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1. INTRODUCTION

This article describes the dynamics of drop deformation and breakup in
viscous flows at low Reynolds numbers. An attempt has been made to
bring together a wide range of studies in the drop deformation literature,
as well as to provide a large number of references to potential applications.
In particular, a summary is provided of experimental, numerical, and
theoretical investigations that examine drop breakup in externally-
imposed flows, e.g. uniaxial extensional fluid motion or more complicated
time-periodic flows. For well-characterized flow conditions that lead to
breakup, the effects of flow and material parameters on the drop size
distribution are summarized. Also, a short discussion is given of the
stability of the shapes of translating drops.

The subject of deformation of neutrally buoyant drops in viscous shear
flows at low particle Reynolds numbers was summarized by Acrivos (1983)
and was reviewed in this series by Rallison (1984). The Acrivos and
Rallison papers present (a) theoretical descriptions of steady, nearly spheri-
cal shapes and steady, long slender shapes, (b) a description of efficient
boundary integral numerical methods, and (¢) a summary of the experi-
mental work performed prior to 1984. As documented in these review
articles, many of the important ideas necessary for understanding drop
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deformation can be traced to three articles by G. I. Taylor (1932, 1934,
1964).

During the past ten years there have been several notable advances in
the understanding of drop dynamics in well-characterized flow fields. Not
only have several gaps in the literature been filled, while the limits of
existing theoretical predictions based upon small (nearly spherical) and
large (slender body) deformation analyses have been clarified, but the
recent investigations have focused upon several new problems (e.g.
breakup) and physical influences (e.g. surfactants and complex flows). Our
goal here is to provide the reader with an understanding of these recent
studies that focus upon drop breakup.

We will first outline the problem area (Section 2) and describe experi-
mental studies that contribute to an improved understanding of drop
deformation in shear flows (Section 3). Inevitably there is overlap with the
Acrivos and Rallison review articles, which is necessary for this review to
be self-contained. Section 4 provides a discussion of different aspects of
the drop breakup problem, including an overview of effects introduced by
flows more complicated than steady shear flow. Section 5 describes a
number of studies examining the influences of surfactants on the degree
of drop deformation and breakup and implications for tip streaming.

Section 6 gives a discussion of the low Reynolds number buoyancy-
driven translation of nonspherical drops. As is well known (Batchelor
1967), an initially spherical drop is a steady solution to the Stokes
cquations, independent of the magnitude of the interfacial tension.
However, only recently has the stabilitv of this solution been investigated.
Indeed, translating drops may assume highly distorted shapes with long
tails or large cavities. All research, however, has focused on either.of the
driving forces of buoyancy or imposed shear acting alone, and a quan-
titative study of the dynamics when the buoyancy and shearing motions
are comparable has not been reported. i

There are a number of topics with connection to drop deformation in
viscous flows that cannot be discussed because of lack of space. For
example, drop breakupin electric and rmagnetic fields, the effect of multiple
particles or nearby boundaries, non-Newtonian effects, and high Reynolds
number motions are all outside the scope of this review.

In all the results presented in this paper, the degree of drop deformation
and the character of the breakup are largely determined by the magnitude
of interfacial tension stresses relative to the magnitude of the flow-
generated viscous stresses. Some frequently mentioned applications which
motivate, or serve as extensions of, rnany of the studies of drop defor-
mation and breakup are summarized in Table 1. The typical problems
span a wide variety of length scales, from the submicron scale to hundreds
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Table 1 Typical applications for which a drop deformed or fragmented in an extensional

flow is a useful prototype

Application

Dispersion of color concentrates

Processing of microscale dispersions such as margarine and
ice cream

Mixing in multiphase viscous systems

Blending of molten polymers

Emulsion formation and rheology

Ink-jet printers

Viscous sintering (cohesion) of adjacent fluid regions
Deformation of biological cells

Deformation of liquids encapsulated inside elastic
membranes

Manufacture of two-phase glass

Drawing of glass sheets

Measurement of interfacial tension from time-dependent
shape changes

Stretching of viscous inclusions in geophysical studies of

Reference

Grace (1971)
de Bruijn (1989)

Ottino (1990), Meijer &
Janssen (1993)

Elemans (1989)

Han (1981)

Doéring (1982)

Kruiken (1990)

Greenspan (1978),
Zinemanas & Nir (1988)

Li et al (1988), Skalak et al
(1989)

Seward (1974)

Wilmott (1989a)

Elemans et al (1990),
Carriere et al (1989),
Tjahjadi et al (1993)

Spence et al (1988)

mantle dynamics

of kilometers, hence provide a common theme for discussion among fluid
dynamicists interested in a variety of applications.

2. PROBLEM DESCRIPTION AND GOVERNING
EQUATIONS

The prototypical two-phase flow problem we wish to consider consists of
a drop of Newtonian fluid of density p—Ap and viscosity Au suspended in
an unbounded Newtonian fluid, density p and viscosity u (Figure 1). The
undeformed radius of the drop is denoted by a. The interfacial tension
acting between the two fluid phases is denoted by y and may vary along
the interface S owing to a nonuniform temperature or the presence of a
nonuniform distribution of surfactants with surface concentration T". In
the presence of surfactant (or temperature) gradients, an equation of state
y(I") must also be introduced, though other possible rheological influences
of surfactant are neglected (e.g. surface elasticity; see Edwards et al 1991).

At low Reynolds numbers, fluid motion is governed by the Stokes and
continuity equations, which have the dimensionless form (“ denotes drop
fluid variables)
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Figure 1 Schematic of drop deformation in a straining flow.

Viu=Vp, Vi =Vp,
V-ou=0, V-i=0, M

where the pressure p is the dynamic pressure (i.e. the actual fluid pressure
minus the background hydrostatic pressure). All distances are scaled by
a, velocities are scaled by «., which depends on the nature of the forcing
present in the problem, and pressures are scaled by uu./a and Auu./a,
respectively, outside and inside the drop.

Continuity of velocity requires u = @ along the fluid-fluid interface S.
Viscous and pressure stresses generated by the fluid motion tend to deform
the drop while interfacial tension stresses tend to resist deformation. The
dimensionless form of the stress boundary condition depends on the speci-
fic problem of interest and the choice of the characteristic velocity scale.
In addition to the viscosity ratio 4, two dimensionless parameters typically
appear in the stress boundary conditions:

_ Apga?
Y

where g is the gravitational acceleration. The capillary number C represents
a measure of viscous stresses relative to interfacial tension stresses and the
Bond number B represents typical hydrostatic pressure variations relative
to interfacial tension stresses.

Fluid motions internal and external to the drop arise from one of four
sources:

C =i‘% and B , Q)

1. An externally-imposed velocity field u®(x) at large distances from the
drop, with typical shear rate G in the neighborhood of the drop. With
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u, = Ga, the stress boundary condition, for constant y is
*T—4An-T = : V- By S. 3
n-T—A4n —C(sn)n—chn on S, 3)

where T is the stress tensor defined in terms of the dynamic pressure, n
is the unit normal directed outward from the drop, V;-n is the local
interface curvature, g denotes a unit vector in the direction of gravity
and x denotes the position vector measured relative to the drop center.
Theoretical and numerical studies in this limit have been restricted to
neutrally buoyant drops (B = 0).

