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Conformations and Solution Properties
of Star-Branched Polyelectrolytes
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Abstract Aqueous solutions of star-like polyelectrolytes (PEs) exhibit distinctive
features that originate from the topological complexity of branched macro-
molecules. In a salt-free solution of branched PEs, mobile counterions preferentially
localize in the intramolecular volume of branched macroions. Counterion localiza-
tion manifests itself in a dramatic reduction of the osmotic coefficient in solutions
of branched polyions as compared with those of linear PEs. The intramolecular os-
motic pressure, created by entrapped counterions, imposes stretched conformations
of branches and this leads to dramatic intramolecular conformational transitions
upon variations in environmental conditions. In this chapter, we overview the the-
ory of conformations and stimuli-induced conformational transitions in star-like
PEs in aqueous solutions and compare these to the data from experiments and
Monte Carlo and molecular dynamics simulations.
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1 Introduction

Ionic polymers constitute an important class of water-soluble macromolecules [1].
Synthetic polyelectrolytes (PEs) and polyampholytes have been in the focus of
attention for many years. Most biomacromolecules (proteins, nucleic acids and
polysaccharides) carry ionizable groups and are therefore included in this class
of polymers. Ionic macromolecules have an ability to significantly change their
conformations as a response to variations in the environmental conditions. This
makes them interesting candidates for technological applications that range from
nanomedicine and food production to paper making and oil recovery.
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Highly intriguing and truly unique properties of PE solutions arise from an
interplay between long-ranged electrostatic interactions and the chemical connectiv-
ity of ionic monomers in these polymer chains. Even though the basic understanding
of properties of linear PEs has advanced during the past decade (see, for example,
reviews [2, 3] and references therein), the corresponding insights for more complex
macro- and supramolecular PE assemblies are less developed. Examples of such as-
semblies include colloidal PE brushes [4], ionic dendrimers [5], charged microgels
[6], randomly [7] or regularly branched PEs [8, 9], and aggregates of amphiphilic
ionic block copolymers [10].

Self-assembled nanostructures of biopolymers play an important role in nature.
For example, extracellular branched polysaccharides decorate bacterial surfaces
and therewith mediate cell adhesion [11], aggrecans (protein—polysaccharide com-
plexes) control mechanical stresses in synovial joints [12], whereas neurofilaments
(neuron-specific protein assemblies) support the elongated cell shape and partici-
pate in the maintenance of the axonal caliber [13]. It is believed that these biological
functions rest on the ability of bioassemblies to provide adequate responses to vari-
ations in the local environment. Therefore, a better understanding of the physical
mechanisms that govern conformational rearrangements in (bio)nanostructures, is of
key importance, not only for colloid and material sciences, but also for cell biology.

The molecular organization of biopolymers is often much more complex than
that of polymers synthesized in a chemical laboratory. Work is underway to sys-
tematically close this gap. Recent progress in controlled radical polymerization has
made it possible to synthesize increasingly complex ionic macromolecules with con-
trolled dimensions and topology. As a result, well-defined ionic block copolymers
[10], colloidal [4] and molecular [8] PE brushes, and star-like PEs [9] have become
available. In addition to emerging applications, such nanostructures constitute ex-
cellent model systems.

Star-shaped macromolecules exemplify generic features that result from the
branched topology [14, 15]. Started by pioneering work of Stockmayer and Zimm
[16], conformations of nonionic star-branched macromolecules were amply studied
theoretically [16-20]. The fact that conformations of nonionic star-shaped polymers
in dilute and semidilute solutions are determined by the repulsive short-range binary
(in good solvent conditions) or ternary (in theta-solvent conditions) interactions be-
tween monomers has been demonstrated by more recent scaling models of Daoud
and Cotton [21] and of Zhulina and Birhstein [22-24]. The equilibrium size of a
star-like polymer (or simply star polymer) is determined by the conformations of its
branches. These are controlled by the balance between intramolecular repulsive in-
teractions, which induce stretching at the expense of conformational entropy losses.

