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Jerry Gollub – Lecture #4 – Using Nonlinear 
Dynamics to Understand How Fluids Mix

 Mixing in fluids is a widespread and important 
process.

 Chaotic dynamics can help to understand mixing.  
 Until recently, this connection has been hard to 

make because of experimental limitations.
 Now it is possible to measure the stretching process 

that allows the connection between chaos and 
mixing to be understood deeply.  

Presenter Notes
Presentation Notes
I am going to talk about the the role of nonlinear dynamics in understanding fluid motion, through several examples of current research, and then I will explain why these topics deserve more attention in the teaching of physics than they usually get.

These two topics have influenced each other considerably, as insights about nonlinear systems gave rise to insights about fluid behavior.  However, it has also worked the other way, as fluid phenomena have stinulated advances in understanding nonlinear processes, and have suggested applications to other systems, such as nonlinear chemical reactions and nonlinear optical processes.
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Collaborators

Greg Voth, now at Wesleyan
Paulo Arratia, postdoc
Greg Dobler and Tim Saint, 

undergraduates
George Haller, MIT
Earlier: L. Montagnon, E. Henry, D. 

Rothstein, W. Losert.

NSF – DMR
 Haverford College
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Types of Fluid Mixing 

 Turbulent mixing:  Random structures produced 
by fluid instability at high Reynolds number Re 
stretch and fold fluid elements. 

 Chaotic mixing:  Some laminar flows at modest 
Re can produce complex distributions of material. 

 Fundamental process (for both):  repeated 
stretching and folding of fluid elements, which 
causes nearby points to separate from each other 
irreversibly.

Presenter Notes
Presentation Notes
Mixing is related to the stretching and folding of fluid elements.  This occurs in a complex stochastic way for turbulent flows.  However, many laminar flows with simple time dependence also mix effectively as Aref first showed in 1984.  This is chaos in real space rather than phase space.  By chaos, we mean that nearby fluid elements separate from each other exponentially in time, averaged over the flow, and that is of course why mixing is produced.  It is not necessary that the velocity field itself be chaotic.
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Aref’s Blinking Vortex Flow – Mixing without 
turbulence

Presenter Notes
Presentation Notes
In this pioneering example due to Hassan Aref in 1974, the idea that simple flows can produce mixing was elucidated, and it was related to the behavior of Hamiltonian mechanical systems.
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2D Magnetically Driven Fluid Layer – 
(same for mixing and reaction studies)

Magnet Array

Electrodes

ft)sin(2 I(t) 0 πI=

Glycerol and water a few mm 
thick, containing fluorescent dye.

Top View: Periodic forcing:

Presenter Notes
Presentation Notes
The mixing process illustrated in the previous slide is driven electromagnetically, by passing a time-periodic current through a fluid layer in the presence of a magnetic field created by a disordered magnet array.




Evolution of dye concentration field Same data updated once per period.

Mixing of a Dye

Presenter Notes
Presentation Notes
In this movie of mixing in our experiments, we see a fluorescent dye that initially covers half of a fluid layer being driven in a time-periodic fashion.  I’ll describe the apparatus in a moment.  Although the dye at first occupies only half the fluid layer, it gradually mixes in a complex fashion and eventually will cover the entire fluid layer.

The figure on the right shows the same process sampled once per cycle of the forcing.

This is an  example of chaotic mixing.  I am going to show you that some remarkable insights can be obtained into this simple process by applying the methods of nonlinear dynamics.
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Precise Particle Tracking

 ~ 800 fluorescent particles 
tracked simultaneously. 

 Positions are found to   40 
µm  accuracy.

 ~15,000 images:  40-80 
images per period of 
forcing, and 240 periods.

 Phase Averaging:  
800*240 = 105 particles 
tracked at each phase.

Presenter Notes
Presentation Notes
To find out what is going on, we use highly precise tracking of fluoresccent particles to make precise measurements of the time-dependent velocity field.  