. A deformed drop for which the finite interfacial tension generates a

flow. Here the fluid is assumed quiescent at large distances, so that with
u. = y/pu(1+ 1) the normal stress balance takes the form

nT—/n-T=(14+2)(V,"n)n—(1+1)Bg-xn onS. )

If we introduce the viscosity ratio into the definition of the characteristic
velocity, the larger fluid viscosity controls the typical drop deformation
rate (Rallison 1984). The classical capillary breakup of an infinite fluid
thread provides a common example where interfacial tension is the
driving force for motion and causes amplification of disturbances with
wavelength greater than the thread circumference, eventually leading
to fragmentation of the thread into a series of drops. Hence, comparing
cases (1) and (2), it is apparent that interfacial tension has different
dynamical influences at different stages of the drop breakup process.

. Buoyancy-driven motions in an otherwise quiescent fluid. Here the fluid

is assumed quiescent at large distances and with u, = Apga®/u(1+ 1)
(alternatively one can use the Hadamard-Rybcynski rise speed of a
drop in an infinite fluid which simply changes u, by a constant), the
normal stress balance is

. 142
n-T—An-T:—;~(VS )

. Flows either produced or affected by interfacial tension variations

(Marangoni motions) caused by temperature variations and/or the
presence of surfactants (e.g. see Levich & Krylov 1969). A typical
velocity induced by variations in interfacial tension has magnitude
u. = Ay/p(1+ 1), where Ay characterizes the initial variation in inter-
facial tension. A tangential stress imbalance occurs along the surface
and, appropriately nondimensionalized, —V,y must be added to the
right-hand side of Equations (3-5). The effects of surfactants on defor-
mation and breakup in extensional flows are summarized in Section 5.
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The problem statement is completed by the kinematic condition,
which we may write as dS/dt=u'n for points on the interface.

In case (1) most research has focused on neutrally buoyant drops
immersed in locally linear flows u®(x) = I' - x, where I is a second order
tensor characterizing the local velocity gradient. This flow approximation
is expected to be representative of many applications so long as the largest
dimension of the drop is smaller than the typical scale over which variations
of the velocity gradient occur. The components of I in the neighborhood
of the drop must be specified, which requires specifying the ratio of the
local rate-of-strain to the local vorticity of the applied fluid motion. Any
time-dependence of the external flow must also be specified. This flow-type
classification is important for characterizing the degree of drop defor-
mation (Section 3).

Recent studics have considered the case of time-periodic flow fields,
defined over dimensions much larger than a typical drop size (see Section
4). Such a flow is globally more complicated than a linear flow, but even
in such circumstances the local flow field in the neighborhood of the drop
is often well-approximated by a linear flow with a time-dependent velocity
gradient tensor I'(¢).

The initial drop shape is important for completely characterizing drop
dynamics in either shear flows or buoyancy-driven motions and, in
particular, plays an important role for determining whether or not
transient effects eventually lead to breakup. From the standpoint of
applications this is not as restrictive as it may first appear since the details
of the shape are typically not important, but rather it is the initial degree
of deformation (whether the drop begins nearly spherical or as a highly
extended thread)—information which is expected to be available—that is
relevant.

In order to characterize the degree of drop distortion it is convenient
for modest shape changes to use thc deformation parameter D = (L— B)/
(L+ B), where 2L and 2B are the drop length and breadth, respectively
(0 < D < 1). For more highly extended drop shapes, a dimensionless
length L/a is an appropriate measure of deformation (Figure 1). A com-
plete description of configurations in shear flows also necessitates knowl-
edge of the drop’s orientation relative to say the principal axes of strain
of the imposed flow (for example, see Rallison 1984).

The Reynolds numbers for the fluid motions considered here are
assumed small so that we require pau/u « 1 in both fluid phases, where u
is chosen as the largest velocity characteristic of the fluid motion. For the
majority of our discussion, drops are t¢ be considered neutrally buoyant,
Ap = 0, though in Section 6, drop deformation is a consequence of fluid
motion associated with buoyancy. We will summarize those aspects of the
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flow problems (1)<(4) concerned with steady isolated drop shapes, transient
deformation, breakup in simple and complex flows, and surfactant effects.

3. STEADY DROP DEFORMATION IN LINEAR
FLOWS

An excellent discussion of drop deformation, including experimental
observations and theoretical predictions of steady drop shapes and orien-
tations, is provided by Rallison (1984) and is not reviewed here. In this
section we describe qualitatively the dependence of the degree of drop
deformation on the viscosity ratio. We also summarize recent experimental
observations spanning a wide range of flow conditions, which add sub-
stantially to the understanding of the steady state deformation problem
and the prediction of thecritical capillary number for breakup as a function
of the viscosity ratio and flow type. Effects of surfactants are discussed in
Section 5.

Qualitative Features of Deformation

When a neutrally buoyant drop is placed in a shear flow it will deform.
For all viscosity ratios, the drop shape will be nearly spherical provided
the capillary number is sufficiently small. In this limit a small deformation
analysis is valid and predicts the drop shape D(C) and orientation in the
flow (e.g. see Figures 2 and 3).

When C « 1, the deformation D is linear in C, as first demonstrated by
Taylor (1932). In particular, D = (194+16)C/(161+16) for an axisym-
metric extensional flow, which shows that the effect of the viscosity ratio
Ais small. Even if C > O(1), a drop will maintain a nearly spherical shape
provided 4 » 1 and the imposed flow has sufficient vorticity so that the
drop fluid spins almost as a rigid body. On the other hand, for low viscosity
ratios, A < 1, the application of a sufficiently large shear rate (C > 1) forms
steady, highly elongated slender drop shapes with nearly pointed ends.

As the capillary number is increased the drop becomes increasingly
elongated. The critical capillary number for breakup, C., corresponds to
the smallest steady shear rate G, for which the drop, beginning with a nearly
spherical shape, is unable to maintain a steady shape and consequently
undergoes a transient, continuous stretching. The drop attains a thread-
like shape and eventually brcaks into smaller drops. The rate of transient
stretching is controlled by the larger of the two fluid viscosities. The actual
fragmentation of the thread into small drops is described in Section 4.

Prior to the transient stretching and breakup, drops are characterized
by their maximum deformation for capillary numbers slightly below C..
For A > 0.1, the maximum steady ellipsoidal deformation is rather modest
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and for viscosity ratios greater than about 5 the final steady shapes prior
to breakup are not very different from a sphere. Proceeding beyond the
linear small deformation analysis in order to describe these more distorted
shapes is straightforward in principle, but, in practice, is rather difficult
algebraically. The higher order analysis for nearly spherical distortions is
developed by Barthés-Biesel & Acrivos (1973) and summarized by Rallison
(1980). Comparisons of the predictions of small deformation theory with
experiments and numerical simulations, including the variation of C_ with
viscosity ratio and flow-type I', are typically quite good for 4 > 0.1. On
the other hand, for A < 0.01, slender body theory (Hinch & Acrivos 1979)
predicts the drop shapes and critical capillary number with typical errors
less than 20% (Bentley & Leal 1986b).

The effect of vorticity of the external flow plays a critical role in deter-
mining whether or not drop breakup is possible in a shear-type flow. This
fact was recognized by Taylor (1934), who showed that if 1 > 4, and the
drop begins with a nearly spherical shape, drop breakupis not possible in
a simple shear flow, independent of the magnitude of the shear rate. In
this case, it is not possible to deform a drop beyond a modest distortion,
so that upon application of higher shear rates the deformation re-
mains unchanged and the drop fluid simply circulates faster. Breakup,
however, is always possible in a planar extensional flow for any viscosity
ratio 4. A pure extensional flow is, of course, one with zero vorticity,
while a simple shear flow is special in that it has equal parts vorticity and
strain rate.

