+1) (1.8)
where a and af are ladder operators,
x x
=00, + — T=—ro,+ = 1.
a=100,+ 57 : a Oy + 57 (1.9)

with ¢ = \/h/2muwy.



Exercise: Check that [a,a’] = 1.

The ground state satisfies a ¢)y(x) = 0, which yields
Yo(x) = (2m0*) Y4 exp(—a?/40?) . (1.10)

The normalized coherent state |z) is defined as

1 1 Sl
|2) = e~ 3l#l? e*'|0) = e~ 3l Z 57 In) . (1.11)

The coherent state is an eigenstate of the annihilation operator a:

n=0

alz) = z|z) = (z|a' = (2] 2 . (1.12)
The overlap of coherent states is given by
o2 1 2 _
(21| z9) = e72/Al" em2l2l" e2122 (1.13)

hence different coherent states are not orthogonal. Despite this nonorthogo-
nality, the coherent states allow a simple resolution of the identity,

2 d? dRez dl
1= (L= 9= o dRez dime (1.14)
27 2m m
which is straightforward to establish.
To gain some physical intuition about the coherent states, define
Q ilP
= 47 1.15
Cuth (1.15)
One finds (exercise!)

wP,Q(I) _ <£L’ | Z> _ (27T€2)_1/4 e~ PQ/2h jiPz/h e—(:c—Q)Z/M2 : (1.16)

hence the coherent state ¢, ,(z) is a wavepacket Gaussianly localized about
x = @, but oscillating with momentum P.

Exercise: Compute ((q — Q)?) and {(p — P)?).
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Now we derive the imaginary time path integral. We write

(z| e P 2) = (an| e MM Lem MM 1 em MM 5) (1.17)

inserting resolutions of the identity at N — 1 points, as before. We next
evaluate the matrix element

(2] e 1) = (2] 2-1) - {1 _ % (zil H2-1) +}

(2| zj-1)
= GlaDer{ - tHEk)} 0
where ”
H(zw) = LJZ | 1‘:;” = e (0] e Hal,a) ™ [0) . (1.19)

This last equation is extremely handy. It says, upon invoking eqn. 1.12, that
if H(a,a') is normal ordered such that all creation operators a' appear to
the left of all destruction operators a, then H(z|w) is obtained from H(al, a)
simply by sending a" — z and @ — w. This is because a acting to the right
on |w) yields its eigenvalue w, while a' acting to the left on (z| generates z.
Note that the function #(Z|w) is holomorphic in w and in Z, but is completely
independent of their complex conjugates w and z.

The overlap between coherent states at consecutive time slices may be
written

(2 zj-1) = exp { - %[%‘(Zj —z-1) = 2-1(% - Zj—l)] } : (1.20)



which allows us to write down the path integral expression for the propagator,

(] z) = / I1 22 e (— splte2)/n) (1.22)
Sller S = 3[40 5) bt 5] + PWCES
+§ Zf(zf — zN_l) 2 1(21 Zi) . (1.23)

In the limit N — oo, we identify the continuum Euclidean action

hp

Sul{=(r), 5 /h = /dT { L <z g—j . %) 41 ?—L(Z|z)}

0

1z [z —2(08)] — L4 [2(0) — 7] (1.24)

and write the continuum expression for the path integral,

(el ™) 2 = [Dle(r), 2] eSO (125)

The continuum limit is in a sense justified by examining the discrete equa-
tions of motion,

1 88 . € 8H(Zk+1|2k)
h 8Zk = k — Zk+1 + ha—zk (126)
108, € OH(Zk|2k—1)
non 2k = Zk—1 T o0z (1.27)
which have the sensible continuum limit
0z OH(z|z) 0z  OMH(z|z)
"o T oz o Mg = 0z (1.28)

with boundary conditions Z(73) = Z; and 2(0) = z. Note that there are
only two boundary conditions — one on z(0) and the other on Z(h5). The
function z(7) (or its discrete version z;) is evolved forward from initial data
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z,, while Z(7) (or z;) is evolved backward from final data Z;. This is the
proper number of boundary conditions to place on two first order differential
(or finite difference) equations. It is noteworthy that the action of eqn.
1.23 or eqn. 1.24 imposes only a finite penalty on discontinuous paths.!
Nevertheless, the paths which extremize the action are continuous throughout
the interval 7 € (0,73). As z(7) is integrated forward from z, its final value
z(hB) will in general be different from z,. Similarly, z(7) integrated backward
from Z; will in general yield an endpoint value Z(0) which differs from . The
differences z(hf) — z; and 2(0) — Z; are often identified as path discontinuities,
but the fact is that the equations of motion know nothing about either z;
or z. These difference terms do enter in a careful accounting of the action
formulae of eqns. 1.23 and 1.24, however.

The importance of the boundary terms is nicely illustrated in a computa-
tion of the semiclassical imaginary time propagator for the harmonic oscil-
lator. With H = fwp a’a (dropping the constant term for convenience), we
have

Loe Ll o= 227
z| exp(—fhwoata) | z) = e 2lsl 2l L (m| exp(—Bhwyala) | n
= exp{ — %‘ZfP - %‘Zi|2 + ZfZZ‘ €_Bhw0} (129)
The Euclidean action is Ly = %h(Zz — 2Z) + hwg zz, so the equations of
motion are
.0 0
hz = 0—7; = hwoz y hz = —6—7: = —hwoz (130)

subject to boundary conditions z(0) = z,, Z(hf) = Z. The solution is
2(7) = z e , 2(1) = zp e (1.31)

Along the ‘classical path’ the Euclidean Lagrangian vanishes: Ly = 0. The

'In the Feynman path integral, discontinuous paths contribute an infinite amount to
the action, and are therefore suppressed.



entire contribution to the action therefore comes from the boundary terms:

Sg/h = 04 37(z — ze7P70) — Ly(zp e P — 2))

= %|Zf|2 + %|Zi|2 — %% g o ) (1.32)

What remains is to compute the fluctuation determinant. We write

Zj - Z;l _'_ n]
Z = 247, (1.33)
and expand the action as
0?8 1 9°S 1 928
S.[Hz. 2z = S.[{z 4 E pmit = — "B pp. 4 = Z "B gp
el 5= el 5+ 520, W 3 as, 1t 3 pms, M T

h Aij Bij\ (%
cl s ) 1 ij J
St + 5 (z ) (Cij A‘;j) (zj) + ... (1.34)

For general H, we obtain

€ 82H(Zi|2j)

Ay = 05— dijr+ 7 0% 05 Oij+1 (1.35)
e}
€ 82?'[(22“21'_1)
By = R 022 0i,j (1.36)
€ 82?'[(22‘4_1‘21')

with ¢ and j running from 1 to N — 1. The contribution of the fluctuation
determinant to the matrix element is then

N-1
A 1 1 1\ (Au Bu\ (1 i\ (Ren
/]1:[1 o exp{ 5 (Renk Imﬁk) <_Z~ z) (Ckl A) \1 =i) L,

A B
—1/2
= det (C’ At) (1.38)

In the case of the harmonic oscillator discussed above, we have B;; = C;; = 0,
and since A;; has no elements above its diagonal and A;; = 1 for all 7, we
simply have that the determinant contribution is unity.
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1.3 Coherent States for Spin

For the pros: A. Perelomov, Generalized Coherent States and their Applica-
tions (Springer-Verlag, NY, 1986).

A spin-coherent state |£2) is simply a rotation of the ‘highest weight’ state
|m = +5S), such that the spin is maximally polarized along £2, i.e.