Let us look at the motions of these particles in the flow.  A typical particle wanders from its starting point as the fluid velocity increases locally, and then it moves back as the velocity reverses.  However, the particles rarely move back to their starting points, despite the fact that the fluid velocity field is strictly time-periodoc.
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Outline

 Measuring velocity fields (time-periodic)
 Mappings
 Fixed points of the mappings
 Hamiltonian chaos
 Stretching fields
 Using stretching to understand mixing
 Extending the work: viscoelastic fluids
 Using stretching to predict reaction progress
 Teaching about fluids and nonlinear dynamics
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Velocity Fields

0.9 cm/sec

0

(p=5, Re=56)

Presenter Notes
Presentation Notes
This movie shows a sample measured time-dependent velocity field, where the small vectors are color coded for clarity.  You can see the effects of the time periodic driving, as the velocity fades out twice per cycle.

Again, you can see that the pattern does not actually reverse when the forcing reverses.  
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Why Do Periodic Flows Mix?  
Breaking Time Reversal Symmetry

 To mix, the flow can be 
time periodic, but must not 
be time reversible:

   relative to any starting time.
 Finite Reynolds number 

Re=VL/ν can break time 
reversal symmetry:

( ) ( )t t≠ − −V V

Velocity at equal intervals 
before and after the moment 
of minimum velocity. 

Presenter Notes
Presentation Notes
Why do time-periodic flows produce mixing?  We can answer the question using the measured velocity fields. In order for particles not to return to their starting point, the velocity field must not have time-reversal symmetry.  This means that the velocity at time t cannot be just the negative of the velocity at -t, for any choice of time origin.  We can demonstrate the absence of this symmetry experimentally. The color maps show that the structure of the velocity is different at equal intervals before and after the moment of minimum velocity.  The same would be true for any other time reference point.

The degree of asymmetry shown has been shown to grow linearly with Reynolds number, and is well correlated with the rate of mixing.

Although the importance of time-reversal symmetry  may seem obvious in retrospect, the literature has not emphasized the role of symmetry-breaking in mixing.

Spatial symmetry also plays a role in mixing.  If the flow is spatially periodic, as in a regular array of vortices, mixing is inhibited by the  spatial reflection symmetry of the flow.
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Particle Displacement Map: 
Unmixed Islands (Re=20, p=0.7)

Line segments 
connect positions 
of particles one 
period apart; color        
indicated mag. of 
displacement

Presenter Notes
Presentation Notes
Here we begin to elucidate the geometrical structures that are actually controlling the chaotic trajectories of particles.  We use the concept of a mapping that connects particle positions now to their posititions after one full cycle of the forcing.  We use color to show the large and small displacements graphically.

Note that there are some regions where particles gradually go in circles or ellipses.  There are other regions where particles wander long distances over many cycles.  

This entire pattern is actually a function of the phase of the observation or mapping wth respect to the time-periodic forcing.  I can illustrate this by showing this measured displacement map as a movie, where each frame refers to a different phase.  



•Lines connect position of each measured 
particle with its position one period later:  
Poincaré Map.  No obvious connection to the 
vortices in the fluid.

Particle Displacement Map at Higher Re

1.7 cm0 cm

Presenter Notes
Presentation Notes
At a somewhat higher Re (40), the particles wander farther, and we can see very interesting dynamical structures.  There are two types of fixed points:  elleptic fixed points, around which particles circulate, and hyperbolic points, where particles approach along two directions andare repelled along two perpendicular directions.  Remember that these maps visualize the displacement once per cycle, so it takes many cycles for a particle to approach and then be repelled from a fixed point.  In principle, particles that are precisely lined up with the special directions of approach never arrive at the fixed point.
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Manifolds of Hyperbolic Fixed Points

Unstable
Manifold

Stable
Manifold

Typical of 
Hamiltonian Chaos

Presenter Notes
Presentation Notes
In addition to the hyperbolic fixed points themselves, their stable and unstable manifolds (or attracting and repelling sets) are key structures in understanding mixing.
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Hamiltonian Chaos

Henri Poincaré first identified 
hyperbolic fixed points and their 
manifolds in the 3 body problem.

Structures like these are seen in many 
problems of Hamiltonian 
(conservative) chaos, e.g. forced 
oscillators; saturn’s rings, etc.

Henri Poincaré (1854-1912)
(from Barrow-Green, Poincaré and the 
three body problem, AMS 1997)
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Why does mixing look like Hamiltonian chaos?