This flow-type effect provides a dramatic example of the role of vorticity
for inhibiting drop breakup. For a simple shear flow, drops become more
susceptible to breakup for A < 4 due to a coupling of deformation and
orientation in the flow: At lower viscosity ratios (but comparable capillary
numbers) drops remain oriented closer to the extensional axis of the shear
flow (Rumscheidt & Mason 1961, Bentley & Leal 1986b) and, hence,
experience a stronger flow; as the shear rate increases, increased defor-
mation thus occurs to a larger degree for small viscosity ratios eventually
leading to breakup.

Because of experimental difficultics, experimental investigations of flows
intermediate to simple shear and two-dimensional extensional flow—flows
that have variable ratios of vorticity to strain rate—were investigated only
recently and are now summarized.

Deformation and Critical Capillary Number in Linear Flows
With Vorticity

Bentley & Leal (1986a,b) used a computer-controlled four-roll mill
to study drop deformation experimentally in the undisturbed two-
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dimensional linear flow

14+ l—a 0

u”(x) =T-x where =g~ —l+oe —1-a 0 6)
0 0 0

The velocity gradient tensor I is known by specifying the shear rate G and
aflow-type parameter «. The ratio of vorticity to strain rate in these flows
is given by (1 —a)/(1 +a) and is controlled independent of G. Simple shear
flow corresponds to the limit & = 0, while a two-dimensional irrotational
flow has « = 1. The four-roll mill was first used by Taylor (1934) for drop
deformation studies, and was also utilized in a large number of studies by
Mason and coworkers (e.g. Rumscheidt & Mason 1961). The particular
flow described by Equation (6) has been studied in detail by Giesekus
(1962). With the exception of an experimental study by Hakimi &
Schowalter (1980) that was confined to vorticity dominated flows, and
hence limited to the study of small drop deformations only, all experi-
mental studies prior to 1986 were concerned with either simple shear or
two-dimensional extensional flows.

Owing to the implementation of a computer-control strategy, hence a
degree of patience not possible in earlier experiments, Bentley & Leal’s
study provides a wealth of experimental data. Improved data were
obtained for extensional flows, especially for viscous drops which require
considerable times to deform. It should be noted that previous extensional
flow experiments, and all published plots summarizing the dependence of
the critical shear rate on viscosity ratio (e.g. Grace 1971) report that the
critical capillary number for breakup C,. increases for larger viscosity
ratios, A > O(1). However, the Bentley & Leal study clarified that, in fact,
C. remains nearly constant for A > 5 (see Figure 4). It appears that earlier
studies probably did not wait long enough to establish a steady state, as
such waiting times can be O(ua/y) which is quite long for high viscosity
ratio drops.

Specifically, Bentley & Leal’s (1986b) investigation includes:

1. Comparison of smalldeformation and slender body theories with steady
state experiments covering a wide-range of viscosity ratios and flow-
types, 107* < 1 < 102and 0.2 < a < 1.

2. Measurements of the critical capillary number and critical degree of
drop deformation for breakup as a function of A and ¢, i.e. C.(4, ) and
D.(4,a).

We now briefly examine typical results for low and high viscosity ratio
drops.
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LOW VISCOSITY RATIOS  For small viscosity ratios, 4 « 1, the largest steady
drop shapes are long and slender, provided that the applied shear rate is
sufficiently large. In this limit some simple scaling arguments are possible
(Acrivos 1983). In particular, if the slender drop has volume ¥V, steady
length 2L, and a narrow breadth ¢L (¢ « 1), then conservation of mass
requires 2ne’L> = O(V = 4na’/3). An applied shear rate G exerts a viscous
stress uG along the interface, whose normal component must be balanced
by the interfacial stress y/(¢L). Combining these two arguments yields an
estimate for the slenderness ¢ = C~3 and a steady dimensionless half-
length L/a = O(C?), where we continue to use the definition C = uGa/y.
Hence, slender shapes (¢ « 1) require large capillary numbers, C > 1.
These argumcnts suggest that for an air or vapor bubblc (4 = 0) of uniform
internal pressure, a stable steady shape is always possible and indeed
detailed analysis and experiments show this to be true.

However, for a steady shape of a low viscosity ratio drop (4 « 1) exposed
to a high shear rate G, an internal pressure gradient Ap/L ~ Au(GL)/(eL)?
is required to push the fluid from the end of the drop back towards the
center with typical speed GL. As the magnitude of the pressure gradient
is y/(sL), we see that A = O(&?) for the slenderness approximation to hold,
i.e. 12 « 1. Also, it follows that CA1/® = O(1), which with a more detailed
analysis may be shown to be the form of a criterion for the critical capillary
number necessary for breakup as a function of viscosity ratio.

In Figure 2, drop deformation as a function of capillary number is
shown for A = 107? and two-dimensional flows corresponding to o« = 0.6
and 0.8. This figure is typical of results from the very low viscosity ratio
experiments. In Figure 2a theoretical predictions for the drop shape are
shown below the corresponding experiraental photographs, while Figure
2b displays the deformation parameters D and L/a as functions of capillary
number. For small distortions from a spherical shape, the shapes predicted
by a small deformation analysis are calculated, while larger drop dis-
tortions are compared with shapes calculated using slender body analysis
(Acrivos & Lo 1978).

The small deformation analysis is in reasonable agreement with the
overall shape for C < 0.25, though clearly it has a limited range of utility
as it predicts unrealistic lobes (Figure 2a). The drop shapes become increas-
ingly elongated as the capillary number increases, but the effect of flow
type in the low viscosity ratio limit is rather small. Since the elongated
drop is oriented by the flow along a direction where the effective strain
rate is Ga'’?, the slender body theory estimate (Hinch & Acrivos 1979) of
the critical capillary number is modified to read C.4'/¢ = 0.145/a"/?, which
is in good agreement with the data. Overall, slender body theory generally
lies within 20% of the experiment results for the most highly deformed drops.
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The most distorted drop shapes provide a vivid example of nearly
pointed ends which may arise even in systems with finite interfacial tension.
Two-dimensional free-surface experiments and theory illustrate that cusp-
like shapes are indeed possible even if C = O(1); the reader is referred to
Jeong & Moffatt (1992) and Joscph et al (1991). The analysis has not been
extended to three dimensions but it appears that for a low viscosity ratio
drop the end is not a cusp, and appears on the macroscale to be sharp (i.e.
there is a finite but very large curvature; see also Buckmaster 1972 and
Sherwood 1981).

For the large distortions typical of low viscosity ratio dropsit is reason-
able to question the validity of the linear flow approximation. Sherwood
(1984), motivated by Taylor’s (1934) experimental observation of tip
streaming of small droplets from the end of stretched drops, has addressed
the effect of higher order terms in the undisturbed flow field within the
context of a slender body analysis. Cubic terms in the external flow, if
sufficiently strong, give rise to rapid growth at the end of the drop. Though
this result may have some bearing on breakup when velocity gradients
occur on the same scale as the highly distorted drop shape, there is now
strong evidence that tip streaming is a consequence of surfactant gradients
(Section 5; de Bruijn 1989).

HIGH VISCOSITY RATIOS In Figure 3, drop deformation is examined as a
function of flow type for 4 = 57. It is observed experimentally, in agree-
ment with a prediction using the O(C?) theory of Barthés-Biesel & Acrivos
(1973), that for both the & = 0.2 and a = 0.4 flows, it is impossible to
fragment the drop when beginning with a spherical shape and thus a
limiting steady deformation is reached. The effect of vorticity is clearly to
inhibit breakup for o < 0.4. Overall, there is excellent agreement between
theory and experiment, including prediction of the drop shape and the
critical capillary number for onset of transient stretching, which is a pre-
cursor to eventual fragmentation.

Figure 3 is typical of the high viscosity ratio data. For drops with lower
viscosity ratios, A = O(1), the deformation is similar to Figure 3, except
that no limiting deformation is obtained when the vorticity of the undis-
turbed flow is increased (0 < o < 1).

