;l”“l’k‘” '(h.')”" book ''Classical and W enfetq P
fovhrud'ﬁ"'\\dﬂ fgy A i kl-fﬁf’v/ 1!(- Shen anr’ f. V:)n{j,_ ‘-

2. Quantum Computation

14. The quantum analogue of NP: the class
BQNP

It is possible to construct quantum analogues not ouly for the class P, but
also for other classical complexity classes. This is not a routine process, but

14. The q

hefore eac
der of the
first Merl
cate R(x,

il sometime:
i suitable generalizations often come up naturally. We will consider the class
i NP as an example. (For another example — the class IP and its quantum 14.2. Qu
-' analogue QIP — see (72, 38|. We also mention that the quantum analogue

1 of PSPACE equals PSPACE [71].) Definitic

14.1. Modification of classical definitions. Quantum computation, as
well as probabilistic computation, is more naturally described using partially
defined functions. Earlier we made do without this concept so as not to

class BQI
a functio
realizing .

3 complicate matters by the inclusion of extraneous detail, but now we need F{:
' it. F(.
¥ A partially defined Boolean function is a function

1 Here M
ol F:B" — {0, 1, “undefined” }.
& {0, 1, *undefi } Q(n—2) f
4 l.i In this section it will be tacitly understood that by Boolean function we of unit

mean partially defined Boolean function.

One more comment regarding notation: we have used the symbol P

section, |

. ; . g : . The
i both for the class of polynomially computable functions and for the class G N
& of polynomially decidable predicates; now we act analogously, using the = , T
| - . 3 - . - - g [
b notations P. NP, etc. for classes of partially defined functions. 5 X I ef
i 1 ]
¢ : ] _ - but now
| P. of course. denotes the class of polynomially computable partially T
o defined functions. We introduce a modified definition of the class NP. operall oF

;

Definition 14.1. A function F : B" — {0, 1, “undefined” } belongs to the
class NP if there is a partially defined function R € P in two variables such
that

Flz)=1 = 3y ((lyl < q(l=])) A (R(z.y) = 1))

Flz)=0 = Yy ((lyl <aqllz]))= (Rlz.y) = 0))-

As before. ¢(-) is a polynomial.

What would change if in Definition 14.1 we replaced the condition R € P
by the condition R € BPP? First of all, we would get a different, broader,
class. which we could denote by BNP. However, for this class there is an-
other, standard, notation MA. indicating that it falls into a hierarchy
of classes defined by Arthur-Merlin games. We have mentioned Arthur and
Merlin in connection with the definition of NP. We have also discussed

games corresponding to other complexity classes (see Section 5.1). Tradi- &8

tionally. the term “Arthur-Merlin games™ is used for probabilistic games in

which Arthur is a polynomial Turing machine whereas Merlin is all-powerful;

this is ac
succeed i
whatever
to send
achieved

In D
probabil

- Lemma

likewise

(Pl — Po

where [3

Proof.
We CONs
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I--li4. The quantum analogue of NP: the class BQNP

L before each move Arthur flips coins so that both players see them. The or-
" der of the letters in the symbol MA indicates the order of the moves: at
b st Merlin communicates y . then Arthur checks the truth of the predi-
t cate R(z,y), by a polynomial probabilistic computation. The message y is
b sometimes called a “proof”; it may be hard to find but easy to check.

the class P, buf
tine process, but
onsider the class

and its quantum ~ 14.2. Quantum definition by analogy.

lantum analogue’

| Definition 14.2. A function F : B" — {0, 1, “undefined” } belongs to the
§ class BQNP if there exists a polynomial classical algorithm that computes

o
(.

computation, as
d using partially &
>pt so as not to
mt now we need &

* 4 function x — Z(x), where Z(r) is a description of a quantum circuit.
| realizing an operator Uy : B®Nz _, B®Nx gych that

Flz)=1 = 3|¢) B P(_-ﬂz.;g} R |0N=—m=), M) > p1,
Flz)=0 = V¥ |£> € B®Ma P(Uﬂf} R |“:\r’_r—n-, I, ,M) < o.

