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1 Pattern formation

On a domain which is not constrained by horizontal boundary conditionswitech is horizontally
homogeneous, the eigenvectors responsible for pattern formationcesaely of the fornexp(iq - )
where we taker = (z,y). The linear instability depends only on the wavenumbeand not on its
directiong. From the simple pitchfork bifurcation normal forsh = ;A — A% we are familiar with

the idea that the nonlinear term determines the magnitude of the final stated e=g.+,/z for the
pitchfork. In addition, though, when there are multiple bifurcating eigelovec- corresponding to
different directions ofy — the nonlinear terms will determine the pattern via the relative magnitudes of
the eigenvectors with different orientationsgof

The fact that the eigenspace is not merely multi-dimensional but infinite dinrexigall possible orienta-
tions of q) leads to mathematical difficulties that are not yet resolved. The curreoitdtical framework
calls for restricting the eigenvectors to a finite set by setting the problem pec#isd lattice. Thus, we
seek solutions with a fixed pattern — stripes, rectangles, squaresphnexagnd determine the properties
of these solutions, but we do not address the complete problem of detegrttiripattern.

1.1 Swift-Hohenberg equation

The Swift-Hohenberg (SH) equation was formulated by Swift and Hohenberg in 1977 as a model f
the horizontal structure of convection, but turns out to describe festtosmmon to pattern formation

in many kinds of systems. We can begin to motivate this equation as follows.idéomstrivial state

u = 0 which loses stability to perturbations of the foum~ e“*e*?4Z_ |f the physical configuration is
isotropic, then the growth rate must depend on the magnitude but not the orientation (which includes
the sign) ofg. To be differentiable, it must be a functiongfrather than ofg|. In order for perturbations
with infinitely large wavenumbers to be dampednust be negative for largg, and in order for some
perturbations to grow and patterns to be formednust be positive for some range @f. Then the
growth rate is of the form:

o(q) = ao + azq® — q° (1)
where we have set; = 1 by scaling time. Setting? = a2/2 andu = ag + ¢, (1) can be rewritten as:
olg) = n— (g - ¢*)? 2

The curver(q) resembles that in figufé 1.

Substitutingr — 9; and—¢? — V2 in (@) leads to the partial differential equation
O = pu — (¢ + VH2u (3)

In order to halt the exponential growth due to linear instability, one must athade a nonlinear saturat-
ing term. The nonlinear term chosen for the Swift-Hohenberg equatiomilygbut not always)-u3.
Thus, the SH equation is:

du=[p—(¢Z+ V> u—u’ 4)

When the nonlinearity includes a quadratic term, theragonscan be obtained; see figurk 2. Lifshitz
and Petrich further modified the SH equation by including two different ctitie@enumbers and were
able to simulatguasipatterns see figuré€R2.



0.5 —

-0.5

1.5

Figure 1: Growth rate as a function of spatial wavenumbgfor the equatior({4) with parameter values
g. = 1andp = 1/2. The trivialu = 0 state is unstable to periodic perturbations with wavenumbers in
an interval surrounding = gq..
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Zigzag instability Quasicrystals

Figure 2: Patterns produced by Swift-Hohenberg equation and modifisaifathe SH equation. Simula-
tions from Java applets of M. Cross, Caltebht p: // cr ossgr oup. cal t ech. edu/ Pat t er ns.



1.2 Stripes or Rolls

In the simplest case, we assume that the pattern depends only on one mjtecBuaibstitutinge?! 4=
into (4) and keeping only linear terms leads to

o= [p— (g —¢*)?] (5)
There are steady bifurcations & 0) at
e = (g2 — 4°)? (6)

Themarginal stability curve corresponding td (6) is shown in figurke 3 (left).

Figure 3: Swift-Hohenberg equation wigh = 1. Left: Marginal curve. Dots indicate bifurcation points
in periodic domain of widthl, = 24. Right: Schematic diagram of bifurcating branchesfice 24.