2-5(02)=+52) . (1.39)

Note that |m = +S) is itself a coherent state with £ = 2. We can effect this
rotation by means of an element R of the group SU(2):

R = exp(ixS?) exp(i0SY) exp(ipS*) (1.40)
) = RT|z). (1.41)

To define and manipulate the spin coherent states, it is useful to introduce
the Schwinger representation of quantum spin. You are probably already
familiar with the Holstein-Primakoff transformation,

St =nt (25 — hTh)1/? S*=hth -8 (1.42)
S~ = (25 — n'h)2h 0<hth<2S, (1.43)

by which a quantum spin can be represented by a single boson. Note that
the eigenvalues of the boson number operator n, = h'h range over the non-
negative integers. There are thus an infinite number of allowed states, but
only a finite number (25 + 1) of states in the Hilbert space for spin. But
the factor +/2S — hth in ST annihilates the state of maximal polarization,
|m = +5S), and thus for any Hamiltonian which can be written in terms of
the spin algebra operators, the infinite-dimensional boson Hilbert space is ef-
fectively divided into two parts. The ‘physical’ states all have 0 < n, < 285,
and there are no matrix elements connecting this subspace to the ‘unphysical’
one where n, > 25.

The square roots are unwieldy, however, and in practice one expands them
in powers of (n,/25), viz.

(25—}%)1/2:@-{1—%(%)+%(%)2+...}. (1.44)
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This expansion forms the basis of spin wave theory. Hence, within spin wave
theory, unphysical states are allowed. For example, an interaction like S;* S r

between spins on sites ¢ and j takes the form 2S5 hj h; within the spin wave

expansion. But such a term knows nothing of the border lying at n;, = 25
separating physical from unphysical states.

In the Schwinger representation, two bosons are used, and the constraint
is a holonomic one (i.e. one which can be written as an equality):

St=a'b 5% = L(a'a — b'b) (1.45)
S™=abl 25 =ala +b'b . (1.46)

The constraint simply says n, +n, = 29, i.e. there are a total of 25 bosons
present. Note that the operators ST change the number of a and b bosons,
but preserve the total n, + n,, hence they commute with the constraint.

Exercise: Verify that [ST,S57] = 257 and [S?,S*] = +S* for both the
Holstein-Primakoff and Schwinger representations.

A shorthand way of rendering the spin operators in the Schwinger repre-

sentation is
s=1(@t b)e (Z) . (1.47)

We now investigate the action of the SU(2) rotation R on the Schwinger
bosons. We wish to evaluate the expression

R (Z) R = 957 =S¥ o—ixS* (Z) X5 iS5 gioST (1.48)

Let’s work this out:

e Rotation about the z-axis:

—_ivsz: [ @ ivS* —iXata Xpt a —iXptp Xt
e xS (b) 6sz = e i2@ aeszb <b) e i5b b622aa

etz a
_ (a_% b) | (1.49)

11



e Rotation about the y axis:

—i08v [ @ i0.SY 9 (abt—af a 9 (abt—af
e 108 (b) 6205 — 62(ab a'd) (b) 62(ab a'd)

B cos(6/2) a+sin(6/2) b
N (— sin(6/2) a + cos(6/2) b) (1.50)

The final result is

T R

where u and v are spinor coordinates,

u = e X/2e79/2 cog (36) (1.52)
v o= e 2 etiol gin (10) . (1.53)

Equivalently,
u=¢" cos (30) : v =€ sin (36) €, (1.54)

with a = —%(X + ¢). We can, without loss of generality, set a = 0, which
removes a global U(1) phase which has no physical content.

Now that we know how the Schwinger bosons themselves transform under

SU(2), we investigate the transformation properties of the spin operators S,
which are bilinear in the Schwinger bosons. We find

farp (o o (DY (1 0 [(u v (a
e = w0 ()6 A) () 6)
o1 g cos f sinfe "\ (a
2(a b)<sin€ew5 —cos b
= sinfcos¢ S* +sinfsin ¢ S* + cosh S* | (1.55)
hence RIS*R = 2 - S, and

S|02) =RIS*|2) = (RIS*R)R|2) = 2 - 5[2) . (1.56)
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Explicitly, then,

12) = ((29)) " (ual + vb")>S)0) (1.57)

2 1/2
-y @S) b 025K | — §) (1.58)
k=0

Example: S = 3,0 =37, ¢ = 37 gives |2) = 5| 1) + 55| 1) = [¥).

A useful property of the coherent states: if

[¥) = f(al,b1)]0) = ka ) (01 7*10) (1.59)

then
(2|9) =/ (29)! f(u,v) , (1.60)

i.e. replace a' — @ and b’ — v as arguments of f. The overlap of the coherent
states is

Q|2 = (w +w)* (1.61)
= [J0+ o o)) s (1.62)

where
v(02,2) = 2arg (uu + ) (1.63)

sin 30 sin 360’ sin(¢’ — )

cos 30 cos 30’ 4 sin 10 sin 6" cos(¢/ — )

= 2tan! {

Perhaps the most important result, for our purposes, is the resolution of the

identity:
25 + 1 o
1o 25 /d(2|.(2>(.(2|. (1.64)

47

As with the case of coherent states for the harmonic oscillator, the spin coher-
ent states permit a simple resolution of the identity despite their nonorthog-
onality:.

The last step, before we tackle the derivation of the spin path integral, is
to compute matrix elements in the coherent state basis. We assume that the
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Hamiltonian commutes with the constraint, ¢.e. it preserves total spin. The
most general such Hamiltonian may be written

H= 37 Couy )™ ()" (0) (0" (1.65)
m,n,j
and its matrix elements may be evaluated using

preserves total S

Ve

(] (ah)™ (b)) (@)™ ()" | $22) (1.66)

(2‘9)' — — 28—m—-n ~m —-n , m+j n—j
= U2 + V1V Uy U7 U v .
(25_m_n)'(12 12) 1 Y1 %2 2
Note that the above operator product must be normal-ordered, with annihi-
lation operators a, b appearing to the right of creation operators a', b,

Exercise: Verify eqn. 1.66 by finding the O(z}°23%) term of the matrix

element in the (unnormalized) generalized coherent state

|2, £2) = =" = |0) | (1.67)
where z is a complex number. Show that al|z,2) = zulz, 2), bz, 2) =
2v|z, 2), and

(2,022, 82) = exp [22/ (W + v')] . (1.68)

Use these results to verify eqn. 1.66.

As with the case of the coherent state path integral for the Heisenberg-Weyl
group, only diagonal matrix elements are needed. In this case the expression
eqn. 1.66 simplifies to

(29)!

(8] ("™ (1) (@)™ (b)Y | §2) = G5 W I (1.60)

Two examples of matrix element computation:
e O =St =a'b. Here, (m,n,j)=(1,0,—1), so
(2| a’b| ) =2Sav = Ssinfe” . (1.70)
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e O =(S,)% First we normal order:

¢ _  (db+al 2
T 2

= i(abalb+ablad! + albbla+ ablal
2,0,-2) (0,22 (1,1,0) (1,000 (0,1,0)
— S — A ~ N

= i(aTaTbb+bTbTaa+2aTbTab+ a'a + b'b )

— 1(29)(28 — 1)(@** + 0*u® 4 2uvuv) + 1(25)(du + vv)

= S(S—1)(sinfcosp)®+ 1S . (1.71)

Exercise: Prove that

(2 5°5° | 2) = S(S — 1) 2°02° + 156, + %Seam o (1.72)

1
2

1.3.1 Coherent State Wavefunctions

Consider a state
) = 7 ¥, 1)[0) (1.73)

where W (a', bT) is homogeneous of degree 25. Then
(2| T) =9(u,0), (1.74)
where W(i, ) is obtained from W(a', b") simply by substituting a’ — 4 and

bt — 7.

