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𝐚̇𝐚 = 𝐀𝐀𝐀𝐀 + 𝐅𝐅𝐅𝐅 

𝜕𝜕𝑝𝑝 𝐚𝐚, 𝑡𝑡
𝜕𝜕𝑡𝑡 =  −𝛻𝛻 ⋅ 𝐣𝐣 𝐚𝐚, 𝑡𝑡 =  −𝛻𝛻 ⋅ (𝐀𝐀𝐀𝐀 𝑝𝑝(𝐚𝐚, 𝑡𝑡) −𝐃𝐃 𝛻𝛻𝑝𝑝 𝐚𝐚, 𝑡𝑡 ,

𝐚̇𝐚 =
𝐣𝐣 𝐚𝐚, 𝑡𝑡
𝑝𝑝 𝐚𝐚, 𝑡𝑡 = 𝐀𝐀𝐀𝐀 − 𝐃𝐃𝛻𝛻 ln 𝑝𝑝 𝐚𝐚, 𝑡𝑡

(3) The phase space velocity, 𝒂̇𝒂, in terms phase space current 𝒋𝒋 𝒂𝒂, 𝑡𝑡 11

𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 𝑡𝑡 ≡ − ln 𝑝𝑝 𝐚𝐚, 𝑡𝑡 , 𝑡𝑡

𝑃𝑃 +𝛥𝛥𝛥𝛥
𝑃𝑃 −𝛥𝛥𝛥𝛥 = 𝑒𝑒 ⁄𝛥𝛥𝛥𝛥 𝑘𝑘𝐵𝐵 . 
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Bending Mode 5

(1) Overdamped Langevin Equation:

(2) Fokker-Planck Equation:

EPR on random variables
from phase space fluxes: correlating bending modes
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𝐸𝐸(𝜔𝜔) =
1
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Tr 𝐂𝐂(𝐂𝐂−1(−𝜔𝜔) − 𝐂𝐂−1(𝜔𝜔))

𝑃𝑃 𝐱𝐱(𝜔𝜔) ∝ exp −
1
2
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𝑑𝑑𝑑𝑑
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⟩ = 𝑙𝑙𝑙𝑙𝑙𝑙

𝑇𝑇→∞

1
𝑇𝑇
∑
𝐱𝐱(𝑡𝑡)

𝑃𝑃[𝐱𝐱]ln
𝑃𝑃[𝐱𝐱]

𝑃𝑃
˜
[𝐱𝐱]

𝐸𝐸(𝐪𝐪,𝜔𝜔) =
1
2

Tr 𝐂𝐂(𝐂𝐂−1(𝐪𝐪,−𝜔𝜔) − 𝐂𝐂−1(𝐪𝐪,𝜔𝜔))

𝐶𝐶𝜇𝜇𝜇𝜇(𝜔𝜔) = ⟨𝑥𝑥𝜇𝜇(𝜔𝜔)𝑥𝑥𝜈𝜈(−𝜔𝜔)⟩

EPR on fields 
High cost to oscillate, low cost to synchronize
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𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢 𝑩𝑩

Onsager reciprocal relation

4

Linear force-flux relation:
When a system is near equilibrium with time-reversal-symmetry (TRS), the “fluxes” in 
each of its sub-processes are linearly related to the “forces”
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𝑳𝑳𝑩𝑩𝑩𝑩 = 𝑳𝑳𝑨𝑨𝑨𝑨  
(Onsager reciprocal relation)

𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢 𝑨𝑨 
𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢 𝑩𝑩 

= 𝐿𝐿𝐴𝐴𝐴𝐴 𝐿𝐿𝐴𝐴𝐴𝐴
𝐿𝐿𝐵𝐵𝐵𝐵 𝐿𝐿𝐵𝐵𝐵𝐵
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Onsager reciprocal relation: reversible cyclic reaction