Imposing periodic boundary conditions:rwith wavelengthL restricts the allowed wavenumbers to the

discrete set of multiples &fr /L
_ 2w 4m 6

AN AN AR @)
The bifurcation with lowest: occurs for the allowed value gfwhich is closest t@.. In the Rayleigh-
Bénard convection problem, the length scale was chosen as depth; in tisse.u= 7/v/2 = 2.22,
A = V2 = 1.4 for free-slip bounding plates angl = = = 3.14, A\, = 2 for rigid plates. For the
Swift-Hohenberg equation, it is usual to choose a length scale $och thay,. = 1, A, = 2.

q

Figure[3 (right) shows the bifurcations and solutions emanating from thera.biftwrcations here are
all circle pitchforks, because any phaserinis permitted by the periodic boundary conditions. If the
horizontal boundary conditions were Neumann boundary conditions|(, = 0), the bifurcations
would be ordinary pitchforks, with only two branches.

As ¢ deviates fromyg,., the bifurcation thresholds become larger: stripes with wavenumbgrare
favored and those with wavenumbers very different frgmrequire more extreme conditions, here
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very large. In a much smaller container, for example= \. = 2, the lowest bifurcation thresholds
permitted aftey, = 0 would bey, = 9 for A = L/2 andu = 64 for A = L/3. This limit is useful because
bifurcations other than the first one are far away and can safely beated. In very large container, the
bifurcation thresholds are very close together and the discretizationafiyusaglected.

In what follows we will study domains of varying sizes, ranging from algrgitical wavelength through
several wavelengths to an infinite number. In the remainder of this sectomwillwuse the symmetry
approach, rather than the Swift-Hohenberg equation, to study squéileaagonal patterns. Afterwards,
we will study the instabilities of roll pattern by using the Newell-Whitehead-8eguation, which is
derived from the Swift-Hohenberg equation.

1.3 Travelling waves and standing waves

We first consider a Hopf bifurcation taking place on a periodic domain. Sihiation leads to traveling
and standing waves and is described by a four-dimensional normal fdfenuse vectorgz,z_) in
which z,_is the complex amplitude (representing the amplitude and phase) of left-gom{ingawaves
andz_ is that of right-going traveling waves. The functional form of the fields is

(B, 1) = (24 (8) + 2 (8))e” + (24 (t) + 2-(t))e ™" (8)

At linear order, the evolution of, (¢) is described by

d (zy\ W24
dt(z_>_<—iwz_> ©)
so that the evolution to linear order is
w(@,t) = 24 (0D 1 2 (0)e' 091 4z, (0)e™ 10+t 4 2 (0)emH 0w (10)

with z (0) arbitrary initial amplitudes. Without justification, we give the simplest cubic osgistem of
evolution equations:

d (2 \ _( (ptiwalzo P bz P |2 P) 2y (1)
dt \ z— (= iw + @l 24 > 4+ b(| 24 > + [2—|?) 2=

Definingzy = rye* andA? = 72 + 72, from (L) we derive:

dre

i (n+ arrgF + b (r3 +12))ry (12a)
do+
— = +(w + airfc +bi(rE +12)) (12b)

Note that the equations ({11) are independent of the phiases
The solutions for whicliry. /dt = 0 are:

the origin : ry. =0,r_=0 (13a)

the left traveling waves : ry =/ —pu/bp, r— =0, (13b)
¢4 =w — pub; /by

the right traveling waves : ry =0, r_ =+/—u/by, (13c)

o = —(w— ,U'bi/br)
the standing waves : ri=r_=\/—p/(a, + 2b), (13d)

¢z = £(w — plai +20;)/(ar + 2br))
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Standing and travelling waves are illustrated for a simulation of RayleigtaRI convection in a cylin-
drical container in figurels|4 and 5. Standing and travelling waves are dtadtfor 2D simulations of
thermosolutal convection in figuke 6.

According to the signs and magnitudesacdindb, the standing waves and traveling waves branch in the
same or the opposite directions;in If b, < 0 (> 0), then the travelling waves exist far> 0 (< 0) If

a, + 2b,. < 0 (< 0), then the standing waves exist for> 0 (< 0). The linesb, = 0 anda, + 2b, = 0
thus divide thga,, b,) plane into four sections, as shown in figlte 7.

The stability of these states is calculated as follows. At the origin, since aaglewt defined, we must
write the Jacobian in its Cartesian representation. We will not do this heljestrefate that at the origin,
the Jacobian ig times the identity and hence has four eigenvalues which change sigalang with a
four-dimensional eigenspace.

