Quantum-chaotic scattering effects in semiconductor microstructures
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We show that classical chactic scattering has experimentally measurable consequences for the
quantum conductance of semiconductor microstructures, These include the existence of:
conductance fluctuations—a sensitivity of the conductance to either Fermi energy or magnetic
field—and weak-localization—a change in the average conductance upon applying a magnetic
field. We develop a semiclassical theory and present numerical results for these two effects in
which we model the microstructures by billiards attached to leads. We find that the difference
between chaotic and regular classical scattering produces a qualitative difference in the
fluctuation spectrum and weak-localization lineshape of chaotic and nonchaotic structures.
While the semiclassical theory within the diagonal approximation accounts well for the
weak-localization lineshape and for the spectrum of the fluctuations, we uncover a surprising
failure of the semiclassical diagonal-approximation theory in describing the magnitude of these

quantum transport effects.

. INTRODUCTION

During the past decade significant progress has been
made in the study of guantum systems whose classical an-
alogs exhibit chaotic dynamics.! However most of the
progress in this emerging subject of “quantum chaos’ has
consisted in the development of theoretical concepts; there
are currently very few experimental measurements which
test these new ideas. Some time ago we suggested that
low-temperature transpori measuremenis in microstruc-

" tures could provide a new and controllable system for the
comparison of theory and experiment in the area of
quantum-chaotic scattering.? Of particular interest were
measurements of novel high-mobility semiconductor
(GaAs/AlGaAs) heterostructures, for which disorder-
scattering may be neglected in comparison to the scattering
from geometric features along the conducting path.

Within condensed matter physics interest in the phys-
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enough to be treated as a single phase-coherent unit) has
been strong for some time.? Typically such conductors will
have static defects which generate bulk disorder scattering
and an elastic mean free path much less than the device
dimensions; however, this is not the case for the high-
mobility structures just mentioned, in which both the elas-
tic and inelastic mean free paths exceed relevant device
dimensions at low temperatures. Nonetheless, the extensive
previous study of disordered microstructures and of quan-
tum transport phenomena in macroscopic solids suggested
that effects related to interference of multiply reflected
electron waves would be important. In disordered phase-
coherent conductors two such phenomena were already
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well-known: (1) Weak-Localization, a decrease in the av-
erage conductance due to constructive interference of time-
reversed backscattering trajectories.4 (2) Universal Con-
ductance Fluctuations, reproducible fluctnations in the
conductance versus magnetic field or Fermi energy with
rms size of order ¢*/h, independent of the average
conductance.™® Because “disordered” potentials may be re-
garded as generating chaotic dynamical systems specified
by a large number of parameters (e.g. impurity locations
and scattering strengths), it is natural to look for analogs
of these effects in the simpler chaotic potentials realizable
in ballistic microstructures. Several interesting questions
could be addressed in such systems. (1) How similar are
the statistical properties of the conductance of ballistic and
disordered microstructures? (2) In ballistic microstruc-
tures can the quantum interference effects be related to
properties of the relevant classical phase space? (3) How
do the statistical properties of the conductance in micro-
structures with integrable or nearly integrable potentials
differ from those with chaotic potentials? We present the-
oretical results relating to these questions below.

In the case of disordered conductors there is already a
wealth of experimental data relating to the weak-
localization and universal conductance fluctuation effects;
however, these are not very relevant to the three questions
just stated. The application of semiclassical methods to
quantum problems is interesting primarily as a means of
connecting quantum properties to specific features of the
classical dynamics of a system. Obviously, in disordered
conductors the potential generating chaoctic motion is not
known in any detail and comparisons of this type are not
possible. Moreover, whereas in simple chaotic systems the
only length scale is the system size L, in disordered con-
ductors there is an additional length scale, /, the elastic
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scattering length. It is now known that the existence of this
second scale causes deviations from the universal behavior
typical of quantum-chaotic systems and describable by
random-matrix theory.”® Hence meaningful experimental
tests of the semiclassical theory of chaotic (or nearly inte-
grable} quantum sysiemis require 11151!.'111Ubuu,y nanostruc-
tures patterned with enough control of the sample geome-
try to make such comparisons reasonable. Since the
publication of our initial results, several groups have ac-
cepted the challenge of such a difficult experimental
program®'* and some of their results are reviewed else-
where in this issue.!> Although these results have several
encouraging features, it is clear that there is much of value
to be gained by further and more refined experiments.
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most easily measured experimentally is their electrical re-
sistance. Because this resistance does not arise from pho-
non or impurity scattering it is not related to an intensive
resistivity of the type defined in standard text books on
solid-state physics.'® Instead one must treat the entire con-
ductor as a phase-coherent unit which generates quantum
scattering of an incident current. This point of view, which
was developed in the work of Landauer and Biittiker,'”®
leads to the conclusion that resistance measurements on
microsiructures on a length scale shorter than the inelgstic
mean free path can be related to simple quantum scattering
problems. We review these arguments briefly below.

First we recall the justification for neglecting the
strong interactions between the conduction electrons. As
argued originally by Landau, although the conduction
electrons in a typical solid interact strongly through their
Coulomb repulsion, as long as the system retains a discon-
tinuity in the equilibrium occupation numbers at a certain
energy Ep (ie. has a Fermi surface) there exist particle-
hole excitations whose lifetime goes to infinity as 77— 0 and
E— Ep.'® This is the essential idea of Fermi liquid theory,
and it means that the properties of normal metals at or
below room temperature are qualitatively similar to those
of a noninteracting Fermi gas coupled to lattice vibrations
{phonons). At temperatures of order one Kelvin the in-
elastic mean free path for phonon-scattering {or residnal
electron—electron scattering) becomes very long compared
to the elastic mean free path and metals in the normal state
are well-described by models of noninteracting fermions
moving in a stafic potential. Usually this potential is deter-
mined primarily by impurities, but in ballistic microstruc-
tures it will be determined by the boundaries of the con-
ducting regions. If one measures the conductance of a
microstructure for which the electron transit time is short
compared to the inelastic scattering time then the conduc-
tion process can be viewed as the coherent quantum-
mechanical transmission of independent particles. The
conductance associated with this transmission process can
be evaluated by a counting argument;'”!® the same result
can be obtained from linear response theory,'>™!

The basic physical idea of this approach is to consider
the microstructure in this regime as a single phase-
coherent unit attached to ideal electron reservoirs which
represent the much larger electrical contacts whose resis-

tance is negligible compared to that of the sample. In an
ideal nwo-probe measurement the sample is attached be-
tween two perfect reservoirs with electrochemical poten-
tials ¢; and p,=p,—eV, respectively (where V is the ap-
plied voltage), and these reservoirs serve both as current
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interval e} between 2 and u, electrons are injected into
right-going states emerging from reservoir 1, but none are
injected into left-going states emerging from reservoir 2.
Thus there is a net right-going current proportional to the
number of states in the interval g, —p,, given by

Iezv eVET,,m (i)

where N, is the number of propagating channels including
spin in the sample, v,, is the longitudinal velocity for the
mth momentum channel at the Fermi surface, T,,, is the
transmission probability from m to n, and we have used the
fact that for noninteracting particles the quasi-one-
dimensional density of states satisfies dn,/de=1/h,,
Equation (1) shows that the two-probe conductance is just
proportional to the total transmission coefficient of the mi-
crostructure,

Ny
2 TV, (1)
nm=1
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h nm=1
It is often convenient to use reflection coefficients, defined
analogous to the transmission coefficients. Note that the
normalization condition on these transmission and reflec-
tion coefficients is 7"+ R =N, (this follows from the uni-
tarity of the S-matrix).
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probe the quantum S-matrix describing the multiple-
scattering from the entire sample treated as a single com-
posite scatterer. This is also true for four-probe transport
measurements such as Hall resistance; however, the theo-
retical description is somewhat more complicated since
then a matrix of conductance coefficients must be
introduced.'****! The experiments on quantum chaos in
microstructures undertaken to date have been essentially
two-probe measurements® 2 and the simple description of
Eq. (2) is the relevant one.

From the point of view of the general theory of quan-
tum chaos, the treatment of gquantum-chaotic scattering
requires some novel analysis. Most of the effort in quantum
chaos during the past decade has focused on semiclassical
derivations of quantum spectral properties, using the
Gutzwiller trace formula' or its more recent refinements,
For example, it has been shown® that the two-point spec-
tral correlations of chaotic systems are well-described by
Wigner-Dyson random matrix theory over an energy in-
terval E such that A€ E<#i/Ty where A is the level spac-
ing and T is the period of the shortest periodic classical
orbit. Moreover, extensive numerical investigations show
that many other spectral statistics of chaotic systems (such
as the nearest neighbor spacing distribution) are well-
described by random-matrix theory.?* In addition, spectral
correlations on a scale Ex /T, may be obtained from a
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semiclassical analysis which only takes into account a few
short orbits, and striking successes of this approach have
been demonstrated for, e.g., the hydrogen atom in a mag-
netic field.2> Much Iess is known analytically about the
properties of the eigenfunctions of classically chaotic sys-
tems. Thls makes the study of quantum-chaotic
scattering® partlcularly interesting because the quantum
S-matrix depends in an essential way on the properties of
the wave functions.