L Here M = C(|1)) ® BOWNz=1  and pg. p1 satisfy the condition py —po 2
~ Q(n™) for some constant a > 0. The quantifiers of [€) include only vectors
B of unit length. (We will use an analogous convention further on in this
. & section, pushing numeric factors outside the |-) sign.)

d the symbol P 3§ _.'I
nd for the class @

ean function we

The vector |€) plays the role of y in the previous definition. Note that

; Cm. < N, < |Z(z)| = poly(|x|) since the algorithm is polynomial.
sisly, usitig th My < z < |Z(z)| = poly(|z|) since Ihe gorithm is polynomial
ms. In effect. the very same game of Merlin with Arthur is taking place.

: but now it is governed by the laws of quantum mechanics. Merlin sends a
mtable partially \

§ Sl N quantum message (the state |)) to Arthur. who checks it by applying the

operator Uy. A suitable message will convince Arthur that F(x) = 1 (if
this is actually so) with probability > py. But if F(x) = 0, Merlin cannot
suceeed in convincing Arthur to the contrary with probability higher than po.

} belongs to the
‘o variables such
whatever message he sends. Instead of a pure state [£), we can allow Merlin

1y _ to send an arbitrary density matrix — the maximum of the probability is
- 0)) 2 achieved on a pure state anyway.
’ In Definition 14.2, we have the same flexibility in choosing the threshold
L & probabilities py and p; as in the definitions of BPP and BQP.
k- V..
condition Re P & 2L . : saa i . ;
Herent. broad B ~ Lemma 14.1 (amplification of probabilities). /f F € BQNP. then it
rent, broader, X . _ i : g e e .
las thigre i( k- L likewise satisfies a variant of Definition 14.2 in which the numbers po, M
ss there is an- & a —
into a hierarchy g (pr —po = 2Un"")) are replaced by
med Arthur and _ p, =1—¢, Py =€ = = exp(—Q(n?)).
> also discussed

Tradi-

bilistic games in

ion 5.1).

118 all-powerful;

where 13 is an arbitrary positive constant.

Proof. The general idea of amplifying the probabilities remains as before:
we consider k = poly(n) copies of the circuit realizing the operator U = Ui,
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! To the results of their work we apply a variant of the majority function,
g with the threshold value adjusted so as to separate po from p:
i .
1 (1 i 5,z > Pk,
(14.1) Glz1y. .1 2) = =17 =1
1 K i T‘J‘ =
0 if } ;12 < pk,
i where p = (po + p1)/2. But now there appears an additional difficulty:
g Merlin may attempt to deceive Arthur by sending him a message that is not
;] factorable into the tensor product.
! Let us grant Merlin greater freedom, allowing him to submit any density
matrix p € L(B®km). The probability of obtaining outcomes zy,..., %k by
. applying k copies of U to the message p is as follows:
8 (14.2) Plz1.....z|p) = Tr(X* ®---® X (=) p),
g where
i l' e ey i
i (1-1(” ‘\rl\u.} s Tr[-m—.-l....,l\"l (LTTHII_“:ID (13?""“ i) \[]h‘ m.}iof\ ml))‘

Here HLL”"’ is the projection onto the subspace of states having a in the first
qubit (i.e., C(|a)) ® BOWN-1)),

| If F(x) = 1, Merlin can simply send the state p = P2k where p; =
lt £:)(&z| is the message that would convince Arthur with probability > p; in
i the original version of the game (with a single copy of U). By the general
1 properties of quantum probability, formula (14.2) takes the form

B T e S Fo—— 3

1 orrSes il

S i

k k
P(21,..., 2l p) = H'rr(x“ﬂpz,) = [ P(zjles)-

J=1 i=1

given below.

. z|p) over all density matrices p.

probability P(z1, ...

Let us select an orthonormal basis in the space B2 _in which the oper- _’-
(this operator is clearly Hermitian). The operator
x(© = 7 — X1 is diagonal in the same basis. We define a set of “condi- =
tional probabilities” p(zld) = P(z||d){d]) = (d X#)\d), where |d) is one of
the basis vectors. It is obvious that p(z|d) = 0 and p(0|d) + p(1ld) = 1. In. 3
this notation, the quantity P(z1... ., z1|p) becomes .