Now suppose we wish to calculate the matrix element of some operator A
between states |¥) and |®). We assume that A preserves total spin, in which
case it may be written

A=A, Ty, (1.75)
k,l,j
Ty = (@) (b)' (a")* 7 (1) . (1.76)
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Note here that we have written A in normal-ordered form, but this time with
the creation operators appearing to the right. One then has

N 25 +1 i A
(V[A] D) = g /dQ(\If|Q><Q|A|<I>> ) (1.77)
It can further be shown that
. oV /aoN
@19 = (5) () a0 o@o) (1.79)
and that
. | ) )
(| Traj | @) = (25 +(Z;)‘l +1)! /% U™ (u, v) uP o' a" 57 d(a, v) .

(1.79)

1.4 Valence Bond States

The operator Ajj = a}b} — bla} creates a singlet ‘valence bond’ between sites
7 and 7.
Exercise: Show that AL- transforms as an SU(2) singlet, i.e. R AL- R = AZT]-.

Now consider the valence bond solid (VBS) state

[w(L,m)) = [] (afb] - blal)™ |0) , (1.80)
(i7)eL

where |0) is the Schwinger boson vacuum. Here, the product is over all links
(ij) of some regular lattice £. The state |V (L, m)) possesses the following
properties:

e |U(L,m)) is a singlet, i.e. it has total spin zero.
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e For every site 4, we have (a! a,+b! b)) [¥ (L, m)) = mz |¥ (L, m)), where
z is the coordination number of L. [.e. there is a quantum spin S =
%mz at every site.

e The maximum eigenvalue of the total link spin J;; = §; + S, is Ji‘;?ax =
2S5 — m. This is significant because with two spin-S objects the total
spin will in general range from 0 to 25. What is special about the VBS
states is that they have zero weight in the sector J;; > 25 —m for every
link.

Consequently, |¥(L,m)) is annihilated by any link spin projection operator
PL(ij), so long as J > 25 — m. The projector P4 (ij) may be written as an
order 25 polynomial in S; - S;, viz.

25
iy S;-S;+S(S+1)—L1k(k+1)
Pii) = I —7 :

(1.81)
s sJ(J+1)—sk(k+1)
(k£ )
Therefore, if one writes a Hamiltonian of the form
25
H= > A Pii) (1.82)

(ij) J=25—m+1
with each A; > 0, then H|V(L,m)) = 0 and |V(L,m)) is an exact, zero

energy ground state for H.2

The simplest example is for the S = 1 linear chain, where

PI=

1(ig) = §(Si - 8;)" + 35S + 3 - (1.83)

D=

We conclude that the bilinear-biquadratic S = 1 chain with Hamiltonian

H=T> [sn + Sps1 + 5(8n - Sps1)” (1.84)

2If every \; is nonnegative, then it is simple to prove that 7 itself can have no negative
eigenvalues.
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has as its exact ground state |V (L, m = 1)), where L is the linear chain. The
energy per site is —%J.

The states (L, m)) are easily generalized to ones of broken translational
or lattice point group symmetry, even while maintaining the constraint that
zm link operators AL- are associated with each site ¢ (with different values
of j). 3

For example, on the honeycomb lattice, where we have links oriented along
0°, 120°, and 240°, we can define the state

[@(m,m',m") = T]AH™ ] (A™ T (Al o). (1.85)
(ij)€0° (klye120° (rs)€240°

This state therefore has S = 3(m + m’ +m”) on each site, but it breaks
the point group symmetry of the underlying triangular Bravais lattice. Simi-
larly, one can define ‘columnar’ states on the square lattice which break both
translational and point group symmetry, e.g.

Wy = [k, — bl ) 10) (1.86)
W) = H(a’;j,nb;j—l-l,n - bgj,na;jﬂ,n)Q 0) . (1.87)
Jn

Exercise: Compare and contrast the states |V ,) and |Vp).

1.5 Derivation of Spin Path Integral

Let us compute the real time propagator in the coherent state basis. We
begin, as usual, by writing

<‘QN| 6—i7—lT/h | f)()) — <‘f2N| e—ie?—l/h 1 e—ie?—l/h 1---1 e—ie?—l/h | sz) ’ (188)

3Were this not the case, then some sites would have different total spin than others.
It is perfectly sensible from a mathematical point of view to consider models where the
total spin varies from site to site. Most (but by no means all) models of physical interest,
however, have one value of S for each magnetic site.
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where each symbol 1 stands for an insertion of the resolution of the identity,
eqn. 1.64. We next compute

<f2j|e—ie7-l/h|f2j_l> _ <ﬁj|bj—1>'{1—fw+0(e2)}

~ (6] §2,_1) exp ( —ieH (82| 921 /h) . (1.89)
where the Hamiltonian is replaced by its coherent state matrix element,

<‘Q|%|‘QJ 1>

H(02;|02,-1) = )

(1.90)
Exercise: Show that H(£2;|2,_1) = H(u;,v; |uj_1,vj_1) is a holomorphic
function of its arguments.
We therefore have
. , . 25 4+ 1\N-1 T,
(@ ey = (B2 [ag - fag, ea@d o)
s

where A = §/h is given by

N

SR € R
= — E hl Q Q ﬁ jil H(Qj | Qj_1> . (192)

Expanding in the difference between £2; and £2;_;, we may write

A A

In(0;|02;1) = 25 hl{l—uy( —uj1) = @j(vj—?fj—l)}

= —2Se{uj (%)—@j (%)—l—}

~ —256 (ﬂjﬂj + Q_Jj@j) + O((ﬁj - Qj_1>2) . (193)
The continuum limit is
i 1
A[f)(t)] = /dt {QiS(uu + 00) — 7 H(f))} , (1.94)
0
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where H(§2) = H(£2]| £2). Substituting u = cos(#/2) and v = sin(0/2) exp(i¢),
we obtain » »

i+ 50 = isin2(0/2) ¢ = %(1—cos9)q's= %w (1.95)
where dw = (1 — cosf) d¢ is the differential element of solid angle. We may

now, finally, write the spin path integral as

(@] =TI | ) — / Déxt) exp {—i /dt 5% @) }-mf | Q(T)) (2(0) | &2)
w(0)=w, 0

(1.96)
where w = v/u = tan(0/2) exp(i¢) is the stereographic projection of the
spinor coordinates (u,v) onto the complex plane.

The inclusion of the overlap terms inside the path integral is necessary if
we are to allow for the possibility of so-called discontinuous paths. Within
the semiclassical approximation, u(t) and v(t) are integrated forward from
initial data u; and v; while @(t) and o(t) are integrated backward from final
data ¢ and 7¢.* We encountered an analogous situation with the coherent
state path integral for the Heisenberg-Weyl group, where z(t) was integrated
forward from initial data z; and z(t) integrated backward from final data Z.
In fact, these paths are perfectly continuous; there simply is no reason why
z(T') should have any resemblance to z, or zZ(0) to z, since the equations of
motion know nothing about either z; or Z;.

