Well mixed Populations

The Rock-Scissors-Paper Game
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Cyclic competition between three species A, B, C

T. Reichenbach, M. Mobilia and E. Frey, PRE (2006)

Deterministic Evolution

Rate equations: @ absorbing fixed point

a= a(kAb _ kcc) @ reactive (center) fixed point

b =b(k,c - k,a)
¢ =c(koa-kyb)

a+b+c=1

Constant of motion:
K = a()" b(1)* c(r)*

cyclic trajectories around a
neutrally stable fixed point
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Stochastic Evolution

stochasticity
causes loss of
> K not a constant of motion coexistence

» processes are probabilistic

» neutrally stable cycles!

» ‘“random walk” on phase portrait
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Stochastic description in
terms of a probability density:

\P(a,b,c;1) = P(x,1)]

.The Law of the Weakest"

M. Berr, T. Reichenbach, M. Schottenloher and E. Frey, PRL (2009)

B ‘weakest’ A ‘weakest’
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Fix time scale: ky+kg+kc=1
Fix k;=0.35

As kg passes through 0.325 species A becomes
the weakest species.




E.coli

ko > kg > kg

The resistant strain has the smallest growth rate
and in this sense is the weakest.

Hence the resistant strain always survives!

In finite populations stochasticity causes loss of
coexistence.

The typical extinction time T is proportional to
the population size, T ~ N (neutrality).

The weakest always wins the game for large N

May-Leonard Model (well mixed)

Species A,B,C and empty sites 0

Cyclic dominance (o)
AB — A0
BC — B0
CA—CO

Without spatial structure
coexistence fixed point is
unstable

N |oss of biodiversity




Rate equations (deterministic limit)

1 p=a+b+c
da = alp(l—p)—od
b = blu(l—p)—od
e = clp(l—p)—ob]
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d,d = F(a)

Jordan normal form

Reactive fixed point: a@*
Z=d-a
0,@ = F(Z + @) = A7 + G(Z)
Jacobian: A = DF |z
Eigenvalues: Ao = —p
A = ca(p,0)tiw(u,o)

Jordan normal form: ¥ = S%
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0 = Ji+ SG(S™'9) = J§+ H(7)

Invariant manifold

An invariant manifold is a subspace, embedded in
the phase space, which is left invariant by the
nonlinear dynamics.

yo = M(ya,yB)
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Normal form

Dynamics on the reactive manifold:

YA = 5350y [ya + V3ys| + @U[yQA —yp] — Syays

— o (v3 + v3) [(6 + 0)ya — V3oys] + o(y?)
Oy = sy [vm — V3yal = §[v3 — ] — Fovavs
— ot (A + v3) [VBoya + (61 + o)ys] + o(y®)
Nonlinear Transformation:

za= ya+35EIV3YA + 10yays — V33,
— 3ut+o 5 2 2\/§ -5 2
zB yB + 55,7 5y yays — 5y -

Normal form:

Z=12z4+1izB

Oz =(c1 —iw)z —ca(1+ics) | 2 | 2
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23u+o
o — o(3p+ 0)(48u + 110)
56u(3p + 20)
o = V3(18u + 50)
48+ 1o

Polar coordinates

ZA=TCcos¢ zp =rsing

Or  =r7[er — car?
00 = —w+ cocyr?

Limit cycle: r =+/c1/c2




Nonlinear dynamics

0,d = F(a)
Jordan normal form: 9,5 = J§ + H (%)
Reactive manifold:  yc = M(ya,yn)

Oy = c1ya +wys + f(y%¥°) + o(y)
dys = c1yp — wya + 9(y% y%) + o(y?)
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Normal form of nonlinear dynamics:
z=12za+1i2B

Oz = (e1 —iw)z — ea(1 +ic3) | 2 |° Z)