A

BC

𝑘𝑘1
𝑘𝑘−1

𝑘𝑘2

𝑘𝑘−2

𝑘𝑘3
𝑘𝑘−3

ABC cyclic network:
• Species A, B, C

forward reaction coefficients: 
𝑘𝑘1, 𝑘𝑘2, 𝑘𝑘3

backward reaction coefficients: 
𝑘𝑘−1, 𝑘𝑘−2, 𝑘𝑘−3

5



Onsager reciprocal relation: reversible cyclic reaction

A B
𝑘𝑘1

𝑘𝑘−1

6

net chemical flux:
𝒥𝒥1 = 𝒥𝒥1+ − 𝒥𝒥1−
= 𝑘𝑘1𝐴𝐴 − 𝑘𝑘−1𝐵𝐵

chemical affinity (“force”):
ℱ1 = 𝜇𝜇𝐴𝐴 − 𝜇𝜇𝐵𝐵
= 𝑘𝑘𝐵𝐵𝑙𝑙𝑙𝑙 𝑘𝑘1𝐴𝐴/𝑘𝑘−1𝐵𝐵

𝜇𝜇𝐴𝐴, 𝜇𝜇𝐵𝐵: chemical potential
𝑘𝑘𝐵𝐵: Boltzmann constant



Onsager reciprocal relation: reversible cyclic reaction

A B
𝑘𝑘1

𝑘𝑘−1

7

net chemical flux:
𝒥𝒥1 = 𝒥𝒥1+ − 𝒥𝒥1− = 𝑘𝑘1𝐴𝐴 − 𝑘𝑘−1𝐵𝐵
𝒥𝒥2 = 𝒥𝒥2+ − 𝒥𝒥2− = 𝑘𝑘2𝐵𝐵 − 𝑘𝑘−2𝐶𝐶
𝒥𝒥3 = 𝒥𝒥3+ − 𝒥𝒥3− = 𝑘𝑘3𝐶𝐶 − 𝑘𝑘−3𝐴𝐴

chemical affinity (“force”):
ℱ1 =  𝜇𝜇𝐴𝐴 − 𝜇𝜇𝐵𝐵 = 𝑘𝑘𝐵𝐵𝑙𝑙𝑙𝑙 𝑘𝑘1𝐴𝐴/𝑘𝑘−1𝐵𝐵
ℱ2 =  𝜇𝜇𝐵𝐵 − 𝜇𝜇𝐶𝐶 = 𝑘𝑘𝐵𝐵𝑙𝑙𝑙𝑙 𝑘𝑘2𝐵𝐵/𝑘𝑘−2𝐶𝐶
ℱ3 =  𝜇𝜇𝐶𝐶 − 𝜇𝜇𝐴𝐴 = 𝑘𝑘𝐵𝐵𝑙𝑙𝑙𝑙 𝑘𝑘3𝐶𝐶/𝑘𝑘−3𝐴𝐴

ℱ1 + ℱ2+ ℱ3 = 0 
(two independent forces)



Onsager reciprocal relation: reversible cyclic reaction
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Entropy production rate (Onsager’s form):

𝑆̇𝑆 = �
𝑖𝑖

𝒥𝒥𝑖𝑖ℱ𝑖𝑖 = 𝒥𝒥1ℱ1 + 𝒥𝒥2ℱ2 + 𝒥𝒥3ℱ3

= 𝒥𝒥1ℱ1 + 𝒥𝒥2ℱ2 + 𝒥𝒥3 −ℱ1 − ℱ2
= 𝒥𝒥1 − 𝒥𝒥3 ℱ1 + 𝒥𝒥2 − 𝒥𝒥3 ℱ2
= 𝒥𝒥𝑛𝑛1ℱ1 + 𝒥𝒥𝑛𝑛2ℱ2

𝒥𝒥𝑛𝑛1
𝒥𝒥𝑛𝑛2

= 𝐿𝐿11 𝐿𝐿12
𝐿𝐿21 𝐿𝐿22

ℱ1
ℱ2

two independent forces:
ℱ1, ℱ2

corresponding chemical flux:
𝒥𝒥𝑛𝑛1, 𝒥𝒥𝑛𝑛2



Onsager reciprocal relation: reversible cyclic reaction

9

Entropy production rate (Onsager’s form):

