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THE METHOD OF REGULARIZED STOKESLETS*

RICARDO CORTEZT

Abstract. A numerical method for computing Stokes flows in the presence of immersed bound-
aries and obstacles is presented. The method is based on the smoothing of the forces, leading to
regularized Stokeslets. The resulting expressions provide the pressure and velocity field as functions
of the forcing. The latter expression can also be inverted to find the forces that impose a given
velocity boundary condition. The numerical examples presented demonstrate the wide applicability
of the method and its properties. Solutions converge with second-order accuracy when forces are
exerted along smooth boundaries. Examples of segmented boundaries and forcing at random points
are also presented.
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1. Introduction. The numerical method presented here is for the computation
of two- and three-dimensional Stokes flows driven by external forcing. The forces are
applied on volumes or along boundaries, which may be curves, segments, or sets of
disconnected points. In this way, the method applies to moving interfaces, elastic
membranes interacting with a fluid, or flows through an array of fixed obstacles.

Stokes flows are of interest in many physical applications, particularly those in
which the relevant length scales are extremely small or the fluid is extremely viscous.
Many such applications emerge from biology, including the locomotion of bacteria
and other cells, flagellated microorganisms, and flows in small capillaries. Other
applications are the study of free surfaces, such as bubble motion, and flows around
impurities or through a porous medium, which may be modeled as a collection of
point obstacles for dilute cases.

The steady Stokes equations in two or three dimensions are

(1) :uAu = vp - F7
(2) V-u=0,

where p is the fluid viscosity, p is the pressure, u is the velocity, and F is force. A
fundamental solution of these equations is called a Stokeslet, and it represents the
velocity due to a concentrated external force acting on the fluid at a single point [32,
34, 1, 25]. Other, more singular solutions can also be derived from the Stokeslet by
differentiation. Many important models have been created from the superposition of
these fundamental solutions. Examples are analyses of flagellar motions [17, 16, 24];
the beating motion of cilia [4]; flows between plates, inside cylinders, or in periodic
geometries [26, 27, 15, 33]; and slender body theories [6, 20, 23, 13]. Many of these
analyses make use of images to enforce boundary conditions on the surface of spheres
or planes.
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The singularity in the Stokeslet is proportional to 1/r in three dimensions and
log(r) in two dimensions. Consequently, when forces are concentrated on surfaces
embedded in R? (curves in R?), the expression for velocity is integrable and the flow
is bounded in the vicinity of the surfaces. Most of the works cited above rely on this
fact and the smoothness of the surfaces to get final expressions for the fluid velocity.

When the forces are concentrated along curves in R® (points in R?) or when sur-
faces are not smooth, the situation is more difficult because the velocity formula is sin-
gular. One technique for dealing with this problem is to desingularize the expressions
by introducing a small cutoff parameter in the kernels in order to regularize them. This
approach has been extremely useful for the modeling of vortex motion [7, 3, 21, 14],
interface motion in inviscid fluids [5, 35, 10, 8, 36], and other processes [11, 9, 12]. In
all of these applications, the errors involved have been analyzed extensively and are
well understood.

Our approach here is to consider the forces to be applied over a small ball, where
they vary smoothly from a maximum value at the center to zero on its surface, rather
than being concentrated at points (as Dirac measures). The radius of the support of
the forces is a numerical parameter that can be controlled independently from any
boundary discretization. Sometimes the radius of the ball is infinite, but the forces
decay fast away from the center. From this starting point, expressions for the pressure
and velocity due to this regularized force are derived. These expressions are bounded
in any bounded set and differ only from the standard Stokeslet near the points where
the forces are exerted. The resulting method is applicable to any situation in which
forces drive the motion, whether they are concentrated along interfaces or points. This
gives the method wide applicability. The derivation of the expressions is presented in
section 2 for radially symmetric regularizations and a specific example is presented
in detail. Section 3 contains several numerical examples with particular focus on the
performance of the method. The case of a smooth closed boundary in R? is further
developed in section 4, where the velocity expressions can be written in terms of
single and double layer potentials. Recent work by Beale and Lai [2] is used to achieve
second-order accuracy everywhere. The final section contains concluding remarks and
future directions.