For the non-zero states, we can write the Jacobian in the palar_, ¢, ¢_) coordinates:

p+ arr? 4+ by (r2 +1r2) + 2br% 2(ay + by )r_ry 0 0
2(ar + by)r—_ry p+ar? +b(r2 +72)+ 2612 0 0 (14)

2b;r 4 2(a; + b;)r— 0 0

—2((11' + bi)’l"+ —2bﬂ"+ 0 0

Since [(14) is block lower-triangular, its eigenvalues and eigenvecterthase of its diagonal blocks, as

shown by:
A0 X\ _ (X 15
(e ) (7)) &

AX =X . X = or (A, X) is an eigenpair ofA
CX +DY =)\Y (A, Y) is an eigenpair oD Y =\ -D)"'CX

The eigenvalues of the. direction are obtained via the formula for a genéral 2 matrix ( 3 p ):

)
a+9o a—68)\>
Ay = + + By (16)
2 2
Substituting the elements ¢f (14) and the solutién$ (13) (16) leads to

the origin : w along r p along r_
the left traveling waves : —2u along r —a, /b, along r_
the right traveling waves :  —2u along r_ —arp/by along ry
the standing waves : —2u along (ry,r_) 2a,p1/(ar + 2b,) perpendicular to(ry, r_)

If b. < 0, then the travelling waves exist far> 0, as shown in[(113). Since2u < 0, they are stable if
and only ifa,. /b, > 0, i.e. in the lower left quadrant of the,., b,.) plane, as shown in figure 7. 4f > 0,
then the travelling waves exist far< 0, so—2 > 0 and they are not stable. Similarly,df + 2b, < 0,
then the standing waves exist foer> 0 and they are stable if. > 0, i.e. in the upper-left wedge of the
(ar,b,) plane. Ifa, + 2b, > 0, then the standing waves exist for< 0 and so—2x > 0 and they are
not stable.

Some general conclusions are that either the standing waves or the tyavalias are stable, or neither

are stable. If one solution is stable, it is that which has the largest ampLiymieJr r2. If neither are

stable, then. — oo for some choices of initial conditions grvalues, unless higher order terms are
added to[(12a) of(11). This is shown in figulrés 7 @nd 8.
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Figure 4: Standing waves in RayleigléBard convection in a cylinder with = R/H = 1.47 and

Pr = 1atatRa = 26000. Top row: temperature versdsat (r,z) = (0.7,0.3) at five successive
times during one oscillation peridd. Middle and bottom rows: contours of temperature (middle) and of
azimuthal velocity (bottom) on the midplanetat 0, 7'/6, 21°/6, 31'/6, 41°/6, 51'/6. From Boraska

& Tuckerman, J. Fluid Mechb59, 279 (2006).

Figure 5: Counterclockwise travelling wave in Rayleigbrrd convection in a cylinder with =
R/H = 1.47andPr = 1 atRa = 26 000. Top row: temperature versus anglfr (r, z) = (0.7,0.3), at
four different instants during one oscillation perifdMiddle and bottom rows: contours of temperature
(middle) and of azimuthal velocity (bottom) on the midplane at 0, 7'/6, 27'/6, 3T'/6, 4T /6, 5T/6.
From Boraska & Tuckerman, J. Fluid Mech59, 279 (2006).
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Figure 6: Simulation of 2D thermosolutal convection with horizontally periodit aertical free-slip
boundary conditions. Parameters &re= —0.1, L = 0.1, Pr = 10, andr = Ra/Ra. = 1.3. Above:
temperature field at two successive times. Below: wave profiles at midttatighccessive times. Left:
standing waves. Right: travelling waves.
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Figure 7: Stability and branching direction of standing waves (SW) anéltimy waves (TW) in the
parameter plane of the nonlinear coefficiefats b, ). From Knobloch, Phys. Rev. 84, 1538 (1986).
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1.4 Square patterns

We now consider steady patterns that vary in two directiensgandx,. We impose periodicity length
L = X, = 2m in both of these directions, so that the domain is a periodically repeatingesquiae
eigenvectors are thert**1 ande®™*2, We write nonlinear solutions as

u(zy, 2o, ) = 21(£)€™ 4 21 (t)e ™1 4 25(t)e®2 4 Zy(t)e 2 (17)
The appropriate equations governing the evolution of the amplitudesandz,(t) turn out to be:

a o= pz— (a2 4022 (18a)
Z = pz— (02 +alzf’)z (18b)