CRITICAL CAPILLARY NUMBER VS VISCOSITY RATIO AND FLOW TYPE Figure
4 shows the critical capillary number for breakup (i.e. the onset of con-
tinuous deformation) as a function of viscosity ratio. All data for two-
dimensional flows spanning simple shear to planar extensional flow are
presented. The solid and dashed curves indicate theoretical predictions
based upon small deformation theory and slender body analysis, respec-
tively. A similar plot illustrating the maximum stable deformation as a
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Figure 3 Drop deformation as a function of capillary number for 2 = 57 and flow-types
o= 1.0(0),0.8(A),0.6(),0.4 (IX), 0.2 (X). An asterisk terminating a theoretical curve
indicates a prediction of breakup, i.e. unsteady stretching (Bentley & Leal 1986b).

function of viscosity ratio is given by Bentley & Leal (1986b). Overall, the
very high capillary numbers necessary to produce large deformation of
low viscosity ratio drops indicate that such surfactant-free drops will be
difficult to fragment in a flow.

4. DROP BREAKUP

The focus of most drop dynamics research has been the prediction of the
critical conditions beyond which no steady drop shape exists. A practical
question from the standpoint of applications is to ask about the final state
of a multiphase system, in particular what the final drop size distribution
might be. Clearly, this is a formidable task. In order to develop an
improved understanding, it is necessary to determine which variables con-
trol the time-dependent dynamics of drop breakup, how changes in the
flow affect the drop behavior, etc. Several investigations have combined
experimental and numerical studies in an attempt to answer some of these
questions, though the current state of knowledge is still largely qualitative.

In this section we provide a summary of the basic modes of breakup of
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Figure 4 Effects of flow-type on the critical capillary number for drop breakup. Experi-

mental results are presented for flow types « = 1.0 (Q), 0.8 (A), 0.6 $3, 0.4 (), 0.2 ().

The solid curves are the prediction of the O(C? small deformation theory and the dashed

curves are the prediction of slender body theory (Bentley & Leal 1986b). The W symbols are

the boundary integral numerical results of Rallison (1981).

isolated drops, thc effect on drop breakup of simple time-depcndent flows
as well as more complex (in this case chaotic) flows, the role of capillary
waves during breakup, and the formation of satellite drops. A description
is also given of the dynamics associated with the response of a stretchable
(dumbbell-like) microstructure in time-periodic flows. Finally, time-depen-
dent drop stretching is discussed for the case of vanishing interfacial
tension, which is a limit with geophysical and material science applications.

As described in Section 3, if an initially spherical drop is placed in a
weak steady flow, the drop deforms eventually reaching a state where the
viscous and pressure forces exerted by the flow on the drop are balanced by
the resistance due to interfacial tension forces. When the critical capillary
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number is exceeded, the drop begins a transient elongation. The term
“drop breakup” often refers to this condition, even though actual frag-
mentation of the droplet is rarely discusse:d. The drop subsequently stretches
and thins, eventually reaching a thread-like shape where it stretches pas-
sively, identical to a fluid element of the undisturbed flow. There are cases
in which, if the drop radius becomes small enough, capillary waves can
cause the thread to fragment during flow (Mikami et al 1975, Tjahjadi &
Ottino 1991), though this response requires very large elongations, typi-
cally greater than 20 times the initial drop radius. Also the drop may
fragment near the middle of the thread, forming a number of smaller
droplets; the details of this mode of breakup depend on the nature (and
time dependence) of the externally applied flow.

The most comprehensive experimental work focusing upon drop dynamics
is the study by Grace (1971), which describes model transient experiments
including the use of a programmed gradual reduction of shear rate to
produce drop fragmentation without significant stretching and a sys-
tematic study of the drop size distributions measured following breakup
at supercritical values of the capillary number. Grace’s work suggested
several fundamental problems involving time-dependent effects which
could provide insight into details of the breakup process. We begin our
discussion of breakup with the response of a modestly deformed drop to
some simple flow changes.

Time-Dependent Effects: Step Changes in Flow Conditions

Stone et al (1986) and Stone & Leal (1989a,b) present an experimental and
numerical investigation of the effect of simple time-dependent flows on
drops that have been stretched initially in flows at slightly supercritical
values of the capillary number C.. A computer-controlled four-roll
(Bentley & Lecal 1986a,b) is used to perform the experiments, which allows
control over a wide range of parameters. Only step changes in the flow to
subcritical conditions are examined. For flows with constant flow type (o),
the experiments correspond to step reductions in shear rate, or
C(x) < C.(x), where the notation incicates that the final value of the
capillary number is less than the critical value at the specified flow type.
In another series of experiments, abrupt changes of the flow type are
studied, as are flows where the flow type and shear rate are changed
simultaneously so long as the final state corresponds to subcritical flow
conditions. Such simple flow modifications are expected to be rep-
resentative of situations where rather abrupt flow changes occur (Grace
1971); for example, abrupt flow changes occur wherever the apparatus
geometry changes substantially such as at entrances and exits, baffies, etc,
and at the entrance to the repetitive mixing sections of a static mixer.
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Breakup and the details of the drop size distribution depend on the time
history of the applied flow. For example, consider the effect of an abrupt
halt of the flow for a drop deformed beyond its maximum steady shape
D, with a flow at the critical capillary number. Provided the drop has been
stretched sufficiently beyond D, then after flow stoppage, the drop first
relaxes back towards a spherical shape, but subsequently fragments, form-
ing a number of smaller droplets. Capillary wave instabilities play only a
minor role for such modest extensions. This relaxation and breakup pro-
cess following cessation of the flow is documented for several different
viscosity ratios in Figures 5 and 6, illustrating the results of typical experi-
ments and boundary integral calculations, respectively. The results demon-
strate that (a) the ends of the drop become rounded and eventually pinch
off from the central filament if the initial deformation is largeenough, (b)
capillary waves do not play a significant role in the dynamics for these
modest extensions, and (c¢) high viscosity ratios clearly tend to inhibit the
breakup process.

The breakup mechanism illustrated in Figures 5 and 6 is termed “‘end-
pinching” and was observed previously in the experiments of Taylor (1934)
and Grace (1971). Grace mentioned capillary wave instabilities as an
explanation for this mode of fragmentation, though it is proper to describe
the breakup of modestly deformed drops in terms of a deterministic inter-
facial-tension-driven flow dominated by end effects, as discussed below.

There are a number of different situations where, following an abrupt
change in flow conditions, drop relaxation perhaps leading to this “‘end-
pinching” mode of breakup is relevant. For example, the retraction of
extended drops occurs following the rapid ejection of drops from a nozzle
during ink-jet printing (Do6ring 1982); similar relaxation of finitely
extended fluid drops is observed during processing of polymer composites
(Carriere et al 1989).

End-pinching is a consequence of an interfacial-tension-driven flow
associated with curvature variations along the surface of the finite drop.
The drop attempts to return to a spherical shape, though fluid motions
produced by internal pressure gradients lead to breakup. Because higher
drop viscosities damp internal flows, while lower external viscosities
increase the speed with which the ends of the drop retract through the
surrounding fluid, it follows that higher-A drops are able to sustain much
higher initial elongations prior to breakup during the relaxation process.
This behavior is clearly illustrated in Figures 5 and 6. The available experi-
ments suggest that the maximum length needed to ensure breakup for
A > 1 increases roughly linearly with 1 as the qualitative arguments above
would suggest (see Stone & Leal 1989a, Figure 10).