𝑆̇𝑆 = �
𝑖𝑖

𝒥𝒥𝑖𝑖ℱ𝑖𝑖 = 𝒥𝒥1ℱ1 + 𝒥𝒥2ℱ2 + 𝒥𝒥3ℱ3

= 𝒥𝒥1ℱ1 + 𝒥𝒥2ℱ2 + 𝒥𝒥3 −ℱ1 − ℱ2
= 𝒥𝒥1 − 𝒥𝒥3 ℱ1 + 𝒥𝒥2 − 𝒥𝒥3 ℱ2
= 𝒥𝒥𝑛𝑛1ℱ1 + 𝒥𝒥𝑛𝑛2ℱ2

𝒥𝒥𝑛𝑛1
𝒥𝒥𝑛𝑛2

= 𝐿𝐿11 𝐿𝐿12
𝐿𝐿21 𝐿𝐿22

ℱ1
ℱ2

two independent force:
ℱ1, ℱ2

corresponding chemical flux:
𝒥𝒥𝑛𝑛1, 𝒥𝒥𝑛𝑛2



Onsager reciprocal relation: reversible cyclic reaction
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𝒥𝒥𝑛𝑛1
𝒥𝒥𝑛𝑛2

= 𝐿𝐿11 𝐿𝐿12
𝐿𝐿21 𝐿𝐿22

ℱ1
ℱ2

𝐿𝐿12= 𝐿𝐿21 ?

A B
𝑘𝑘1

𝑘𝑘−1

(near equilibrium)
chemical flux:
𝒥𝒥1+ ≈ 𝒥𝒥1− ⇒ 𝑘𝑘1𝐴𝐴 ≈ 𝑘𝑘−1𝐵𝐵

chemical affinity (“force”):
ℱ1 = 𝑘𝑘𝐵𝐵𝑙𝑙𝑙𝑙 𝑘𝑘1𝐴𝐴/𝑘𝑘−1𝐵𝐵
≈ 𝑘𝑘𝐵𝐵 �

𝑘𝑘1𝐴𝐴−𝑘𝑘−1𝐵𝐵
𝑘𝑘−1𝐵𝐵0

= 𝑘𝑘𝐵𝐵 �
𝑘𝑘1𝐴𝐴−𝑘𝑘−1𝐵𝐵

𝑘𝑘1𝐴𝐴0

= 𝑘𝑘𝐵𝐵
𝑘𝑘1𝐴𝐴0

 𝒥𝒥1



Onsager reciprocal relation: reversible cyclic reaction
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𝒥𝒥𝑛𝑛1
𝒥𝒥𝑛𝑛2

= 𝐿𝐿11 𝐿𝐿12
𝐿𝐿21 𝐿𝐿22

ℱ1
ℱ2

𝐿𝐿12= 𝐿𝐿21 ?

(near equilibrium)
ℱ1 ≈

𝑘𝑘𝐵𝐵
𝑘𝑘1𝐴𝐴0

 𝒥𝒥1, ℱ2 ≈
𝑘𝑘𝐵𝐵
𝑘𝑘2𝐵𝐵0

 𝒥𝒥2, ℱ3 ≈
𝑘𝑘𝐵𝐵
𝑘𝑘3𝐶𝐶0

 𝒥𝒥3

𝒥𝒥𝑛𝑛1 =𝒥𝒥1 − 𝒥𝒥3 = 𝑘𝑘1𝐴𝐴0
𝑘𝑘𝐵𝐵

ℱ1 −
𝑘𝑘3𝐶𝐶0
𝑘𝑘𝐵𝐵

ℱ3 = 𝑘𝑘1𝐴𝐴0
𝑘𝑘𝐵𝐵

+ 𝑘𝑘3𝐶𝐶0
𝑘𝑘𝐵𝐵

ℱ1 + 𝑘𝑘3𝐶𝐶0
𝑘𝑘𝐵𝐵

ℱ2

𝒥𝒥𝑛𝑛2 =𝒥𝒥2 − 𝒥𝒥3 = 𝑘𝑘2𝐵𝐵0
𝑘𝑘𝐵𝐵

ℱ2 −
𝑘𝑘3𝐶𝐶0
𝑘𝑘𝐵𝐵

ℱ3 = 𝑘𝑘3𝐶𝐶0
𝑘𝑘𝐵𝐵

ℱ1 + 𝑘𝑘2𝐵𝐵0
𝑘𝑘𝐵𝐵

+ 𝑘𝑘3𝐶𝐶0
𝑘𝑘𝐵𝐵

ℱ2

𝑳𝑳𝟏𝟏𝟐𝟐= 𝑳𝑳𝟐𝟐𝟐𝟐
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