2. Equations. We first consider the generic situation in which the forces are
spread over a small ball centered at the points x¢. The force is given by

(3) F(x) = fo ¢c(x —x0),

where ¢, is a radially symmetric smooth function with the property that f Pe(x)dx =
1. Examples of these functions, called blobs or cutoffs, are

1 3e3
—e XS and g (x) = -
27

i R2: € = )
m Pe(x) e (|X|2+€2)5/2

3 3,3 15¢*
in R3: - —Ix[7/e -
in R3: be(x) = e and  ¢e(x) = (2 1 )
A typical blob is displayed in Figure 1. The graph shows the same blob with two
different values of the parameter e, which controls the width, or spreading. A tighter
function (smaller €) must necessarily be taller for the total integral to be 1. In the
limit € — 0, the blob approaches a Dirac delta.



1206 RICARDO CORTEZ

FiG. 1. Typical blob for two different values of €.

To derive the solution of the problem in (1)—(2) in the case when the force is given
by (3), we will use the following definitions. Let

G.(x) be the solution of AG, = ¢.(x) in infinite space,
B.(x) be the solution of AB, = G.(x) in infinite space.

The function G¢(x) is a smooth approximation of the Green’s function

1 : -1
. 9. _ : 3. =
(4) in R*: G(x) = o In(|x|), in R*: G(x) 47|x]|

for |x| > e. However, for small values of |x|, the function G is bounded. Similarly,
B.(x) is smooth and approximates

x/|? —lx
5) B2 BO) = 2 log(x) ~ 1], inB% Boo = .

which is the solution of the biharmonic equation A?2B(x) = §(x).
Taking the divergence of (1) and using (2) we find that the pressure satisfies

Ap=V_-F,
which gives the particular solution
p= fO . VGS

Now we use this expression to rewrite the equation for u as pAu = (f5-V)VG.—1j ¢,
whose particular solution is

pu(x) = (fo - V)VB(x — x¢) — foGc(x — X0).

This might be referred to as a regularized Stokeslet velocity.
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If there are N forces, fy, centered at points xj, the pressure and velocity are given
by

N
(6) p(x) = ka VG (x —Xp),

k=1

N
(7) u(x %Z {(f - V)VB.(x — x3,) — £,G(x — x5)},

where we have added a constant flow U, to be determined shortly. The functions
G and B, are completely determined by the blob used. They are radially symmetric
just like their singular counterparts. Consequently, the velocity expression can be
modified using the formulas (for r = |x|)

VB, = Bg(r); and (f-V)VB.=f

which yield for ry = |x — x|

® 0 =3 - (e —xa))[ S
k=1
D 3R (A LA

{rkBe”(rk) - BE’(rk)} } '

3

+ [ - (x — xx)](x — xx) .
k

In two dimensions, one can use (4)—(5) to check that B'(r)/r —G(r) = =G(r)/2—
1/87, so one can choose U, = ), f}./8m in order to eliminate this remaining constant
flow. In three dimensions, one can simply let U, = 0.

The method of regularized Stokeslets uses (8)—(9) to find the velocity induced by
given forces. One important property of this formulation is that the flow given by
(7) satisfies the incompressibility constraint V - u = 0 analytically everywhere. This
important property is key in the conservation of fluid volumes bounded by elastic
membranes.

2.1. Deriving G, and B.. Since ¢, is radially symmetric and AG, = ¢, we
have that

AG. = G/ () = 6.l1)
and
G/(r)= = /OT s ¢e(s)ds

After integrating once more, we obtain G¢(r). Similarly,

B = Golr)

so that B.(r) can be found in the same way.
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2.1.1. A specific choice of blob in two dimensions. We present a concrete
example of the regularized Stokeslet method by deriving the two-dimensional pressure
and velocity formulas for the specific blob

3e3

Pl = o+

The corresponding regularized Green’s function is

1 €
_ 2 2
Ge(r) 9 [ln ( re+ e+ e) = 62}

and

1 2re
B/(r)=— 2rln( 7‘2—|—62+e)—7“—]
") 8”[ Vr? 4 e? +e

With these functions we can write the final expressions to be used in the numerical
method