In all the experiments reported by Stone & Leal it is possible to explain
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mentation of initially stretched drops after the flow has been stopped (Stone ct al 1986).
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Figure 6 Numerical simulations illustrating the effect of viscosity ratio on the relaxation of
initially extended drops in an otherwise quiescent fluid. The same initial shape is used in each

simulation. The initial drop shape is taken from an experiment for A = 11.3 and is similar
to all experimental results for A > 0.05 (Stone & Leal 1989a).

the qualitative and quantitative dynamics assuming the interfacial tension
is constant. We expect that both large and small viscosity ratio drops will
be difficult to fragment. In the case of 4 < 0.01, high capillary numbers
are necessary to cause a transient elongation as very elongated steady
shapes are possible (Figures 2 and 4). For 4 > O(10), highly stretched
drops are capable of relaxing back to a spherical shape following cessation
of the flow because of the significant internal flow resistance. Even for
A= 0O(l), a deformation (L/a) approximately three times the maximum
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steady deformation is necessary to ensure breakup; the fact that rather
large deformations relative to the steady state shape are necessary to
promote breakup was first indicated by Grace (1971).

One further observation that follows from the above experimentsis that
the initial fragmentation of the drop is controlled by global features of the
shape, rather than being dependent on small scale, or local, features.
However, local details of the shape, which vary with viscosity ratio, and the
experimental details (e.g. asymmetries present in the initial configuration),
affect the formation of satellite and subsatellite drops.

If the drop is stretched sufficiently, L/a > O(20), then capillary waves,
which grow to finite amplitude slowly owing to the small initial dis-
turbances present in carefully controlled experiments, have time to evolve
to a sufficiently large amplitude to affect the drop dynamics. In such
circumstances, capillary waves play a significant, if not dominant, role in
controlling the final drop size distribution (Tjahjadi & Ottino 1991); this
behavior is commonly observed in polymer blending processes (e.g.
Elemans 1989).

Finally, for step changes to subcritical conditions with C # 0, it is
possible to break drops without producing large-scale stretching of the
drop. Such a model time-dependent flow is illustrated in the numerical
simulations shown in Figure 7. The detailed velocity fields and transient
drop shapes following a step change to 0.5 C. are displayed in Figure 7.
Comparable experiments have also beer performed (Stone & Leal 1989b).
This manner of breakup adds just a few—though rather large and uni-
formly sized—drops to the drop size distribution. Also, it is possible to
fragment very viscous dropsin flows with significant vorticity (for example,
a drop with 1 > 4 in a simple shear flow), if the initial deformation is
sufficiently large, as may be produced by first applying a low vorticity,
high shear rate flow. An example is provided by Stone & Leal (1989b,
Figure 13).

Complex Flows

It is worthwhile to consider more complicated flows, especially flows more
representative of industrial applications. However, it is difficult to charac-
terize three-dimensional flows in a manner that could be combined with
fundamental studies of drop breakup to produce a useful picture of real
mixing processes. Also, it remains a challenging numerical problem to
describe even modest, low capillary number, three-dimensional distortions
of drops in a simple shear flow. The reader interested in numerical inves-
tigations of three-dimensional drop deformation at low Reynolds numbers
is referred to Rallison (1981), de Bruijn (1989), and Pozrikidis (1992). The
calculation of the fragmentation of highly deformed drop shapes has not
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response to the step change. The solid (dashed) almost vertical line is the asymptotic limit of stretching like a fluid element in the original (subcritical)
extensional flow. (b) The flow field and drop shape as a function of time following a step reduction in capillary number. The simulations correspond

to the intermediate shapes shown along curve B in (a) (Stone & Leal 1989b).
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yet been implemented satisfactorily. The two elements of (a) a complicated
bulk flow and (b) dynamics of drop deformation, are in general coupled—
the flow field from the Lagrangian view point of the drop will be time-
dependent and perhaps changing on a time-scale comparable to the typical
time for drop distortion, au(l + 1)/y.

Tjahjadi & Ottino (1991) present a first step towards bridging the gap
between model studies of drop breakup and applications involving the
mixing of immiscible viscous fluids. These authors describe an experi-
mental investigation of the stretching and breakup of filaments in two-
dimensional low Reynolds number chaotic flows generated via periodic
modulation of the boundaries of an eccentric journal bearing apparatus.
The time-dependent boundary motion is responsible for the appearance,
in at least some part of the flow domain, of chaotic particle paths, which
indicate that two nearby fluid particles separate exponentially in time for
some (often large) range ofinitial conditions in the flow. In the experiments
a fluid drop (0.01 < A < 2.8) is placed in the chaotic region of the flow
where the critical capillary number for breakup is exceeded. The drop is
stretched rapidly into a slender filament, which then behaves as a passive
tracer. The length of the thread-like shape generally increases exponentially
with time, often reaching end-to-end stretches 10° times the initial drop
radius. The final drop size distributions are also determined.

A typical example of the evolution of the drop, along with its subsequent
fragmentaltion, is shown in Figure 8. Drop breakup primarily occurs as a
result of capillary wave instabilities. Near the end of the filament and at
intermediate locations where the filament is broken, end-pinching occurs
producing rather large drops. The chaotic character of the flow produces
foldsin the filament, where at later times interfacial tension causes breakup
again leading to large satellite drops.

A simplified model which assumes that the filament behaves passively
in the flow accounts for the overall largz-scale stretching. When combined
with the linearized analysis for the growth of perturbations on cylindrical
threads, the model can predict regions of potential breakup and approxi-
mate the size of the largest satellite drops. In the experiments, the lower
viscosity ratio systems typically lead to more uniform drop size dis-
tributions since the breakup occurs rather quickly and the flow can gen-
erally break up the larger drops a second or third time (see also Figure
5a). For the higher viscosity ratio systems A > O(1), internal fluid motions
required for breakup are damped, capillary instabilities thus occur less
readily, and therefore the filament stretches and thins more prior to
breakup. The small drops thus formed upon fragmentation of the thread
are characterized by capillary numbers less than the critical value and
hence do not typically break a second time. Breakup near folds and end-
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Figure 8 Dynamics of elongation, folding, and breakup of a drop placed in the globally
chaotic flow produced in a time-periodically modulated eccentric journal bearing. The times
corresponding to the different snapshots of the flow are given in the original publication.
4 = 0.067 (Tjahjadi & Ottino 1991).
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pinching lead to rather large drops that will likely fragment again. Overall,
the experiments indicate that the drop size distribution in high viscosity
ratio systems is more nonuniform, with a smaller mean drop size, than the
lower viscosity ratio systems.

Satellite Drops

Drop or fluid filament fragmentation, whether by growth of capillary
instabilities or via end-pinching because of the finite size of the drop,
results in a distribution of drop sizes. In between the largest visible drops
are smaller satellite drops and on still smaller scales there are subsatellite
drops. There are, of course, similarities between the fragmentation of a
viscous fluid filament and the breakup of weakly viscous fluid jets (Bogy
1979). Linear stability theory is unable to predict the existence of satellite
drops and consequently, at least in its simplest form, provides no insight
into the detailed evolution of the satellite drop size distribution.

Tjahjadi et al (1992) report a detailed study documenting satellite and
subsatellite drop formation that result from the growth of capillary
instabilities on the surface of a long, otherwise stationary, viscous fluid
thread. In a set of experiments with viscosity ratios 0.01 < 4 < 2.8, fluid
threads with radius 0.1 cm fragment; this leads to an array of smaller
drops, where the smallest visible drops have radii of about 10 um. The
basic features of the breakup are illustrated in Figure 9. Complementary
boundary integral calculations also shown in Figure 9 illustrate the small-
scale flow and breakup processes (see Tjahjadi et al for a description of
the numerical approximations introduced for treating the multiple breakup
events). Linear stability theory for this viscous flow problem dates back
to Tomotika (1935).