In addition, consideration of scattering problems intro-
duces into the theory a new time scale, 7, the mean escape
time from the scattering region. In quantum scattering
problems where the escape occurs via tunneling, ry cannot
be derived from straightforward consideration of the clas-
sical dynamics (although it can be treated semiclassically
by going to imaginary time and inverting the potential).
However in problems of the sort we will be considering, in
which a particle is injected into a cavity, bounces many
times and ultimately escapes, the escape time is a purely
classical qliaﬁuty which we obtain by simulation of the
classical equations of motion for a distribution of initial
conditions. One may still consider two limits in this case. If
the apertures through which particles can escape become
very small, %/7, can become less than the level spacing A
of the closed cavity. In this case one observes strong reso-
nances whose properties may be described by the semiclas-
sical spectral theory. In semiconductor microstructures
this regime may be probed in experiments on “quantum
dots”

npnr]u ieolated islands of electron gas, connectad to
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leads through tunnel barriers or narrow constrictions. The
analysis of conductance resonances in this case is compli-
cated by the presence of large Coulomb charging energies
for adding an electron to the dot, and by thermal broad-
ening of the resonances. However it has been recently pre-
dicted that the distribution of resonance amplitudes should
reflect the underlying chaotic nature of the eigenstates,?”?*
and experimental tests of this hypothesis are expected in
the near future.

In the current work, however, the case of primary in-
terest i 1s when #/75> A and weak overlapping “resonances”
occur;?® in this regime one cannot associate peaks in the
transmission with individual levels and indeed the whole
notion of the spectrum of the system becomes ill-defined
since there is no natural choice of boundary conditions to
impose. This regime has been extensively studied in the
nuclear physics literature where it is known as the Ericson
filuctuation regime.?*?® In this case the new energy scale
#i/ 7o enters into the semiclassical theory in a fundamental
manner,” and the semiclassical theory of chaotic spectra is
not of obvious relevance, Below we will review and extend
our results for the conductance of such ballistic
microstructures.>** We study the ballistic analogs of
weak-localization and universal conductance fluctuations
and are able to relate these statistical properties to features
of the classical dynamics. This is done by a combination of
approximate semiclassical calculations and exact quantum
and classical numerical simulations. In particular we are
able to show that such measurements can distinguish be-
tween chaotic and nearly integrable scattering potentials.
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FIG. 1. Transmission coefficient as a function of wave vector [(a) and
(b)] or magnetic field [(¢)] through the cavity shown in panel (a). In ail
the panels, the straight solid line is the classical transmission T, the
fluctuating solid line is the full quantum transmission T, and the dashed
(dotted) line is the smoothed T, at B=0 (B4/dy=0.25). Note the
following four main effects. (1) The smoothed T, increases with the
same slope as Ty {(a}]. (2) The smoothed T, is smaller than T, by a
substantial amount, (577)[(a)], which is sensitive to B [(b)] and there-
fore constitutes an average magnetoconductance. (3) T, fluctuates by an
amount of order unity as a function of both k and B: var(T) ~1 [panels
{a)—(e)]. {(4) The spectrum of T, - has a characteristic scale, k_ or B,

A0S spectiuIn of 145 8 Characicnisiic 3Cale, K, O O,

which can be related to classical quantmes ( W is the width of the leads,
and A is the area of the cavity.)

However our semiclassical analysis, which is based on ap-
proximations very similar to those used in the theory of
chaotic spectra, only gives qualitative agreement for the
magnitude of the weak-localization and universal conduc-
tance fluctuations. This suggests that the theory of
quantum-chaotic S-matrices will require a significant ex-
tension of semiclassical theory.

Before we present the semiclassical theory, we illus-
trate in Fig. 1 the main effects that we will be discussing:
numerically computed 7(k) and T'(B) curves are shown
for an asymmetrized stadium in both the classical and
quantum limits. The transmitted flux increases linearly as a
function of & as the incident flux (< kW/m) increases
[panel (a)]. The average quantum result lies below the
classical curve, Iargely because of mode effects from con-
finement in the leads. However, part of this offset is sensi-
tive to a weak magnetic field; this is the weak-localization
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effect [panel (b)]. Perhaps the most striking feature of Fig.
1 is the fine structure in the guantum curve. These are the
conductance fluctuations which we will characterize in
terms of both their magnitude, ver(T), and their correla-
tion scales k. for T (k) and B, for T'(B).

. SEMICLASSICAL TRANSMISSION COEFFICIENTS

As noted above, ballistic microstructures represent a
condensed matter system where one may hope to apply
detailed semiclassical analysis to describe quantum prop-
erties in terms of properties of the classical phase space.
The semiclassical Green functions are the natural link be-
tween quantum and classical physics (particularly in the
chaotic regime where the phase-space has no invariant tori
and Bohr-Sommerfeld quantization cannot be employed).
These Green functions are expressed as sums over classical
trajectories whose actions and stabilities determine the as-
sociated phases and weights, The Green function in which
we are interested is that related to the transmission (and
reflection) amplitudes between any two modes 7 to » and
is therefore related to the transmission probabilities T,
appearing in Eq. (2).

The transmission (reflection) amplitude from a mode
m on the left to a mode # on the right (left) for electrons
at the Fermi energy E is given by the projection of the
retarded Green function (evaluated at the Fermi energy)
over the transverse wave functions ¢,, and ¢, of the incom-
ing and outgoing modes.!?

by = — i (00,) fdy’ f dydr (V') frm(3)

XG(L,y" 0,);FE), (3a)
r,,,m=6,,,,,—z?i(v,,u,,,,)1"2 f dy’ J. dyd¥ (¥ ), (¥)
XG0,y ;0nE). (3b)

The intuitive interpretation of the above equations as ar-
riving at the cavity in mode m, propagating inside the
cavity (through the Green function), and exiting in mode
n is quite straightforward.

These equations constitute an exact starting point
which is also the basis of our numerical calculations. As
described in detail in Ref. 31, we obtain the Green function
of a tight-binding Hamiltonian (equivalent to a real-space
discretization of the Schréidinger equation) by a recursive
algorithm and then do a (discrete) projection onto the
transverse wave functions in the leads. This yields, then,
the exact transmission amplitude of the discretized prob-
lem and the conductance follows from Eq. (2).

The semiclassical approximation to the transmission
and reflection amplitudes proceeds by replacing the Green
function G by its semiclassical path-integral expression

Gy ) E) = W 2 D,

s(n¥")
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given as a sum over classical trajectories s between points y
and y’ of the entrance and exit cross sections (hereafter we
will not write any x dependence). S; is the action integral
along the path, D= (v|cosd’|/m)~"{(38/8y'),|, & and
&' are the incoming and outgoing angles, and u is the
Maslov! index given by the number of constant-energy
conjugate points.

In the case of hard-wall leads, the transverse
wave functions have a sinusoidal form: ¢, (p)
= 2/ Wsin(mmy/W). For large m the integral over y will
be dominated by the stationary-phase contribution occur-
ring for trajectories starting at points y, defined by

as mim

that is, the dominant trajectories are those for which the
initial transverse momentum equals the momentum of the
transverse wave function. Performing also the p’ integral
by stationary-phase, we obtain

M= 4, (5)

(i~ . o
X exp kgb's(n,m,w —igus} (0)

‘where the sum is now taken over trajectories s between the

entrance and exit cross sections with incoming and outgo-
ing angles € and # such that sin 6=ma/kW and
sin @' =#r/kW. The reduced action is

S(7,7,E) =S o por Er) +Hmitiye/ W —tmiiply/ W, (7)

the new pre-exponential factor is

1 ady
)

my|cost’ |
and the new Maslov index is

ol (5 () o

where H is the Heaviside step function.

When taking the semiclassical limit by increasing the
Fermi energy the trajectories contributing to ¢z, will
change as larger Fermi wave vectors give smaller injection
angies for a given mode number m. On the contrary, if we
look at Eq. (6) as the transmission amplitude between the
directions of & and @', the trajectories contributing will
remain unchanged in billiard-like structures as we move
into the semiclassical limit (apart from a trivial energy
scale factor).
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cal reflection amplitude in terms of trajectories leaving and
returning to the cross section at x=0 with appropriate
quantized angles. Note that there are two kinds of trajec-
tories contributing to G*!(y";;E) in the case of reflected
paths: those which penetrate into the cavity and those
which go directly from p to ' staying on the cross section
of the lead. Clearly it is only trajectories of the first kind

D=
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which contribute to the semiclassical reflection amplitude
as trajectories of the second kind merely cancel the §,,, of
Eq. (3b).

Some special care must be taken for structures in
which there are direct trajectories between the incoming
and outgoing leads. The semiclassical transmission ampli-
tude of Eq. (6) assumes that the contributing trajectories
are all isolated, and some modification is needed to include
the effect of the family of direct trajectories. For the diag-
onal contribution £
low the same procedure as before and perform the integral
over y by stationary-phase approximation, yielding

A i W & , [ kL wmyy
= W[ fme ' $m(y )exp(t(cose+ W ))

W—Ltan @ kL  mmyy
—_f ay';(v )eXP( (cose W ))l

(10)
where L/cos 0 is the length of all the trajectories,
yo=y'— Ltan @ is the intial point of the trajectory reaching
the exiting cross section at ', sin 8=rr/kW and the
Maslov index is zero. Of course, we cannot perform as
before the integral over y’ by stationary-phase as there is
no quadratic term in the action. However we can calculate
the integral in closed form obtaining
(sar5)| (17512 0)exp( —smm 5t o)

I\ W n ,exp\ mm Wtan )

cos 8
\cos o)

tgzm = —€xXp

W (11)
For large quantom numbers m we can neglect the last
(small and rapidly oscillating) term.