The thermal, or imaginary time, propagator in the coherent state repre-
sentation is

hp
(@] e | @) = [ Dar(r) ex {— Jar[is G+ pra) }-<r>f | 2(1B)) (§2(0)] é2)
w(0)=w, 0

®(T)=w,

(1.97)

4The equations of motion may also be written in terms of the stereographic coordinate
w = v/u, in which case w(t) is integrated forward from initial data w; and w(t) is integrated

backward from final data w;.
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1.5.1 Gauge Field and Geometric Phase

The solid angle functional w[£2(t)] may be written

T A
s

w[f(t)] = /th(fz) =

0
for any A(£2) which satisfies V x A = 02, i.e.

0

2 = €abe W

A%(92)

(To see this, use Stokes’ theorem.) We now derive a useful result:

b b
Swl2(t)] = /dt{aA ﬂmwmima}

o082 dt dt
0AY  QA*\ df® u
B /dt (am _agb) ar
= /dté()"eabcﬂb()c = /dtan-%—t x 2
and hence the functional derivative is
ow[2] 00 P
60(t) ot '

1.5.2 Semiclassical Dynamics

We begin with the action functional,

T

A[Q(t)] + /dt)\(t) (2°(t) — 1) .

0

Al2(t), At)]
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(1.99)

(1.100)

(1.101)

(1.102)



Here, \(t) is a Lagrange multiplier field which enforces the constraint £2(¢) -
2(t) =1 at all times. We next vary with respect to £2(t) and \(¢):

— = -5— ——— 42 1.1
0 S@t X 2 h09+ A $2 (1.103)
SA .,

BN 22 —1. (1.104)

Setting these variations to zero, we solve for A(t) by taking the dot product of
the first equation with £2(¢) and then substituting £2%(¢) = 1. In this manner,

we find
1 OH .

=— 0,
2h 00
The effect of this is to render all terms on the RHS of eqn. 1.103 orthogonal
to £2, thereby effectively projecting OH /062 onto this orthogonal subspace.
It is then easy to obtain the equations of motion
o OH .

(1.105)

If we write the equations of motion in terms of the spinor coordinates
{u,v,u,v} themselves, it is important to recognize that they must satisfy the
constraint uu + vo = 1. A Lagrange multiplier field A is invoked to impose
this constraint at every value of the time ¢. This results in the equations of
motion

2ingi = 2 4w 2ingo = 4 (1.107)
ou 0v

—2ihSu = oH + A\ —2ihSv = oH + AT . (1.108)
ou v

Varying the action with respect to the Lagrange multiplier field of course
yields the constraint equation. We are then left with five equations in the
five unknowns {u, v, u, v, A}, along with the four boundary conditions,

u(0) = u, v(0) = v, (1.109)
w(T) = u, o(T) = v, . (1.110)
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Implementing the constraint, one obtains an expression for A,

e _OH _O0H

Note that for real § and ¢ that eqns. 1.107 and eqn. 1.108 are related by
complex conjugation.

1.6 Other Useful Representations of the Spin
Path Integral

1.6.1 Stereographic Representation

In the stereographic representation, we write

w= % = tan(6/2) e . (1.113)
One then finds - p
1+ww:ﬂu+@z}—£lnu. (1.114)
From the differential
dw = L sec® (0/2) €' df + itan(6/2) ' dg | (1.115)
we obtain dw A di )
m: % sinfdf A de . (1.116)

The Hamiltonian matrix elements may be recast in terms of w and w. For
example,

St = a'b— 25w = 25?} (1.117)
1+ ww
1 —ww
s Ligt, ot Lo
S s(a'a —b'b) — S (uu — vv) Sl+ww' (1.118)
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Thus, the real and imaginary time path integrals are given by

(3] =M ) — / DIw(t), w(t)] exp {—z / dt [ -is M+%H(m, w)] }

14+ ww
" (1.119)
and
(] T | ) — /D[w(t), w(t)] exp { —/dt s %+%H(m, w)] } |
’ (1.120)

respectively. In these above expressions, the metric D[w,w] includes the
(14 ww)~2 factor at each time step, and the Hamiltonian H(w, w) is the co-
herent state diagonal matrix element expressed in terms of the stereographic
coordinate w and its conjugate w. These expressions are incomplete, how-
ever, in that we’ve omitted the boundary overlap factors at t =0and t =T

Exercise: Complete the expression in eqns. 1.119 and 1.120, adding the
boundary terms.

1.6.2 Recovery of Spin Wave Theory

To recover spin wave theory and the Holstein-Primakoft transformation, de-
fine z = uv/|v| = cos(0/2) exp(—i¢). Then |z|*> = |u]? and

dz = —1 sin(0/2) e df — i cos(8/2) e do . (1.121)

We then obtain |
dzNdz = % sinfdf A de . (1.122)

The geometrical phase, which is responsible for the w[£2(¢)] term in the action
functional, is obtained using

(1 —cos®)de —idg+ dcos*(0/2) (1.123)

zZz =

N =
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which, after dropping the total time derivatives, yields (i/2) dw. As for the
Hamiltonian, we have

St = a'b—2Saw=2521- 2z (1.124)

5% = La'a—0b'b) — S (au—vv) =25 (zz—1).  (1.125)

This is equivalent to Holstein-Primakoff, with h = /2S5 z as the HP boson.
We therefore obtain

T

(63| =TI | 63) = /D[h(t),h(t)] exp{—i /dt [hh+%%(h, h)}}, (1.126)

0

where the functional integration is over a disk of area 27.S for each time t.

25



Chapter 2

Applications of the Spin Path
Integral

2.1 Quantum Tunneling of Spin

The theory of quantum spin tunneling has been developed largely by E.
Chudnovsky, A. Garg, D. Loss, and others. Consider the following model
Hamiltonian,

H=K,S2+ K,S, —yHS, , (2.1)
where K; > Ky > 0. This describes a spin-S particle with an easy axis
along z and a hard axis along z. To treat this problem by the coherent state
path integral, we need to compute the diagonal matrix element of H in the
coherent state basis. One finds,

E(0,0) = (2| H| 2) = k; cos® 0 + ky sin®(0) sin®(¢) — h cos(d) ,  (2.2)

where k; = S(S — 1)K, (i = 1,2), h =~SH, and where we have dropped an
unimportant constant. In weak fields h, the energy function E(6, ¢) has the
following features:

e E(0,¢) has two degenerate minima with 6y = cos™ (h/2k;) at ¢ = 0
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and at ¢ = . The minimum energy is ES! = —h?/4k;.

e There is a global maximum with E,,.« = k1 + h located (assuming h >
0) at the South Pole (# = 7), and a local maximum with £/, = ki —h
located at the North Pole (6 = 0).

e There are two saddle points, located at 6, = cos™'(h/2(k1 — k2)), with
o= :t%ﬂ'. The energy of the saddle points is Fgaqqie = kg—ihz/(kl—l@).

We therefore expect to find two low-lying states which are linear combi-
nations of the coherent states |6 =6y, ¢ =0) and |0 = 6y, ¢ = 7). Let us
abbreviate these two states |0) and |7), respectively. The eigenstates of the
system should be symmetric and antisymmetric combinations of these states:
|+) = 2_1/2{|0) + |7r)} The tunnel splitting A = E; may be obtained by

examining the matrix elements,

(Hle™]4) = %
= (0[e™ 7] 0) + (0] e 7| m) (2.3)
<_|e—ﬁH‘_> — e BEotA)
(0] e=710) — (0] e | m) , (2.4)

where E differs from ES' due to ‘zero-point energy’, i.e. quantum fluctua-
tions. In reality, there is no reason why the states |£) should necessarily
be eigenstates of 7. What is important, though, is that the antisymmet-
ric combination projects out all of the ground state. By taking the § — oo
limit, the contribution from admixtures of higher-lying eigenstates to |+) can
be suppressed. What this means is that we can calculate the exact tunnel
splitting by the formula,

A = lim lln{
B

(0] e# [ 0) + (0] e | ) } , (2.5)

(0] e=77]0) = (O] e~ | m)

Another way, of course, to compute the tunnel splitting is to simply nu-
merically diagonalize the rank-(2J 4+ 1) Hamiltonian matrix. This works
without fail, but it is not particularly instructive in elucidating the physics
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of spin tunneling. Moreover, it may be that an instanton calculation, which
we shall presently describe, yields certain analytic results which are useful
and in general impossible to obtain numerically.