The viscosity ratio 4 between the two fluids plays the most significant
role in determining the eventual drop size distribution. For 4 > O(1),
internal flow processes are damped leading to a smallecr number of more
uniformly sized drops, while for the smallest viscosity ratio studied,
A = 1072, many small satellites and subsatellites are formed between the
largest mother drops. In general, the disturbance wavelength observed is
within 20% of the optimum value predicted by linear stability theory on
the basis of the largest disturbance grovth rate.

For cases where drop breakup occurs in model chaotic flows, it appears
that the drop size distribution generated at long times (i.e. after several
splittings) can be described with a scaling analysis that yields the fraction
of the population with a given radius (Muzzio et al 1991). The available
experiments fall into two classes depending on whether 0.01 < 4 < O(1)
(experiments with smaller viscosity ratios were not performed) or whether
A > O(1). The observation that the drop size distribution appears to be
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Figure 9 Breakupof a filament into satellite and subsatellite drops. (a) The effect of viscosity
ratio. Shapes of the filament after the last fragmentation are shown. The dimensionless times
at which the experiments and simulations are compared are within 4%. (6) Numerical
simulation of the breakup of the narrow thread-like filament that appears between the large
parent drops. An enlargement is shown illustrating the relaxation and breakup of the narrow
end (Tjahjadi et al 1992).
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controlled by the viscosity ratio has a relatively simple explanation. For
the higher viscosity ratios, very large stretchings and thin threads are
produced by the flow. Upon capillary fragmentation of the thread the
small drops formed do not typically fragment a second time. On the other
hand, the lower viscosity ratio systems fragment more quickly forming
larger drops which thus undergo subsequent stretching and breakup.

Dynamical Analysis of Microstructured Fluids in Complex
Flows

The detailed analysis of drop deformation and breakup in other com-
plicated flows is formidable owing to the coupling of three-dimensional
drop shapes with time-dependent velocity fields, as experienced by a drop
asittraversesa given mixing device. Some progress is nevertheless possible
if a model is introduced for the drop dynamics while maintaining com-
plexity of the underlying flow field. A first step in this direction was made
by Olbricht et al (1982) who introduced an evolution equation for a
stretchable, orientable microstructure. In its simplest form the state of the
microstructure is described by an axial vector which may be used for
example to model the average length and orientation of a deforming
droplet. This work establishes a strong flow criterion for steady flows
which gives an estimate for the shear rate and flow conditions required
to initiate stretching [see also Ottino (1990), Sections 9.3 and 9.4; and
Khakhar & Ottino (1986), who discuss how the model vector equation
may be interpreted to obtain the approximate dynamics of low viscosity
ratio, highly stretched drops].

Szeriet al (1992) establish a strong flow criterion for the case of unsteady,
spatially inhomogeneous flows which illustrates the effects of time depen-
dence on the evolution of the microstructural element. Specifically, the
vector model equation of Olbrichtet al is used to describe the dynamics of
a stretchable, orientable microstructure and is coupled to a time-dependent
two-dimensional flow. The time evolution of the configuration of the
microstructure is determined for time-periodic flows and the analysis takes
advantage of several advances in understanding dynamical systems. A
time-periodic flow history is experienced by a drop in a number of quite
plausible circumstances, including recirculating particle paths in flows with
closed streamlines, a steady flow in a spatially periodic domain, or a flow
near a stagnation point that varies periodically in time.

Via several examples Szeri et al show that the neglect of time dependence
may lead to incorrect characterization of the flow if instead the flow field
is modeled by a sequence of steady states. An important assumption in
thc analysis is the ncglect of any particle-particlc intcractions. Implications
for stretched droplets are difficult to infer directly since at low capillary
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numbers, interfacial tension plays an important role in the dynamics and
introduces another time scale for the stretching dynamics.

Stretching of Thin Viscous Inclusions

The limit of zero interfacial tension is of practical significance to geo-
physical flow problems as well as to such industrial problems as glass
manufacturing. The slender body analysis of the stretching of very viscous,
neutrally buoyant inclusions has been presented by Spence et al (1988) and
Wilmott (1989a,b). No steady drop shape is possible in these extensional
fluid motions since there is nothing to resist the viscous stresses exerted
on the inclusion by the external flow, and thus the inclusion stretches and
thins on a time scale given approximately by the inverse shear rate G~ '.
On this time scale the internal and external flows are coupled provided
the slender inclusion, with slenderness ratio ¢, is sufficiently viscous, i.e.
1 = 0(¢~?) for axisymmetric inclusions and A = O(¢™") for two-dimen-
sional sheets. In general, the inclusion stretches exponentially, with small
corrections from behavioridentical to a fluid element owing to the viscosity
contrast and finite inclusion length.

The analyses demonstrate analytically that an inclusion with smooth
initial data cannot fragment in finite time, which is a result that might be
expected owing to the absence of interfacial tension or any other desta-
bilizing mechanism. For arbitrary initial shapes, it is shown how the slender
inclusion will progressively thin; which may be useful for understanding
the role of other effects, e.g. intermolecular forces that will become impor-
tant at very short length scales (approximately 1000 A).

5. EFFECTS OF SURFACTANTS

The presence of impurities has noticeable effects on the deformation of
fluid-fluid interfaces simply because the impurities lower the interfacial
tension. Also, surfactant gradients along the interface cause tangential
stresses that produce fluid motions (Marangoni flows). Consequently, the
presence of surfactants alters dropshapes and changes the critical capillary
number for drop breakup. An cxperimental study by de Bruijn (1989,
1993) documents the importance of surfactants for explaining the phenom-
enon of tip streaming,.

In this section, we summarize the effects of surfactants on the dcfor-
mation and breakup of drops in externally imposed straining flows. It is
assumed that the only effect of the surfactant is to modify the magnitude
of the interfacial tension, which is quite reasonable provided the surfactant
is present at low concentrations. Other interfacial rheological effects such
as surface shear and dilatational viscosities are neglected (Edwards et al
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1991). The surface rheology characteristic of thin elastic membranes is
discussed, for example, by Li et al (1988).

The effects of surfactants on the motion of translating drops in
unbounded fluids or in capillaries are well studied and will not be discussed
here. A complete understanding of the influences of surfactants on the
motion of fluid-fluid interfaces may require knowledge of interfacial trans-
port processes since Stebe et al (1991) demonstrate the remobilization of
a surfactant retarded interface in the limit where desorption kinetics and
diffusion away from the interface arc fast. Surfactants are also useful
in the hydrodynamic modeling of cell cleavage (e.g. Greenspan 1978,
Zinemanas & Nir 1988).

Deformation in Shear Flow

In order to quantify the effect of surfactants on free-boundary problems
it is necessary to introduce a constitutive equation relating surfactant
concentration I" to the local value of interfacial tension y. Typically, a
linear equation of state is chosen with y(I") given by the two-dimensional
gaslaw, y,—7y = RTT, where y, is the interfacial tension of a clean interface
(' = 0), R is the gas constant, and T'is the absolute temperature. Milliken
et al (1993) have examined numerically some influences of a nonlinear
equation of state on drop deformation and breakup. We let I'y denote the
(equilibrium) uniform surfactant concentration along the interface in the
absence of flow; y, = y— RTT .