Compared to short-ranged excluded-volume interactions, long-ranged in-
tramolecular electrostatic repulsion has a much bigger impact on the conformations
of the arms in ionic polymer stars. The Coulomb interactions in a PE solution are,
however, always partially screened by small mobile counterions that are invariably
present to ensure the electroneutrality of the system. The importance of nonlinear
screening effects and of the counterion localization in solutions of strongly charged
linear polyions, was first understood in terms of the Manning condensation [25].
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In a dilute salt-free solution of branched PEs, the distribution of counterions is
strongly inhomogeneous [26-35]. Similarly to strongly charged colloidal particles
[36], branched PEs (stars, dendrimers, hyperbranched PEs, molecular and colloidal
PE brushes) can maintain a high local electrostatic potential. The latter might be
so strong that the attraction of mobile counterions to such macroion competes with
their translational entropy. As a result, ions remain preferentially localized in the
vicinity of macroions. In contrast to a classical solid colloidal particle, a branched
PE macromolecule has a relatively low internal volume fraction of the monomer
units and, therefore, these molecules can accommodate a huge fraction of its counte-
rions in their volume. The escape of counterions into the bulk solution is discouraged
by the strong Coulombic attraction to these highly branched (and thereby heavily
charged) macromolecules. Because the internalized counterions retain some trans-
lational freedom, they generate an osmotic pressure. As a response to this pressure,
a branched ionic macromolecule can stretch its arms, providing more space for the
counterions. The equilibrium structure is thus the result of the balance between a
restoring force in stretched arms and an osmotic one.

The concept of counterion localization in colloidal PE brushes and star-like PEs
was first formulated on the basis of scaling arguments [26, 27], and later supported
by a Poisson—Boltzmann-type analysis [27, 29, 37]. It has been further understood
that the counterion localization and the osmotic swelling are generic properties of
branched macroions, and that the onset of counterion localization occurs at a cer-
tain characteristic degree of branching for each particular polyion topology [31-33].
Unambiguous evidence of a clearly inhomogeneous distribution of counterions in
solutions of star polyions, was provided by Monte Carlo [38] and molecular dy-
namics simulations [39—-42]. A convincing experimental proof of the counterion
localization, was given by osmotic pressure measurements in dilute salt-free solu-
tions of PE star polymers [43] and colloidal PE brushes [44, 45].

Due to the counterion localization, conformations of branched macroions that
comprise strongly dissociating groups (charge is quenched) are almost insensitive
to the addition of salt, up to relatively high salt concentrations. The ability of a
branched polyion to maintain a virtually constant ionic strength in its interior is of
special interest for potential applications, where a controlled (buffered) microen-
vironment is essential (e.g., colloidal bionanoreactors, smart nanocontainers for
biologically active molecules, etc.).

In quenched PE stars, the degree of dissociation is hardly affected by the proton
concentration inside the macroion volume. In contrast to this, in a weakly dissoci-
ating (charge is annealing) branched macroion, the degree of ionization is affected
by the local intramolecular proton concentration, which may differ from that in the
bulk. The change in charge density in the PE star has a corresponding effect on the
charge compensation by the counterions. Annealing PE stars, therefore, have pecu-
liar responsive properties, e.g., they exhibit a non-monotonic variation of their size
as a function of the ionic strength in the solution [28, 30].

Experimental studies of solutions of PE star polymers are rare, because the syn-
thesis of macromolecules with a controlled number and length of branches still
presents a significant challenge. A few recent studies report on various properties
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of solutions of star-branched PEs, in which the number of arms was systematically
varied [43, 46-51]. A number of studies on the pH and salt response, has been per-
formed on star-like micelles with a PE corona and a kinetically frozen hydrophobic
core [52—63]. These micelles mimic many-armed PE stars, although the number of
arms (equal to the micelle aggregation number) is poorly controlled.

The objective of this chapter is to present an overview of the existing theories
on conformations of star-branched PEs and to compare these to experimental data
and the results of computer simulations. Some emphasis is made on the effect of
counterion localization and its consequences for the conformations of branched PEs.

We start with a brief reminder on the scaling theory of nonionic star-branched
polymers (Sect. 2), and proceed with the scaling model of a PE star polymer in a
salt-free dilute solution (Sect. 3). We then discuss the physical basis of counterion
localization and its manifestation in branched PEs of different topologies (Sect. 4).)

A quantitative analysis of counterion localization in a salt-free solution of star-
like PEs is carried out on the basis of an exact numerical solution of the correspond-
ing Poisson—Boltzmann (PB) problem (Sect. 5). Here, the conformational degrees
of freedom of the flexible branches are accounted for within the Scheutjens—Fleer
self-consistent field (SF-SCF) framework. The latter is used to prove and to quan-
tify the applicability of the concept of colloidal charge renormalization to PE stars,
that exemplify “soft” charged colloidal objects. The predictions of analytical and
numerical SCF-PB theories are complemented by results of Monte Carlo (MC) and
molecular dynamics (MD) simulations. The available experimental data on solution
properties of PE star polymers are discussed in the light of theoretical predictions
(Sect. 6).

