Nonequilibrium work relations
ll. Microscopic systems driven away from equilibrium

Motivating the second law from microscopic principles

for a thermally isolated system, initially at equilibrium:

W2 0 (Thomsom’s formulation)

How much can we understand on the basis of microscopic
(Hamiltonian) dynamics?
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isolated system : work = change in internal energy
W =H(x,,B)- H(x,A)

for cyclic processes, A = B, and the 2nd law predicts W= 0 ...
should we expect that Hg,,, 2 H,i1iy fOr all initial conditions? No !

cycle
Sy H(Xy,A)=U,
( What’s wrong with this picture? )

P
<

cycle

W > 0 for some initial conditions and W < 0 for others
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Interpret the 2nd law statistically:

(W)= fdxo fA(xo)[HA(xT(xo))—HA(xO)]20

where f, is some distribution of initial conditions
meant to represent the initial equilibrium state.

For what choices of f, can we show that <W>2=2>0 ?

Three candidates:

fAu(x) = %5[(& - HA(X)] microcanonical
fAC(x) = %eXP[—ﬁHA(x)] canonical
fa (x) = éQ[UA HA(X)] “macrocanonical™

It's easy to show that <W> = 0 when initial conditions
are sampled from the canonical ensemble ...

« WARNING: Usually this term denotes an ensemble describing an open11
thermodynamic system, at fixed chemical potential(s)



Proof of Thomson’s formulation of the second law
for canonically sampled initial conditions

Let M : x—y denote an invertible, volume-preserving mapping

of phase space onto itself
[Jar02,0be05]

Y

M /\®y=y(><)

oy

ox

=1 M-1 exists

X f = some positive constant

<e_ﬁ<p>=fdx%e—/3HA(x) e—ﬁ[HA(y(X))—HA(X)]

—fdxe_ﬁHA fdye‘ﬁHA()=l

Combine w/ Jensen’s inequality: | = < > B(®) <cI)> >0

wus  (H,(y(x))) = (H,(x))

Very general result: on average, the energy increases when M : x—y

Hamiltonian evolution: M : xy — X,

+(H,(x,)) = (H,(x,))
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Exercise. Provide simple arguments to show that Thomson’s
formulation of the second law is valid when the initial conditions
are sampled from the “macrocanonical” ensemble.

£ ()= = 6[U, ~ H, ()]

What about the microcanonical ensemble?

£(x) = 0[U, - H, ()]
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no general proof that <W> = 0 in this case ... for very large
systems we generically expect the three ensembles will produce
the same averages (equivalence of ensembles)

(WY = (W) =(w)"
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Nonequilibrium work and fluctuation relations

W = AF on average ... what about fluctuations ?

laser
trap

A

A4

Start at A=A, in equilibrium w/ water
Stretch rapidly, A : A—B

Hold A fixed and allow to re-equilibrate
“Unstretch” rapidly, A : A<—B

Hold A fixed and allow to re-equilibrate
Repeat

forward

reverse

OO WON~

fluctuations .. just “boring noise”? NO !!

There are a number of strong and unexpected predictions
we can make about the fluctuations of the work values ...
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pr(W) <e"3w> =e M

w
AFE [Jar97a]
<W> >AF
consequences: _1 _n
P(W <AF -nf )se
Pr(-W)
pr(+W) _ pP(W-AF)
Pr (_W)
Pr(W)
[Cro98,Cro99]
w
AF
consequences:

* the distributions cross exactly at W=AF (!)
-BW ~BAF
. pF(+W)e P - pR(—W)e b

integrate over W — <e_/5W >F = P
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-pw 1 - X
<(5(X—xt)€ g t>= Z_A g PHA)
[HumO1]

X = point in phase space (independent variable)
X; = microscopic trajectory during one realization

w, = work performed up to time t
A\ = value of work parameter at time t
<...> = average over ensemble of realizations

l.h.s = “weighted” phase space density
r.n.s. o« equilibrium distribution

Equivalent formulation:
f(x,t)<e‘/3wf >xt = f (x,)»t)e'ﬁAF(t) [Jar97b]

where <...>,, denotes an average over all trajectories
that pass through x at time t, f9 is the canonical distribution,

and AF(t) = F, ) - Fa

Exercise. Show that these two predictions are equivalent.