2.1.1 Instantons and Tunnel Splittings

The essence of the instanton approach to quantum tunneling is described in a
beautiful article by Sidney Coleman, entitled “The Uses of Instantons”. We
write the imaginary time matrix element (P¢| exp(—gH) | P;) between points
P, and P, as a path integral. In our case, each P labels a spin orientation 2,
and each state |P) is a spin coherent state. We extremize the action, applying
the method of stationary phase. This involves solving the classical equations
of motion, subject to boundary conditions which we shall not fully spe(nfy,

save to say that the most naive boundary conditions are simply £2(0) = £,
an Q(hG) = 2,1

There may be several instanton paths connecting P; and Py. Associated
with each such instanton « is a characteristic time 7., a classical action
Y, + i¢,, written in units of A and separating real and imaginary parts, and
also a ‘fluctuation determinant’ prefactor D, arising from integrating over
Gaussian fluctuations about the classical instanton trajectory. If we write

ga = Da ei% 6_Ya s (26)

then the diagonal matrix element can be written in the ‘dilute instanton gas’
approximation as

Y] ¥

(Pi|e”P"|P)) = Z Z /dT1"' /dT2n£a1£d1"'£dn

n=0 {ag,ar}
= cosh <7’zﬁ‘ Z o

In fact, the proper boundary conditions are u(0) = u;, v(0) = v;, 4(h3) = @, and
o(hB) = vy, as derived above.

T2n—1

) . (2.7)
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Here we denote the return instantons from P, to Py Eith the index @. Since
the return path is a time-reversed one, we have {5 = &,, i.e. the return paths

have opposite phase.

The off-diagonal matrix element, in which paths must begin at P; and end
at P, requires an odd number of instanton events, and is given by

¥ 13

(Pofe™|Py) = Y > /dn-~-/dfzn+15a1§a1-~

n=0 {ay,a1} Ton

D D S, (hﬁ 3 ¢,

St )

If Y &, is real, then we can read off the tunnel splitting:

A = 2h Z D, e e Yo

2.1.2 Garg’s Calculation (1993)

Starting from the Euclidean Lagrangian,
Ly = ih S(1 — cos8) ¢+ E(0, ) ,

one derives the Euler-Lagrange equations of motion,

0Ly dOLy B 1 OF
0Ly dOoLy 10K .
9o dt 05 0= h 90 iSsin(6) 6 .
Note that
B _ 08 0 _
dt op

' gdn £a7l+1

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

which says that the energy F/(6, gb) is conserved along the classical trajecto-
ries. One can use this result to finesse the instanton calculation and solve
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directly for 6 as a function of ¢. Energy conservation provides a quadratic
equation in cos(f),
h? 2 .2 .2
Ey = T k1 cos®(0) + ko sin®(0) sin“ ¢ — h cos(f) , (2.14)
1

the solution of which is written (Garg, 1993),

Uy + iV A sing /1 — u2 — X sin¢

2.1
1 — ) sin?¢ (2.15)

u(¢) =

where v = cos(#), vy, = h/2k; = h/h., and A = ko/k;. Note that u =
cosf is complex along the instanton path. Nevertheless, the path obeys the
boundary condition that ©w = u, at ¢ = 0 and ¢ = 7. The dimensionless
instanton action is

+7

A:Y+i¢:6E0+iS/dgb{1—u(¢)}, (2.16)

0

whence

™

6=TImA = iS/dgb{l—l_;ﬁ%}
0

- iw5{1—¢1u_°7v}. (2.17)

Thus, there are two instantons connecting (6, ¢) = (6p,0) and (0, ¢) =
(6p, ™) which wind around the sphere in opposite directions. The tunnel
splitting, according to eqn. 2.9, is

A=4De™Y cos (71‘5 [1 — ﬁ]) : (2.18)

The tunnel splitting therefore vanishes at a set of dimensionless field strengths

h.,., where
m+ 1
hm:2\/k%—k§{1— 52}. (2.19)
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Note that for h = 0 the splitting vanishes whenever S = m + %, which is to
say whenever the ground state is a Kramers doublet.

In Feg clusters, where S = 10, this predicts ten values of h > 0 where
A vanishes. In fact, experiments by Wernsdorfer and Sessoli see only four
such vanishings. The reason for this is that the effective Hamiltonian for
the experimental molecule includes a term proportional to J} + J% which is
not included in the Hamiltonian of eqn. 2.1. This new term allows for two
additional instanton solutions. Moreover, the new solutions exhibit discon-
tinuities in £2(7) at the boundaries 7 = 0 and 7 = 3. This very interesting
result was obtained by Kegecioglu and Garg (2002) and is discussed in Garg’s
lectures notes for this School.

2.2 Haldane’s Mapping to the Nonlinear Sigma
Model

The many-spin dimensionless action is

T

/dt?-l({fli(t)}) , (2.20)

0

SURS

A= =83 wlénft)] -

where the Hamiltonian is that of a Heisenberg antiferromagnet, with diagonal
coherent state matrix elements given by

H({2:()}) =352 Jiy - ;. (2.21)
4,J

S A A EZA SN

& = nag )1 <hS) + 25 L, (2.22)

where n; - L; = 0. Here, n; is the local Néel field, which varies slowly once
the sublattice modulation 7; extracted from the spin field £2;, L; describes
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ferromagnetic fluctuations about the local Néel order; v, is the unit cell
volume. Note that

hSY f=uv, Y L= /dde(:n), (2.23)

where the RHS is obtained after taking the continuum limit.

2.2.1 Hamiltonian

We now expand the Heisenberg interaction £2; - £2; in the slowly varying
quantities n; — n; and L;. Since 7; is a unit vector, we may write

l ~

We then have
0 -0 = n,n_{l_l(ﬁ._ﬁ.).(ﬁ._ﬁ.)}{l_l(ﬂ)(L?jLL?)jL }
1 J 1 g 2 7 ] ) 7 D) hS i j

vy . vy .
+—077inz"(Lj—Li)Jr%??j”j'(Li—Lj)

hS
Un \ 2
+1 (%) {L? +L7— (L — Lj)Q} . (2.25)
Lattice differences may now be expanded in derivatives, as
af(RZ) v v a2f(Rl)
f(Ry) — f(R:) = (R} — R}) IR + 35 (R} — RY') (R —Ri)WJF---
(2.26)

Expanding to Gaussian order in the fields n and L and their gradients, we
find

8y = oy {1 3 (RE = R (RY = RY) (un) (D) + .. |

+

N[

hS
UO a R,u R,u aLa ’UO a
‘l‘ﬁm”i( i i) (O i)_%njnj
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(&)2{(1 — ) (L} + L3) — (R} — RY) (R — RY) (9,L{) (B,L{) + .. }

(2.27)



Upon performing the double sum over lattice sites ¢ and j, the last term
vanishes. We are left with