In an analogous way we can compute the off-diagonal
contribution £3,, of the direct trajectories, given in the large

n and m limit by
f kL (n4+-m) L o
exp(z(cos g " W™ ))

¢ _ 1jcosé, 2
fom= 77| cos 0

{ol(n— m)/Z](L/W)tanB}

(n—m)

1 L
+——sin (wm—tane)l.
Tm

X sin: (12)
As expected the result is strongly peaked for n=m [where
Eq. (11) should be used], but shows nevertheless an im-
portant off-diagonal contribution for close quantum num-

hare 1 anAd
Ders 1 ang m.

It is important to notice the different dependence on #
{or k) for the contribution from the family of direct tra-
jectories and the isolated trajectories; the former dominat-
ing in the limit k— . The existence of direct trajectories
thus complicates the comparison between experiment
{(both numerical and laboratory) and the semiclassical the-
ory. Thus in many of our numerical simulations we have
introduced “stoppers” in the billiards which eliminate this
effect; the experimentalists have also tried to avoid this
problem by displacing the leads'® or having an angle
smaller than 7 between them.® Even if we can circumvent
the problem of the direct trajectories by going to more

of the direct trajectories we can fol- -

complicated structures the special character of the semi-
classical contribution of a family of trajectories will remain
for integrable structures Iike rectangles. The contribution
of families of irajectories in cavities with straight sides is
more complicated to evaluate than for direct trajectories,
but nevertheless we can anticipate that they will have the
same dependence on 7 and cause integrable scattering sys-
tems to approach the classical limit differently from cha-
otic scattering systems.

For the scattering problem the semiclassical contribu-
tions in the chaotic [Eq. (6)] and direct trajectory [Eq.
(11)] cases are the analog, respectively, of the contribu-
tions of isolated periodic orbits and a family of periodic
orbits to the density of states.! The main difference between
the scattering and energy-level problems at the semiclassi-
cal level is that the trace formula for the density of states
involves the sum over periodic orbits while the transmis-
sion amplitude is given by open trajectories that traverse
the scattering region. The fact that the Open trajectories
€scape from the bbalwnug wgwn lIIlplle that the semiclas-
sical transmission sum will not be complicated by the con-
vergence problems"?? of the trace formula. From the quan-
tum point of view, because the Gutzwiller trace formula
must reproduce a delta-function spectrum, it can be at
most conditionally convergent, while the quantum trans-
mission amplitnde is a smooth function of the Fermi en-
ergy (away from thresholds for modes in the leads**) and
so the semiclassical sum can be absolutely convergent.

Converrence of semiclassical nropagsators in chaotic seat-
LONVErgence O SemiC:assica: propagalors in ¢haouc

tering problems has recently been addressed by Jensen.

Chaotic scaftering problems for potentials which as-
ymptotically go to zero have often been studied in terms of
the semiclassical propagator in the momentum representa-
tion, first discussed by Miller®® starting from canonical
transformations. The relevant sum in this case is over clas-
sical trajectories with fixed incident and outgoing mo-
menta, similar but not identical to what we find for the
transmission amplitude in our “waveguide” geometry. Our
procedure gives a more explicit semiclassical formula for
use in the Landauer-Biittiker conductance formulas and
allows Gne to handle more complicated situations like fam-
ilies of trajectories, soft walls in the leads®! and magnetic
field.** In particular we obtain a prescription for evaluating
the Maslov indices, making possible numerical evaluation
of the semiclassical transmission amplitude by direct sum-
mation in cases of interest.>* While we do not pursue direct
summation of semiclassical expressions here, we note that
it has proved valuable in the context of closed billiards®’
and could be used to clarify some of the issues discussed
below.

Transmission coefficients (or probabilities) between
modes are obtained by taking the magnitude squared of the
transmission amplitudes, T,,,= | £,m] % They will therefore
be given as sums over pairs of trajectories. Since we will be
focusing on billiards it is convenient to scale out the energy
{or momentum) dependence and use the notation

Ny Ny

17
T(=2 X T, "3

2 E EF;-‘:,,(m,

(13)
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Fo4 (kY= NAA explik( L,— L) +imds, ] (14)

where 5 and » label the paths with extreme angles 6 and
@', the effective length is L,=S,/k#i=S/kfi+ysin 6
—y' sin 0, the Maslov indices are included in the phase-
factor ¢, = (ft, — fis)/2, and 4, = (#k/W) Dy, Tn writing
Eq. (13) and Eq (14) we assume the transmission ampli-
tudes are given by Eq. (6), that is to say, we are not
considering the contribution of direct trajectories [Egs.
(11) and (12)], and we will keep this assumption unless
indicated.

. WEAK-LOCALIZATION

Although the most dramatic effect of quantum coher-
ence visible in the data of Fig. 1 is the fluctuations of the
conductance, we start our discussion of interference effects
in ballistic billiards by considering the average conduc-
tance, G(B), since it is a simpler quantity to analyze the-
oretically. For a given ballistic microstructure the average
can only be defined by summing over some additional vari-
able (such as energy or magnetic field) upon which the
conductance is assumed to depend ergodically, The precise
definition we choose will be given below. Roughly one may
assume that such an average will eliminate all the aperiodic

fine structure seen in Fig. 1 leaving any additional smooth
dependences on parameters of interest. Following closely

our discussion in Refs. 31 and 32, we first show that the -

leading contribution to the average conductance is classical
and then show that there is a2 quantum correction sensitive
to the magnetic field which is analogous to weak-
localization in disordered conductors. Such a weak-
localization peak has been observed in the ballistic micro-
structures studied experimentally.>!' Very recently a
quantitative experimental study of this effect was
undertaken;!® we will compare these experimental results
with our calculations at the end of this section.

We start with some numerical results illustrating the
effect: Fig. 2 shows T'(k) for a half-stadium structure. To
reduce nonuniversal effects, we study an asymmetric struc-
ture in which a stopper blocks the directly transmitted
paths; simpler structures are also discussed below, A nat-
ural averaging procedure is to convolve with the derivative
of the Fermi function {0 simuiaie nonzero {emperature.
This procedure was applied to the conductance as a fune-
tion of wave vector for zero and nonzero magnetic field
producing the dashed and dotted curves in Fig. 2 (the size
of the magnetic field necessary can be seen from the inset).
The results show clearly that there is an average magneto-
conductance in this structure; the positive sign of the effect
is the same as found in disordered conductors.

The average T( B} in the inset of Fig. 2 shows that the
hallictie
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amounting to as much as 20% of the total average con-
ductance. It also reveals a fascinating new feature un-
known from disordered conductors: weak-localization in
nenchaotic potentials is qualitatively different from in cha-
otic potentials. Traces for two structures are shown: a half-
stadium structure and a similar structure with straight
rather than curved sides. The stadium structure generates
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FIG. 2. Transmission coefficient as a function of wave vector for the
half-stadium structure shown in the bottom right. The T'=0 fluctuations
(solid} are eliminated by smoothing using a temperature (7=6 K for
W=0.5 um)} which corresponds to 20 correlation lengths. The offset of
the resulting B=2¢/4 curve (dotted) from that for B=0 (dashed)
demonstrates the average magnetoconductance effect. Inset: smoothed
transmission coefficient as a function of the flux through the cavity
(kW/m = 9.5) showing the difference between the chaotic structure in
the bottom right (solid) and the regular structure in the top right
(dashed). (From Ref. 32.)

chaotic dynamics™* while the polygonal structure does

not. (In the polygonal structure the dynamics cannot be
ergodic because the angle of a path exiting from the cavity
must be related to the angle at entry through reflection
from either vertical, horizontal, or diagonal walls.) In the
chaotic case the weak-localization effect rises quadratically
and then saturates (the subsequent upturn is due to cyclo-
tron effects); whercas the nonchaotic structure shows a
linear increase with B and no apparent saturation. Hence
we immediately obtain a partial answer to one of the key
questions posed above: the weak-localization effect appar-
ently allows us to distinguish chaotic from regular dynam-
ics. We now attempt to understand the results, both qual-
itatively and quantitatively by means of a semiclassical
analysis.

A. Semiclassical analysis

Because the classical transmission coefficient is propor-
tional to kW/w, we expect a linear contribution to the
average quantum transmission and call the slope 7. By
averaging T(k)/(kW/w ) over all k,

(A_)Elimm (™ araco), %V;>l,

g0 q 4

(13)

one can show’! that only terms with paired paths, s=u,
contribute to .7". The result of averaging is

1t 1 -
=Ef ld(sine)f ld(sinG') > A4, (16)

5(6,6")
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Using the definition of Xs, one can change variables from
sin €' to the transverse initial position y and arrive at the
usual expression for the classical probability of transmis-
sion

IJ' dsind) [ Zre 17
=3), (sin )J-o Wf(y, ) (17)
where f(y,8 ) = 1 if the trajectory with initial conditions
(1,0 ) is transmitted and f(y,8 ) = 0 otherwise. Thus as

pvppr‘fn{‘ the 199(‘]1!‘10’ order term in the average guantum

A1 121

conductance as the Ferrm energy goes to infinity is just the
classical conductance.!