N 2 2 2 2
2 \/
(10) Z (x — x4)] e+ 2e” + e/t €

k=1 ( T+ €2+ e) (ry 4 €2)3/2

£ (/2 2 ) €<VT’%+€2+26>
T, tet+e| —
( r,%—i—eQ—i—e) \/7’%"‘52_

§°\H

-3

7
k=1 K

=~

(11) +i Vi + €2+ 2

(£ - (x — x)](x — %)

3
dmp ( 7“,%—&-624—6) i

where 7, = |x — x|

One can verify that these formulas are consistent with the standard Stokeslet
expressions for the case of a Dirac delta distribution of forces. Taking the limit ¢ — 0
n (10)—(11), we obtain the well-known formulas (in R?)

N
(12) px) = S e o Xl

2rr
k=1 k

N
(13) - Tt + [ G- ] G2,

Notice that (13) is singular at the point where the force is centered. When the sum is
replaced by an integral, the velocity expression is generally not problematic when the
forces are defined along smooth closed curves, since the kernel is integrable. The same
is not true for the pressure which typically displays discontinuities across boundaries.
A much different scenario is when the forces are defined at disconnected points, not
closed curves. In this case, (12)—(13) cannot be interpreted as discretizations of inte-
grals but simply as the superposition of singular solutions. The singularities in these
formulas make the Stokeslet expression somewhat impractical for computation, since
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COMPARISON OF SINGULAR AND REGULAR TERMS
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Fic. 2. Comparison of the radial factors (in brackets) in (10)—(11) shown by solid lines. The
regqularization parameter was set to € = 1. The dashed lines are the corresponding singular terms in
the Stokeslet formulas (12)—(13).

the evaluation of the expression at a point very close to an x5 would lead to extremely
large velocities. The regularization in (10)—(11) provides the necessary stability.

A comparison of the terms in brackets in (10)—(11) for € = 1 is shown in Fig-
ure 2. The smooth functions eliminate the singularity but approach asymptotically
the Stokeslet expressions for r > €. In practice, the value of ¢ would be of the same
order of magnitude as the particle separation in the spatial discretizations.

2.2. Finding the forces from the velocities. The numerical method derived
so far can be used directly to compute the flow due to given forces. For example,
elastic membranes interacting with a fluid exert forces given in terms of their config-
uration, which can be computed from the current position of the membrane. There
are situations when the velocity of a given body is known and one is interested in
finding the forces that yield that flow. Equation (9) can be used to impose velocity
boundary conditions on the surface of a body. One can write, for ¢ = 1,..., N, the
system of equations

or, as a matrix equation,
(14) U=M=F,

where, in two dimensions, I/ and F are 2N X 1 vectors and M is 2N x 2N. Generally,
the matrix M is not invertible. This is most easily seen for the case of a closed
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membrane surrounding the fluid. An arbitrary constant can be added to the normal
component of the forces, causing a change in the pressure but not in the velocities
because of the incompressibility of the fluid. Fortunately, any solution of the system is
acceptable in the present context so that one can add the constraint that the normal
component of the forces sum to zero or simply find any solution of the system via an
iterative process. In this paper, we use GMRES with zero initial guess.

In steady flow problems or in situations where the geometry of the body is fixed,
the matrix and any required factorization need be computed only once. In problems
of moving interfaces, the matrix must be rebuilt at every time step.

3. Numerical examples.

3.1. Example 1: Flow past a cylinder. As a simple numerical experiment,
consider the classical example of a circular cylinder of radius ¢ moving at a constant
speed (1,0). The exact solution is given by a combination of a Stokeslet and a dipole
at the origin (see [1, p. 245]):

—f, £, -
u(x) = (2In|x| — a2/|x|2) + (& x)x (1- a2/|x|2)

8 4r|x|?

le_;rn(a)@)

Note that the velocity is unbounded as |x| —oo , consistent with two-dimensional
flow due to a nonzero net force (Stokes’s paradox). However, the solution is valid in
a region containing the cylinder.