consequences:
* integrate both sides (at t=t) — <e‘ﬁ W> = ¢ PAF

* from an ensemble of nonequilibrium trajectories,
we can reconstruct equilibrium ensembles (!) 16



ordinarily we use the time-dependent phase space density
to represent the evolution of an ensemble of trajectories:

f(x,t) = <<5(x—xt)>

be careful w/ ordering of limits ...

phase space

“democratic’
°. EC/ C = tiny cell of volume ¢

“snapshot” at time t

: I .. 1
f(x,2) =lim,_ th%N El

2 x, €C

another statistical representation of the same ensemble

g(x,1) = <6(x - xt)exp(—ﬁwt)> “undemocratic”
| |
~lim, _, = lim,,_ — -
im, , — limy ., — xzcexp( Bw,) o o ®
[Jar01] )

claim : g(x,t) o fea(x,A,) 17
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@ <e—/3W>=e—/a’AF
@ < pF(+W) eﬁ(W—AF)

Pr (_W)

® | (oe-n)erm)a Lo

N Z,

general remarks:

 exact results, valid far from equilibrium

* place strong, unexpected constraints on fluctuations

» nonequilibrium fluctuations encode equilibrium information

* closely related to other results -
» Bochkov & Kuzovlev , <exp(-pW’)> =1 [Boc77,Boc81]
« fluctuation theorems for entropy , p(+o)/p(-o) = exp(o)
» see Udo Seifert’s lectures !! [Sei05]

Derivations

various ways to model microscopic evolution:

e Hamiltonian dynamics
» Langevin dynamics (“Brownian motion”)
e discrete-time Markov processes
» deterministic thermostats (Gaussian, Nosé-Hoover)
e quantum dynamics
& others
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start w/ derivation of @ using Hamilton’s equations

as before,

micro-
pipette R

laser

! : trap
]
x=(q,p)=(F,;-7,P-"D,)  microstate
H(x,A) Hamiltonian
. _oH . __ofd 5 x(t) x,  ftrajecto
q P p 3 > X, jectory
AA—B At), A, protocol

For simplicity, consider special case of a system that is
thermally isolated as the work parameter is varied, O<t<t

(... not plausible in real single-molecule pulling experiment
w=[ dm )= dt— =H(x,,B) - H(x,,A)
. 1
£1(x) = Z—exp[—ﬁH(x,)»)]
A
equilibrium state < Z, = fdxexp[—[a’H(x,)»)]
F,=-B"'InZ,

)
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( proof very similar to that of Thomson’s formulation of 2nd law )

Xy
Xe= X¢(Xo)
6
Xo Hamiltonian I
initial conditions trajectory T =1
ox,

sampled from equilibrium

W =W (x,)=H(x,(x,).B) - H(x,,A)
<e‘ﬁw> = fde Aeq(xo)e_ﬁw(’%)

_ 1 [y st AL )]
ZA

1 B Hy(x, (x0))
=— | dx,e" "
ZAf ’

- L [, e L L oo
ZA ZA

only assumptions:
1. initial conditions sampled from (canonical) equilibrium

2. isolated, classical system (Hamiltonian evolution)

This derivation can be generalized to a system in contact w/
heat reservoir, e.g. biomolecule in solution; no need to assume weak
coupling, provided we properly account for solvation free energy.

[Jar04]
H(x,y;]») = Hsys(x;)u) + Henv(y) + Him(x,y)
20



next: derivation of @ for discrete-time, Markov dynamics

model the evolution as a sequence of “snapshots” [Cro98]

Xo 77X T Xy TR X, T Xy

not deterministic
PA(x — x') = transition probability
fdx'PA(x —x')=1

Markov assumption: each transition is statistically independent
of the previous transition

also assume detailed balance
P,(x—x)

P (x—x) = exp[—ﬁ[HA(x') — Hl(x)]]

ﬂnterpretation:

~
1

_e‘ﬁHA(x) P}L(x — x’) _ _e_ﬁHA(x’) P)L(x - x’)
Z)\, A

l.h.s. = net rate of transitions x—x' in equilibrium
r.h.s. =

net rate of transitions x<—x’ in equilibrium

\ detailed balance : the two rates are equal

_/
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we can use these dynamics to model a thermodynamic process
during which A is varied with time

M A A
)\’0=A x09x1%x2“"xr—1%xt )\’1=B

( increments in A alternate w/ Markov transitions x,—X,4 )

how are heat and work represented in this scheme ?

