The Luttinger Liquid Concept via Bosonizatio_n

Abstract *

It is shown how the Hamiltonian of the 1-dimensional spinless Luttinger model
can be reexpressed in terms of boson operators. Even when one allows for interacti-
ons, the resulting boson Hamiltonian will be that of a free boson field. An example
is given that shows how bosonization can simplify calculations of correlation functi-
ons. The additional features appearing when one allows for spin such as spin-charge -

separation are stated.

1 The Luttinger Model

The Luttinger model describes' electrons of a 1-dimensional system with the following

linear dispersion relation: . AE
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 The states of the lower triangle have been introduced for mathematical reasons as will

be apparant later and do not correspond to physical states. Electrons on the right
branch are called right movers and those on the left branch left movers. Notation:
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1 THE LUTTINGER MODEL

* ©: right-movers cf, ,

® 5: left-movers ct@,},

These are the creation operators for the corresponing branches. In order to refer to right
and left movers by a variable index the letter r will be used. A value of 1 corrersponds

to @ and -1 corresponds to . ,
The corresponding continuous functions are defined as:

1 itz
z,b;(x) =. —\/-f;c;,kek .
' 1. -
¢g(£) = ﬁch'ke‘k
k
The ground state |4,) is characterized by
(1oa)y = O(kr — k)

Normal ordering with respect to ground state:
tA:=A-(4),

The free Luttinger Hamiltonian is then given by
Hy=vp:) (rk - kp)(c;‘,bc,.;k):'
k,r

Equivalently ‘
. L
Hy = vp / dz : Y418, — ke )y — B1(i0, + ke )b -
a

We define the density operators:
1 igr
¢§;(9’)¢’e(3’) = Pea(z) = ZZP@.«“—’ ”
q

1 .
"befa(x)‘f’e(ﬂ = pe(x) = Z.Zpe;qexqz

The free Hamiltonian can also be expressed in terms of density operators:

TR

Hy, = T : Z{p&qp$.*q + Pe.—qu.q} :
. X

The interaction part in the Luttinger model is given by

1
H =—: 2292P$.1P6.—q + 94(P$,qp$.—q + Po,~gP0.q)
2L 9#0 ’

92 and g, are free paramters of the model.
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2 LINK TO A LATTICE MODEL o | 3

2 Link to a lattice model a - ,

By means of numerous approximations one can map a l-dimensional Hubbard model

with nearest neighbour interaction onto a Luttinger model.
e one-dimensional lattice of length L, M lattice sites, .
o lattice point spacing s, . “

¢ periodic boundary cond.itiohs,

o half filling

spinless fermions

Hubbard-Hamiltonian with nearest neighbour hopping in the kinetic part,

repulsive fermion-fermion interaction

where . _—
Hy = “52 ¢}¢j+1 + ¢}+1¢j . (12)
j ' .
U .
H = —2-2 nin; e, U>0. (13)
. ;i . S

%! is a fermionic creation operator that creates a fermion in a state whose wavefunction
Ris localized around lattice point 4; %; is it’s corresponding annihilation operator. They
atisfy the common anti-commutator relations: ' : :

(W]} = & (14)
Wt} =0 )

Om? can think of the wavefunctions as Wannier-functions, whlch are defined as super-
positions of the exact (non interacting fermions) Bloch-wavefunctions: '

Qk = c"“’u;,(x), H0¢k = E(k)@k Bloch . (16)
W(z - js) 1= 'A%Z e*U9%, (z)  Wannier - (17)
. . k . :
Where k& is of the form '
2w
R o k= 7™ nEN | . (18)

Wannif:r-ftmctions are localized around their corresponding lattice site.




2 LINK TO A LATTICE MODEL

In terms of the Fourier coefficients ¢; of 1 definded by

I o
P = —) cpe'"*
a2
‘the kinetic Hamjlt_on.ia.n H; yields: . _ A
Hy = —-ZéZcos(k.s)c,t'c,,h - |
. . k N . ‘
- Thus the Energy spectrum of the nbninteracting fermions is given by
e(k) = —2¢ cos(ks)

We assume half filling. ‘Then the Fermimomentum kr yields
- M~

F= =

w
2L ~ 25
Which lies half way from the 1. Brillouin zone Boundary.
For the fermi-velocity vy we obtain:

Oe(k .
Up = —aik—l = 2essin(krs) = 2es

k=kp

In order to proceed we will perform a continuum limit based on the assumption:

-0

L
o lattice spacing s is assumed to stay finite.
® continuum limit considers o
- macroscopic L

— atomic s

* compared to L the lattice
variable z.

We are interested in the behaviour near
continuum limit around +kp:

+kp

&(k) = e(ke) +2essin(kps)(k ~ kp) + O(s2(k — ke )?)
R vp(k —kp)

points ns can be regarded as values of a continuous

(19)
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kr and linearize the energy spectrum in the




I 3 BOSONIZATION BT °

_kF

e(k) = o(—kp)+2ssin(—kes)(k + ke) + O(3(k + ke)?)
~ vp(—k —ke) R |

We work now with-two maior simplifications: l
° Lineé.r spectrum vp(+k — kr) extended over the whole range of k.
e Addition of “unphysical” states with a spegtrum that is

— linear

'~ unbounded below
These approximations restrict the validity of the model to
e LOW TEMPERATURES

We have arrived at the assumptions of the free Luttinger Hamiltonian.
The mapping of the interaction part is not shown here.

3 Bosonization

We first consider the free case without interaction.