The weak-localization correction is most easily dis-
cussed in terms of the reflection coefficient, R=N--T. The
quantum corrections to R are

2 XFEL Y YR

" s5Eu nEM SEU

2kW (18)

where we have separated out the terms diagonal in mode
number, dRp=3 " Nor \0Rm from the off-diagonal terms.
From results in drsordered conductors,4 one expects that
coherent backscattering will influence 8R p(B). In fact,
from previous work on both disordered systems**!' and
quantum-chaotic scattering,** it is now well-known that
a typical diagonal reflection element is twice as large as a
typical off-diagonal element when the system is time-
reversal invariant. The ratio of mean diagonal to off-
diagonal elements is known as the elastic enhancement fac-
tor, which is hence equal to 2 in the chaotic case. In the
disordered case this effect is referred to as the coherent
backscattering peak; unfortunately this term is often used
interchangeably with the term weak-localization. A major
point of our analysis below is that the weak-localization
effect in conductance is not completely explained by the
elastic enhancement factor, and there must be additional
important off-diagonal correlations present. The same im-

rdrr-nﬂnn wag imnlicit in the theorv for disordered conduc-

Ahravaliax G ARAARSAINAY BAL BALL VALWATR F O ARA STV TR Lre ARG

tors but was not to our knowledge explicitly discussed pre-
viously. We pattern our discussion of 8R  after previous
semiclassical treatments of the elastic enhancement
factor.*>#

There is a natural procedure for finding the average of
S8R, over all k% denoted (SR p): the sum of N reflection
elements each with |sin @] =[sin 6’| can be converted to
an integral over angle, (7/kW)Z,— [d(sin 8). Then, the
only A-dependence is in the exponent so that the average
eliminates all paths except those for which L.=L,
exactly.*® In the absence of symmetry L;= L, only if s=u,
but with time-reversal symmetry ( B=0) L L, also if u
is s time-reversed. Note that a path and its time-reversed
pariner will only interfere in 8R j since a path contributing
to R, will enter the cavity at 8,, and leave at 8,, whereas
its time-reversed partner will enter at 8, and leave at G,
thus contributing to the different coefficient R,,, (unless
m=n as in SR p). Thus there is no ¢obvious analog of the
effect we are evaluating for off-diagonal refiection.

Introducing a magnetic field in general changes both
the classical paths traversed and the action along a given

path; however, we will be considering low-field effects in
which the change in the geometry of the paths is negligible
and only the phase difference which now appears between
time-reversed paths is important. For time-reversed pairs
this phase difference (which is essentially due to the
Aharonov-Bohm effect) arises due to the different sign of
the “enclosed fiux”, (S,—S,)/#=20,B/¢, where
O,=27[ A+dl/B is the effective “area” enclosed by the
path (times 27) and ¢g=hc/e. Although we refer to ®; as
an area, the paths we are considering are not in general
closed Ioops and thus @, is not itself a gauge-invariant
quantity. Although we have checked that the statistical
properties of ®; are gauge-invariant in the chaotic case, it
remains to be shown that all aspects of the theory pre-
sented below are gauge-invariant. Continuing the argu-
ment, we obtain

2 A serze,rwo’
5(8,0),5(6,—0)

11
(8R 1;)):22-J'__1 d(sin )
(19)

which yields an order unity (k-independent) contribution.
to G(B). Since the average over all k eliminates all but the
symmetry-related paths we have shown that the contribu-
tion to {SR) which is diagonal in modes only depends on
the interference of paths which are precise time-reversed
pairs. This result is exact to leading order in k£ within the
semiclassical approximation and does not depend on any
speciﬁc features of the dynamics beyond the requirement of
isolated trajectories. Hence the term diagonal approxima-
tion in this context refers to the approximation of neglect-
ing possible contributions from off-diagonal reflection co-
efficients, not to neglecting interference between paths
unrelated by time-reversal symmetry. We have shown such
contributions vanish in (8R,). Equation (19) contains
only quantities determined by the classical scattering dy-
namics, and guantitative evaluation through classical sim-

ulations will be briefly discussed below. However, at this
noint we make a nlausible but annrnximafe assummntion

PRt GRS o pRalsslile DL e WALIAALS el ANEIL

about the dynamics which allows us to evaluate {6Rp)

-explicitly.

If we consider a chaotic system in which the mixing
time for particles within the cavity is much shorter than
the escape time, the probability of scattering out with any
angle @’ is just proportional to the projection of the lead on
that direction, sin &’. Hence we assume the outgoing dis-
tribution is uniform in sin " for an arbitrary distribution
of incoming trajectories. Classical simulations confirm that
this is approximately obeyed for the structure in Fig, 2 and
improves (as we expect) if the opening to the leads is made
smaller. Thus, we replace the sum over backscattered paths
in Eq. (19) by an average over all sin &' and find that the
resulting expression for {(6R p( B=0)) is the same as that
for Z# [which we define in the same way as .7 in Eq, (16)].
(Note that & . has the interpretation of the classical reflec-

“tion probability and can be obtained very accurately from

classical simulations.) Alternatively, the assumption of
uniformity in sin &’ is equivalent to supposing that all
Ry, are of order % /N, Because of the elastic enhance-
ment factor, the diagonal reflection coefficients change by a
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factor of 2, and we are again led to the estimation
(8Rp(B==0)) =~ 7. To obtain the dependence of SRy on
B, we group the backscattered paths by their effective area
and average over the distribution of this area, N(®),

90y
Lay)

Again in obtaining this expression we have assumed that
the distribution is uniform in sin & and hence N(@) is
independent of 6. Having related {(8R p(B)) to the classi-
cal area distribution we must now evaluate this distribution
and the related distributions of lengths.

Before proceeding to this step we note again that this
coherent backscattering effect does not contribute at all to
the off-diagonal reflection; however, we cannot show that
breaking tlme-reversal symmetry has no effect on the off-
diagonal contribution to {R}. Evaluation of the second
term in Eq. (18) is difficult since manipulations of the type
used to evaluate (5Rp) do not yield an expression with
k-dependence only in the exponent. Hence the k-average
does not eliminate all but paths of the same length and we
know of no analytic procedure for evaluating this term
explicitly. The naive guess that the absence of exact time-
reversed pairs in this term would make it insensitive to the
presence of time-reversal symmetry is wrong as demon-
strated by our numerical results below.

B. Classical length and area distributions

Both analytic arguments and numerical calcula-
iions %*%4347 have found that the area distribution for long
orbits takes on a universal form for simple chaotic bil-
liards: N(©) cexp(—o|@|), where the only parameter
characterizing the classical phase space is the quantity
¢,; which may be interpreted as the inverse of the typical
area enclosed by a scattering trajectory.

The origin of this universal form may be understood
qualitatively by the following argument.*®*>*' First, the
number of orbits which remain in the scattering region
long enough to cover a distance L decays exponentially
with L. Crudely the reason is that for long chaotic orbits
the probability of escaping at each encounter with the
boundary is a constant p<£1 given approximately by the
ratio of the size of the opening to the perimeter of the
billiard and is uncorrelated with previous bounces. Hence
after r bounces P(n) ~e~ "2, and if 4 is the mean length
traversed between bounces, P(L) ~e{&/dMP—g=Yal A
more sophisticated argument relates y,; to the Lyapunov
exponent and dimension of the manifold of infinitely
trapped trajectories.®® Second, the area ®, of a given tra-
jectory is essentially given by its winding number around a
central point in the billiard times a typical area per circu-
lation 4, (it is precisely this if the field is replaced by an
Aharonov-Bohm flux, as considered by Berry and
Robnik*’}. For a chaotic system the area accumulates dif-
fusively, as both senses of circulation occur with roughly
equal probability for long orbits. Hence the mean winding
nurmber for an orbit of n bounces is zero and its variance

w?~n.3#%47 The distribution of areas for orbits of length

L is then Gaussian with the variance AZ:(L/d)A%. Fi-
nally, in order to obtain the distribution of areas for orbits
of all lengths one must integrate this against the exponen-
tial distribution of lengths discussed above. The leading
behavior of this integral may be obtained by the method of

steenest decnent?? cinea thesa ara ranidly varving functione

teepest descent™ since these are rapidly varying functions.
One finds then the exponential law for |®| with
(o N W/Ao. As an illustration, in Fig. 3 one sees that
both the distribution of lengths and effective areas for the
stadium billiard are cleatly exponential. The square root
dependence of a; on ¥, has been confirmed numerically as
well, >48

In contrast to the chaotic case, we do not expect uni-
versal forms for the length and area distributions in the
regular case. For example in circular billiards typical areas
will grow linearly with the length of the trajectory instead
of as the square root because a trapped particle never re-
verses its sense of circulation,*® whereas in polygonal bil-
liards (as we shall see below) there is a tendency for areas
to cancel more completely than in the chaotic case. One
generic feature of regular billiards is the existence of fam-
ilies of trajectories which sample phase space very differ-
ently over time, and hence one does not expect the length
and area distributions to be characterized by a single scale
as in the chaotic case. Thus generically one expects power
law behavior for these distributions.**! Figure 3 confirms
this expectation in the case of the rectangular billiard: we
find P(L) ~ L~? for large L and N(®) ~@ 2 for ® less
than a cutoff value which is smaller than the area of the
rectangle (indicating the area cancellation effect just
noted).

First consider the chaotic case and assume that the
exponential form of the area distribution holds for all ®
(an accurate approximation for structures similar to those
studied here).>™ Performing the integral in Eq. (20} and
combining this result with that for the magnitude we ob-
tain a Lorentzian B-dependence:

(BRp(B)Y =%/ [14 (2B/at)?]. (21)

We emphasize that this is obtained from the semiclassically
exact Eq. (19) using two controllable approximations, uni-
formity and the exponential area distribution. Note that
the field scale can be much smaller than one flux quantum
through the area of the cavity since the particle may
bounce many times before escaping and enclose an area
much larger than the area of the cavity.