To compute the solution with the numerical method, we discretize the circle with
N particles, set the velocity at each point to (1,0), and find a vector of forces that
solves the system in (14). Once the forces are known, we use (11) to find the velocity
on a grid, where the exact solution is also computed for comparison. The parameters
used in this example are ¢ = 0.25, N = 160 (with As = 2wa/N), and € = 0.25As.
Figure 3 shows the contours of the two components of velocity. Each plot shows the
analytic solution (solid) and the computed solution (dashed). The velocities at the
boundary points are computed with the accuracy of the iteration solver for the forces;
in this case, the velocities are within 107!° of their intended value.

The solutions satisfy [|[u—Uczact||oo < 2.6 x1073 for the parameters used, although
the error in the velocities is largest near the cylinder and decays nearly as ~ |x|~2
away from the boundary. In section 4, we explain how to improve on this solution.
The regularization parameter € is taken to be proportional to the discretization size
As, where the proportionality constant depends on the blob ¢, and on the particular
application. In our experience, this constant is typically less than 1.

with

3.2. Example 2: Flow past fixed obstacles. As a second example, we con-
sider the problem of a uniform background flow around fixed line obstacles. In this
problem, the boundaries that exert forces on the fluid are not closed curves; they are
disconnected line segments as shown in Figure 4. The background flow is (1,0) and
two fixed line obstacles of different lengths are placed at different angles relative to
the flow. The boundaries were discretized with 45 particles x; (26 on the top segment
and 19 on the bottom one) separated by a distance As = 0.00447, and the regular-
ization parameter was set to e = As/2, although the solution is not very sensitive to
this choice.
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Fic. 3. Velocity contours of the flow due to a circular cylinder of radius a = 0.25 moving with
velocity (1,0). The left graph compares w in (11) (dashed) and the exact solution (solid). The right
graph compares v in the same way.

In this case, the forces on the boundaries must cancel the background flow at
the x1’s, so the left-hand side of (14) was set to velocities corresponding to (—1,0).
Once the forces are found, the flow at any point x is the flow induced by the forces
plus the background flow. The velocity at the boundaries was no larger than 10~14 in
magnitude. Using this steady flow computed on a regular grid, a cloud of “smoke” was
advected through the obstacles for visualization purposes. This was done by solving an
advection equation with the precomputed steady flow using an upwind method. The
grid covered the region [0, 1] x [0, 0.5] and Neumann boundary conditions were used at
the edge of the computational domain. Three snapshots are shown in Figure 4, where
the fixed segments obstruct the flow and force it to go around and between them.

The same method can be used to compute the flow due to a collection of forces
located at random points or the flow around a collection of point obstacles which
may represent, for example, a porous medium. As an example, we consider a group of
fixed particles placed randomly in a domain blocking a uniform background flow (1, 0).
Figure 5 shows a smaller subdomain containing 53 of the point obstacles and the flow
around them. The forces at the particles are computed so that they remain stationary.
The computational parameter € was set to 0.03 so as to provide a resolution length
scale.

3.3. Example 3: Quasi-steady flow. In this example, we consider the un-
steady motion of an interface initially given in polar coordinates by 7(0) = /r2 — a?/2+
acos(20), where a is a perturbation amplitude. The area enclosed by this interface
equals 772. The parameters used were 7, = 0.25 and a = 0.05 (see Figure 6). Since
we are interested in the interface motion as it relaxes from its initial shape to a circle,
we need to compute the velocity only along the interface using (11). Although the
steady Stokes equations are used to compute the velocity, the time-dependent forces
impose a time scale. The interface was tracked by computing the velocity as a steady
flow at every time step. A similar problem was discussed in [38, 22].

Suppose x(s,t) defines the interface at time ¢ in terms of the arclength parameter
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Stakes flows around fixed objacts (t=0.7

Stokas flaw around fixed objacts (t=1]

Stokas flaw around fixed ohjacts (t=1.5}

Fic. 4. Stokes flow around two fixed line obstacles at three different times. The white cloud
(initially a wide vertical stripe at the inflow) represents a quantity advected by the precomputed flow
for visualization.

s. A force
representing the curvature of the interface minus that of the final state is applied so

that the shape will converge to a circle of radius r,. This restoring force vanishes as
the equilibrium state is reached. Following the suggestion in [22], one way to verify
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F1G. 6. Initial shape (solid) and circle of radius ro = 0.25 enclosing the same area.

the shape of the final solution is to compute

% max

’I“mm(t) = 1;?@;1\1 ka(t)” and ’I“maw(t) = 1<k<N ||Xk(t)||

and to check their convergence as t — oo. Figure 7 shows these results for a discretiza-
tion corresponding to N = 50 points along the interface (equally spaced at t = 0).
Figure 7(a) is for early times and Figure 7(b) shows the longtime behavior. The fig-
ure shows that both 7,4, (¢) and r,,;,(t) converge to r,. In addition, the membrane
retains its circular shape indefinitely, indicating that the computation remains stable
for very long times.