Finally, an analytical theory of conformations of highly branched PE stars is
discussed (Sect. 7). The predictions are critically compared to numerical SCF-PB
results. Here we focus on the responsive properties of strongly and weakly dissoci-
ating PE star polymers, e.g., their ability to change their conformations in response
to a varied ionic strength and pH in solution. Inferior solvent quality triggers con-
formational transitions in PE star polymers (Sect. 8). Relevant theoretical insights
are reviewed and compared to MD simulation results.

2 Solutions of Neutral Star Polymers: Reminder on the Scaling
Theory

We start with a brief review of the theory for conformational and solution properties
of neutral (uncharged) star-branched polymers.

Consider a star polymer, composed of p linear arms, each arm with a length of N
monomers. As shown in Fig. 1, a star comprises a central “core” domain onto which
the linear arms are grafted by one of their ends. The effect of a finite core size on the
star characteristics is negligible, as long as the dimensions of extended arms exceed,
by far, that of the core. The arms of the star are assumed to be intrinsically flexible,
so that the Kuhn length is on the order of monomer size a.
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Fig. 1 Blob model for nonionic polymer stars: a single star under good or theta-solvent condi-
tions (a), semidilute star solution (b), single polymer star partially collapsed in poor solvent (c). r
distance from the center of the star

In the classical theory of Stockmayer and Zimm [16], a star polymer consists
of p ideal (Gaussian) non-interacting branches, linked together in the center of the
molecule. This model can be used to evaluate the decrease in the size of a star poly-
mer (e.g., in its radius of gyration), as compared with that of a linear macromolecule
with the same degree of polymerization pN. The theory further developed by Benoit
presents an estimate for the form factor, explaining the scattering of radiation by a
dilute solution of (ideal) star polymers [17, 18]. Because interarm interactions are
neglected in this model (i.e., the arms are treated as independently fluctuating ideal
coils), the overall size of the star is systematically underestimated.
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Short-range interactions (van der Waals attraction and hard-core repulsion)
between monomers can be accounted for using a virial expansion. As long as
the volume fraction of monomers in a star polymer is significantly below unity,
only pairwise monomer—-monomer interactions, with second virial coefficient
v ~ a*(1 —2x(T)), or ternary interactions, with third virial coefficient w ~ a5,
are relevant. The former depends on the Flory—Huggins parameter )y and is positive
under good solvent (y < 1/2) and negative under poor solvent conditions () > 1/2).
In a good solvent, binary interactions are dominated by the repulsive part of the
monomer—monomer interaction potential (hard-core repulsion), whereas in a poor
solvent, binary interactions are attractive (due to the van der Waals forces). A
special case v = 0 (vanishing net binary interactions) corresponds to theta-solvent
conditions, where weak attraction between monomers is exactly compensated by
their excluded volume.

Subsequent theoretical studies [19, 20] have incorporated short-range monomer—
monomer interactions using the mean field approximation, but systematically un-
derestimated conformational entropy losses in the stretched arms. These theories
thus overestimate the star size.

The first theories that implemented a proper balance of intramolecular inter-
actions and conformational elasticity of the branches were developed by Daoud
and Cotton [21] and by Zhulina and Birshtein [22-24]. These theories use scaling
concepts (the blob model), originally developed by de Gennes and Alexander to de-
scribe the structure of semidilute polymer solutions [64] and planar polymer brushes
[65, 66]. Here, the monomer—monomer interactions were incorporated on the level
of binary or ternary contacts (corresponding to good and theta-solvent conditions,
respectively), and both dilute and semidilute solutions of star polymers were con-
sidered. Depending on the solvent quality and the intrinsic stiffness of the arms, the
branches of a star could be locally swollen, or exhibit Gaussian statistics [22-24].