The reasoning behind the form of these equations is that:
—Thez; andx, directions are equivalent. Hence the linear coefficjgrthe self-saturation coefficient
a, and the cross-saturation coefficient are the same in both equatioresaltdlied nonlinear terms are
dictated by the fact that
eI IT1L — T2 =2 6101 — i1 gn(ei®le ™12 = 21020072 — ¢i%2 The spatial phases can
be eliminated by shifting the origin, so we can replace the complex, by realry, 5. The solutions
are:

—Rolls in thex; direction ¢ # 0, 72 = 0) or in thexzs direction {1 = 0, 7o # 0)

—Squares withr; = 7o

Depending on the nonlinear coefficientsh, the rolls and squares can branch in the same direction or
in opposite directions. If they branch in opposite directions, rolls andrequae both unstable. If they
both branch in the direction of increasing eigenvalieither rolls or squares are stable. If they both
branch in the direction of decreasing eigenvalii¢hen neither are stable. We will demonstrate this in
the next section.

Squares are an equal superposition of rolls inahendz, directions. Choosing the origin such that
21 = zo = r, equation[(1l7) reduces to
w(zy, xo,t) = 21(£)e™ 4 2o(t)e'™ + 71 (t)e T + Zy(t)e @2
r(t)e™ 4 r(t)e™ 4 r(t)e " 4 r(t)e 2
2r(t)(cos(z1) + cos(xz))

= 4r(t) cos <$1 —;—.%'2) cos <x1 ;:EQ) (19)

We see from[(1]9) that the nodal lines= 0 are

1+ x0 = 7+ 207, T1— To =T+ 2nmw (20)

i.e. diagonals with slopes1, as in figuré D.

These properties also hold for patterns in a finite square box. An eigenw®nsisting of a pair of rolls
can be rotated by /2 so that the rolls are oriented in the or thez, direction. Any linear combination

of these eigenvectors is also an eigenvector. However, the nonlines testrict the set of permitted
patterns to fourz; rolls andzx, rolls, and+ and— diagonals. When the featureless state loses stability
to this set of eigenvectors, four branches are necessarily credtedolT'solutions are obtained from one
another by rotation symmetry and thus necessarily dynamically equivalenetarmther; for example,
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Figure 9: Nodal lines of square pattern.

both will undergo the same secondary bifurcations. Similarly, the two didgohdions are dynamically
equivalent to one another. But the roll and diagonal solutions arequitaent to one another and will
usually have different secondary bifurcations.

This is illustrated in a simulation of Marangoni convection in a 3D box with eqimédsions inc and

y, shown in figures 10 arid11. Like Rayleigteard convection, Marangoni convection consists of fluid
motion arising from thermal gradients, but in Marangoni convection, it igehgerature dependence
of the surface tension at a free surface which is reponsible, rathettieaemperature dependence of
the density. The pitchfork bifurcatioR; from the trivial state creates four branches of convective states.
Although the straight and diagonal states have different stability propentig so undergo different sec-
ondary bifurcations, they all disappear simultaneously for the same réaetotiney are created simul-
taneously. Other bifurcations occur to eigenvectors with different synesetin particular, bifurcation

T1, to an eigenvector with the same symmetry as the square box, is a transcifiticztion.
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FIG. 2. Critical vertical velocity eigenfunctions at the primary bifurcation
points Py, Fy, Ty, and Py for A,=A,=135 with (a) Mapl= 127.86
[ Z5-symmetric, fixed by &,). (b) Map, =204.3 (Dz-symmetric, fixed by I,
and I1,,), (c) Marl=22f1.1 (Dy-symmetric, fixed by S, and I1,, and their
products), and (d) I"E'Iap3=2-‘18.6 (D;-symmetric, fixed by S, and 5,). The
symmetry of the eigenfunction (a) indicates that P, corresponds to a double

zero eigenvalue: 2 rotation of (a) about x=y=0 generates an independent
eigenfunction. The resolution is N 3N X N, =15 1513