The interface will stop moving once the discretization errors dominate the force
giving and indication of the accuracy of the method. Table 1 summarizes the results
for discretizations corresponding to N = 50, 100, and 200. The second column of
the table shows the discretization size for each run. In every case, the regularization
parameter was set to € = 1.2As. We found this to give good results, although the
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Fic. 7. Plot of rmaz(t) and rmin(t) showing the distance from the origin to the interface as a
Sfunction of time for N =50 and ¢ = 1.2As. (a) shows the plot for 0 <t <5 and (b) shows the plot
for 0 <t < 50.

TABLE 1
Results showing Tmin, Tmaz, area conservation A, and the magnitude of the forces for long
times and various discretizations.

[ N ] As | Tmaz —rmin | JAE=50)—arZ[ | [t >10)co |
50 [ 0.0323193 | 1.156836x10—° [ 1.758022 x 10—% [ 5.700275 x 10—°
100 | 0.0161693 | 0.048211x10~° | 0.078004 x 10~ ° | 0.323780 x 10~ °
200 | 0.0080858 | 0.012735x10~% | 0.016602 x 10~ | 0.001307 x 10~?

differences from other choices were not significant. The third column shows the con-
vergence of the shape to a circle at ¢ = 50; however, these numbers are essentially
constant for ¢ > 10. Note that the numbers indicate quadratic convergence in terms
of As. The fourth column of Table 1 shows the error in the computed area inside the
interface relative to the expected value 7r2. These numbers remained nearly constant
throughout the runs. The areas were computed by discretizing a boundary integral
using fourth-order finite differences. The errors in the table are within this discretiza-
tion error. Finally, the last column of the table shows the maximum magnitude of
the forces for ¢ > 10 as a function of the discretization. They give an indication of
the errors involved in the numerical method.

4. Modifications for closed, smooth boundaries. The case of a closed,
smooth boundary is the most widely studied and one for which several numerical
methods exist. This is because the situation is simplified by the absence of endpoints
or by the presence of a boundary consisting of disconnected points. Techniques dis-
cussed in [34, 22, 28, 29, 30, 31, 37| are often used to compute accurate solutions of
elliptic problems in general regions. In the context of fluid flow, the computation of
the velocities and pressure far from the boundary or on the boundary are not typically
problematic. The challenge is the computation of the solution at points very close to
but off the boundary. This situation arises, for example, when the velocity is required
in the entire computational domain for the advection of chemicals or solvents.

We present a modified regularization approach that leads to pointwise second-
order accuracy in e.

We consider a closed boundary parametrized by arclength x(s) for 0 < s < L.
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Our strategy will be to write the solution as a combination of integrals of the form

Li(x, f) :/0 f(s) x'(s) x VG(x — x(s)) ds

and
L
I(x,g9) = /0 g(s) x'(s) - VG(x — x(s)) ds

for some functions f(s) and g(s) and Green’s function G. The reason is that Beale
and Lai [2] have developed correction terms that can be added to the trapezoid rule
applied to these integrals that guarantee second-order accuracy. To approximate these
integrals, first we use the identities

L
/ x'(s) - VG(x —x(s)) ds =0 for all x off the curve,
0

L .
, | 1 for x inside the boundary,
/0 X/(s) x VG(x —x(s)) ds = { 0 for x outside the boundary

to rewrite them, for any value of s*, as

L
I(x,g) = / () - VG(x — x(s))] [g(s) — 9(s7)] ds

and

L
I(x. f) = / B(s) X VG (x — x(s))] [f(s) — F(s")] ds+ x(x) ("),

where x(x) = 1 if x is enclosed by the boundary and x(x) = 0 otherwise. This
formulation gives additional regularity to the integrands. The idea is to discretize
the integrals with the trapezoid rule and to realize that when the evaluation point
x is very near the boundary, i.e., [|[x — x(s)| < O(As) for some s, the accuracy of
the quadrature is compromised. However, the leading-order error terms can be iden-
tified and subtracted from the quadrature in order to achieve second-order accuracy
pointwise. Therefore,