Q=§:;[H<x,,xt>—ﬂ<x,_l,m]

= sum of energy changes due to Markov transitions

W = g[H(xt—l’)\‘t) B H(xt—l’)”t—l)]

= sum of energy changes due to changes in A

— Q+W =H(x,,B)-H(x,,A) (First Law)

consider two such processes (forward & reverse):

A=)\’Fe F%..-%AF=B
forward protocol 0 )‘1 T )\.F _ )»R

t T—1
R R R
reverse protocol A=A < --<— A< A, =B

22



probability to observe a particular trajectory during the forward process

PF(xO —> X, —> xr) = Aeq(xO)PAl(xo — xl)---P)% (xr_1 — xr)

. N/

sample initial conditions - N
from (canonical) equilibrium transition probabilties

( similar expression for reverse process )
compact notation:
X=X, X+ —Xx, a forward trajectory

X" =x,< x;---< x_ its “conjugate twin”

Exercise. Within this framework, derive the following identity :
P'(X)
P*(X")

where the numerator on the left denotes the net probability

to observe a particular trajectory during the forward process;

the denominator is the net probability to observe its conjugate

twin during the reverse process; and WF=WF(X) is the work
performed on the trajectory during the forward process.

- exp[/s(WF - AF)]

(follow-up exercise: derive an analogous identity for the case of
deterministic, Hamiltonian dynamics)
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finally,

0,(W)= [dx P"(X)8|w -W"(X)]
- [ax PR(X+)e/3[WF(X)_AF]6[W -wr(x)]
= "0 [ dx PR(X+)6[W + WR(X+)]

— P, (W)

dX =dx,dx,---dx_=dX"
Wr(X)=-w"(x")

24



Finally, let’s derive @ for continuous-time Markov trajectories
(deterministic / stochastic)

A
X

Xi
/

X t L] [

X, e.g. Brownian motion

144

X

>
t
preliminaries:

P[X I xo,to] probability to observe trajectory X,
given initial conditions x, at time t,
(w/ respect to some measure on path space)

K (x,t |x0,t0) propagator , probability density to arrive
at x at time t, given x, at time t,

K(x,t1x0.,) = [dX P[X 1x,.8,]

integral over all X with fixed initial
and final conditions (Xp,ty) & (X,t)

(x,1)
e.g. “sum” over

these trajectories

25
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N

LK

t

0’) ! / /
EK(x,tle,tO)=fdx Rt(x %x)K(x,tle,tO)

instantaneous transition rate

Conservation of probability: fdx R(x'—x)=0

Feynman-Kac theorem:

Consider a function w(x,t) and define
t
Q[ X]= todsa)(xs,s)

G(x,1 1 xy,1,) = deP[X Ixo,to] T

G is like to the propagator K - it is obtained by
summing over trajectories - only now each trajectory
carries a statistical weight Q

... similar to path-integral approach to quantum mechanics,
only the weights exp(Q) are real , unlike the phases exp(iS/#)

We have an evolution equation for K, and now we will obtain

an evolution equation for G (“quick & dirty” derivation of the
F-K theorem).
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G(x,t+dt 1xy,t,) = [ dx'G(x,t+dt 1x,1) G(x',t 1 xy,1,)

G(x,t+dt1x',t)= [dX P[X |1 x',t]e""
~ " K (x,t + dt | X',1)

~(1+ wdt) [6(x - x')+diR,(x' — x)]
Substitute 2nd equation into 1st, and ignore (dt)? terms ...

G(x,t+dt 1 x,,1,) = (1+ wdt + dtit)G(x,t | X,01)

oG A
P (a) + LI)G Feynman-Kac formula
( oK
unweighted propagator : — = ﬁt K
4
G ~
weighted propagator : n = (a) + Lt) G
& statistical weight ~ exp [ dsa(x,.s)

Now apply this result to a system driven away from equilibrium ...

27



f(x,1)= <5(x - xt)> = fdxo (%) K(x,71x,,0)
= fdxo :q(xo)deP[X | x,,0]

——=Lf (e.g. Liouville, Fokker-Planck equation)

V=0 (“balance”)

= [dx, £ (x,) [ dX P[X 1x,,0]e "X
=fdx0 ) (xO)G(x,tle,O)

s |
where Q[X]=—[)’Wt[X]=—[D’fO a,’s)ua—)L

Jg
Feynman-Kac — )\.— +L
ot ( P oA )g

This evolution equation for g is solved by

o(x1) = Ziexp[_/m(x, 1) [Verty:

A

<5(x—x) ﬂw> Ziexp[ ﬁH(xA)]
A
[HumO01,HumoO5]
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