H =M+ Hy + Ey (2.28)

where the classical energy Ej is given by

Z‘?j

The Hamiltonian also contains contributions due to gradients in the Néel
field,

Ho= =S dymy R m - [at 0?20

where d is the dimensionality of the (presumed hypercubic) lattice and N is
the number of lattice sites, and from ferromagnetic fluctuations,

Hr = Qthsz (L=nin;) /ddf 4thzz‘]w‘R RJ‘ / (9uL")?
(2.31)

0 7,]

Retaining only terms of order L? — and hence dropping terms of order
(VL)* — we obtain the Hamiltonian,

H= [dl {4 p(T) + {x'r2 ) (2.32)

where the spin stiffness is given by

Ps = — Qd_/\f Z JZJ ni N; ‘Rl Rj ‘2 (233)

02]

and the inverse susceptibility is given by

X! NhQ Z Jij (1= n;m;)

- %[j(m . j(Q)] , (2.34)

33



where Q = (w/a,m/a,....m/a) is the zone corner wavevector. The dimensions
of ps and X are:

ps] = E-L*¢ X|=E-T*. L. (2.35)

2.2.2 Geometric Phase

The geometric phase contribution to the dimensionless action is written

ABz—sZw[mm:—szmw[ﬁx s L) (2:36)

We now expand in the notionally small quantity linear in L;, using the result
of eqn. 1.101:

A, = —Szmw[ﬁi]—S/dtZ(%)Li.g_?xﬁ
— —SZ’% wlng ——/dd/t—Xn L. (2.37)

2.2.3 Emergence of the Nonlinear Sigma Model

Let’s start with the quantum action obtained thus far,

o
= ——/dd /dt{ ps(V —i—ﬁ—l—L 07; X n (2.38)
h
WL, L+ QS:BHS%}—Sme[ﬁi]

We have included here an external field H(z,t) which has uniform (k ~ 0)
and staggered (k ~ Q) components H, and Hy, respectively. Now let us
integrate out L. In order to do so, we must introduce a Lagrange multiplier

_l_
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field A(x,t) which enforces the local constraint n - L = 0. We then must
evaluate the functional integral

/D/\ /DL exp{——/dd/dt[ An+g—t>< +g%’;BHu>”
- 1 /m(t) exp{ /dd /dt )\n g%'l;BHu) } (2.39)

n 2
= Ioexp{ /dd/dt{ +90:SBXHH-88—Z><&+%X<Q%'[;B) (Huxﬁ)ﬂ}

where Z, and Z, are independent of H, and n. The complete action func-
tional, including the geometric phase term, is then

L[ 1y (0P 1 s QONBX on .

— Ix(=) -1 Hy, - — 2.4

h/dl’/dt{2X(at> 3P (V) e v Xn ( O)
1 Gols\? 2 Yoy o A oA
+2x< hS) (Hy, X n) ” H, n} S% n; wng)

Dimensional analysis reveals the spin wave velocity ¢ = /ps/X. Defining

2° = ct, we find that the quantum field theoretic action, excluding the geo-

metric phase term, is

T

A = 2p—hsc /dd“:)s {(@n“)(@”n“) + QhQZ—M; H, % X N (2.41)
() oot - St 2 Y

where we adopt a Minkowski (+, —, ..., —) metric. The Euclidean version is

AP = ;—gc /dd“a: {(8Mn“)(8un“) + 2%96053 H, - % X A (2.42)
() i S i S el

Notice the factor of ¢ in the coefficient of the second term. To maximize the
weight exp(—.A"), the third term inside the brackets should be as large as
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possible. This favors a spin flop in which the Néel vector lies perpendicular
to the (uniform) applied magnetic field H,.

The coupling constant for the nonlinear sigma model is defined to be

1/2
he R \/ﬁvo( 2i Sy (1 —mim;) ) . (2.43)

g = — = =
Ps VP X as Z” ij (— 77i77j) IR, — Rj|2/a2
For a nearest neighbor model on a d-dimensional cubic lattice, we have?

B 2\/d_ad_1

< (2.44)

2.2.4 Continuum Limit of the Geometric Phase: d =1

In one space dimension, we have

L
: 0
S (1) wlin] = wlie] — win] +wis] — .. = L /dm W)
J 0 I
We now invoke eqn. 1.101, which says
T
dw = /dt € e MM ON (2.46)
0
to obtain the beautiful result,
AB == _SZ -
1 8n n
59 [dx [dtn- — X — =218 Q , (2.47)
ox

2Take care not to confuse the coupling g with the g-factor g,.
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where (), is an integer topological invariant, known as the Pontrjagin index
of the field n(z,t):

1

Quw = — [d*xe™ e, n* 0n®O,n° (2.48)
8T

where 1° = ct as before. Q;, measures the winding of the field n(z, t) over the

unit sphere. To see it is an integer, change variables from local coordinates

(n®,n) to (&, &) in the vicinity of n. The differential surface area element

projected along n® is

on® onc

d*¢ (2.49)

— 1w -
dEa ) € €abe agu agu

and changing variables from (2°, ') to (£°,&%), we obtain

1
Qe = - a?¢ (2.50)

internal

which is manifestly an integer.

Put another way, think of n(z,t) as a rubber band draped over the surface
of a sphere. As time evolves from 0 to T, the configuration of the rubber
band changes, but if the configuration itself is periodic, i.e. n(x,0) = n(z, T),
The Pontrjagin index measures the number of times the rubber band winds
around the sphere. Configurations of n(z,t) which yield a nonzero value of
Qi are known as skyrmions. An example of a skyrmion configuration on the
two-dimensional (x,y) (or (x,t)) plane is obtained by identifying the vector
n(x,y) with the (inverse) stereographically projected position (z,y). Put
another way, we set

% = tan(0/2) e = (z +1iy)/a , (2.51)

where a is an arbitrary length scale. This (exercise!) is equivalent to

2ax 2ay at -2t —yp

_ _ =2 7Y (952
Craty T 24+ TRty (2:52)

Ty
This skyrmion has Pontrjagin index Q),, = 1.
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Thermodynamic properties are derived from the Euclidean action,

Ab_ | =27miS Qup + 4% (Va)? . (2.53)

2h

The effect of the geometric phase term, then, is quite simple and in fact
discrete:

2miS Ot +1 ifSez (2.54)
€ = .
(-1)9% itSez+1.

Thus, for integer S, the geometric phase term always contributes a factor
of unity, and the full quantum field theoretic action is that of the two-
dimensional O(3) model, also called the nonlinear sigma model. For half-
odd integer S, space-time configurations with even and odd Pontrjagin index
destructively interfere with each other.

What have we learned? First of all, we conclude that antiferromagnetic
Heisenberg chains generically fall into two classes: those with integer spin and
those with half-odd integer spin. The field theory for the first class is simply
that of the classical O(3) model in two dimensions. The Hohenberg-Mermin-
Wagner theorem precludes any spontaneous breaking of the continuous O(3)
symmetry in d = 2 at any finite value of ps. The system has a gap, and
correlation functions decay exponentially, up to power law corrections, viz.

(ol So - ;] Wo) = (=1)7 5|72 exp(~[/¢) , (2.55)

where the correlation length &, in units of the lattice spacing a, is a function
of the dimensionless quantity ps/hc.