Figure 10: From Bergeon, Henry, Knoblochhree-dimensional MarangoniéBard flows in square and
nearly square containefhysics of Fluid4.3, 92 (2001).
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Figure 11: Simulation of Marangoni convection in a container with squatiedrdal cross section. From
Bergeon, Henry, KnoblochThree-dimensional MarangoniéBard flows in square and nearly square
containersPhysics of Fluid4.3, 92 (2001).
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1.5 Hexagons
We now consider a hexagonal lattice. We define three wavevekejots (cos 2m(j — 1)/3,sin 27 (j —
1)/3) oriented at angles of 12@o one another, as in figurel12. We write solutions

u(z,y,t) = 21 (£) e + 25 (t)e™*2® + 23(t)e**® + c.c. (21)
and seek equations of evolution far, 2o, 23).

It can be shown that, contrary to the square case, the governing ewuiatibe hexagonal case contains
guadratic terms, basically because+ ks + k3 = 0. The resulting equations to cubic order are:

Z = (:“ —blz1]? — (|22 + 123‘2)) 21+ aZaZs (22)
and similarly forzs, z3, with real coefficients.

Hexagons are an equal superposition of three sets of rolls of equditedep. Writingz; = r;e',
hexagonal solutions have = r, = r3 = r. The evolution equatio (22) far, becomes

= (7’“ + m‘q‘ﬁl) € = (u— (b+ 2¢)r®)re!® + ar?e (@2t ¢3) (23)
and similarly forzy, z3. Dividing (Z3) byeit
(7’“ + rid)l) = (p — (b4 2¢)r?)r + ar?e (@11 02103) (24)
and separating into real and imaginary parts leads to:
o= (u— (b+2c)r*)r + ar® cos(¢1 + ¢2 + B3) (25a)
rg1 = ar’sin(¢r + ¢2 + ¢3) (25b)

and similarly forgs, ¢s.
Thus, steady states obey

D=¢1+ P2+ p3=0,1 = cos(P) ==+l (26a)
b+126 —a £ +/a? + 4p(b + 2c)
ﬁ +a £ \/a% + 4u(b + 2c)

O=p—(b+20)r*tar = r= (26b)

The meaning oft = ¢ + ¢2 + ¢3 is as follows. Each of the three sets of rolls has a spatial phase
Two of these phases can be set to zero by shifting the origin. But the thaskeprelative to the other
two cannot. The two possible values férlead to hexagonal patterns that are not equivalent, called
up-hexagons and down-hexagons, shown schematically in fighre 13.

Equation [[26b) would seem to represent four solutions, i.e. two pasalmia symmetric about= —a
and the other about= a. However, requiring: > 0 reduces the four solutions to two. These solutions
both bifurcateranscritically from the trivial state at. = 0. The turning point (saddle-node bifurcation)
isaty = —a?/(4(b + 2c)), wherer = a.

A number of non-trivial solution types exist in addition to hexagons: roflstangles and triangles. The
rolls are created in a pitchfork bifurcation and the rectangles in a segobdarcation from the roll
branch. The trivial solution and up-hexagons are both stable overge raf ., and the rolls and up-
hexagons are also both stable over a diffejeiriterval. These are shown in the bifurcation diagram on
the right portion of figur@ 12
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Figure 12: Left: wavevectors for hexagonal lattice. Right: Bifurcati@gthm showing rolls (R), up-

hexagons (K,) and down-hexagons ().

Figure 13: Hexagonal patterns. Left: up hexagons. Right: downgussa
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Figure 14:. Boxes supporting the periodic patterns in the square anddmdacases. In black, the
borders of the box. Bright lines, pattern contained by each hox.27 /..

1.6 Squares and hexagons in simulation of Faraday experimén
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Hexagonal pattern: instantaneous position of interface ad velocity fields
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0.21 0.87 1.53 2.19 2.85

0.39 2.17 395 5.73 7.51

Hexagonal pattern in Faraday experiment
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Hexagonal pattern in Faraday experiment

0.10 0.64 1.18 1.72 2.26
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2 Instabilities of roll patterns

The Swift-Hohenberg equation reproduces many of the well-known iitiiegbof striped (roll) patterns:
—theEckhaus (E) instability: change in wavelength

— thezigzag (2) instability: sinusoidal in-phase oscillations along roll axes

— theskew-varicose (SV) instability sinusoidal out-of-phase oscillations along roll axes