Plzyicovizyg| 0} = Z Pdy....ds P(z1]d1) - - P(zkldE)s
.4 d]‘ dk

ator X1 is diagonalized

g dklpﬁth P dkp.
This formula has the following interpretation. Consider the set of proba

bilities P(z1....,zklp) for all sequences (z1,..-.2k) €

where pg, .4, = {d1,--

We will derive a lower bound for this quantity from a more general analysis

In the opposite case, Fi(z) = 0, we will obtain an upper bound for the -
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L qa - % s \ mhk
4 2%_dimensional real space; we denote this vector by P(p) € R¥.

e have shown that for a general density matrix p the vector P (p) be-
longs to the convex hull of such vectors corresponding to product states.
pamely, |di){di]| ® -+ @ |di)(dg|. Therefore the probability of the event

. @lz1,....2) =1

Pr[G[\zl..‘.,:k) = 1\ p] = Z G(z)P(zlp) = (_(j,_f"tp)).
ZEBk

~ achieves its maximum at a density matrix of this special type.

In the case where G is the threshold function (14.1).

e . k A L
Dinax % max Pr|G(z1,...,2k) = 1| p| =z (}_)pill — p.)k I,

[
j=zl

where p. = max) (g]xV)€). The number pmax €quals the probability of

getting > pk “heads” for k coins tossed, Pr[.l.:_] Zle-uj > p]. where

,- Pr[-u;j = l] = p,. This probability can be estimated using Chernoff’s in-

equality (13.4). Thus we obtain!!

pmax < exp(—2(p — p+)?k) if p > pe.
Pmax = 1 — exp(—2(p — p*)g k) ifp<pe

According to the assumptions of the lemma. ps < po if F(z) =0, and
p. > p if F(z) = 1. We have chosen p so that p —po = Q(n™*) and
p—p=QUn"%). Choosing k = en2otP (for a suitable constant ¢), we get

exactly the estimate which is required,

Pmax < exp(—Q(n?)) if F(z) =0,
Pmax = 1 - UXP(—Q{TL’j}) it E(z) = 1.
T

Remark 14.1. An important point in the proof was the fact that X0 and
X1 are diagonalized over the same basis. In general, the amplification of
probability for nontrivial complexity classes (both classical and quantum) is

a rather subtle thing.

14.3. Complete problems. Similarly to the class NP, the class BQNP
has complete problems. Completeness s understood with respect to the
same polynomial reduction that we considered earlier (i.e., Karp reduction:
see Definition 3.4). Here is the simplest example.

11\We have omitted the factor 2 from (13.4) because it includes
see the proof of Chernoff’s inequality in the solution fo Problem 13.3).

both cases that are now

considered separately (
This is an unimportant factor anyway.
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i 5
& 2
| i . # e
'r; PropLEM 0. Consider a function F' which is defined on a subset of the = & correspon
1§ words of this form: g “yes” 18
& - = ((description of a quantum circuit U), PoP1)s
i where by description of a circuit we mean its approximate realization in the and if eve
__ standard basis, and pg,p; are such that py —py = Q(n~™) (n is the size of
.ﬂ the circuit. a > 0 is a constant). The function F is defined as follows:
F. F(z) =1 <= there exists a vector |€). on which we get 1 in the first At firs
bit with probability greater than p; realization
[Tl . " i . 5 ¥ vi ow ——
L F(z)=0 <= for all |£) the probability of getting 1 in the first bit is I = Hj
: smaller than pg. surements
[\ scratch.,
[ The completeness of Problem 0 is obvious: by saying that the problem fat B

is complete we just rephrase Definition 14.2. qubits. |S

We now consider more interesting examples. To start, we define a quan-
tum analog of 3-CNF the local Hamiltonian (locality is the analogue of -
the condition that the number of variables in each clause is bounded).