Now consider the regular case, focusing here on po-

lygonal billiards since these are the type we have studied
nnmm‘ma!]v We no longer can relv an the nniformity as-

FLEIEEL. B Lic 53y 280 RSLgRE SRR RRLy AL RN LRAAAAIIIRLY

sumption because we expect the distributions to have a
significant dependence on the incident angle. We thus are
forced to evaluate Bq. (19) by direct simulation, i.e. by
injecting classical particles with the appropriate angular
distribution and performing the sum over exiting paths
with the appropriate phase. The resulting variation of
{cos(2B@/¢y)) with B is shown in Fig. 3(e). There is a
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FIG. 3. Classical distributions of length [(a),(c)] and effective area [(b),{d)] for the stadium (solid line} and rectangular (dashed line) billiards shown.
(a) and {b) Semilog plot of the distributions: in the stadium both distributions are close to exponential after a short transient region and are very different
from the distributions for the rectangle. The exponential distributions are a signature of the single scale characteristic of chaotic systems. (c) and (d)
Log-log plot of the distributions in the rectangle show the power law behavior characteristic of nonchaotic systems in which there is a distribution of
scales. Different power laws are indicated by dotted lines. In panel (c), the dash-dotted line is the two-particle distribution of length differences
[right-hand-side of Eq. (41)]; note that the angular correlations change the exponent. In panel (d), the dash-dotted line is the two-particle distribution
of area differences for transmitted particles [right-hand side of Eq. (42)]- Note the cutoff in both the single and two particle distributions at ®@~A4. (e)
The cosine transform of the numerical N(®) (solid) is reasonably well fit by the transform of the function N(@®) ~®~ '/ for &/4 <0.15 (dashed). The
roughly linear dependence for BA/¢y <2 agrees with our quantum result for polygonal billiards (see, e.g., Fig. 2). (4 is the area of the cavity; L, is the

direct length between the leads.)

large interval over which the dependence is roughly linear
as found in our quantum calculations in Fig. 2 (see also
Fig. 5). Some insight into the linear behavior of weak-
localization in the polygonal billiards can be obtained from
considering the simpler problem of a particle moving bal-
listically bouncing many times between two planes at
y= = L,/2. Exactly the kind of phase average needed for
Eq. (19) arises in the theory of thin film
superconductivity’> where it was pointed out that all com-
plete traversals between the two planes give zero contribu-
tion to the accumulated phase; hence the appearance of
parallel walls (combined with ballistic motion) gives rise
to a flux cancellation effect, an effect noted earlier in con-
nection with conductance fluctuations.’ If a path with
many bounces begins at ¥ and ends at 7’ then only the first

and last partial traversal will determine the phase, Assum- -

ing these two segments may be treated as uncorrelated one
finds (exp(i®,B/¢y))=p*(B) where p=/(exp[irBL}
X cot 6/4¢,]> where & is the initial angle and we have
assumed the particle starts from y=0 for simplicity, As-
suming a uniform initial distribution of angles one finds
p(B)~exp[-—27rBLf/4¢o} which is approximately linear
for small B. This argument of course does not take into
account the many reflections from the side-walls nor does
it apply directly to polygonal billiards without parallel
sides. Very recenily a periodic-orbii analysis of ihe rectan-
gular billiard was performed showing that the area en-
closed by periodic orbits actually decreases with the length

of the orbit,” again indicating a very precise flux cancel-
lation in these structures. Hence we believe that these re-
sults are very suggestive that flux cancellation is responsi-
ble for the linear weak-localization behavior which we find
to be generic for polygonal billiards.

D. Ofi-diagonal correiations

In Fig. 4 we compare the semiclassical predictions for -
the chaotic case to numerical results. We calculate all the
R, and hence can extract R p=ZXR,,. The results for the
structure with the stopper are in accord with the semiclas-
sical theory: 8R ; is approximately independent of k, its
magnitude is within 30% of %, and the elastic enhance-
ment factor is 1.97+0.07 at B=0 and 0.99+0.02 at
B/agho=2. We suspect that the deviation of 6R p from the
value & is due to the approximate nature of the uniformity
assumption used to go from the semiclassically exact Eq.
(19) to Eq. (21); this assumption requires that the escape
time be much larger than the mixing time, a condition
difficult to achieve numerically in our quantum simula-
tions. Another indication that short paths are impoitant is
the net variation as a function of k, which occurs more
strongly in the structure with direct transmission paths
[Fig. 4(b)] (this structure also shows a smaller weak-
localization effect).

In order to test the possibility that the breakdown of
uniformity causes the deviation of R, from 7, we have
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FIG. 4. Change in the total reflection coefficient (solid}, as well as the
diagonal (dashed) and off-diagonal (dotted) parts, upon changing B
from O to 2a,gy The curves are smoothed using a window of 1.5kW/r
[30 correlation lengths for panel (a}, 15 for (b}]. The dashed ticks on the
right mark the classical value of 7. Note the roughly k-independent
behavior of the curves in {a) and the large contribution of the off-diagonal
reflection coefficients to the total weak-localization effect. (From Ref.
325

numerically evaluated the classical expression for {6Rp),
Eq. (19), without using the uniformity assumption. Use of
an acceptance cone of size € for the exiting angle,
|lsin 8| —|sin 6]| <¢, allows a simple evaluation of Eq.
(19). We find that  lim,_o[{8R p(B=0))
— (R p( B=2a,4p3) }]1=0.2. Surprisingly the convergence
to the limit is rather slow, requiring €:50.005, and the
value of this quantity can be substantially larger, of order
0.5, for larger €, presumably because of short trajectories
reflecting directly from the stopper. We conclude, then,
that uniformity is only approximately obeyed in this struc-
ture. Because the value obtained from Eq. (19) is smaller
than & = 0.6, we expect that the full quantum {8R p} will
be smaller than &7 as observed in Fig. 4.

The most interesting aspect of Fig. 4 is the large
change in the off-diagonal terms of opposite sign to
{6R p}, a result not anticipated by the semiclassical theory
above. Thus weak-localization is not equivalent to the co-
herent backscattering (elastic enhancement) effect. This dis-
tinction does not appear to have been appreciated in much
of the literature,”"*** including that on disordered
systems.* The importance of contributions off-diagonal in
paths is even more apparent for T since there are no time-
reversed pairs of paths which contribute to its semiclassical
expression. Hence whatever flux-sensitivity is found there
cannot be due to interference of classical paths exactly
related by time-reversal symmetry

There is a misleadingly simple argument to understand
the decrease in the off-diagonal reflection observed in Fig,
4. The coherent backscattering implies an increase of ap-
proximately 7 in the diagonal reflection when B=0; by
unitarity this implies a decrease of & in the sum of the
off-diagonal reflection and the total transmission. Naively
this decrease should divide roughly proportional to the
probability of reflection vs transmission, i.e. the off-

diagonal reflection should decrease by roughly %2 and the
transmission should decrease by 7 #. This crude argu-
ment is in reasonable agreement with the results of Fig. 4
although it does not indicate how to obtain them semiclas-
sically. However, the same argument gives an absurd result
in the disordered case. There & == 1, so this line of reason-
ing would suggest that @/l the enhanced diagonal reflection
would be compensated by reduced off-diagonal reflection,
leading to zero decrease in transmission and no weak lo-
calization effect at all! In fact analytic results show that the
decrease in flux needed to compensate the coherent-
backscattering comes two-thirds from reflection and one-
third from transmission, even though % =1.4"% Thus uni-
tarity alone does not explain the off-diagonal correlations
in the disordered case.

After discovering the importance of off-diagonal cor-
relations for this problem, we found that this result was
implicit in a random-matrix theory approach®’ in which a
Hamiltonian from a Gaussian ensemble is coupled to leads
to allow scattering. While the elastic enhancement factor
has been familiar in various random matrix theories for
some time,>® transport quantities have gained attention
only more recently.”® For good coupling, results in Ref. 57
imply that (6R}=0.25 in a system for which the elastic
enhancement factor yields (SR p}=0.5=47, Thus an ap-
propriate formulation of random-matrix theory for these
systems does capture the off-diagonal contributions missed
by the diagonal approximation to the semiclassical trans-
mission.

The breakdown of the diagonal approximation (IDA)
applied to the semiclassical density of states is a longstand-
ing problem in the theory of quantum chaos as discussed
by Berry.2® However for the density of states Berry found
that only very long periodic orbits—orbits with periods
greater than the Heisenberg time (inverse level spacing)—
required abandoning the diagonal approximation. Very re-
cent work® has indicated that there are subtle correlations
between classical orbits which give rise to contributions to
the semiclassical density of states which are off-diagonal in
paths and which correct (at least approximately) the fail-
ure of the diagonal approximation to describe level corre-
lations at small energies (long times).

However we note that in our cavities the path length is
limited by the dwell time, which is much smaller than the
inverse level separation, so the off-diagonal interference ef-
fects considered in the density of states may not be relevant
for the deviations from the DA that we see. Thus our
results suggest that a parametrically different scale enters
in determining the breakdown of the DA for quantum scat-
tering. In our view it is very much an open question
whether the off-diagonal correlations found numerically
are describable by semiclassical sums which by definition
include only contributions from classical paths. It is worth
noting that these correlations in the disordered case can be
calculated perturbatively and arise from real-space dia-
grams which have no representation in terms of purely
classical paths.’®
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FIG. 5. Weak-localization magnitude as a function of magnetic field for
the six structures shown. The magnitude is obtained from
{T(k,BY—T(k,B=0)), with kW/me[4,11]. Note the difference between
the chaotic and regular structures, as well as the sensitivity to symmetry
in the lower panel. o is the inverse of the typical area enclosed by
classical paths. (From Ref, 32.}

E. Further numerical results and co
experiments

mnarienn to
parison 1o

Despite the quantitative inaccuracy of the semiclassical
theory of weak-localization presented here, it is successful
in certain key respects. It shows that reflection coefficients
are sensitive to B through time-reversal symmetry, relates

the field scale to the average area enclosed by classical

paths, and explains the difference between chaotic and reg-
ular structures in terms of the classical distribution of ar-

anc
[t 1Y

The semiclassical results suggest analyzing the numer-
ical data by averaging the change in T (%} as shown in Fig.
5. The top panel demonstrates the difference between cha-
otic and regular structures discussed above: the curves for
the half-stadia (chaotic) flatten out while that for the half-
asymmetric-square (regular) increases linearly (except for
very small B where it is quadratic). As discussed above, we
attribute this difference to differing area distributions for
chaotic vs integrable structures. Note however that not all
of our chaotic structures show a clear saturation; nonethe-
less all do have rapidly changing magnetoconductance at
small field followed by a more gradual rise. We atiribute
the lack of saturation to the small size of our structures.