In terms of the Fourier-components ¢! 4y ¢ of the fermi field the density operator is:

;ci,ki-qcr,k‘ (¢#0)" (25)
Pra = :Zk:n,.,k: (¢g=0) '

The hermitian conjugate is given by:
pi,q = Pr—q ' . (26)

as shows the following computation (r omitted)

. t
o t
Py = (Z ck+Pc">
3
—_ 1
= chckﬂ’
: k

— 1
= Z Cr—pCh
k

= p__p
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A straightforward calculation gives the following commutator

Lqg -
[Prq: Pri-g] = = Or,r g, q'7'2_7r (27)

However this result that «can only be obtained if the unphysmal states are present

Let’s assume g > 0. Routme commutator ma.mpulatxon lea.ds to

[P@ 0 Po, -q q g’ Z n€> k n$ l=-9>o

If the number of occupled states were finite a shift in the ‘s'umm.ation index would turn
the sum into 0. '

Let us assume that thereis a ko < kp with all levels below occupied. Above ko a.rbitra.rily
many particle-hole states may be excited: : ‘

Xk: (Poi)y — (Noi—g)y = (Z + Z) ((nek-e)o — (nos),)

K3ks K<k
= - Z( ne,k-q)o - (n&%k)o)
E>ko _
= ( > (nes)y— X (ne, k)o)
k>ko—g E>ko
= - Z (nos)y
ko—qSk(ko . .
T 2r E _ : -
The following operators turn out to be bosonjc: , @

[ '
b: LT m};@("'Q)pr,q o ) (28)

b, = \/mzew)p,.-, (295

o= done [ SROEO + O ()

Reversively:

The bosonic com.mutatmn relations are satisfied:

(b} =6 [81,81] =0 - (31)
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Proof:
; 2r 1 ' '
[bq7 bg’] = - Z O(rq)e(r'q ) pr=gs Prig] -
LT T e s
r
- = dygq Z l'fl'@(TQ)
= 6q'ql
[bt bf} = E-“I-Z@(r q)@(r’q')[ﬁ; Pri 1] |
L el

-1
= Tl 2-740(rq)6(—rg)
=0

® b, annihilates the ground state

b l6) = \/%Ze(rq)pr,-, Ido)
= Vet cils)

= \/(_*7; Cé,k_.,ce.k l¢9) =0
() ;52.k+|qlce»k o) =0

o b‘; creates exited states but does not raise the fermion number.

The commutator [b,, Hy] is given by

[b,> Ho] = vr |g| 3, : (32)
The commutator of the corresponding construction operator is now simply

(B ] = b 2t = lalortf (33)

We thus have the algebra of harmonic oscillators with w(g) = |q| vr and consequently
the free Hamiltonian H, on the space Hp spanned by the excited states with respect to
bl is given by:

' 3 BOSONIZATION R 7

——ee e e




3 BOSONIZATION * ' ' 8

: Hog :=vr p_ |q|blb, - (34)
g

It can be shown, that Hp = H, so that the boson states form a complete set. Then
H, = Hyp and the fermonic system can completley be represented in terms of bosonic
states. 7 - o ' . '
So far we have not gained any advantages by using boson operators but merely got
acquainted with them. This will change when we introduce the interaction of the model.
H = H, + H; still corresponds to a free, massless bosonic field.

The following fields are defined:
. T 1 —-a —iqz . | A
§(z) = =iz = T (o + Pou) (35)
' :
T 1 —oldl _igz
8(z) = ‘Z’Z Ze™ T e (pg, e — Pos) (36)
e 9. ,
Commutator: x :
[6(2), 8v)] = igsiga(z —v) (37)
The gradient of 6: i
V6 =23 e (pag = Pos) ' (38)
q
Define the field conjugate to ¢: g . .
Commutator: :
[6(=), O(y)] = i6(z —¥) - (40)
Define: '
1 .
u = '2';\/(57”&' +94) —9% (41)
K :=' szvf' + 94 - gz ' (42)
2rvp + ga + g2 :

The crucial steps in Bosonization are the following claims:

i
L ' .
. TuK _, U . 2}' - _ ' )
H-.O/dz { S+ (08 (43) )
.(z) e-—s’rkpa:__]_'__'_ (ilo=r4l (44)
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3 BOSONIZATION

The expression for the Hamiltonian can be verified by a straightforward calculation just

inserting the expressions for the fields ¢ and II

The Hamiltonian has the form of an elastic string, which in it’s standard. form looks

like: . .
) | ._ 1, €5 4)2
# _'./d? {Zyﬂ +2(6,¢)} -
In our case ' : ‘
_ 1 ':_ u .
- B= ruK’ €= K

The eigenfrequeﬁcies of such a string are given by

€
W = f'k' '
L
. which in our case evaluates to -
. 1’ .
wy =ulk]= -2—7—;\/(27”);' +94)* — g2 | k|

We can imediatley compute the Specific Heat out of that result:
With 1
U= Ze(k) (k) 17 E(k) = UIk,, ﬂ:= T

; 3U R ’ eﬂe(k)
Cv = T T* ZE (k) m
u2 q2
g R R (22)
w L {2\ F z?
B2V 2
4T?2r \fu) J.  sinh'(z)
L7l
Tul
: Lr1l
' CV = -§-—T
For free fermions u must be replaced by vr an we get
| v
_ | Cvo |
Since in our model g, = g, and g2 < vp We can approximate:
Cvo 2Tvp

Since here g, > 0 the specific heat decreases.

(@)

. (46)
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