ot L AT

L by a cira
& where “a

i oo

Definition 14.3. An operator H : B®" — B®" is called a k-local Hamil- 3

;J!. i tonian if it is expressible in the form some.
‘ 18 l— \(\"’Q‘ ec
3% = Z H;[Sjl, ~ be the ex
{ J . have, by
:" where each term H; € L(B®I5il) is a Hermitian operator acting on a set of P
¥ g y - J
i qubits S;. |S;| < k.
g In addition, we put a normalization condition, namely, 0 < H; < 1,8
meaning that both H; and I — H; are nonnegative.
PROBLEM 1: THE LOCAL HAMILTONIAN. Let
= = (description of a k-local Hamiltonian H. a, b).
where k = 0(1), 0<a <b, b—a=Qn") (a>0is a constant). Then 8
_ ) ; The g
F(z)=1 <= H has an eigenvalue not exceeding a, e whi
F(x) =0 <= all eigenvalues of H are greater than b. realize
Proposition 14.2. The problem LOCAL HAMILTONIAN belongs to BQNP vector (—

Proof. At the outset we describe the general idea. We construct a circutts
W that can be applied to a state |n) € B¥" so as to produce a result 1 or(

(“yes” or*no”): it says whether Arthur accepts the submitted state or no
The answer “yes” will occur with probability p = 1 — v~ Yn|H|n), wh

r is the number of terms in the Hamiltonian H. If [) is an eigenvects
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q

esponding to an eigenvalue A\ < a, then the probability of the answer

!) 15

p=1—-r"YyHn) =1- riIA>1-r"la,

alization in ¢ d if every eigenvalue of H exceeds b, then

n is the size
1s follows:
_in the first

5 p=1—r""(nHln) <1- r1p.

o

At first we construct such a circuit for a single term. This will be just a
tealization of the POVM measurement corresponding to the decomposition
Hj+ (I — H;). We could use the general result about POVM mea-

e first bit is \
' rements (see Problem 11.8), but let us give an explicit construction from

At the proble = 3. As|ts) (ws]. This operator acts on a bounded number of

its, |S;| < k. Therefore we can realize the operator

define a qua ) _ o R
— Wy ¢ [0 0) = [ @ (VA0 + V1= A1)

»ounded).

y a circuit of constant size. It acts on the set of qubits S, U {“answer” },
k-local Ham here “answer” denotes the qubit that will contain the measurement out-
pme.

We compute the probability that the outcome is 1. Let |n) = > Ys|ws)
the expansion of |n) in the orthogonal system of eigenvectors of H;. We

ave, by definition of the probability,

ing on a set o

P;(1) = (n.0| W] (I ® [1)(1])W; [n,0)
N’

answer

= > yiw,.0l Wi ® 11w, (Zy; ;'u",,l_}})
5 ‘ t
answer

U'ur::] = Z{] s /\\‘J”:Uk

8

S VIR VT R e (¥
5,0

=1— (n|H;n).
tant). Then

The general circuit W chooses the integer j randomly and uniformly,

& y after which it applies the corresponding operator W);. This procedure can ,
an b. se realized by the measuring operator E;— 171)(j| @ W;. applied to the initial |
195 to BQNP, yector (% 2 Ij}) @ |n,0). (Here [j) denotes a basis vector in an auxiliary

f
truct a circuit &
aresult 1or() ¢
| state or not,
7| H|n). where
n eigenvector:

* p-dimensional space.) The probability of getting the outcome 1 is

| 1 i - :
P(l):Z;P_-;tl}ZZ (1—(nHlp) =1—r Ln|Hn).
i

—
J
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14.4, Local Hamiltonian is BQNP-complete.

Theorem 14.3. The problem LOCAL HAMILTONIAN is BQNP-complete
with respect to the Karp reduction.

The rest of this section constitutes a proof of this theorem. The main
idea goes back to Feynman [24]: replacing a unitary evolution by a time
independent Hamiltonian (i.e., transition from the circuit to a local Hamil-
tonian).

Thus, suppose we have a circuit U = Uy --- U, of size L. We will assume
that U acts on N qubits, the first m of which initially contain Merlin’s
message |€). the rest being initialized by 0. The gates U; act on pairs of
qubits.

14.4.1. The Hamiltonian associated with the circuit. It acts on the
space

L= B@N ®CL+1.

where the first factor is the space on which the circuit acts, whereas the
second factor is the space of a step counter (clock). The Hamiltonian consists
of three terms which will be defined later.