For the second class — the half-odd integer antiferromagnetic chains — the
field theory includes the so-called ‘f-term’,

/d:)s/dtn on a—" (2.56)

with 0 = 275 = m mod 27. While no exact solution to the field theory with
the f-term is yet known, we nonetheless conclude that all half-odd integer
antiferromagnetic chains behave equivalently, since they all map onto the
same model. Since the S = % Heisenberg antiferromagnetic chain is known,
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from Bethe’s Ansatz, to possess a disordered ground state with gapless exci-
tations and power law correlations, (Sq - S;) ~ (—=1)7/|j| (up to logarithmic
corrections), we conclude that the same is true for the S = %, 5, etc. spin
chains.

2.2.5 The Geometric Phase in Higher Dimensions

So long as the Néel field n(z, t) is a smooth function of space and time, there
are no interesting topological terms in the field theory in more than one
space dimension. The reason is trivial. Consider a d-dimensional system as
a network of parallel one-dimensional chains. Call the longitudinal (chain)
coordinate z. For each set of transverse coordinates R, one can define the
integer Pontrjagin index ()., (R, ). The geometric phase term in the action
is then given by

Ap = SZHM[@-] = SZnRL Qu(R) =0, (2.57)

R,

where the last equality follows from the assumed smoothness of n(z, t), which
requires that @, (R, ) be independent of R, since a smooth integer-valued
function must be a constant!

When the smoothness constraint is relaxed, however, the geometric phase
term can play an important role. For a two-dimensional antiferromagnet,
there exist topology-changing instanton for which AQ,, = +1. Such field
configurations are called ‘hedgehogs’, because the direction of the field n(¢, z, y)
points radially outward from the center of the hedgehog. For quantum-
disordered two-dimensional antiferromagnets (i.e. small ps), Haldane argued
that geometrical phase considerations associated with the presence of hedge-
hogs would distinguish not only between integer and half-odd integer S on
the square lattice, but between even and odd integer S as well.
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Chapter 3

Large-N Techniques

The basic idea behind large-N approaches is to extend the global symmetry
group of some physical model from e.g. O(3), SU(2), etc. to a larger group,
such as O(N), SU(N), or Sp(NV). If the extension is done in a certain way, the
resultant model can be solved exactly in the N — oo limit. N plays the role
of 1/h, so N — oo is a classical limit of sorts, with no quantum fluctuations.
Furthermore, one can derive a systematic diagrammatic expansion in powers
of 1/N, which can be used to investigate properties at finite N.

We shall barely scratch the surface of this subject. My aim here is to guide
you through a large-N calculation for the nonlinear sigma model.

3.1 1/N Expansion for an Integral

To begin, consider the one-dimensional integral,

7= /dxe_Nf(x) : (3.1)

—00
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where f(z) is some function and N is large. Clearly the integral is dominated
by values of x near the minimum of f(z). Suppose a unique global minimum
exists at x = x.. We can then write

[e.e]

T = e—Nf(:Ec) /du 6_%Nf”(rc)uz e—%NfW(CEc)US e_ime/(mc)uAL o
1 1"
e~V f(ze) /du e~ 2N/ (zc) u? {1 _ éme(l’c) w— 2—14Nf/m($c) L }
2\ v ! 4
—Nf(ze "
Thus, we have derived a 1/N expansion for the integral:
Gaussian O(1/N)
leading ﬁuctitions corchc\tions
N o (VS G)y L )
~T =N + S (ST ¢ e LoV L (33
TN+ 4 () + gy g PO 63

3.2 Large-N Theory of the Nonlinear Sigma
Model

Recall the Euclidean action for the O(3) nonlinear sigma model,

Lo
_Ps d 0 a\2
Ap = e /dx/dx (Oun®)™, (3.4)
0

where n = (n®,n¥, n*) is a three-component unit vector and Ly = he/kpT. In
the case of Haldane’s derivation of the sigma model action for quantum anti-
ferromagnets, n(z) is physically the Néel field, which varies slowly from site
to site even though the local magnetization itself oscillates from one sublat-
tice to the next.! It should be emphasized, though, that the D-dimensional

!The notation I adopt here is that (d+1)-dimensional vectors are denoted as z = (20, x).
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nonlinear sigma model also describes the finite temperature phase transition
of an isotropic D-dimensional ferromagnet.

Quantum mechanics is irrelevant at finite temperature, since the imaginary
time variable is bounded: 0 < 7 < hf. At a critical point, the spatial cor-
relation length diverges as (T") ~ |T' — T.|™¥, and the temporal correlation
length (or correlation time) diverges along with &, as &, ~ £#. Here, v is the
correlation length exponent and z the dynamic critical exponent. With hf
finite, however, sufficiently close to 7. the correlation time exceeds the thick-
ness hf of the temporal ‘slab’, hence the degrees of freedom at a particular
location in space are ‘locked’ as a function of imaginary time. Finite T second
order transitions of a d-dimensional quantum system are therefore described
by a d-dimensional action.? At zero temperature, though, the temporal slab
is infinitely thick, and one cannot ignore temporal fluctuations. The action
is then for a (d + 1)-dimensional system.

It is perhaps worth emphasizing that the continuum effective action for the
Heisenberg ferromagnet is given by

on

hB
Apy = /ddx /dT {z's v A(R) - 5=+ Lo, (%)2} (3.5)
0

where v, is the unit cell volume, and

52
= J(R) R? . 3.6
P 4dv0§ (R) (3.6)

Note the difference between this and the effective action of the antiferro-
magnet, in which space and time appear symmetrically. The effective (low-
energy) theory for the antiferromagnet possesses a ‘Lorentz invariance’ where
the speed of light is replaced by the spin wave velocity ¢ = \/ps/x-

2Note that this does not say that quantum mechanics has no effect whatsoever at finite
temperature. Indeed, the partition function for the quantum and classical Heisenberg
models will be different. What s true is that the critical properties at a finite temperature
second order transition are not affected by quantum mechanics.
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Returning to the nonlinear sigma model, the partition function is given by
the functional integral

7 = e F/ksT — / Di(x) e Ael? (3.7)

n2=1

The extension of the O(3) model to one with an O(/N) symmetry is trivial.
Simply replace the 3-component unit vector (n,, n,,n,) by an N-component
one, n = (ny, Ny, ...,ny). How do we generalize the unit length constraint to
general N? Let us write the constraint as n?(z) = ¢/N, where the parameter

q is as yet undetermined. We can envisage two natural extensions to general
N:

e Maintain n? =1, i.e. take ¢ = N1,

e Fix ¢ and let N vary. The length of n then increases with N.

It turns out that it is the second of these schemes which generates a proper
1/N expansion, as we shall soon see.

To enforce the length constraint, we insert into the functional integral a
d-function §(n? — ¢N) at every space-time point. We write the d-function as

100

iy) = /d)\ eV, (3.8)

—100

where the integration contour runs along the imaginary axis, from —ioco to
+i00. The partition function is then expressed as a double functional integral
over the fields n(x) and A\(z),

7z /D[n(:ﬂ),)\(z)] e~ AplnA] (3.9)

where

Ap = / d iy {%(@n"f + A (n?— qN)} : (3.10)



For convenience we have defined the coupling

g=— = . (3.11)

The dimensions of g are [g] = L% L.

We now integrate out the n(z) fields, which are quadratic in Ay. Writing

A zi/dd“ /dd“’ “(2) K(z,2") n“(x’)—qN/dd“a:A(x) (3.12)

with 5 5
AN _& . _ /
K, ') = =30 5 0@ = 2) g

the partition function can be written in terms of an effective free energy
which is a function of the field A(x) alone:

(x —a), (3.13)

/ D(z) e~ NFealN/keT (3.14)
where

o~ NEgN/ksT / Dn(z gn(@),A(2))]

— (et K)N exp {qN / iy A(:c)} L (315)
Thus, the effective free energy is
F4[N/keT =Indet K — g / dr \z) (3.16)

where the determinant of the integral operator K is, as always, defined by
the product of its eigenvalues,

Indet K =[] ¢ (3.17)
The eigenvalue equation is

/dd* K (2, ) (2’ = Cu () (3.18)
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We can now see why keeping ¢ finite as N — oo generates a true 1/N
expansion. Had we instead taken n? = 1, we would have ¢ = 1/N and the
effective free energy F.;[\] would not be independent of N.