The lower panel of Fig. 5 shows that the weak-
localization effect is present even for structures without
stoppers. The error bars are larger than in the upper panel
because of the greater variation with & produced by the
direct paths. However, it is interesting, and important for
experiments, that the direct paths do not mask the weak-
localization effect and the difference between the chaotic
and regular cavities is still clear. The lower panel shows an

interesting new result: the symmetric stadium shows a
much smaller weak-localization effect than the asymme-
trized cases. In fact, within the error bars of our numerics
we cannot establish that the weak-localization effect is non-
zero for this case. However, recent analytic calculations on
symmetrized “disordered” systems find that four-fold sym-
metry reduces but does not eliminate the effect, suggesting
that it is indeed nonzero in the chaotic case.*® The possible
role of spatial symmetries in determining G(B) was not
relevant experimentally for disordered conductors and
does not seem to have been explored previously; we now
see that it may be experimentally relevant and accessible in
the bailistic regime.

Finally, we comment on the relation between our the-
oretical results and the experiments.” '3 A5 shown
above, quantitative extraction of the weak-localization ef-
fect from the conductance fluctuations requires an averag-
ing procedure. In experiments this averaging may be
achieved either from thermal smearing through the Fermi
function or from explicit averaging by varying the potential
on a gate which changes the Fermi energy. Thermal aver-
aging was dominant in the earliest experiments,’ but more
recently explicit averaging using a gate has been per-
formed .!° In either case, the average experimental magne-
toresistance shows a maximum at B=0, in basic agreement
with our theory for the existence of weak-localization in
ballistic cavities. Of course, because of the conductance
fluctuations it is possible to have either a minimum or a
maximum at B=0 in an unutiéfa'géu \1 =0) inagnetore-
sistance trace. In structures with a strong weak-
localization signature, we find that about two-thirds of the
unaveraged traces show a maximum at B=0 while one-
third show a minimum, a result roughly confirmed by low-
temperature experiments.®!

Recently Keller efal'® have investigated weak-
localization in detail in a gated structure in which Fermi-

energy averages (similar to those employed in our numer-
ics) were possible. The structure emploved had a stadium-

Ay WRAL PROGSIVEC. L0 SLIUOULRIC AR RAL Aiall o slailiill

shaped cavity with off-set leads. In Fig. 6, the experimental
results are compared to our numerical results for the
asymmetrized-half-stadium with stopper of Fig. 5. Includ-
ing the factor of 2 for spin, there is remarkable agreement
in both lineshape and magnitude when the field is scaled by
the appropriate effective area o (extracted from the corre-
lation function of T(B) in the experiment and from clas-
sical simulation in the theory). Further work is needed to
determine whether this quantitative agreement, which is
somewhat surprising in view of the differences between the
experimental and theoretical structures, is fortuitous or in-
dicates a large degree of universality in ballistic weak-
localization.

Although Marcus ef al.® have studied the difference in
fluctuation spectra for circular (integrable) vs stadinm
cavities (discussed below), no detailed experimental com-
parison of weak-localization in chaotic and nonchaotic
structures has yet been performed. The linear lineshape
predicted by our theory for polygonal cavities should be
experimentally observable, and we hope such measure-
ments will be undertaken in the near future.
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FIG. 6. Comparison of the weak-localization observed experimentally
with that obtained numerically for the second structure of Fig. 5. Note the
remarkably good agreement between the experimental and numerical val-
ues. The experimental points are from Keller er al.,'® and were obtained
for a stadium-like cavity with offset leads to eliminate direct paths. The
experimental average over & was obtained by varying the gate voltage over
a range of 40k, The experimental value of ¢y was found by fitting the
power spectrum of T(B) to the theoretically predicted form [Eq. (39)];
this value was independent of gate voltage. .

IV. CONDUCTANCE FLUCTUATIONS

Fluctuations about the average conductance are char-
acterized by both their magnitude and their power spec-
trum. We first treat the spectrum of the fluctuations since
it is useful in estimating their magnitude; we follow closely
our previous calculation of the fluctuations as a function of
magnetic field® which was based on the semiclassical ap-
proach to S-matrix fluctuations as a function of energy
introduced by Gutzwiller® and extensively developed by
Bliimel and Smilansky® and Gaspard and Rice.%* We find
that the power spectrum can be directly related to proper-
ties of the classical phase space and, as was the case for
weak-localization, this implies a qualitative difference in
the form of the spectrum of chaotic and nonchaotic struc-

tnrag
LULLT,

A. Power spectrum: Chaotic case

The fluctuations in the transmission intensity are de-
fined by their deviation from the average value studied in
the last section; in the absence of any symmetries,

8T=T—-FkW/m. (22)

In order to characterize the spectrum of fluctuations, we
define the correlation function of the fluctuations in & by
averaging over k,*

C(AR) = (8T (k+AK)ST (k). (23)
The corresponding Fourier power spectrum
Clx)= f d(AK) C{Ak)e™A* (24)

gives the spectrum of lengths that are important in produc-
ing the & fluctuations.

The semiclassical anal)fsm proceeds Dy an argument
similar to that for weak-localization above. First, only part

of the correlation function can be treated analytically: in
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this case the diagonal-approximation consists in the corre-
lation of transmisston coefficients between the same modes
CD(Ak)s< Z_aT,,,,,(k+Ak)3T,,m(k)) . (25)

nm k

The semiclassical expression for the transmission ampli-
tudes, Eq. (6), yields

Cp(AK) =7 ((,;,)22 > 3

mm su(usts) Le(vsEe)

X P54 (ke AKYFY (k) ) (26)
k

where F,", is defined in Eq. (14). Because the average is

for very large k, we consider the limit when the modes are

very dense and replace the sums over modes by integrals

over angles. As for weak-localization, the diagonal-

approximation yields an expression with k-dependence
onlv in the exnonent

LIy AL AL CAPULIRIIS

(exp[ik(L;— L+ L,— L)) e (27)
The infinite k average implies that the only contribution is
for L— L,+ L,— L,=0 exactly. Because of the definition
of Cpin Eq. (25), all four paths satisfy the same boundary
conditions on angles, and hence they are all chosen from
the same discrete set of paths. In the absence of symmetry,
the only contribution is v=s and t=u. (The terms with
s=u and ¢=v are excluded because they represent the av-
erage values which must be removed from the correlation
functions.) Thus we find the exact semiclassical expression

1 ™ ~
CD(Ak):ZJO d(sin 0) JO d(sin 9')

X 2 2

(8.8 nB8 ) y=ts)
A S A Y

REN

Es Zuea‘Ak(Z_,—E,,) (28)

which is independent of &k (as discussed further below in
connection with the magnitude of the fluctuations). The
corresponding expression for the power spectrum is

. 1 1
Ep(x) %fo d(sin 6) fo d(sin 6')

{1
l'“' 1

, Ay v s
X ZE Ay Ao Lg+ o)

$(8,8°) u(8,8")(usts)

(29)

where the mfm:rml over Ak hag heen performed

In the chaotlc case, we assume, in a similar spirit to
our treatment of weak-localization, that (1) the trajecto-
ries are uniformly distributed in the sine of the angle, (2)
the angular constraints linking trajectories # and s can be
ignored, and (3) the constraint u=%s can be ignored be-
cause of the proliferation of long paths. By averaging over

the angles associated with trajectory u,

4, 1993
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" T 1 1
cD(x)=§f0 d(sin 8) J; d(sin®) 2 4,

5(6,8")

2 4,

u(8),6;)

1 1
X I d(sin 8,) f d(sin 6,)
0 0

X8(L+x—L,),
and using the identity

(30)

W

8(Lo+x—L,)= J dL ~L)§(L—L,),

(31)
one finds that the only remaining constraint on the trajec-
tories is through their lengths. Introducing the classical
distribution of lengths

.E+

] 1 .
p(L)zf d(sine)f d(sing’) X A8(L~L,),
0 0 u(6,8)
(32)
we find
Ep(x) « J:o dL P(L+x)P(L) (33)

where x is taken positive., As discussed above, the distri-
bution of lengths is exponential for chaotic billiards for
large L, while there may be deviations at small L. Using
the exponential form for all lengths, we find that

Cp(x) o e Yel¥! (34)

which is valid for all x since é’p(x) must be real and
symmetric. This form for the power spectrum implies that
the wave-vector correlation function is Lorentzian.*®

The argument for the magnetic field correlation
function? is very similar. The correlation function is again
defined as an average over k

C(AB)=(8T(k,B+AB)ST (k,B)); (35)

but the difference in action in the phase factors comes
from the difference in B. Expanding the change in action
to first order in field [S,(B+AB)—S,(B+AB)+S5,(B)

( B))/#i=(0,—®,) A B/dq, we find exactly analogous
to Eqgs. (28), (29), and (33)

Cp(AB)= f d(sin 8) f d(sin 6")

Y Yl
£ __4, A, A
s(8,6") u(B,6"){uzs)

LA B(D —0_ )/ b
uf 5 LA

. 1 1
Cl,('r,v)=%E J:J d(sin 6) fo d(sin 6")

X 2 2

> 4, 4,5(0,4+m—0,),
{0,0") u(6,6")(us)

(37)
G

Ep(n) « ff d® N(®+m)N(O).