Fluid Mixing Hamiltonian System
y
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Pendulum Phase Plane – a simple hamiltonian 
system showing elliptic and hyperbolic points
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Manifolds and Stretching Fields

 The stable and unstable manifolds of hyperbolic fixed 
points form the building blocks of chaos. 

 These manifolds have been hard to extract from 
experiments.

 Recent theoretical work has shown how to determine finite 
time stable and unstable manifolds using measurements of 
stretching in the flow.   (Haller, Chaos 2000)

 ...  How can we measure stretching? 
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Definition of Stretching

Stretching = lim (L/L0)

L
0

L
L0    0

Past Stretching Field:  Stretching that a 
fluid element has experienced during 
the last ∆t. (Large near unstable man.) 

Future Stretching Field:  Stretching that 
a fluid element will experience in the 
next ∆t.    (Large near stable man.)

Presenter Notes
Presentation Notes
It turns out to be possible to visualize the hyperbolic  points and their manifolds by measuring the degree of stretching as as function of position, I.e. the stretching field.

The stretching field measures the deformation of a hypothetical circle into an ellipse by the flow.  It is of course different at different places, so we refer to it as a field.

Two distinct stretching fields can be defined, depending on whether one looks to the future or the past from a given point.The past stretching field shows the stretching that a fluid element has experienced during the last delta t, a time interval that can be varied, but is typically a few cycles of the flow. This field tends to be large near the unstable manifolds, as these regions have experienced substantial stretching recently.

Similarly, the future stretching field is the stretching that a fluid element will experience during the next delta t, and it is especially large near the stable manifolds.
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Past Stretching Field

Re=45, p=1, ∆t=3

 Stretching is 
organized in sharp 
lines.

Presenter Notes
Presentation Notes
Here we display a typical past stretching field of our flow.  It is calculated from gradients of the measured flow maps.  It shows the stretching that has been experienced by a fluid element in the last three cycles, as a function of position for a given phase relative to the forcing.  (At other phases, it looks similar, but is distorted.)

The remarkable feature of this map is that stretching is highly inhomogeneous, being orders of magnitude more intense along certain lines than in the spaces between the lines.  You would not be able to guess these structures simply by looking at the instantaneous velocity field, because the stretching field is basically a Lagrangian property that depends on the evolution of the velocity field over the time interval being considered.  

We can use these structures to understand mixing.
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Future and Past Stretching Fields

Future Stretching 
Field (Blue) marks 
the stable manifold

 Past Stretching 
Field (Red) marks 
the unstable 
manifold.

Presenter Notes
Presentation Notes
But first, let’s look at the past and future stretching fields together, shown in blue and red, respectively.
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Future and Past Stretching Fields

Future Stretching 
Field (Blue) marks 
the stable manifold.

 Past Stretching 
Field (Red) marks 
the unstable 
manifold.

Circles mark 
hyperbolic points. A 
“heteroclinic tangle”.

Presenter Notes
Presentation Notes
But first, let’s look at the past and future stretching fields together, shown in blue and red, respectively.   Each field has pronounced ridges where the stretching is large, and the ridges intersect in many places. Remember that these ridges label the stable and unstable manifolds of the unstable fixed points of the flow map.  Therefore,  many of the intersections of these ridges must be fixed points.  These are labeled by small circles.

Other crossings are not fixed points.  In fact, theory shows that when you have a hyperbolic fixed point in a chaotic dynamical system, the stable and unstable manifolds intersect each other an infinite number of times, in principle, generating what is called a homoclinic tangle.  Usually, such a structure appears in phase space, and is obtained by numerical computation.  Here, the tangle is measured experimentally, and real space plays the role of phase space. 
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Stretching is Inhomogeneous:  PDF

λ / < λ >
Pr

ob
ab
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Stretching over one period
Log(stretching)
(Finite Time Lyap. Exp.)

