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let T be the typical extinction time and N 
the size of the population (system) 

super-extensive / stable 

extensive / neutral / marginal 

sub-extensive / unstable 

Wolfram demonstration project (Martin Weidl) 
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∂tz = D∇2z + (c1 − iω)z − c2(1 + ic3)|z|2z

D =
ε

2N

∂t"a("r, t) = D∇2"a + "F ("a)

∂tz("r, t) = D∆z("r, t) + (c1 − iω)z("r, t)

z̃(!k, t) =
∫ ∞

−∞
d!r z(!r, t)e−i!k·!r z̃(!k, t) = z̄(!k) e−iΩ(!k)t

Ω(k) = ω + i(c1 −Dk2)

z(!ξ = !x− !v∗t, t) =
∫

d2k

(2π)2
z̄(!k) ei!k·!ξ−i[Ω(!k)−!v∗·!k]t

dΩ(k)
dk

∣∣∣∣
k∗

=
Im Ω(k∗)

Im k∗
≡ v∗

  stochastic partial differential equation 
  particle exchange  = diffusion 
  reactions  = drift  &  multiplicative noise (~N-1/2) 

∂t"a("r, t) = D∆"a("r, t) + A["a] + C["a] · "ξ

CA = 1√
N

√
a(!r, t)

[
µ(1− ρ(!r, t)) + σc(!r, t)

]A = !F

〈ξi("r, t)ξj("r′, t′)〉 = δijδ("r − "r′)δ(t − t′)
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€ 

gij (r,0) = ai(r, t)a j (0,t) − ai(r, t) a j (0,t)

lattice simulation 
stochastic PDE 

€ 

gij (0,t) = ai(r, t)a j (r,0) − ai(r, t) a j (r,0)

lattice simulation 
stochastic PDE 
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∂tz = D∇2z + (c1 − iω)z − c2(1 + ic3)|z|2z

∂t"a("r, t) = D∆"a("r, t) + A["a] + C["a] · "ξ

λ =
2πc3

√
D

√
c1

(
1−

√
1 + c2

3

)

v∗ = 2
√

D

√
1
2

µσ

3µ + σ

cD

€ 

µ (growth rate) 

critical diffusion 
constant 

€ 

σ =1
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