Surfactants have two independent effects on free-boundary motions.
First, surfactants modify the mean interfacial tension, which alters the
normal stress jump across the interface. A capillary number based upon a
mean value of the interfacial tension Cy = Gap/y, is thus indicative of the
degree of deformation caused by an external flow. Second, Marangoni
stresses affect the fluid motion and produce a tangential stress jump.
The dimensionless stress balance accounting for these two influences of
surfactants is (we have chosen the characteristic velocity u, = Ga)

< 1Yo 0, e
n-T- n-T =820 Voomn-- —g-xnt -, V(I on S,
c, (Vemne o Covli, {L7T)
(7
where B = —(dy/dl’) (I'y/ys) provides a dimensionless measure of inter-

facial tension variations produced by the surfactant. For the familiar two-
dimensional gas law, f = RTT/ys. Here, By is the Bond number based
upon 7y, (see Equation 2).

Predicting the degree of drop deforrnation in shear flows requires cou-
pling the Stokes equations with equations describing surfactant transport
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and the surface constitutive relation. Surfactant transport along the fluid-
fluid interface is governed by a convective-diffusion equation (for a
straightforward derivation see Stone 1990)

M) I: r 1 vV I‘jl+ r v ' ®)
4V | = u— ) - n=/.
&t T n Cod *17 T, Vorm(u-n) = Jr.

where u, is the velocity vector directed tangent to the surface, j, is the
dimensionless net flux of surface-active material to and from the surface,
0 = yea/(uDy), and D is the surface diffusivity. The surface Péclet number
is Cy0.

Drop deformation now depends on Cy, 4, f (i.e. the constitutive equa-
tion), and 6. From a theoretical viewpoint, not only must a free-boundary
problem be considered, but the presence of surfactants complicates the
calculation further, since their distribution is coupled to the drop shape,
which, of course, depends upon the detailed surfactant distribution. In the
simplest case the surfactant is treated as insoluble (j, = 0), which is a useful
approximation when most of the surfactant resides along the interface
(as expected at low concentrations for cases such that the partition co-
efficient favors surface adsorption). The study of insoluble surfactant
and the analogous clean interface problem thus provide bounds for the
possible interface distortions. If surfactant resides in the bulk fluids, then
additional transport equations are required and boundary conditions are
needed relating the surface and bulk concentrations (e.g. Stebe et al
1991).

The qualitative deformation behavior of drops in extensional flows can
be understood by accounting for (a) convection of surfactant toward
stagnation points at the end of the drop—this tends to lower interfacial
tension, hence tends to increase the observed deformation; (&) dilution of
surfactant owing to increased interfacial area which accompanies drop
deformation—this tends to increase the interfacial tension, hence acts to
decrease the observed deformation; and (c¢) additional adsorption and
desorption of surfactant to and from the surface owing to fluxes from the
bulk phases as deformation increases interfacial area.

Items (a) and (b) are discussed by Stone & Leal (1990). Because surface
Péclet numbers are typically large (small surface diffusivities), convective
transport effects dominate the surfactant distribution so deformation is
enhanced over the uniform surfactant, or clean interface, case. Also, items
(b) and (c) tend to offset one another. Nevertheless, if the time-scale
characteristic of adsorption k, is long compared with both G~' and
(14 A)uafyy, it may be expected that dilution effects play a more prominent
role, tending to inhibit drop deformation.



Annu. Rev. Fluid Mech. 1994.26:65-102. Downloaded from www.annualreviews.org
by University of Pennsylvania on 07/01/11. For personal use only.

94 STONE

SMALL DEFORMATION ANALYSIS An analysis of nearly spherical drop
shapes (Cy « 1) was performed by Flumerfelt (1980), who incorporated
interfacial shear and dilatational viscosities, and an accompanying experi-
mental study was presented by Phillips et al (1980). Stone & Leal (1990)
also considered the near-sphere limit analytically as part of a numerical
investigation of finite drop deformation. Assuming that the deformation
is small and the concentration of surfactant is nearly uniform (low surface
Péclet numbers), the leading order deformation of the drop D may be
calculated as (Stone & Leal 1990)
3C,b, S (16+ 192} +483/(1 — B)

Sares I b TR e 2 - By ©)

This equation reduces to Taylor’s (1932) well-known result in the limits
p — 0ord — 0, which correspond, respectively, to no effect of surfactant on
the interfacial tension or a uniform distribution of surfactant as convective
effects are weak.

Drop deformation increases as the magnitude of b, increases, which
occurs at a fixed dimensionless shear rate C, if d increases or  increases.
In the small deformation analysis, the effect of surfactant convection
appears via the combined parameter /(1 —f), which is proportional to
the magnitude of the interfacial tension variations. The flow convects
surfactant toward the end of the drop, resulting in a higher surfactant
concentration and lower interfacial tension, thus requiring larger defor-
mations to balance viscous forces.

NUMERICAL STUDIEs Stone & Leal (1990) present a numerical study of
surfactant effects on finite drop deformation in extensional flows. In par-
ticular, for the case of the insoluble surfactant it is demonstrated that
dilution of the local surface concentration, owing to increases in interfacial
area, may produce situations where the interfacial tension is actually higher
than its original value and consequently further deformation, leading to
breakup, tends to be inhibited. Also, the critical capillary number for
breakup (C,). is calculated as a function of the two dimensionless pa-
rameters, f and J. Milliken et al (1993) have extended this study to examine
the manner in which surfactants alter the transient motion of elongating
drops and the relaxation of initially stretched drops. Generally, Marangoni
stresses reduce the interfacial velocity and cause the drop to behave as if
it has a higher viscosity. Surfactant effects are more pronounced at smaller
viscosity ratios, 4 < 1, generally producing drop shapes that have higher
curvatures than in the absence of surfactants, This behavior is suggestive
of the tip streaming phenomenon (tip streaming, however, was not
observed in the numerical simulations), which is now discussed in detail.
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Tip Streaming

Several experiments (Taylor 1934, Grace 1971) show that a low viscosity
ratio drop, typically A < 0(0.1), may establish a steady deformation with
ashape that has nearly pointed ends, yet very small drops are ejected from
the ends. The ejected drops typically have radii less than 50 pm. This
behavior is called “tip streaming.” Because of the generation of large
numbers of very small droplets, it is of interest to understand what factors
control this phenomenon. The tip streaming phenomenon was unresolved
at the time of the earlier reviews of Acrivos (1983) and Rallison (1984).

Recently, de Bruijn (1989, 1993), via a comprehensive and careful set
of experiments, has shed light on this subject. A convincing qualitative
explanation is presented describing tip streaming as the result of sur-
factants being swept toward the narrow ends of the drop, so that at high
enough surface concentrations the ends become rigid and viscous stresses
tear the narrow end regions away. A corresponding theoretical description
or numerical simulation is still lacking however.

De Bruijn (1989) documents most of the experimental references to tip
streaming. An important observation is that this behavior only occurs for
A < 0.1. Also, tip streaming occurs for capillary numbers lower than C,
and when surfactant is purposefully added to the system, tip streaming is
generally (though not always) observed.

The main conclusions to be drawn from de Bruijn’s experimental study
are:

1. Contrary to studies reporting that tip streaming stops due to a decrease
in drop volume, the actual volume changes are too small for this to be
true. It appears that tip streaming stops when most of the surfactant
on the interface is swept away.

2. Controlled addition of surfactant leads to tip streaming for A < O(0.1)
provided the surfactant concentration is large enough. However, sur-
face impurity concentrations that are too high also inhibit tip streaming
and the drop breaks by the usual mode, presumably because the inter-
face is uniformly covered.

3. Inferred interfacial tensions of the small tip droplets (determined using
a small deformation experiment) are lower, often much lower, than the
interfacial tension of the original mother drop. The corresponding
surfactant concentrations are close to the saturation value.