(Re=100,p=5)
Solid: Re=45, p=1, <λ>=1.9 per-1

Dotted:  Re=100, p=5, <λ>=6.4 per-1

Presenter Notes
Presentation Notes
The remarkable inhomogeneity of the stretching field is shown here by its probability distribution, which varies over many orders of magnitude.  The log of the stretching, shown on the right,  is related to the largest  Lyapunov exponent of the flow, which measures the exponential rate at which nearby particles would separate from each other as time progresses.  Its distribution is not Gaussian, but does have a well defined peak.   
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Understanding the Dye Concentration Field

Presenter Notes
Presentation Notes
What does all this have to do with mixing?  Here we show the concentration fleld after the fluid has been stirred 20 cycles or so.
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Unstable manifold (past stretching field) and 
the dye concentration field

Lines of large 
past stretching 
(unstable 
manifold) are 
aligned with the 
contours of the 
concentration 
field.

This is true at 
every time 
(phase).

Presenter Notes
Presentation Notes
Now we superimpose the lines of the past stretching field on the dye concentration field.    

Actually, these are measured in separate experiments, because the dye and the particles cannot be studied simultaneously.  However, we superimpose them at precisely equivalent phases  (relative to the start of the forcing).

The main result is that the lines of large stretching tend to lie along lines of constant concentration, for example….

Furthermore, we can let the flow evolve by playing the movie, and we see that this connection applies at each instant.  Both structures are time dependent, and yet they are closely connected.
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Homogenization:  Decay of the Dye 
Concentration Field

p=2, Re=65
110 periods

Presenter Notes
Presentation Notes
We can also look at the rate at which the concentration field becomes homogeneous over long times.  In this movie, we show the process once per cycle as the pattern gradually fades out.  
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Decay of the Dye Concentration Field
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Presenter Notes
Presentation Notes
We can also look at the rate at which the concentration field becomes homogeneous over long times.  

We quantify this effect by plotting the RMS concentration variation or the image contrast as a function of time.  The decay rates of these curves depend on the Reynolds number and a dimensionless forcing frequency.  I do not have time to show the details here.
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Stretching - Summary

 Particle tracking  Velocity fields  flow maps  
time-resolved stretching fields.

 Ridges (lines) in the stretching field are unstable 
manifolds of hyperbolic “fixed” points in the flow. 

 The dye field contours align with the lines of 
maximal compression; lines of maximal stretching 
are along the concentration gradient.

 Stretching PDF covers many decades; Mixing is 
highly inhomogeneous. 
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Ti
m

e

Newtonian
Shear-Thinning, 
Viscoelastic

Non-Newtonian Fluids: Polymer solutions

 Newtonian, Re=1.25

 Shear-thinning, PAA 3000, 
Re=1.45, El=0.75, Cr =5.1

 Each row shows an image 
taken 10 periods after the one 
above it. 

 Images of the dye field show changes in flow patterns and enhancement of 
mixing with a shear-thinning fluid.
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Rheology-shear thinning
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Shear-thinning breaks 
time-reversibility

 Measure of the breaking of time reversal symmetry of periodic flows 
 Shear-thinning effects break time-reversibility
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Application to Chemistry

 Fast reactions are enormously enhanced by 
mixing.

 Limited by diffusion into reaction zones, which is 
augmented by stretching.

 The interplay between stretching, reaction, and 
diffusion has been studied numerically but not 
experimentally.

 We measure stretching properties and use them to 
predict reaction progress.

 P.E. Arratia and JPG; Supported by NSF-DMR - 
0405187
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Experimental Set-up

A B

Acid (HCl) 
+ 

Fluorescein

Base (NaOH)

Top View

12 cm

12 cm

ElectrodesAcid/Gly/H2O, 
Dye Base/Gly/H2O

Magnets
Magnet Array

Gly/H2O, 
Salt

 Magnet spacing (L)= 2 cm
 Typical frequency = 100 mHz
 Sinusoidal Forcing
 Particle diameter = 120 µm 
 CCD (1156x1024) @ 4 Hz
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Fluorescence allows product concentration 
field to be measured
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The picture can't be displayed.

• Pixel intensity is related to 
pH using a calibration curve.

• We obtain the acid A(x,y,t) 
from the definition of pH

• Product concentration is

We fit a logistic equation to the 
calibration curve.

1 2P A< >= − < >

We also apply  it locally 
(an approximation)

H3O+ + OH-   2H2O
A + B    2P
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Stretching Fields

 Measures the rate of divergence of nearby fluid elements; controls 
mixing efficiency.1

 Related to the local finite-time Lyapunov exponent
 Measuring stretching fields: Particle tracks high spatial 

resolution velocity fields  flow maps of particle displacements 
tt+∆t.