H = Hm + le'()p + HCILIE‘

We are interested in the minimum eigenvalue of this Hamiltonian, or the
minimum of the cost function f(|n)) = (n|H|n) over all vectors |5) of unit
length. We will try to arrange that the Hamiltonian has a small eigenvalue
if and only if there exists a quantum state |£) € B®™ causing U to output
1 with high probability. In such a case, the minimizing vector |) will be
related to that |£) in the following way:

L
1 2

In constructing the terms of the Hamiltonian, we will try to “enforce” this
structure of the vector |n) by imposing “penalties” that increase the cost
function whenever |n) deviates from the indicated form.

The term Hj, corresponds to the condition that, at step 0. all the qubits
but m are in state |0). Specifically,

N
(14.4) His = ( > Hi") ®0)(0],

s=m+1

where H{f} is the projection onto the subspace of vectors for which the s-th
qubit equals a. The second factor in this formula acts on the space of the
counter. (Informally speaking, the term HEU ® |0)(0] “collects a penalty” by

14. The qu

adding 1 t
the counte

The te
(14.5)

Here we as
the first qv

And, f
state throt
to the trax

(14.6)
H;=—

Each term
of the cou

14.4.2. (
erator

(It is wort
the value
the vector
instead of
conjugate
W acts o1

On th

(14.7)

The a

(14.8)




mputation

P-complete

The main
by a time
weal Hamil-

vill assume
n Merlin’s
on pairs of

acts on the

hereas the
an consists

an, or the
In) of unit
eigenvalue
" to output
|n) will be

iforce” this
se the cost

the qubits

ch the s-th
sace of the

enalty” by

14. The quantum analogue of NP: the class BQNP 145

adding 1 to the cost function whenever the s-th qubit is in state |1) while
the counter being in state [0).)

The term H,,y¢ corresponds to the final state and equals
(14.5) How = 11" ® |L)(L].

Here we assume that the bit of the result has number 1. (That is, at step L
the first qubit should be in state |1), or a penalty will be imposed.)

And, finally, the term Hpop describes the propagation of a quantum
state through the circuit. It consists of L terms. each of which corresponds
to the transition from j — 1 to j:

L
(14.6) Hpwop = )  Hj,
i=1

H; = —%UJ- ®|7) (-1 - %U} ® [7-1){j| + %f ® (1)l + li-1){i-1).

Each term H; acts on two qubits of the space BV as well as on the space
of the counter (the latter is not represented by qubits vet).

14.4.2. Change of basis. We effect the change of basis given by the op-
erator

L

W=> U-Ui® il
j=0

(It is worth mentioning that W is a measuring operator with respect to the
the value of the counter j.) The change of basis means that we represent
the vector |n) in the form |n) = W|7): from now on. we are dealing with |7)
instead of |n). Under such a change, the Hamiltonian is transformed into its

conjugate, H = W'HW. We consider how the conjugation by the operator
W acts on the terms of H.

On the term H;, the conjugation has no effect:
(14.7) Hiy, = W H,W = H,,.

The action on the term H,, is:

(14.3) Houw = W' HouW = (U0 ® |L)(L].
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Each operator H; in (14.6) is the sum of three terms. Let us write the
action of the conjugation on the first of them:

WU, @ |i)-1))w
= (WU @ Ip)el)' (U5 @ 1) Gi-11) (Ue--- Ur ® [6)¢2])

ot
= (W U0 W -+ 00)) @ (DG =11 (-1 -11))
=1® )1

Conjugation of the two other terms proceeds analogously, so that we obtain

H; = WH;W

= 1 3 (-1 G-11 - =)0l - W U-1 + 1i)1) =1 @ B,

(14.9) Horop = WHHpoyW = IQE,
where
11
2 2
-1 1 -4 U
E=YE = -3 1 -3
=1 1

14.4.3. Emistence of a small eigenvalue if the answer is “yes”.

Suppose that the circuit U gives the outcome 1 (“yes”) with probability
> 1 — ¢ on some input vector |£). This, by definition, means that

P(0) = (¢,0[U'"U|¢,0) < e.

We want to prove that in this case H (and so also H) has a small
eigenvalue. For this, it is sufficient to find a vector |7) such that (FH7) is
small enough (the minimum of this expression as a function of |7) is attained
at an eigenvector).