As a final note, Milliken & Leal (1991) observed tip streaming in an
experimental study of the deformation of viscoelastic drops in extensional
flows. Viscoelastic materials are often made by dissolving a small amount
of a polymer in water or some other solvent. The polymers modify the
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bulk rheology, but may also exhibit a tendency to accumulate along the
interface due to the different chemical interactions of the polymer with the
two bulk fluids. In Milliken & Leal’s experiments with viscoelastic drops,
tip streaming was observed when the Deborah number was larger than
one and the viscosity ratio was small (the Deborah number is the ratio of
the fluid relaxation time to the flow time scale). Hence, it appears likely
that the tip streaming may be a consequence of the polymer acting as a
surfactant rather than being caused by some modification of the bulk
rheology (Milliken et al 1993).

6. INSTABILITY OF TRANSLATING DROPS

We have discussed in detail deformation in flows where the drops have been
assumed to be neutrally buoyant (B = 0). Buoyancy-driven translation of
spherical drops at low Reynolds numbers has been studied extensively. In
this section we summarize studies, which have been reported only recently,
of the stability and flow-induced deformation of nonspherical drop shapes.

When a spherical drop of one fluid undergoes low Reynolds number
buoyancy-driven translation through a second fluid, the translational vel-
ocity is higher than that of the equivalent rigid sphere by the factor
3(14+4)/(2+34). The Hadamard-Rybczynski flow field is derived using the
Stokes equations to describe the velocity field in -both fluid phases, along
with the boundary conditions of continuity of velocity and tangential
stress. The solution is remarkable in that the normal stress boundary
condition is satisfied identically, as the pressure and viscous forces are in
exact balanceeverywherealong the interface, and this result is independent
of the magnitude of the interfacial tension (including zero interfacial
tension). Hence, a spherical shape is an exact steady solution to the low
Reynolds number drop translation problem (Batchelor 1967).

Translation in Unbounded Fluids

The shape evolution of nonspherical drops in simple translation was first
examined by Kojima et al (1984). Using a linear stability analysis, these
authors show that (a) in the absence of interfacial tension the spherical
shape is unstable to infinitesimal disturbances and (b) at finite Bond
numbers the drop will recover a steady spherical shape provided that the
initial nonspherical distortion is not too large (the Bond number and
capillary number are equivalent for buoyancy-driven flows). When an
instability is predicted to occur, the¢ analysis demonstrates that per-
turbations near the front stagnation point are diminished in amplitude due
to the local elongational flow, thus returning the front of the drop to a
spherical shape. Perturbations near the rear stagnation point are amplified
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in a manner which suggests (i) the formation of a tail for initially prolate
distortions and (i) the formation of a dimple, or cavity, for initially oblate
distortions. The question of whether these conclusions carry over to the
case of finite initial deformation has been examined in detail via numerical
boundary integral calculations by Koh & Leal (1989) and Pozrikidis
(1990). -

Koh & Leal (1989) present an investigation of the critical initial defor-
mation beyond which no steady spherical shape is possible and thus the
drop undergoes continuous distortion. The axisymmetric initial shapes are
chosen to be either oblate or prolate ellipsoids of revolution. A companion
experimental study (Koh & Leal 1990) shows that the numerical results
are in excellent agreement with laboratory observations which allows the
further conclusion that provided global shape information is given, then
the evolution of the interface shape can be predicted. Pozrikidis (1990)
presents a careful study of the limit of vanishing interfacial tension; very
large distortions typified by either long tails or large cavities are common
in this limit. Numerical simulations showing typical shape evolutions
characteristic of different Bond numbers and viscosity ratios are shown in
Figure 10 for sedimenting drops.

(a) (b) )
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Figure 10 Buoyancy-driven motion and instability of sedimenting drops. (a) A slightly
nonspherical oblate (prolate) initial shapetranslates and evolves a cavity (tail). The interfacial
tension is zero. (b) The effect of interfacial tension on the stability of an initially oblate drop
shape. For sufficiently strong interfacial tension (B < 10) the drop recovers a spherical shape,
while drops with lower interfacial tensions develop cavities. (c) The effect of viscosity ratio
on the evolution of oblate initial shapes. (Numerical computations performed by M. Manga.)
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Overall, we see a connection with drop deformation in extensional flows:
For each nonzero Bond number, there is a critical initial distortion such
that the drop is unable to recover the spherical shape, and so deforms
continuously (this defines a critical Bond number). In particular,
sufficiently distorted prolate shapes evolve into drops with nearly spherical
fronts and long narrow tails. Initially oblate shapes develop large cavities at
the back with theinternal circulatory flew causing the cavity to continually
increase in depth until it approaches the front interface; a nearly steady
ring shape, or torus, is thus formed. In the cxperiments of Koh & Leal
(1990), oblate drops that evolve cavities eventually close upon themselves,
encapsulating the continuous phase fluid, and form double emulsion
drop. Qualitatively the viscosity ratio has only a small influence on the
evolution (and stability) of prolate shapes. However, for oblate shapes
that evolve cavities, the higher the viscosity ratio (thus higher internal
viscous stresses), the lower the critical Bond number for instability.

In the original experiments of Kojima et al (1984) the drops develop
cavities and rapidly evolve into a toroidal shape with the radius of the
torus increasing with time. An analysis incorporating inertial effects was
proposed to explain this observation.

Other Driving Forces

Thermocapillary migration of drops in a temperature gradient occurs
owing to the temperature dependence of the interfacial tension. For this
flow situation, Ascoli & Lagnado (1992) use a linear stability analysis to
show that a spherical drop shape may also be unstable to infinitesimal
perturbations even if the interfacial tension is finite. The instability is
a consequence of the interfacial tension gradient that accompanies the
nonuniform temperature field. For properties characteristic of air bubbles
in silicon fluids, the temperature gradients required to produce instability
of centimeter-sized bubbles is estimated to be 200°C cm ~ !, a rather un-
realistic value. The effect of finite distortions, which requires a numerical
solution, has not been examined, so may yet show that moderate tem-
perature gradients can produce instability of finitely distorted drops. The
corresponding problem of translation of dielectric fluid drops in non-
uniform electric fields has not been examined.

7. CONCLUSIONS

The subject of drop deformation in viscous flows has found recent appli-
cation in a large number of diverse disciplines (Table 1) spanning a wide
range of length scales. A common theme of research during the past
ten years has been the understanding of (@) transients leading to drop
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fragmentation and (b) drop deformation for systems containing sur-
factants or characterized by more complex surface rheologies.

Future research directions are difficult to anticipate. One important and
challenging problem which awaits an adequate solution is to incorporate
the basic elements of theresearch described here into a model of a viscous
multiphase flow containing a large number of dispersed droplets, with the
goal to predict accurately the drop size distribution. A first step in this
direction was taken by Tjahjadi & Ottino (1991)—see Section 4. The
incorporation of microscale dynamics into a global, or large scale, model
of a dispersed multiphase flow is now appropriate, not the least because
many of the research problems described in the drop breakup literature
are motivated at least in part by industrial processes. A useful model
should include the possibility of coalescence of two drops in the presence
of shear, a problem which is not well understood at this time. A second
area where drop deformation and breakup studies may prove useful is the
quantitative analysis of the motion and deformation of drops in complex
media, such as fibrous beds or other porous materials. In this case the
drop experiences a time-dependent shear and extensional motion as it
passes through the pore space (this problem area was described to the
author by E. S. G. Shaqgfeh). A third area that deserves more attention,
notably because many practical problems involve polymeric dispersed
materials, includes both the response of viscoelastic drops to shear and an
improved understanding of how the dynamics of breakup are affected by
a viscoelastic continuous phase.
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