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AABA +→+   
BBCB +→+   

CCAC +→+   € 

kA

€ 

kB

€ 

kC

€ 

˙ a = a(kAb − kCc)
Rate equations: 

€ 

˙ b = b(kBc − kA a)

€ 

˙ c = c(kC a − kBb)

Constant of motion: 

€ 

K = a(t)kB b(t)kC c(t)kA

absorbing fixed point 

reactive (center) fixed point 

cyclic trajectories around a 
neutrally stable fixed point 

1=++ cba
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        Fix time scale: kA+kB+kC=1 
        Fix kC=0.35 

         As kB passes through 0.325 species A becomes 
         the weakest species.  
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The resistant strain has the smallest growth rate 
and in this sense is the weakest.  

Hence the resistant strain always survives! 

0BBC→
0AAB→

0CCA→
BBB →0
AAA →0

CCC →0
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ρ = a + b + c

∂t"a = "F ("a)

∂ta = a[µ(1− ρ)− σc]
∂tb = b[µ(1− ρ)− σa]
∂tc = c[µ(1− ρ)− σb]

Reactive fixed point: 

Jacobian: 

!a∗

A = DF |!a∗

∂t"x = "F ("x + "a) = A"x + "G("x)
!x = !a− !a∗

Eigenvalues: λ0 = −µ
λ± = c1(µ, σ)± iω(µ, σ)

Jordan normal form: !y = S!x

J = SAS−1 =




c1 ω 0
−ω c1 0
0 0 −µ





∂t"y = J"y + S "G(S−1"y) ≡ J"y + "H("y)

An invariant manifold is a subspace, embedded in 
the phase space, which is left invariant by the 
nonlinear dynamics. 

yC = M(yA, yB)

∂tM
(
yA(t), yB(t)

)
=

∂M

∂yA
∂tyA +

∂M

∂yB
∂tyB = ∂tyC

∣∣∣
yC=M

yC = M(yA, yB) =
σ

4µ

3µ + σ

3µ + 2σ
(y2

A + y2
B)
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∂tyA = µσ
2(3µ+σ)

[
yA +

√
3yB

]
+
√

3
4 σ

[
y2

A − y2
B

]
− σ

2 yAyB

− σ(3µ+σ)
8µ(3µ+2σ)

(
y2

A + y2
B

)[
(6µ + σ)yA −

√
3σyB

]
+ o(y3)

∂tyB = µσ
2(3µ+σ)

[
yB −

√
3yA

]
− σ

4

[
y2

A − y2
B

]
−
√

3
2 σyAyB

− σ(3µ+σ)
8µ(3µ+2σ

(
y2

A + y2
B

)[√
3σyA + (6µ + σ)yB

]
+ o(y3)

zA = yA + 3µ+σ
28µ [

√
3y2

A + 10yAyB −
√

3y2
B ] ,

zB = yB + 3µ+σ
28µ [5y2

A − 2
√

3yAyB − 5y2
B ] .

Nonlinear Transformation: 

Dynamics on the reactive manifold: 

∂tz = (c1 − iω)z − c2

(
1 + ic3

)
| z |2 z

z = zA + izB

ω =
√

3
2

µσ

3µ + σ

c1 =
1
2

µσ

3µ + σ

c2 =
σ(3µ + σ)(48µ + 11σ)

56µ(3µ + 2σ)

c3 =
√

3(18µ + 5σ)
48µ + 11σ

zA = r cos φ zB = r sinφ

∂tr = r[c1 − c2r2]
∂tθ = −ω + c2c3r2

r =
√

c1/c2Limit cycle: 
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∂t"y = J"y + "H("y)Jordan normal form: 
∂t"a = "F ("a)

Reactive manifold: yC = M(yA, yB)
∂tyA = c1yA + ωyB + f(y2, y3) + o(y3)
∂tyB = c1yB − ωyA + g(y2, y3) + o(y3)

Normal form of nonlinear dynamics: 

∂tz = (c1 − iω)z − c2

(
1 + ic3

)
| z |2 z

z = zA + izB

!z = NL(!y)