N
L, f) =Y x/(s) x VGe(x = x(s1))[f = f(s7)]As

k=0
+x(0)f(s7) + T (%) + T (x) + O(As”),

where the T(") terms are corrections associated with the use of G. in place of G and
the discretization of the integral. Similarly,

N

I(x,g) = 3 x/(si) - VGelx = x(s1))lgn — 9(s7)]As + 717 (x) + T3 (x) + O(As?).

k=0

For each point x where the sum is evaluated we require s*, which is the value of the

curve parameter that identifies the boundary point closest to x. These formulas have
been derived for the specific cutoff function

pelr) = —5e I,

me2
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Refer to [2] for more details.
In order to write formulas for p and u in terms of this type of integrals, it will be
convenient to use the decomposition of the forces

f(s) = fMa(s) + FOx(s),

where the outward normal vector is 7(s) = (y'(s), —z'(s)). Based on (12) we have
that

L Cx L
p(x)—/o flo) - (x = x(5)) —/O £(s) - VG(x — x(s)) ds

27|x — x(s)[?
/ —fM(s) x/(s) x VG(x — x(s) ds+/ fB(s) x'(s) - VG(x — x(s)) ds
(15) = —I(x, f ))+12( ).

From (13) we have

b A(s x —x(s
) = [ ()] 4 168) - (¢ = (o)

Arplx —x(s)|?
O e o e [ e g 3 VEG = x()]
[T (52) (e s+ [ xo HTER ds.
By defining the vector
[ )
F(s) = /0 o do,
we can write the first integral as
L
(16) /0 F(s) x'(s) - VG(x — x(s)) ds = I3(x,F).
The second integral becomes
L . x —x(s
[ - X(S))[ f(s) w,;(# ),
- / X = X)) ) ()¢ (5) x VG(x — x(s5)) + fO ()% () - VG(x — x(5))] ds
=NL(x,Q" )+12(X QP),
where
x —x(s))f" (s x —x(5))f® (s
Qg = - EXIE) gy _ GeoxUO0),
Then

(17) u(x) = L(x,F) + Li(x, Q%) + L2(x, Q).
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Fic. 8. (a) Computed pressure p along the line (x,3/10) for N = 100 (dots) using the method
of section 4. Also plotted is the exact (discontinuous) solution. (b) Pressure computed using (10).

4.1. Example 4a: Normal forces on a circle. Consider a circular bound-
ary of radius 1 parametrized by x(0) = (cos(),sin(d)) and define the forces on the
boundary by

f(6) = 2sin(30)x(6)
so that the forces are normal to the boundary. The exact solution is given by

—r3sin(30), r<1,
p(r,0) = { r=3 sin(30), r>1,

n.8) 3r?sin(20) + {5 sin(460) — {rtsin(26), r<l,
u(r,0) =
ir72sin(20) — Sr~*sin(40) + fr?sin(46), r>1,
372 cos(26) — 15r cos(46) — 1 cos(26), r<l,
v(r,0) =

2r72cos(20) + Sr~* cos(40) — 1r2 cos(46), r > 1.
We note that p is discontinuous across the boundary, but dp/9r, v, Vu, v, and Vv
are continuous.

In order to show representative results, we choose to compare the solution along
the line (z,3/10) for 0 < < 2. The boundary was discretized with N equally spaced
points, and the regularization parameter was set equal to e = 27/16N. Figures 8
and 9 show results for N = 100.

Figure 8(a) displays the computed pressure using the method in section 4. For
larger values of IV, the solutions are nearly indistinguishable from one another. The
formula based on (15) is able to capture the jump in the pressure in spite of the use
of regularization. This is because the jump was explicitly included in the formula for
I (x, f). If instead one used (10) to compute the pressure, the effect of the regular-
ization would be to replace the discontinuity with a rapid but smooth transition over
a region of size O(¢), as shown in Figure 8(b). This, of course, leads to O(1) errors
near the interface.
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F1G. 9. Velocity components u (left) and v (right) along the line (x,3/10) for N = 100 (dots).
Also plotted is the exact solution (solid).
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F1G. 10. Error in the velocity components along the line (x,3/10) for N = 100, 200, and 400.