— thecross-roll (CR) instability : appearance of perpendicular rolls

— theoscillatory (OS) instability: time-dependent oscillations along roll axes

These were discovered numerically and explored extensively in a sépapers by Friedrich Busse and

R. Clever in the 1970s on RayleigheBard convection. The occurrence of these instabilities depends on
three parameters: Rayleigh numbdés, Prandtl numbePr and wavenumbet: (also denoted b¥) of

the underlying striped (roll) pattern. The volume in (wavenumber, Rayl&gindtl) space within which
straight roll patterns are stable to these instabilities is calle@tisse balloon shown in figuré 15

The fact that these patterns and instabilities also occur in the Swift-Holgeageation shows that they

are not particular to Rayleighé&ard convection. Figurésl16 dnd 17 shows the manifestation of some of
these in experiments and simulations of a granular layer subjected to vesiddtoon, together with

an adaptation of the Busse balloon to this case; the amplituafehe vibrations acts analogously to the
Rayleigh number.

Rayleigh cross-roll
CR
20
T
2110 knot
> KN__ P
84 s -
20 5 % , zig-zag
/ 7
. XSV Prandtl
S\
é 10 sken/)/-var X Y p
7 300
z 5 CR // Vi

Figure 15: Busse balloon. Region in (wavenumber, Rayleigh, Prand#jrgder space in which straight
rolls are stable is delimited by various instabilities. From F.H. Busse, Transitidarbolence in
Rayleigh-Benard convection, in Hydrodynamic Instabilities and the Transition to Tunbeleed. by
H.L. Swinney and J.P. Gollub, Springer, 1981.

21



Simulation

Experiment

= b S &
= L 3 B
L X

Simulation

Experiment

k3
5

Figure 16: Squares, stripes, hexagons in a granular layer. Fronez@n,BV.D. Shattuck, J.B. Swift,
W.D. McCormick & H.L. Swinney,Patterns in 3D vertically oscillated granular layers: simulation and
experimentPhys. Rev. Lett80, 57 (1998).
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Figure 17: Instabilities of a striped pattern in a vertically-vibrated granwarlad_eft top: skew-varicose
instability. Left bottom: cross-roll instability. Right: stability boundaries in tkek >, T") plane, where

< k > is the mean wavenumber afids the amplitude of the acceleration. From J. de. Bruyn, C. Bizon,
M.D. Shattuck, D. Goldman, J.B. Swift & H.L. Swinne§ontinuum-type stability balloon in oscillated
granulated layers?hys. Rev. Lett81, 1421 (1998).

22



2.1 Newell-Whitehead-Segur equation

We will now investigate the stability of a pattern of rolls with wavenumber not todrfan the critical
wavenumber,.. An amplitudeA is defined, which depends on space and time via slow varidb|és,

T.
u(z,y,t) = AX,Y,T)e'%" + c.c. (27)

The method of multiple scales is then used to derive from the Swift-Hoheeleiation foru an ampli-
tude or envelope equation fak, formulated in 1969 by Newell, Whitehead and Segur:

. 2
OrA = pA —|APA + <8X - ;ayy) A (28)
For notational simplicity, we will revert to using, y, ¢t instead ofX, Y, T.
i 2
OA = A —|APPA + <6m - 28yy> A (29)
The uniform statel=constant corresponds to a pattern of rolls with wavenumband oriented in the

direction. A pattern of rolls with a wavelengih + ¢ (whereq > —q.) is described by, ~ €%, which
bifurcates fromA = 0 at; = ¢? and satisfies:

0=p—|Af — = Ay = Vi — e (30)

We linearize[(2P) about, by substitutingA, + ¢’*a(x, y) into (29) and neglecting nonlinear terms:

, 2
oa = pa — 2|A,a — Aga* + (8;3 - ;8yy> a (31)
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2.2 Eckhaus instability

We begin by considering only variation in Such eigenvectors df (81) are of the form:

ap(z) = ape'?® (32a)
ap(z) = ape’TTRT g eilahE s o (32b)
Using
(1 =214 + 0ez) a0 = (1 —2(n—¢*) = ¢*)aoe™ = —(1 — ¢*)age’™ (33a)
Alay = (n— e age™ = (1 — ¢*)age'™ (33b)
we find _
oag = —(p — ¢*)aoe™” — (1 — ¢*)ape’™” (34)
or