2.1 Star Polymer Conformation in a Dilute Solution

According to the blob model, a flexible neutral star polymer can be envisioned as
an array of concentric shells of closely packed blobs. For a visualization of the
blobs, see Fig. la. The chain ends are assumed to be localized at the edge (i.e.,
within the outermost blobs), and each chain contributes one blob to each shell. The
chain segment inside a blob remains unperturbed by the interactions with other
branches and, therefore, exhibits Gaussian or excluded-volume statistics under
theta- or good solvent conditions, respectively. For transparency, we consider first
athermal, v = a”, and theta-solvent, v = 0, conditions. The blob size at distance r
from the star center is equal to the average interchain separation &£ r/ pl/ 2, which
coincides with the local correlation length, &(r). The latter is related to the local
polymer concentration, cp(r), by the same scaling law as in a semidilute polymer
solution, & (r) = afcy(r)a®]~"/BV=1), where v is the Flory exponent (v ~ 3/5 and
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v = 1/2 under good and theta-solvent conditions, respectively). Hence, the blob
picture enables one to derive the power law for the radial decay in polymer density:

ep(r) = (p'/?a/r)> Va3 (M

Here and below, the sign “=” implies that a numerical coefficient on the order of
unity, is omitted.

The radial decay in polymer density corresponds to a radial decrease in local
stretching of the arms, dr/dn = p/[r’cy(r)] = a(p~'/?r/a)V=1/V. At the same
time, the local stretching of the branches controls the elastic tension and, thereby,
the size of the elastic blob [67], Easic = a(adn/dr)¥/(=Y). Within the blob pic-
ture, Eejasiic () = & (r). Hence, the radial increase in the size of the concentrational
blob, &(r), also ensures the decrease in local tension in the arms of the star,
éc?alstic = pl/2/r.

Making use of the normalization condition for the density profile:

47:/Rc (r)r*dr = pN 2)
0 P R

one obtains a scaling expression for the overall size R of a star polymer:

gaNVPU—V)/Z (3)

As follows from (3), the star size, R, depends on the degree of polymerization, N,
of the individual arms, with the same power law as that for a linear polymer chain,
R ~ NV. However, the repulsion between the branches of the star leads to the exten-
sion of its branches in the radial direction, as compared with the dimensions of an
individual linear chain with the same degree of polymerization N. This cooperative
effect of interbranch repulsion is described by the factor p!!=)/2 in (3). Because of
the relatively high monomer concentration in the intramolecular volume of the star,
the extension of its arms occurs even under theta-solvent conditions. In contrast to a
linear polymer, the repulsion due to ternary monomer—monomer contacts inside the
star ensures the stretching of its branches with respect to the Gaussian dimension.
Remarkably, if the solvent is marginal good, the corona of a star with sufficiently
long arms consists of two regions. In the central (theta) region, the chain segments
within the blobs retain Gaussian statistics, and the density profile decays here as
¢p(r) = p'/2(wa=®)~1/4a=2r~1. Closer to the star periphery, the blobs become suf-
ficiently large and swollen the density profile acquires a shape that is typical for a
good solvent, cp(r) = p?/3v~1/3a72/3r=4/3_ The boundary between these regions,
rg, is determined by the condition & (rg)va=* = 1, i.e., rg = p'/>v~"'a*. On the
scale of the star as a whole, the crossover from the theta-regime to the good solvent
regime can be estimated from the condition of swelling of the outermost coronal
blob, £(R)va—* > 1, and implies szp’l/za’6 > 1. The overall star size R is then
given by:

1

{ aN3/3(v/a®)/3p'/5, good solvent @)

aN'2(w/a®)'/8pl/*, theta-solvent
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The scaling arguments presented above capture the essential features of a neutral
star polymer both in good and theta-solvent conditions: there is a power law decay
of the radial monomer density and there are scaling dependencies for the overall star
size R on number of branches p and the degree of polymerization N. These scaling
predictions were tested by MD and MC simulations [68—72] and experimentally
[73-79]. Although certain discrepancies were detected (see, e.g., the discussion in
[72]), a simple blob model remains an important theoretical tool for interpreting ex-
perimental data on nonionic star macromolecules. A similar blob Ansatz, however,
cannot be directly applied to the case when long-ranged electrostatic interactions
come into play.

2.2 Effects of Concentration and Interactions Between
Polymer Stars

Interactions between star polymers in dilute solutions were considered by Witten
and Pincus [80, 81] using a scaling approach. According to the scaling model, the in-
termolecular repulsion between two star polymers arises at distance d < 2R between
their centers, due to the overlap of the coronae. The interactions are described by
a “soft” binary repulsive potential U (d) /kgT = p'/2In(2R/d) in both good and
theta-solvents. The corresponding second virial coefficient of interaction between
two nonionic stars scales as =2 R3. A more complex analytical expression for the
interaction potential interpolating between the logarithmic behavior at d < 2R and
the Yukawa form at d > 2R has been suggested in [82] to fit the experimental data
on scattering from star polymer solutions. The structure factor of a dilute solution
of star polymers can be approximated by that of a solution of soft spheres [82, 83].