The velocities are C''(R?) and this additional smoothness allows the numerical
method to approximate the velocities very well everywhere, as seen in Figure 9. The
largest discrepancy, however, is still near the boundary. To be more precise, we
compute the error in the solution for the various discretizations. We recall that, in
this example, € is inversely proportional to N. Figure 10 shows the error in the
velocities and Figure 11 the error in the pressure.

The largest velocity errors are O(107%), corresponding to the smallest value of
N. More importantly, the Lo norm of these errors, shown in Table 2, decreases by a
factor of about 4 as the number of boundary points N is doubled, indicating that the
pressure and velocity errors are O(e?) as € — 0.

4.2. Example 4b: Tangential forces on a circle. Now consider the same
circular boundary of radius 1 parametrized by x(6) = (cos(f),sin(d)) but define the
forces on the boundary by

£(0) = 2sin(30)x'(0)

so that the forces are now tangential to the boundary. The difference between this
and the previous example is significant because of the character of the solution. Here,
p and u are continuous everywhere, but their gradients are discontinuous across the
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F1G. 11. Error in the pressure along the line (z,3/10) for N = 100, 200, and 400.

TABLE 2
Lo norm of errors shown in Figures 10-11. When the number of particles is doubled, the errors
decrease by a factor of about 4, showing second order convergence.

‘ N ‘ Error in p ‘ Error in u ‘ Error in v ‘

100 | 25.35 x10~% | 4.603 x10~% | 4.656 x10—*%
200 | 6.023 x10~% | 0.781 x10~% | 1.052 x10— %
400 | 1.468 x10~% | 0.200 x10~% | 0.248 x10~ %

boundary. The exact solution is

[ —r3cos(30), r<l,
p(r.0) = { —r73 cos(36), r>1,

n.8) 1r? cos(20) + {5 cos(46) — 1r cos(26), r<l,
u(r,0) =
—2r7%cos(20) + Zr~*cos(40) — Lr=?cos(46), r>1,
—2r?sin(26) + {57 sin(40) + 1rsin(26), r<l,
v(r,0) =
ir72sin(20) + Srtsin(46) — 1r?sin(40), r > 1.

Again we compare the solution along the line (x,3/10) for 0 < z < 2, which
crosses the boundary at around x = 0.954. The boundary was discretized with N
particles (initially equally spaced), and this time the regularization parameter was set
to € = As/4. For other values of €, the results were similar. Figures 12 and 13 show
the results. We note that the corners in the solution (gradient discontinuities) are
captured well with the method.

The errors using N = 100, 200, and 400 are shown in Figure 14. The magnitude
of the errors is comparable to those in the previous example, and the convergence
appears to be second order as well.
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Fic. 12. Computed pressure p along the line (x,3/10) for N = 100 (dots). Also plotted is the
ezact solution (solid).
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Fic. 13. Computed velocity components u (left) and v (right) along the line (x,3/10) for
N =100 (dots). Also plotted is the exact solution (solid).

We make one more comment about the choice of the regularization parameter € in
the present context. While it is usually taken as e = O(As), the errors in computing
integrals of the form

L

/0 As) - VG(x — x())[f(s) — F(s*)]ds
L

/O x/(s) - VG(x — x(s))[g(s) — g(s*)]ds

are slightly different when the evaluation point x is near, but off, the curve. This is
because

_ X— x(s*) _ n(s*)
2rr|x — x(s*)|2  27|x — x(s*)]

b
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F1G. 14. Errorin the pressure and velocity components for Example 4b. The errors are measured
along the line (x,3/10) for N =100, 200, and 400.

Fic. 15. Schematic diagram.

which implies that for s &~ s* (see Figure 15)

0(1)

~ Y2 E
[x —x(s")]

n(s) - VG(x — x(s))

while
O(s — s*)

27|x — x(s*)|

X'(s) - VG(x = x(s)) ~ ;
so that the first integrand above is “more nearly singular” than the second. This
somewhat affects the optimal size of € relative to As.