In the space of the counter we choose the vector

] 1 - P
(14.10) V) = = > 1)

j=0
We set |17) = |£.0) @ |¢) and estimate (7| H|7).
It is clear that E|v) = 0. Therefore

(77l Hywop |7) = 0= (7| H; 7).
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Since all auxiliary qubits are initially set to 0, we immediately obtain from
the defining formula (14.4) that

(ﬁ|ﬁfiu[ﬁ'> =0.

It remains to estimate the last term

g = — =@ é = _ by 1 £
(7l Hou [7) = (1 (U'T1{ U@]L)m)ia) e )

Thus we have proved that
A < ——
WH <5 5

so that H itself has an eigenvalue with the very same upper bound.

14.4.4. Lower bound for the eigenvalues if the answer is “no”.

Suppose that for any vector |€) the probability of the outcome 1 does not
exceed ¢, i.e.,

€ 0utn®ule,0) > 1 -«

We will prove that, in this case, all eigenvalues of H are > ¢(1 — /z) L%,
where ¢ is some constant.

The proof is rather long, so we will outline it first. We represent the
Hamiltonian in the form H= Ay + As, where A = ﬁin + ffmlt, and Ay =
Hyrop- Both terms are nonnegative. It is easy to show that the null subspaces
of Ay and Ay have trivial intersection (i.e., £;ULs = {0}), hence the operator
Ay + Ay is positive definite. But this is not enough for our purpose, so we
obtain lower bounds for nonzero eigenvalues of A; and A,. namely, 1 for 4,
and ¢'L 2 for A,. In order to estimate the smallest eigenvalue of A} + Ao, we
also need to know the angle between the null subspaces. The angle (L, £s)
between subspaces £; and £, with trivial intersection is given by

(14.11) cos¥(Ly, L2) = max | (m|ma)l, 0 <Ly, La) <
[m)eL,
[ma)els

o] g

Lemma 14.4. Let A, Ay be nonnegative operators. and L. Lo their null
subspaces, where LN Ly = {0}. Suppose further that no nonzero eigenvalue
of Ay or Ay is smaller than v. Then

.
Ay + As > v - 2sin? =
where o = 9 (L1, L) is the angle between L1 and Lo.

The notation A > a (A an operator, a a number) must be understood as
an abbreviation for A—al > 0. In other words, if A > a, then all eigenvalues
of A are greater than, or equal to. a.
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In our case we will get the estimates 1 and ¢/L ™= for the nonzero eigen-
values of A; and A, (as already mentioned), and sin® 9 > (1 — /2) /(L+ 1)
for the angle. From this we derive the desired inequality

H>c(l-e) I3,
Proof of Lemma 14.4. It is obvious that A; > v(I — IIz,) and Ay >

v(] —1Ilg,), so it is sufficient to prove the inequality (I — Iz, )+ (I —Igz,) >
2sin? (1/2). This. in turn, is equivalent to

(14.12) Mg, + g, €14 cosd.

Let |£) be an eigenvector of the operator Iz, + Iz, corresponding to an
eigenvalue A > 0. Then

g, &) = wilm),  Hg,|) = wualn),  wilm) + ualme) = AlE).

where |71) € £ and |n2) € Lo are unit vectors, and u;, us are nonnegative
real numbers. From this we find

A= (&|(Ig, +g,)
N = (urm| +ua(ma]) (walm) + ualn2)) = ui + u3 + 2urugRe(m |ng).
Consequently,
(14 2)A =A% = 2(u; +u2)> > 0.  where 2 = |RB(T)1[?}2)\‘
Thus A<1+a2 <1+ cosd. O

E) = u% + u%,

We will now obtain the above-mentioned estimates. The subspaces A,
and As can be represented in the form

L= (B®m ® [0V ® |U)) + (B@’N ®C(|1),...,|L - 1)))
o (U1(1) @ B2V-1) @ |L))

(the last factor in all three terms pertains to the counter), and

(14.14) Ly = B®N @ |v),

where the vector |¢) was defined by formula (14.10).
For the estimate

(14.13)

it suffices to note that A; is the sum of commuting projections, so that all
eigenvalues of this operator are nonnegative integers.