There are relatively few experimental studies on the interactions between star
polymers. Therefore, to date, MD simulations have mostly been used to validate
theoretical models. A comprehensive comparison between theoretical and experi-
mental results has recently been reviewed by Jusufi and Likos [84].

Beyond the overlap concentration threshold, ¢ > ¢* 22 pN /R?, star polymers form
a semidilute solution. Because of the fact that the arms in a star are stretched, the
scaling theory [24] predicts that the properties of semidilute solutions of star poly-
mers are distinctively different from those of linear polymers. When the polymer
concentration ¢ > ¢*, a semidilute solution is envisioned as a system of closely
packed and virtually non-interpenetrating (segregated) polymer stars. A further in-
crease in polymer concentration leads to a progressive contraction of the coronae
of the individual stars. This contraction results in an increase in the conformational
entropy of the partially stretched star arms.

The blob picture of a semidilute solution of polymer stars is schematically
presented in Fig. 1b. The peripheral (contracted) regions of the star coronae are
envisioned as a “sea of blobs” of constant size, which corresponds to a constant
polymer concentration in this region. In contrast to this, within radius p(c) <R,
the structure of the corona of individual stars is preserved (a system of growing
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in radial direction blobs). Remarkably, the segments of star branches in the sea of
blobs remain stretched up to relatively high polymer concentrations [24]. The local
stretching of the arms decreases monotonously with increasing distance r from the
center of the star. The interpenetration of the stars occurs at the periphery of the
coronae, where the terminal segments of the arms in the sea of blobs lose stretching
with respect to the Gaussian dimensions. An increase in the concentration, c, leads
to the decrease in both p(c) and overall star size R and, progressively, there is an
increase of the interpenetration.

The conformational structure of stars in a semidilute solution regime is mirrored
by the corresponding thermodynamic consequences. There is, e.g., a discontinuity
in the osmotic compressibility near ¢* [81]. The intensity of scattered radiation (nor-
malized by the polymer concentration) exhibits a pronounced correlation peak, as a
function of the scattering vector, in both dilute and semidilute regimes close to the
overlap concentration c¢*. The evolution of the correlation peak in these scattering
curves has a remarkable dependence on the polymer concentration: its magnitude
increases below, and decreases above c¢*. The latter is due to the increasing inter-
penetration of the coronae and the decreasing size of the unperturbed central region
of the stars [86, 87]. The theory of scattering from semidilute solutions of star poly-
mers was developed in [8§5-87].

Only at a sufficiently high polymer concentration, when the dimensions of the
arms approach those of individual linear chains in a semidilute solution at the same
concentration, do the star coronae become fully interpenetrated and the correlation
peak in the scattering curves disappears. In this concentration regime, the thermo-
dynamic properties of the solution of branched macromolecules become similar to
those of linear chains.

3 Cell Model of the Salt-Free Solution of Polyelectrolyte Stars

We will now focus on star polymers that carry charges, and introduce a cell model
for a dilute solution of such macromolecules. To this end, we consider a PE star
that occupies the central region of a spherical cell of radius D > R, as shown in
Fig. 2. The cell comprises at least the corresponding number of mobile monova-
lent counterions that compensate the charge of the PE star, and additional salt may
be included. Typically, the ion concentrations are different in the intrastar volume,
0 < r <R, and in the exterior part of the cell, R < r < D. We will first focus on
the case that no salt is added to the cell, and thus only counterions participate
in the partial screening of long-ranged electrostatic interactions. A fraction o of
the monomers in a PE star is electrically charged (ionized). If the Bjerrum length
Ig = &2 /€kgT is on the order of monomer size a, the condition of weak charging,
a < 1, implies that a local stiffening of the arms due to the intraarm Coulomb re-
pulsion can be neglected [2, 88, 89]. The “bare” charge of the star-branched polyion
is Qe = paNe, where e is the elementary charge.
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Fig. 2 Anionic star PE with eight arms having a radius R in 1:1 electrolyte solution (as indicated
by the small spheres that carry a plus or a minus sign) in a spherical electroneutral Wigner—Seitz
cell with radius D

We will distinguish between strongly and weakly ionizable PEs. In the former
case, the fraction o < 1 of “permanently” ionized monomers is quenched and de-
termined by the chemical sequence in the arms. Environmental conditions, such
as the pH and the local ionic strength, have a negligible effect on the charge of
these quenched PEs. Partially sulfonated poly(styrene) (PSS) or partially quater-
nized poly(4-vinylpyridine) (PVP) are typical examples of a quenched polyanion
and a polycation, respectively.