4.3. Numerical example 5: Computing stresses. We consider a final ex-
ample of flow in a channel obstructed by a semicircular protrusion (see Figure 16).
This problem has been studied in [19] as a model for the adhesion of a cell to the wall
of a channel and the stresses exerted on these cells by fluid flowing within the chan-
nel. Additional numerical studies of this problem are found in [39] and a variant of it
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F1G. 16. Geometry of the problem and velocity boundary conditions.

in [18]. The objective is to determine the stresses along the channel walls, including
the obstruction. It is assumed that the flow is driven by a constant pressure gradient
and has reached a steady state. In our case, the corners where the semicircle meets
the channel wall have not been smoothed with fillets. The velocity inflow and outflow
conditions were assumed to be the parabolic Poiseuille flow, while the fluid velocity
at the channel walls was set to zero.

Using the nondimensionalization in [19], the parameters used were Ap = 1,
w=H?/8L? L =1, and H = 0.05, where L and H are the length and height of the
channel. The radius of the obstruction was set to R = H/4. A particle separation
of As = 0.0025 was used along the straight horizontal boundaries and approximately
the same on the semicircle and the inflow /outflow ends. The regularization parameter
was set to e = As/4. To simulate the flow induced by the constant pressure gradient,
a constant force (Ap,0) was imposed on a grid covering the interior of the channel.
The velocity due to this force was computed on the channel walls using (11). As a
second step, the forces along the channel walls are computed with (14) so that the de-
sired boundary conditions, including the parabolic inflow/outflow, are obtained. The
resulting boundary forces were then used to compute the normal and shear stresses
on the bottom part of the channel. This was done by decomposing the forces into the
normal and tangential components along the channel walls. The results are shown in
Figure 17.

The shear stress has been normalized by the shear stress on a channel without
the obstruction. This allows one to see that away from the obstruction, the shear
stress approaches that of the free channel. Also apparent from the graph is that the
maximum shear stress is nearly three times that of the flat wall. On the other hand,
the normal stress is nearly equal to the pressure which decreases linearly from p(0) = 1
to p(L) = 0. The obstruction merely slightly perturbs this profile. These results are
nearly identical to those shown in Figure 5 of [19] with the exception of the values
at the points where the semicircle meets the wall. In [19], this corner was smoothed
with small fillets to minimize the oscillation observed here, where no smoothing was
used.

5. Concluding remarks. We have introduced a numerical technique for the
computation of force-driven Stokes flows. At the core of the method is the regularized
Stokeslet, which gives the solution due to the regular force field in (3). The standard
Stokeslet is recovered in the limit as the regularization parameter vanishes. Several
examples were presented that demonstrate the use of the method when the forces
are applied at random points, flexible or solid boundaries. The results show that the
motion of the immersed boundaries is captured very well. The volume conservation
is excellent due to the exact satisfaction of the incompressibility condition in the
formula (7). The solution off the boundaries is also computed accurately with a
slightly modified formulation in terms of single and double layer potentials. These
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Fic. 17. Shear and normal stresses along the bottom wall of the channel.

results can be combined when the velocity in the entire domain is required in order
to track other quantities advected by the flow.

Velocity boundary conditions can be satisfied to great precision by inverting the
velocity equation and solving for the forces on the boundaries. Thus far, this has been
done by the iterative procedure GMRES, although other techniques and associated
preconditioners are being considered for future implementations. The resulting forces
can also be used to determine stresses along walls, producing profiles without excess
noise.

There are other singular solutions of Stokes equations that are also important for
many applications. Elements such as dipoles, rotlets, and stresslets can be derived by
applying certain differential operators to the Stokeslet. One can derive the regularized
versions of these elements from the regularized Stokeslet. Regularized dipoles are
already used in other fluid flow applications [5, 10, 35].

Another future direction of research is the extension of this work to three dimen-
sions. In principle, this is already done here, since the derivation of the formulas is
identical. For the simulation of bubbles or waving surfaces, these can be combined
with existing triangulation or other discretization techniques. We expect to report on
this case in a future article.
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