(38)

Using the known exponential form of the distribution of
effective area, N (® }, for all values of ® yields

Cp(n) el (14+aq)n|) (39)
for the power spectrum or

Cp(AB)=Cp(0)/[1+ (AB/ado)? ] (40)
for the correlation function. Note for consistency that the

field scale of the fluctuations is twice that of weak-
localization [Eq. (21)] because the relevant phase involves
the difference of two “areas” whereas weak-localization
involves the sum.

As in the case of weak-localization discussed above,
the terms in the correlation function which are not suscep-
tible to the diagonal-approximation are much more diffi-
cult to treat and no analysis of these terms is known at this
time. Thus we simply conjecture that the form of the full
power spectrum will be the same as that given by the di-
agonal term. The conjecture is intuitively reasonable since
a given property of a chaotic system should be character-
ized by a single scale which hence should be the same for
the full correlation function; we now turn to the numerical
results for confirmation of this conjecture.

We have calculated by classical simulations ¥, oy
and hence can compare the predictions of Egs. (34) and
(39) to exact numerical results for the correlation fung:
tions obtained by the recursive Green function method*’
with no free parameters. We consider systems with 4-15
modes at Ep. It is important to note that the semiclassical
approximation leading to Egs. (4) or (6) is not well-
justified in the few-mode limit typical of experiments,” !
since the difference between the actions of classical trajec-
tories with the same end points is not always much greater
than #. Thus our numerical results provide a test of the
accoracy of the semiclassical approach for determining
u‘)l“‘felau()ﬁ lCl'lg[ﬂb 111 UJIS ft‘:glﬁic

First we show (Fig. 7) a typical correlation function
C(AB) and the prediction of Eq. {40). The agreement is
good except in the tail which corresponds to the nonuni-
versal short trajectory behavior. Because the behavior in
the tail affects the half-width, it is necessary to calculate
8T from a smoothed {T(B)) curve which introduces
some arbitrariness in the determination of the correlation
field B,. To eliminate this freedom, we instead extract the
correlation area A=/ B, . from fitting the Fourier power
spectrum of the data to Eq (39) (inset to Fig. 7) the
value thus extracted is independent of the nonuniversal
“low-frequency” behavior.* The same approach was used
to extract ¥,,, from T (k) by fitting to the simple exponen-
tial power spectrum of Eq, (34). Figure 8 shows the power
spectrum for an asymmetrized stadium for two different
fillings [see also Fig. 10(a)]. Note that the agreement be-
tween the full quantum numerical results and the exponen-
tial decay predicted semiclassically is excellent when the
number of modes is large—log P(x) is linear over 4
decades—but is less good in the extreme quantum {imit of
a single mode—less than 2 decades. The breakdown of
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FIG. 7. Magnetic field correlation function for the stadium billiard shown
in Fig. 3 (for W=1000 A, half-width A B,=4mT). Dashed line has the
form of the semiclassical prediction of Eq. (40). Inset: smoothed power

spectrom of T R\ Error bars indicate rms variation of raw data. Dashed
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line is best fit to Eq. (39) in interval [50,200]. (By=mcv /eL; where
Ly is the direct length between the leads.) (From Ref. 2.)
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'y H
surprising and, in fact, has been studie quantltatwe y in
the context of S-matrix fluctuations,*?

Figure 9 shows that y,,, a,, are indeed given by the
classical quantities ¥, . to high accuracy while they are
varied over roughly two orders of magnitude by changing
R/W in the two- and four-probe structures shown. Thus it
is possible to predict guantitatively measurable properties of
these ballistic quantum conductors from a knowledge of the
chaotic classical scattering dynamics. Indeed, recent
experiments'®!® have investigated the variation of y,, and
a,,, With the degree of opening of the cavity. They find the
correct trends and quantitatively reasonable values. A de-
tailed comparison of theory and experiment is complicated

nf
i

log[ Fourier Power of T(k) |

FIG. 8. Power spectrum of T(k)} for the chaotic structure shown for two
different fillings, Ny;==21 squares and Ny=1 triangles. In the former
case, the agreement with the semiclassical theory is excellent; however, in
the extreme quantom limit when only one mode is propagating in the
leads, there is more high-frequency power and the agreement with the

semiclassical theory is much less good.
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FIG. 9. {a) Ratio of the wave-vector correlation length (obtained by
fitting the power spectrum) to the classical escape rate ¥, as a function of
Ya for both types of structures shown. Four-disk structure {triangles)
with R/W=1,2,4, and stadium (squares) with R/W==0.5,1,2,4,6,8. (b)
Ratio of magnetic field correlation length (obtained as in inset of Fig. 7)
o a, the exponent of the distribution of effective areas, as a function of
a.. Four-disk structure (triangles) with R/W=1,2,4, and open stadium
(squares) with R/W=1,2,4,6. The correlation lengths of the quantum
fluctuations agree with the semiclassical prediction over two decades. (4
is the area of the cavity; L, is the direct length between two opposite
leads.) (From Ref. 2.)

by the presenoe of phase-breaking in the experimental

13, , o
structures * and by imperfect knowledge of the real poten-
tial (see, however, Ref. 48).

B. Power spectrum: Non-chaotic case

The semiclassical theorv of scatterine in nonchaotic

=238 SRAvAROSILGl WAALULY ol R L L L

structures is presumably related to the treatment of direct
trajectories in Sec. IT but is less well developed than that of
chaotic billiards. Nonetheless, based on the results of the
last section, one expects that the spectrum in % or B should
be related io the ciassicai distribution of lengths or effective
areas for the particles in the cavity. As discussed above,
there are at least two basic differences in the nonchaotic
case: the trajectories group into families and there is a great
deal of angular correlation between incident angle and out-
going angle (the uniformity assumption used successfully
in the chaotic case is certainly not valid). Because of these
two differences, one expects that the classical distributions
will nor be characterized by a single scale and therefore
that these distribntions will be nower law rather than av.

PRI LARLAOL RALSLLIDLAVILG Wrall UV PRAWLL GGV LGuivE wdaas LAt

ponential. As noted above, the results of classical simula-
tions in Fig. 3 confirm this expectation: for the rectangular
billiard, P(L)<1/L* at large L and N(®)c1/@.
Though the power law behavior in polygonal billiards is
presumably reiated to the presence of families of periodic
orbits and flux-cancellation, a detailed understanding of
these power laws is currently not available. It is also pos-
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sible that different kinds of nonchaotic structures will show
different power laws since there is no a priori reason for
universality in the nonchaotic case; indeed, results of Lin
et al. elsewhere in this issue*® show that the distribution of
effective areas in a circular billiard is very different from
that found here for the rectangle.

In the absence of a careful semiclassical treatment of
conductance in nonchaotic billiards, we develop a conjec-
ture for the spectrum in the nonchaotic case by analogy
with the chaotic-billiard results above. From Eq. (29), the
power spectrum Cp(x) is evidently related to the distribu-
tion of two distinct paths with a difference in length of x.
In the nonchaotic case, the two distinct paths must come
from different families of {rajectories and the constraint
that the two paths satisfy the same boundary conditions on
angles must be retained. Thus we conjecture that

" 1
Cplx) < J; dLJ; d(sin 8) Py(L+x,L,8)  (41)
where Py( L4 x,L,0) is the classical distribution for two
distinct trajectories at angle 8, one with length L and the
other with length L-+x. In the chaotic case, this two-
particle distribution factorizes into the product of length
distributions appearing in Eq. (33) but in the nonchaotic
case P, does not factorize. The classical integral on the
right-hand side of Eq. (41) has been computed numeri-
cally for the rectangular billiard, and the result in Fig. 3
shows that it decays more slowly than P(L): as 1/x? for
large x instead of 1/L%

In the case of the power spectrum of T'( B), we assume
that a similar expression holds in terms of the classical
distribution for two trajectories at angle 6 with effective
areas ® and @47y

~ «© 1
Colm) « f_ d® L d(sin 0) Np(@+1,0,0). (42)

The result of classical simulation in Fig. 3 shows that this
distribution is roughly constant up to 2 cutoff which is less
than the area of the rectangle.