 Stretching2 is computed from gradients of the flow maps.

∆t dt+∆tdt

Stretching=(dt+∆t)/ dt)

1- Voth, G.A., et al., Phys. Fluids, 2003 
2- G. Voth, G. Haller, & J.P. Gollub, Phys. Rev. Lett., 2002
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(b)

(c) (d)

(a)

Streamlines, and stretching fields (over 1 per.)

Streamlines

Stretching 
fields
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Scaled Prob. Dist. of log Stretching after N periods
(J. Stat. Phys. 2005)

0 1 2 3 4 5 6

10-5

10-4

10-3

10-2

H(
z)

z=(log S)/(log Sg)

 N=1
 N=2
 N=3
 N=6

Log S scaled by the geometric mean stretching over the interval
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- In a fast reaction the product 
forms at the boundary separating 
the reactants 

 The reaction interface is 
stretched and folded by the 
chaotic flow  

A                                 B

At each point of the interface the flow can 
be decomposed into a convergent and a 
stretching direction 

Dynamics: A Basic Model
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A Basic Model – (cont.)

 The reaction is confined to the interface between acid and base.  
If the interface stretches at constant rate, its transverse thickness 
(after a short transient) is controlled by a balance between 
stretching and diffusion.

 The product should grow exponentially at first, in proportion to 
the interface length, and then saturate when the interfaces 
become sufficiently close together.

2 /w D λ=
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Reactive Mixing: Product formation in time-periodic 
flows, Re=56 (p=2.5)

0P =

Product Concentration is color-coded

1-100 periods

Random Array Regular Array

Acid
(HCl)
+
Fluorescein

Base
(NaOH) Base

(NaOH)
Acid
(HCl)
+
Fluorescein

1P =
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Effects of Order/Disorder and Re

Re=56Re=56Re=37
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Reaction Progress (compared to models)
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Models

 Exponential approach to saturation (dashed line)

 Enhanced saturation – faster at late times (solid line)

 The second model gives a good fit; possibly due to 
transport of reactants to pristine regions where they can 
react.

( )1 expP Nαλ= − −

( )2
1 expP N Nαλ β λ = − − −

 

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SUMMARY

 Early product growth departs strongly from 
exponential behavior; we think it is due to the 
wide distribution of stretching rates.

 Reaction progress is affected by spatial symmetry, 
and by the extent of departure from time-
reversibility of the flow (determined by Re, etc.).

 Normalized reaction product is well predicted for 
many flows by a single master curve depending on 
(mean Lyapunov exponent)(time), allowing 
prediction of the product simply by measuring 
stretching statistics.
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Papers on mixing

 G.A. Voth, G.H. Haller, and J.P. Gollub, "Experimental 
Measurements of Stretching Fields in Fluid Mixing", 
Physical  Review Letters 88, 254501 (2002).

 G.A. Voth, T. Saint, G. Dobler, and J.P. Gollub, “Mixing 
Rates and Symmetry Breaking in  2D Chaotic Flow”, 
Physics of Fluids 15, 2560-66 (2003).

 P.E. Arratia and J.P. Gollub, “Mixing in Polymer 
Solutions:  Effects of Shear Thinning”, Physics of Fluids 
17, 053102 (2005).

 P.E. Arratia and J.P. Gollub, “Predicting the Progress of 
Diffusively Limited Chemical Reactions in the Presence 
of Chaotic Advection”, Physical Review Letters 96, 
024501 (2006). 
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Conclusion

 Ideas from nonlinear dynamics contribute to 
understanding fluid phenomena.

 Equally, fluids illuminate nonlinear dynamics and 
can be used to teach it.  

 Fluids ought to play a larger role in physics 
teaching.  I make a case for this in Physics Today, 
December 2003:  “One of the oddities of 
contemporary physics education is the nearly 
complete absence of continuum mechanics…”

 More:   www.haverford.edu/physics-astro/Gollub

Presenter Notes
Presentation Notes
In this talk, I have only touched the surface of the very large topic of the role of nonlinear dynamics in understanding fluid flow, but perhaps these examples are sufficient to indicate the richness of the interactions between these two topics.  