Solution of the N — oo Theory

When N — oo the functional integral is dominated by the saddle point in
the action. Before we solve for this saddle point, let us slightly extend our
model to include a coupling to a magnetic field. The augmented action is
then

Ay = [dtx {%(@na)Z + A (nn® — gN) — VN he n“} : (3.19)

The VN factor preceding h - n ensures that the action will be proportional
to N when h is of O(N?). In the case of the antiferromagnet, where n is
the Néel field, h corresponds to the ¢ = w/a (zone corner) component of
the physical magnetic field, i.e.a sublattice-staggered magnetic field. This is
of course quite unphysical, however our purpose in introducing h is not to
investigate the effects of an external field per se, but rather as an artifice by
which we can couple to any condensate, as we shall see presently.

To find the saddle point of F_;[)\], we should set its functional variation
with respect to A(z) to zero. We will assume that the saddle point occurs
for real, constant A\. We will justify this by presenting such a solution to the
equation 0 F 4 = 0. Note that the saddle point lies off the integration contour
for A(z), which runs along the imaginary axis.

When X is constant, the model may be solved by Fourier transform. We
write

ke (3.20)

n®(x

1 ~a
):ﬁ;n(/ﬁ)e

with

21y, 2wy, 27J,
Lo = Bh V"L 1L k:(—o —) 21
0 B c 1 d 5 L() ) L1 ) ) Ld (3 )
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Expressed in terms of the Fourier modes, the Euclidean action is

A= T (3 bl

a=1 k

k)[? = V/N B (k) it (k )}—qNVLO)\. (3.22)

We now integrate out the {n%(k)}, yielding an effective free energy function
Feff()‘>:

2

—_ € - k:
fN = qepp, = " 2L0 Zln (A + 2g)

~
>

ha a )
4LOVZ A+k2) . (3.23)

The order parameter m, which is the static Néel field in the case of the
antiferromagnet and the static magnetization in the case of the ferromagnet,
is obtained by differentiating the free energy with respect to the ¢ = 0 Fourier
component of the field h*(k). We therefore obtain

_m) 1 ONEg/ksT)
T YUN ~  NLyW Oh

8f h
= —_— -24
“Oh 2)\ (3:24)

since h(0) = /LoV h.
To find the saddle point in A, we set f/OA = 0, yielding
2 g 1
= . 2

q m+L0Vzk:k2+2g)\ (3:25)

In the absence of an external field, we also have The second mean field
equation,
2Am=h=0. (3.26)

This requires either (i) A =0 or (ii) m = 0.

We now explore the solution to these equations as we vary dimensionality
and temperature.
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e d=1,T = 0: In this case the integral is infrared divergent when
A = 0. The mean field equation can always be solved with m = 0 for
some finite A:

' d*: A?
1 g
1
1 =L (1+) 3.7
! 2/(27r)2A+§ i U T (3:27)

B A% /2g
Ag) = exp(4mq/g) — 1

which monotonically decreases on g € [0.00] from A(0) = A%/8mq to
A(o0) = 0.

(3.28)

e d > 1,T = 0: In this case there exists a quantum critical point at
g = ge. The gap A vanishes for g < g.. To find g, set

A
A% 1 e A [ Qg1 scheme I
4= ge = e . (3.29)
(2m)d+t k (2m) d—1 |7Q; scheme II |
where ), is the area of the d-dimensional unit sphere:
27Td/2
r'(s)

The cutoff is taken to be isotropic in both frequency and momentum
(scheme I) or isotropic in momentum only (scheme II). In scheme II,
the integral over the frequency component k, extends over the range
(—00,00), which is appropriate since the imaginary time variable is
not quantized on a lattice. This gives us an equation for the critical
coupling g.. The cutoff A is proportional to ™!, and it is convenient
to write A = (7 /a, where ( is a dimensionless constant and «a is the
lattice spacing.

Recall that Haldane’s mapping for the cubic lattice Heisenberg model
resulted in an O(3) nonlinear sigma model with coupling g = 2v/d a?~'/5.
The critical value for the spin quantum number Sc is then found to be

g - Vd (' [Qqe1 scheme I
©d—1 2ixg

(3.31)
7y  scheme II |
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For d = 2 and ¢ = N™' = %, one finds S, = 1.35¢ (scheme I) or
S, = 2.12( (scheme II). Depending on the value of (, then, the critical
S may be either smaller or greater than the smallest value permitted
by quantum mechanics, i.e. S = % It S, < %, then we conclude
the model is Néel-ordered at zero temperature. Indeed numerical work
convincingly shows that the ground state for S = % is Néel-ordered, and
rigorous proofs exist which show that long-ranged Néel order exists for

S>1.

One might suspect, given eqn. 2.43, that by extending the range of the
interactions one can push g above g. and obtain a quantum-disordered
‘spin-liquid’ ground state for the S = % antiferromagnet on a square
lattice. For example, if one includes next-nearest neighbor antifer-
romagnetic coupling J, as well as nearest neghibor antiferromagnetic
coupling .J;, one has

2v/d %! 1
_ Wdat (3.32)

g S V1=2J/J;

which is increased above its value when J, = 0. In fact, the search
for spin liquid states has been an arduous one. On the square lattice,
one generally finds that frustrating further-neighbor couplings push the
system into another ordered state, for example one with four sublattice
antiferromagnetic order. On lattices which are highly geometrically
frustrated, such as the Kagomé and pyrochlore lattices, the S = % an-
tiferromagnet is generally believed to have a quantum-disordered spin
liquid ground state, i.e. the ground state has no long-ranged order and
breaks no lattice translation or point group symmetries.

d > 2, T > 0: In this case there is a finite temperature phase transition.
Defining the Matsubara wavevectors k, = 2mn/Lg, we use the result

x S H(—ikg) = HL(O) | [dn Ak 407 (3.33)

m exp(klg) —1

—00

to obtain the finite temperature mean field equation,

A
g [AR ] 2L e GLovET 29N |
! ) @m)? | 2+ 290 VE2 + 29\ '
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The equation for T, is obtained by setting A = m? = 0:

A
dek 2 1
= g/(%)d {W + et (%kLO,C)} , (3.35)

which is to be solved for T, = he/ky Lo, assuming g < g, i.e. that the
T = 0 (ground) state is ordered.

3.2.1 Correlation Functions

The correlation functions are obtained via

o*f g

V — . — 5 3.36
Ohe(—k) Ohb(k) k% + 2gA (3.36)

(i (k) 2’ (—k)), = —Lo

hence the full correlator is given by

(n*(0)n’(z)) = {m2 + Li’v Zk: in;gA} 5 (3.37)

At zero temperature, and in the thermodynamic limit, we have

A .
dd+1]€ ezk-m

n(z)) =m? + g/(%w1 ENEme (3.38)

which at large distances takes the Ornstein-Zernike form,

Q
=
I
|
>
E
S

olal/e

()

with €2 = (2g\)~"/2. At the quantum critical point, where X\ vanishes, one
finds C(x) ~ |zt
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