For verification of these conjectured expressions, we
turn to the quantum power spectrum for nonchaotic bil-
liards shown in Fig. 10. All three panels show that the
nonchaotic structures have more high-frequency power
than the chaotic structures: the fluctvations in the noncha-
otic case are finer than in the chaotic case.’? Note that one
needs at least 2—3 decades of sensitivity to reliably distin-
guish the spectra of chaotic and nonchaotic billiards; this
indicates the kind of sensitivity necessary for experimental
tests. The spectrum of T(%) in the nonchaotic case is in-
deed a power law: Fig. 10(b) shows that the spectrum is
1/x* at large x within the statistical error. Thus the validity
of our conjecture for Cp(x) appears to be confirmed. The
difference in the power spectra of chaotic vs nonchaotic bil-
liards (exponential vs power lmw decay) is explained by the
differing classical two-particle distributions of lengths. On
the other hand, because the classical distribution of area is

bounded, the conjecture predicts that the spectrum of -

T( B) should be limited to low frequencies. This is clearly
not the case in Fig, 10{c) which looks quite similar to the

log[ Fourier Power of T(k) |

log] Fousier Power of T(k) J

log[ Fourier Power of T(B) ]

0 20 40 60 80 100 120
n/A

FIG. 10. (a) Power spectra of T(k) for the chaotic (squares) and reg-
ular (triangles) structures shown. N,=33. The regular structore has
more power at large frequencies because of more trajectories with large
lengths. The line is a fit to the spectrum in the chaotic case. The expo-
nential decay predicted semiclassically holds over more than 6 decades.
(b} Power spectra of T(k) for a second pair of chaotic (squares) and
regular (triangles) structures shown on a log-log plot. Ny=21. Again
the transport through the regular structure produces more high-frequency
power. The spectrum of the regular structure is consistent with the

1722 ot i dindod pacaialanciantle an ia Jule wary A} -
1/%° spectrum predicted semiclassically and is certainly very different

from the spectrum of the chaotic structure. (¢) Power spectra of T(.B)
for the chaotic {squares) and regular (triangles) structures shown.
N, r=6. The frequency-in-field scale is normalized to the area of the struc-
ture, 4. The difference between the chaotic and regular structures is ap-
parent in the spectrum of their magneto-fingerprints. This difference has
been studied experimentally.®

result for the spectrum of T'(%) in panel (a). The reason
for the failure of our conjecture Eq. (42) is not understood
but may well be connected o special properties of the reci-
angular billiard such as the extreme flux-cancellation effect
seen in Fig. 3. Finally, we note that recent experiments
have observed different power spectra in ballistic micro-
structures fabricated with circular vs stadium-shaped
cavities.>"?

C. Scaling of the magnitude

The second property of the conductance fluctuations
we study is their magnitude characterized by the variance,
var(T). For disordered conductors this quantity was
found to have a striking universality, as it was found to be
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of order unity independent of the size of the system or the
clastic mean free path.>® Our results indicate that a similar
scale-independence holds for the fluctuations in the chaotic
case. We wish to address the sensitivity of var(T") to the
shape of the billiard and the scaling of ver( T} with the size
of the sysiem at constant shape. In a billiard, the latter is
equivalent to the scaling as #—0 or as k— co.

We start by discussing the results of semiclassical the-
ory. The diagonal contribution to the variance can easily be
found by setting Ak=0 in the correlation function Eq.
(28):

1 ' 1
varD(T)=ZJ;) d(sin 6) J; d{sin 6"}

X 2 X 44,
s(8,6") u(f,8')(uts)

(43)

This is a k-independent contribution to ver(7) and thus is
independent of the size of the system, showing the same
kind of universality as in the disordered case. The unifor-
mity assumption can be used to give a simple classical
expression for this contribution;®® the sensitivity of the
quantitative value could be investigated by performing the
sums over paths in Eq. (43) numerically. Of course,
var p(T) represents only part of the full variance. Evalua-
tion of the off-diagonal part semiclassically meets with the
same problems as for the weak-localization and power
spectrum: at present the magnitude of quantum transport
quantities cannot be quantitatively calculated within the
semiclassical diagonal-approximation theory. Thus we turn
to numerical results to investigate whether the suggestion
of universality implicit in the behavior of var,(T) is actu-
ally realized by the full variance.

In any cavity there are short trajectories which explore
only a small part of the available phase space. These tra-
Jjectories will contribute a nonuniversal amount to the total
fluctuations. Thus to make a meaningful comparison of the
long-time, possibly universal, contribution o the fuctua-
tions, the contribution of the short paths must be excluded.
We do this by fitting the power spectrum to the form de-
rived from the semiclassical theory for long paths (previ-
ous two sections) and then use the integral of the fitted
power spectrum as our estimate of the variance. We have
also considered the variance of the raw data, which is
equivalent to the integral of the numerical power spectrum,
and find roughly the same behavior but with considerably
larger statistical error bars because of the short path con-
tributions.

Figure 11 shows the variance for a stadium structure
as a function of the number of modes (which is the integer
part of kW /). Energy averaging is done to obtain each
point; the value plotted at point ¥,, was obtained from
data in the range AW/mwre[Ny+0.1, Ny +0.9]. The vari-
ance is independent of the size of the structure (within the
statistical error bars) for N, from 8 to 33. As a check,
panel (b) shows that the slope of the power spectrum does
not change over this range. Thus the fluctuation magnitude
in a chaotic structure is independent of the size of the struc-
ture and is “universal” much as in disordered conductors.
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FIG. 11. Variance of the transmission fluctuations [panel {(2}] and decay
rate of the power spectrum of the quantum conductance fluctuations
[panel (b)] as a function of the number of modes in the lead. Both the
variance and the decay rate are independent of N, for large N,,. Thus the
fluctuations in a chaotic structure are independent of the scale of the
structure, much as in universal conductance fluctuations in the disordered
regime. The quantum decay rate agrees with the classical escape rate
indicated by the dashed line. L;=4W is the distance between the leads.

The numerical value of the variance falls in the range 0.065
to 0.14 depending on the structure and seems somewhat
smaller than the minimum value 0.133 obtained for disor-
dered conductors (corresponding to the quasi-1-D limit).
The small numerical value of the variance in our ballistic
structures may be related to the presence of many short
paths because of the relative openness of the structures
vsed (pictured in inset).

Figure 12 compares the variance for a chaotic stadium

and the rectangular billiard. Again the variance in the cha-
otic structure is roughly independent of the size. However,
for the rectangle the magnitude of the fluctuation rises
slowly as the size of the system increases. The data are not
sufficient to infer an asymptotic dependence on Ny, and
the increase of the fluctuations is not as clear in other
regular scattering cavities we have studied, Nonetheless the
data suggest strongly that regular cavities do not exhibit
universal conductance fluctuations and that this may be a
third experimentally accessible transport quantity which
differentiates chaotic from nonchaotic quantum scatterers.

For a small number of modes, the magnitude of the
fluctuations may in principle show deviations from univer-
sality because of the extreme quantum nature of the prob-
lem. In fact, our numerical results in Figs. 11 and 12 show
only a modest change in var(T) even at Ny=1 in the
chaotic case, suggesting that ver(7") is a very robust quan-
tity indeed. Experiments investigating the scaling of
var(T') as the width of the leads is changed have observed
a substantial decrease in the magnitude as the number of
modes decreases,!! in apparent disagreement with our re-
sults, However, it is likely that a significant amount of
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FIG. 12. Variance of the transmission fluctuations as a function of the
nurmber of modes for the rectangular {square) and asymmetrized stadium
(triangle) billiards. The variance is obtained from fitting the power spec-
tra to the form predicted semiclassically and inferring the variance from
the fit. Note the very different behavior in the two cases: the magnitude is
nearly constant in the chaotic case while it rises gradually for the rectan-
gle. For comparison purposes the dotted line is the minimum value of the
variance for disordered metals (the quasi-one-dimensional case).

thermal smearing is present in these experiments and that
the experimental results are therefore not directly compa-
rable to the T'=0 theory. Comparing the experimental and
theoretical results in an equivalent regime remains to be
done.

Finally, it is well-known from disordered conductors
that var(T) decreases by precisely a factor of 2 when time-
reversal symmetry is broken.>® This can be understood
from very general properties of the transition between the
orthogonal and unitary random-matrix ensembles,” and
we expect such a result to be valid in the chaotic case as
well. Preliminary numerical results indicate that var(T)
does decrease with B in chaotic billiards, although further
work is needed to determine if the reduction factor is a
factor of 2 as expected. We note that it may be possible to
test this idea experimentally by, e.g., varying the Fermi
energy or shape of the microstructure at zero and nonzero
magnetic field.

V. CONCLUSIONS

We have shown that quantum interference effects in
the transport coefficients of ballistic microstructures reflect
properties of the underlying classical dynamics. If the scat-
tering dynamics is classically chaotic the weak-localization
and conductance fluctuations exhibit universal behavior
characterized by a single dynamical scale. If the scattering
dynamics is nonchaotic then these effects exist but have
nonuniversal features and multiple scales. In the chaotic
case, semiclassical theory within the diagonal approxima-
tion is able to predict the dynamical scales quantitatively
from properties of the classical phase-space, but is not able
to account for the numerically obtained magnitudes of the
effects. The semiclassical theory is suggestive of qualitative
differences between chaotic and nonchaotic microstruc-
tures, and this is confirmed by numerical results. Specifi-
cally, we have studied three effects in which a difference

appears: (1) the weak-localization lineshape, (2) the
power spectra of the conductance finctuations in k& or B,
and (3) the scaling of the magnitude of the fluctuations.
However, more careful development of the semiclassical
theory for the nonchaotic case is clearly needed. Most im-
portantly, many of the predictions of the semiclassical the-
ory are amenable to experimental test, and we eagerly
await the results of the several groups currently engaged in
such studies.

In our view the most fundamental remaining problem
from the theoretical standpoint is to extend the semiclas-
sical theory to deal with off-diagonal correlations and
hence make it quantitative. These correlations were dem-
onstrated in the numerical results above and may be com-
puted analytically in the disordered case’®® or through
random-matrix theory,*>*’ but are currently out of reach
of semiclassical methods. In the disordered case there are
indications that these correlations arise from interference
between classical and nonclassical paths, suggesting that
they are fundamentally beyond the semiclassical approach.
However we are not able to say definitively if these corre-
lations imply a fundamental limitation of the semiclassical
method or just reflect our present inability to perform the
relevant snms.

Tt is hoped that by clarifying the importance of these
off-diagonal correlations our work will stimulate the theo-
retical community studying quantum chaos to address this
unanswered question.
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