In the case of weakly ionizable PEs, the fraction of charged monomer units,
a, is controlled by an ionization equilibrium and is affected by the local proton
concentration and ionic strength. Weak polyacids such as poly(acrylic acid) (PAA)
and poly(methacrylic acid) (PMAA), or polybases such as PVP and poly(dimethyl-
aminoethyl methacrylate)(PDMAEMA) are typical examples of these pH-sensitive
or “annealing” PEs.

Each monomer of a weak polyacid can be ionized via the dissociation of a hy-
drogen ion, H™. The degree of dissociation of such acidic monomer, a/(r), depends
on the local concentration of hydrogen ions, cy+ (r), via the mass action law:

ar) K 5)

1—a(r) cy(r)
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where K, is the acidic ionization constant for an isolated monomer. For a polybase,
the ionization occurs through the protonation of the monomers, and the generaliza-
tion of the theory for this case is straightforward.

Remarkably, for branched PEs, which are characterized by a high intramolecu-
lar concentration of ionized monomers and, consequently, by a high intramolecular
electrostatic potential, the value of the pH (here defined as minus the logarithm of
the local proton concentration) in the intramolecular volume may differ significantly
from that in the surrounding solution. Moreover, because of the connectivity of the
charged monomers in the branches of the star, the local (excess) electrostatic po-
tential created by neighboring monomers along a given arm is even larger than the
average intramolecular one. The chemical connectivity of charges can be accounted
for via an effective dissociation constant of a monomer, Kgff < K,. However, in our
subsequent discussion, we disregard these effects in the branches and only allow for
radial gradients in the (average) intramolecular electrostatic potential, i.e., we will
assume that ¢+ (r) = cy+ (r) and o (r) = o(r).

3.1 Box-Like Cell Model of a Polyelectrolyte Star

The box-like cell model of a PE star can be considered as a generalization of a clas-
sical mean-field Flory approach, which was first suggested to describe the swelling
of a polymer chain in a good solvent [90]. The Flory approach estimates the equilib-
rium dimensions of a macromolecule, as a function of its parameters, by balancing
the free energy of intramolecular (repulsive) interactions with the conformational
entropy loss of a swollen chain. Within the box-like approximation, the star is char-
acterized by the radius of its corona, R (end-to-end distance of the arms), or by the
average intramolecular concentration of its monomers:

3 pN

"R ©

c

where radial gradients in polymer density, degree of ionization of the arms, and
distributions of small ions are disregarded.
The free energy of the star is:

F= Fconf + Fev + FCoulomb + Fions (7)
Provided that the arms remain stretched with respect to their Gaussian size, R >
aN'/2, the conformational free energy of p uniformly stretched Gaussian chains

(arms) is:

®)

3R? 3 (3Np>2/ 3

Feont/kaT = Pona = PaNa? \ anc

The free energy of non-electrostatic interactions is, within the virial expansion,

given by: )
Fey/kgT = pN (vc +wc?) )
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In the absence of charges, or at a low degree of ionization of the arms, the star
conformation is controlled by a balance between two first terms in (7) (i.e., the short-
range interarm repulsions and the conformational entropy of stretched arms). As a
result, the star size is given by (4). That is, the power law dependencies, obtained on
the basis of the blob model, are recovered. The physical reasons why there is a match
of the star size as obtained by the scaling and in the mean field approximations are
discussed in details in [23].

3.2 Polyelectrolyte Star Conformation in a Dilute Salt-Free
Solution

The box-like model allows for a straightforward analysis of the counterion localiza-
tion, which is essential for understanding the specific properties of salt-free solutions
of branched PEs. In the case of a PE star, the first two terms in the free energy in
(7) are complemented by a contribution due to Coulomb interactions between all
the charges (charged monomers and mobile ions) in the cell, Fcoulomb, and by the
translational entropy of all mobile ions, Fjops. Following the line of arguments of
[27, 29], we first focus on the case when no salt is added, and the cell contains
only mobile (monovalent) counterions, which compensate the net charge of the star
polyion. We assume that Q* < Q counterions are localized in the outer volume of
the cell, R < r < D, whereas the remaining (Q — Q*) counterions are retained inside
the star volume (0 < r < R). In the framework of the box-like model, the counterion
concentration is assumed to have constant (but different) values inside and outside

the star: ¢\ = 3(Q — Q%) /4xR? and o — 3Q*/4n(D? — R?), respectively. The

ions ions
entropic term in the free energy is, therefore, given by:

Fons/ksT = (0 — 0")Inc™ + 0% Inc* (10)

ons 0ons
and the Coulomb interaction term is given by:

*

FCoulomb/kBT:lB%ﬁ(R/D) (11)

where Ig = ¢?/ekgT is the Bjerrum length and ¥ (x) is a rational function of x,
whose form is specified in [27, 29]. At the limit, when the cell size far exceeds the
star size, x = R/D — 0, ¥(x) — 3/5. The minimization of the free energy, (7), (8),
(9), (10), and (11), results in equilibrium values of the star size, R, and that of the
uncompensated charge, Q*. The latter is of special interest and can be found from

the equation:
. R 1 0 D3
¢ = 2wn) " K@ - 1) (F - lﬂ 12
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It follows from the analysis of (12) that, in the limit of dilute solutions D > R,
the distribution of counterions is governed by the parameter /gQ/R, which is pro-
portional to the dimensionless excess electrostatic potential (in units kg7 /e) created
by the bare charge, Q* ~ Q of the star. When Qlg /R < 1, the Coulomb attraction of
counterions to the star polyion is weak compared to the thermal energy kg7, and the
counterions are distributed fairly uniformly in the solution. The uniform distribution
optimizes the translational entropy for the ions. As a result, in the limit of dilute so-
lutions, D > R, the fraction of counterions found in the intramolecular volume of
the star is negligible, O* ~ Q, and the charged monomers in the branches interact via
unscreened Coulomb repulsion. Balancing the Coulomb energy, (11), with the con-
formational penalty for the extension of the branches, (8), and neglecting the contri-
butions due to non-electrostatic monomer—monomer interactions, (9), one obtains:

R aN(olg/a)'Pp'/3? (13)

According to (13), the arms of the star are stretched proportionally to their degree of
polymerization N, similarly to linear PEs in a dilute salt-free solution [91, 92]. The
additional factor, pl/ 3 > 1, reflects the interarm Coulomb repulsion. A comparison
to (4) shows that long-ranged interbranch Coulomb repulsion has a much stronger
effect on the size of a PE star than the short-range interbranch repulsion that is found
in a neutral star.

As follows from (13), the ratio Qlg /R increases upon an increase in the num-
ber of arms p, because the star size R ~ p'/3 grows less fast than the bare charge
QO ~ p. The excess electrostatic potential becomes on the order of kg7 /e at p =
o~ /2(lg /a)~". Increasing the number of arms above this value causes the excess
electrostatic potential to become sufficiently strong that it will retain the majority of
counterions within the intramolecular volume. Indeed, as follows from (12), when
Qlg /R > 1, the number of counterions released from the intrastar volume (and,
correspondingly, the uncompensated charge Q* of the star), scales as Q* = R/Ij,
and increases only logarithmically with Q. When Q > Q* = R/Ig, one can neglect
Fcoulomb and the second term in (10), and find the size of the star by balancing the
translational entropy of Q — Q* ~ Q counterions, which are confined inside the in-
trastar volume, with the conformational entropy of the stretched arms. This leads to
the expression:

~ aNo'/? (14)

which can also be interpreted as a result of balancing the osmotic pressure of the
confined counterions with the elastic (entropic) force that arises from stretching the
arms. A striking feature of (14) is the absence of a power law dependence of the star
size R on the number of arms p. In the limit of dilute solutions, D >> R, an equation
for the star size, which interpolates between the Qlg /R < 1 and Qlg /R > 1 limits
(i.e., takes into account the contributions of both the Coulomb repulsions and the
osmotic pressure of counterions), is given by:

R=a(N/p)'*[0"ls/Sa+R(Q—Q")a"']'/3 (15)
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Remarkably, in a salt-free solution of the PE stars, the star size is found to be
proportional to N, i.e., R ~ N, for both considered regimes. As a result, each arm
can be envisioned as a string of elastic blobs of constant (independent of r) size
[27], Estastic = a(0Plg/a)~ /3 and Eqpagic = acr™'/2, in the regimes of unconfined
and confined counterions, respectively. Hence, in contrast to the blob picture of a

neutral star, the blobs in a PE star are not close-packed in a salt-free solution (see

Fig. 3 for a schematic drawing).