For the estimate of A3, . we need to find the smallest positive eigenvalue
of the matrix E. The eigenvectors and eigenvalues of E are

L
;¢ X
) =achos(qk(3+§)) [d)s A =1 — cos g,

=0
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where g, = 7k/(L+1) (k=0,...,L). From this it follows that

(14.16) .4g|£é. > 1 — cos (ﬁ) > {?fL_g.

Finally, we need to estimate the angle between the subspaces £, and L.
We will estimate the square of the cosine of this angle,

: 2

(14.17) cos? = max |(mlne)|” = max (m|lg,|ne).
17}'1}661 [m2)eLla
In2)ELa

Since the vector |ng) belongs to Lq, it can be represented in the form [n) =
|€) @ |1p) (cf. (14.14)). According to formula (14.13). the projection onto
Ly breaks into the sum of three projections. It is easy to calculate the
contribution of the second term: it equals (L — 1)/(L + 1). The first and
third terms add up to

1

1 +coseg
L+1

(¢l (Te, + M) T

£) <

where K1 = B®Y, Ky = UT (|1) @ B¥W=1) and ¢ is the angle between
these two subspaces. (Here we have used inequality (14.12), obtained in the
course of the proof of Lemma 14.4.)

The quantity cos? p equals the maximum probability for the initial cir-
cuit to produce the outcome 1. By hypothesis this probability is not greater
than . So we can continue the estimate (14.17):

L—1 l+\/__": I_V/E
< = L= =
mllelm) < o3+ Ee L+l

Consequently, sin®¥ = 1 —cos? ¥ > (1 — /Z) /(L + 1) as asserted above.
14.4.5. Realization of the counter. We wrote a nice Hamiltonian al-
most satisfying the required properties. It has but one shortcoming — the
counter is not a qubit. We could, of course, represent it by O(log L) qubits,
but then the Hamiltonian would be only O(log L)-local. not O(1)-local.
This shortcoming can be removed if we embed the counter space in a

larger space. We take L qubits, enumerated from 1 to L. The suitable
embedding CLt — B®L s
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The operators on the space CX1 used in the construction of the Hamiltonian
H are replaced in accordance with the following scheme:

10)¢0] on Iy, |0} (1| on (Jop(1), 115",
. s ) P g 3 L
(13.23) 3G on VTS, 1i=1)(if on T2, (J0)1),IT2,,
|Ly(L| on TI{Y, |L—1)(L| on T3, (J0)(1]) .

Now they are 3-local (and the Hamiltonian itself, acting also on the qubits
of the initial circuit, is 5-local).

To be more precise, we have replaced the Hamiltonian H, acting on the
space £ = B®N @ CLH1 by a new Hamiltonian Hey, defined on the larger
space Loy = BN @ B®L. The operator Hey maps the subspace £ C Loy
into itself and acts on it just as H does.

Now a new problem arises: what to do with the extra states in the
extended space of the counter? We will cope with this problem by adding
still another term to the Hamiltonian Hey:

L-1
(0)y(1)
Hgiap, = Igan ® Z HJ- HJ-H'
=1
The null subspace of the operator Hg,y, coincides with the old working space
L, so that the supplementary term does not change the upper bound for the
minimum eigenvalue for the answer “ves”.

For the answer “no” the required lower bound for the eigenvalues of the
operator Hext + Heap can be recovered in the following way. Both terms
leave the subspace £ invariant, so that we can also examine the action of
Heyt + Hear, on £ and on its orthogonal complement £+ independently.
On £ we have Heg > ¢(1 — V2)L™® and Hgap, = 0, and on £+ we have
Heyi > 0 and Hya, > 1. (Here we use the fact that each of the terms
of the Hamiltonian, (14.4), (14.5) and (14.6), remains nonnegative for the
change (13.23).) In both cases

Hext i Hsta.b z C(]. - \/E)L—\i

This completes the proof of Theorem 14.3.

14.5. The place of BQNP among other complexity classes. It fol-
lows directly from the definition that the class BQNP contains the class MA
(and so also BPP and NP). Nothing more definitive can be said at present

kT a . v 12
about the strength of “nondeterministic quantum algorithms”.!*

Nor can much more be said about its “weakness”.

H(Caveat: in the literature there is also a different definition of “quantum NP”, for which a
complete characterization in terms of classical complexity classes can be obtained (cf. |2, 73]).
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