R _ 2 R
W)= ) () @)

The eigenvalues along the diagonal are the usual eigenmodes of a dictinl, corresponding to
contraction with raterg_ = —2(u — ¢?) onto the circle of solutions and to the marginal stability ( =
0) along the circle. Fok > 0, we use
(h= 2[Ag]* +0u)ay
= (n—2n—¢") = (g+k#)?) a7 4+ (u—2(n — %) — (g — k)?) Bre!TH"

= — (1 — ¢+ K+ 2gk) ape’ TRT — (1 — ¢ + k? — 2qk)) Bre'@ P (36)
Agaz — (i — ¢%)ei® (aze—i(quk):c + Bze—i(q—k)cc) = (u— ) (a*ez(q ko Bre i(g+k)z )
so that
opar = — (1 —¢* + K+ 2qk) are’ TR _ (4 — ¢ + k? — 2qk) Bye'@h®

—(n—gq )( * oi(g—k)z T 4+ Bie 2(q+k)m>

which is expressed in matrix form as:

R 2 2 2 R
] —(n— ¢+ k?) — 24k —(n—q%) ><%>

= 37

ak( B > ( —(n—q) —(n =+ k) +2qk )\ B S
and a similar system fdné, @g), with the off-diagonal terms of opposite sign frdm}(37). Eigenvalues of

a—c b
< b a+c > (38)
are
2
a:(a C);(aJrc)i\/((a 6)2(a+6)> +b2=a++\c2+0b2 (39)

The systems fofalt, 35) and(al, Bf) lead to the same eigenvalues (which are therefore double):

opr = — (1 — ¢ + k%) £/ (20k)% + (n — ¢%)? (40)
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Figure 18: Eigenvalues; . of A, forqg =1, k =0, 1, 2. Branch4, is created from the trivial state at a
primary circle pitchfork bifurcatione) and stabilized at a secondary Eckhaus bifurcatih (

These eigenvalues are shown in figure 18. We call the corresporidemyectors.. .
Eigenvaluesr,_ andoy are always negative. At the bifurcation pojnt= ¢* at which A, is created
ot = —k? + 2qk| = k(2|q| — k) (41)

and hence is positive f < 2|g|. This means that, when it is created, branthis unstable to the
eigenvectorsy. for k < 2|g|. The greater the value gf i.e. the deviation from the critical wavenumber,
the more unstable directions, since there are more possible valiestoth satisfy this criterion. The
eigenvalues associated with these unstable eigenvectors cross zero at:

(n=a*+ k) = (2¢k)* + (n—¢°)°
K 2(n— )k = (2qk)
2 2 k2
(h=a) = 20~
k‘2
po= 3¢ - (42)

These points are shown in figurel 19. Each of these points corresfmagstchfork bifurcation. Since
these bifurcations occur from a branch already created via a bifuncition the trivial state, they are

25



6 T T
AN /A
\ /
\
4 \ //
i \ 7
M \ p
L \ ]
2 \ /
i} \ YA
A d v A
1 L] || L]

2 1 0 1 2

Figure 19: Stability curves. The thick parabola shows the marginal stabilite gy = ¢ along which
the trivial state is destabilized by primary bifurcations to periodic pattédgnsThin parabolas show the
finite-domain Eckhaus curves, = 3¢® — k%/2 for k = 1,2,... along which the periodic patterns
are stabilized by successive secondary bifurcations to unstable mixgelstades. The highest of these,
Hfinite = Mgl = 3q% — 1/2, is the finite-domain Eckhaus boundary above which pattgris stable. The
dotted portions of the Eckhaus curves below the marginal stability cuneerf@significance, since states
A, do not exist in this region. Primary and secondary bifurcations for theipcasey. — [¢.] = —1/4
are shown as solid and hollow dots, respectively. The infinite-domaingskturve:., = 3¢ is shown
for contrast as a dashed curve.

called secondary bifurcations. New states emerge from these secondary bifurcation ptontards
increasingu, i.e. where4, is more stable, and so the bifurcations are cadlgatritical. The bifurcation
diagram is shown in figufe 20.

When the last of these points is crossed, all of the eigenvalues haveéesmative andl, is stable.