I would like to end by pointing out that both of these subjects deserve a place in our teaching efforts.  For the physics community, I would like to encourage the inclusion of fluid dynamics more explicitly in our teaching at both the graduate and undergraduate levels.  I make this case in a “reference frame” column in Physics today, to appear next week, and this article also highlights for a broad audience our picture gallery of fluid motion.  Perhaps some of these outreach efforts might benefit from collaborations between mechanical engineers and physicists, as our newly elected vice-chair Howard Stone has suggested to me.

I am grateful for the recognition accorded by the fluid dynamics prize, and am pleased to accept it on behalf of my present and former students and collaborators.
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Why not teach about continuum mechanics?

 Widely used in astrophysics and biophysics.
 Many applications to geophysical phenomena, soft 

condensed matter, complex fluids, etc.
 But curricula are crowded, good texts are rare, and 

many of us feel unprepared.
 Still, we can find space within various  existing 

courses if we try.
 A modern fluid mechanics course can showcase 

the diversity of physics and its connections.

Presenter Notes
Presentation Notes
Why don’t we teach continuum mechanics as an essential part of the physics curricculum.  After all, the subject has so many important applications, and connects us effectively to neighboring disciplines.  Since many of our undergraduates will find their way to other fields, shouldn’t they have some familiarity with fluids?

There are many ways to achieve this, either by including some fluid and solid mechanics within courses in classical mechanics, or by introducing a special course in fluid mechanics with applications to exciting modern topics, such as complex fluids.
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Possible Benefits

 Developing competence in using partial 
differential equations.

 Introducing nonlinear dynamics:  instabilities, 
chaotic dynamics, and complexity.

 Motivating students by making connections to 
topics such as atmospheric dynamics, biological 
materials, astrophysics, etc.

 Courses for non-majors:  “Fluids in Nature”

Presenter Notes
Presentation Notes
I believe that there are many potential benefits.
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END

Presenter Notes
Presentation Notes
IGNORE SUBSEQUENT PAGES.
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How we do it:  measuring stretching
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Stretching during time ∆t is given by the 
square root of largest eigenvalue of Cij

This is a function of position, initial time, 
and time difference.

Stretching fields can be measured from either 
measured trajectories or integration of 
hypothetical particle motion in measured 
velocity fields.
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Breaking of Time Reversal Symmetry
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Presenter Notes
Presentation Notes
We have shown that the breaking of time-reversal symmetry increases progressively with Reynolds number, and hence the mixing rates are also dependent on Re.
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Can Mixing Rates Be Predicted?

 Yes, but stretching alone predicts mixing that is a 
factor of 10 faster than is observed.

 The reason:  Material has to be transported across 
the cell. 

 We think of this as a kind of enhanced or “eddy” 
diffusion: By watching particles diffuse in the 
flow, we have  successfully predicted the rate of 
homogenization of a dye in separate experiments.

Presenter Notes
Presentation Notes
Can mixing rates be predicted?  One can attempt to predict the decay in the previous slide from the probability distribution of the Lyapunov exponents, I.e. from the stretching field, using a method suggested by Antonsen and Ott.

However, it turns out that the agreement is not good.  The decay of variance (or the rate of mixing) is slower than what one would expect from the stretching of fluid elements.  In our recent paper in Physics of Fluids, we explain why.
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Future

 Are the main features of non-periodic (turbulent) 
mixing captured by the periodic case discussed 
here? 

 What will be the topological properties of 
stretching fields for non-periodic flows?

 Non-Newtonian fluids, e.g. polymer solutions.
 Reacting flows.
 Papers:  G.A. Voth et al, Phys. Rev. Lett. (2002)  
     and Phys. Fluids (2003); P. Arratia and JPG, 

Phys. Fluids (2005); PRL (2006).

Presenter Notes
Presentation Notes
What about the future?  I have emphasized chaotic mixing in time-periodic flows.  What happens if the flow is driven harder so that it becomes non-periodic (I.e. weakly turbulent)?  

Experimentally, the mixing rate does not grow dramatically when the flow becomes nonperiodic.  We hope to look at the topological properties of the stretching fields for nonperiodic flows in the future.
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