This change of stability o4, is the Eckhaus instability: We recall thatand £ must be multiples of
27/ L, with g, = 2n7/L. The lowest value of: in (42) is attained fok = 27 /L. Equation[(4R) takes
on the more universal form

1\ /27\° ) L\? 1
uE:<3n2—2> <L> < g = (27r> uE:3n2—§ (43)
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Figure 20: Left: bifurcation diagram. Branches with wavenumbgrs,, ¢ - - - are created at successive
primary pitchfork bifurcations ag is increased through the valuek ¢?, ¢3, - - - . All but the first ()
branch is unstable; each branch is restabilized by successive segdfukhaus bifurcations at =
3¢, — k%. For clarity, only the lowest+ portions of the mixed-mode branches created at the Eckhaus
bifurcations are shown. Thick curves indicate stable portions of theltamid primary branches. Right:
schematic phase portraits at valuesiahdicated on left. The coordinates represent projections of the
first two or unstable directions of the trivial stafe Stable steady states are indicated by filled circles,
unstable steady states by hollow circles:) For p < 0, C is the only steady stateC is stable as
indicated by the solid circle and by the arrows pointing towardsiit After one supercritical bifurcation
the trivial state is unstable and a pair of stable steady sthjdsrhose wavenumber ig), the allowed
wavenumber closest tq.) has been createdy) After a second supercritical bifurcatio; has two
unstable directions. Another pair of steady stateswith allowed wavenumbey; now exists. These,
however, are unstable (in one direction), as can be seen from thetdragedeading tod,. These
trajectories and unstable directions are inherited féanf)) States4; have been stabilized by undertoing
a subcritical bifurcation. Each staty emits a pair of unstable steady states, on the trajectories joining
Ap andA;. (¢) C has undergone another supercritical bifurcation, acquiring a thirdllesdirection,
and creating another pair of unstable steady stdtesEach new state has two unstable directions, as
can be seen from the trajectories joinidg to Ay (towards the north and south poles) and4tp (left
and right along the equator). Statés would require two subcritical bifurcations, one in each unstable
direction, in order to become stable.
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2.3 Zig-zag instability

We now carry out a similar analysis, but for variationjinWe seek eigenvectors @¢f (31) of the form:

(1) = e’ 9T) g eilar=my) oy s (44)
Using:
i\, i Sy m?\?
(8:5 o 28yy> ez(qximy) _ (zq . 2(zm)2> ez(qximy) — (q + 2) ez(qximy)
4 .
= - <q2 +qm® + TZ) eilartmy) (45)
(1 =2[Ag)am = (n—2(p—*))am = (—p+2¢*)an (46)
Alay, = (u—qP)e? <aﬁz€"'(q’”+my) + Bﬁle_i(qm_my))
= (u—¢% (a;ei(qx—my) + gaei(qﬂmy)) (47)
equation[(3]L) becomes
4
Om (amei(qm"'my) + /Bmei(qx_my)> — <_'u + 2q2 — q2 — me — TZ) (Oémei(qx+my) + ﬁmei(qx_my)>

(= ¢?) (aellam) g eilartmn))
2 ) )
= ((M —q¢*) —m? <q + m>) (ame’(qﬁrmy) + ﬁmel(qm—my)>
4
(= @) (ap @) 4 g i) (48)

which is expressed in matrix form as:

alf \ —(u—qQ)—m2<q+m—2> —(u— ) of
Um(ﬁ’{’%‘)( —(n—q?) 4 (qu)m2(q+"f))<ﬂﬁ> (49)

Eigenvalues of

are

2
Hence the eigenvalues ¢f (49) are

2
J:a+ai\/<(a;a)) +b2=a=%bd (51)

2
m? —m? (g + "
amz—(ﬂ—ff)—m2<Q+4>i(u—q2)= N m?
—2(p—q°) —m* (¢+

Forq + mTQ < 0,i.e. forqg < —mTQ, the first eigenvalue above is positive, independent.oAs for the
Eckhaus case, the larger the valudgf the more unstable: modes there are. This instability occurs
only for ¢ negative, i.e. for wavenumbers smaller than — and wavelengths larger tharritical values.
As the rolls bend under the influence of the zig-zag instability, their waviisrigcrease.

(52)
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