3.3 Charge Renormalization Concept

The idea of counterion confinement (charge renormalization), is of central impor-
tance in understanding the properties of salt-free solutions of branched PEs. The
concept was first formulated for a dilute salt-free solution of spherical charged col-
loidal particles by Alexander et al. [36]. It is illustrative to repeat the arguments
briefly. Let us consider a dilute salt-free solution of charged colloidal particles with
radius R, and (positive) charge eQ. Counterions are distributed non-uniformly in
the solution, with the highest concentration near the surface of the particles. If one
applies a cell model, in which each particle is placed at the center of a regular
Wigner-Seitz cell (approximated as a sphere), the osmotic pressure in the solution
is determined by the counterion concentration at the cell boundary. The distribution
of the electrostatic potential and that of the counterions within the cell (in the range
R. < r <D, where r is the radial distance from the center of the particle and D is

the cell radius), are determined by the PB equation:
(16)

19%ry(r)
~he = 4rlgngexp(y(r))
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where n(r) = ngexp(y(r)) is the local number density of (negatively charged)
counterions, y(r) = e¥(r)/kgT is the dimensionless electrostatic potential, and
np is a constant that depends on the calibration of the electrostatic potential. If we
set y(D) = 0, then ng is the concentration of counterions at the cell edge, r = D.
Equation (16) has to be complemented by two boundary conditions:

ay(r)\ _ dy(r)\ _ [BQ
< ar >D_0 ( ar )RC_ RZ a7

where the former reflects the electroneutrality of the cell as a whole.

If the value of the electrostatic potential at the particle surface is low, y(R.) ~
IgQ/R. < 1, the electrostatic potential at r > R, is even lower and the linearized
form of the PB equation, often referred to as the Debye Hiickel (DH) approximation:

2
LIV 14y (18)

r o or?

can be safely applied in the whole cell volume, R, < r < D. Equation (18), together
with the boundary conditions (17), correctly describe the electrostatic potential y(r)

K2 (1+y(r))
47IZB

k% = 4xlgn(D) and the value of ¥ has to be found from the boundary conditions
(and the calibration of the potential, y(D) = 0), together with the solution of (18).
In the dilute regime, D > R, one finds that K2~ 2igQ/ D3. The counterion con-
centration at r = D, which determines the osmotic pressure in the solution, equals
n(D) = x?/4rlg. Hence, n(D) ~ Q/2nD?, and the counterions are distributed fairly
uniformly throughout the cell (the concentration of counterions near the edge of the
cell is close to the average concentration). This is what one also expects from the
Boltzmann law, n(r) = n(D)exp(y(r)), with a low value of the reduced potential
(y(r) < 1) throughout the cell.

If the particle is strongly charged, so that it creates a large surface potential
V(R:) = IgQ/R. > 1, the DH approximation cannot be used in the proximity of
the surface. However, the DH approximation can still be safely applied far away
from the particle surface (close to the cell boundary r = D, where the potential
is reduced to values y(r) < 1). At this point, we come to the concept of charge
renormalization: when IgQ/R. > 1 and the electrostatic potential at the surface of
the charged particle is high, y(R.) > 1, a certain number of counterions become
localized (“condensed”) in the vicinity of the surface and this reduces the apparent
surface potential down to a level y ~ 1. The last condition determines the number of
uncondensed (osmotically active) counterions as Q* ~ R./lg. In the range r > R,
where the potential is sufficiently reduced, one can again apply the DH approxima-
tion and describe the radial distribution of uncondensed counterions using the DH
equation presented above, wherein the actual charge of the particle Q is replaced
by a renormalized charge Q* ~ R./Ig. Similarly to the case for weakly charged
particles, the osmotically active counterions are distributed fairly uniformly in the
range R, < r < D, so that their concentration at » = D and the osmotic pressure

and the number density of counterions n(r) = in the whole cell. Here



Conformations and Solution Properties of Star-Branched Polyelectrolytes 17

coincide (with the accuracy of a numerical factor on the order of unity) with their
average concentration in the cell ~ Q*/ D3. We note that, even though one can never
unambiguously distinguish between condensed and uncondensed counterions, the
value of Q* has a clear physical meaning (as it appears in the DH solution), which
properly matches the exact (PB) distribution of the potential (and of the counterion
density) in the peripheral and intermediate regions of the cell.

In contrast to a solid charged colloid, a branched polyion can accommodate a
large number of counterions in its interior volume. The analogy between the charge
renormalization in a solution of hard-core colloids and the counterion localization in
a star-like PE or a colloidal PE brush was first pointed out by Pincus [26]. Because
counterions retain translational degrees of freedom in the intramolecular volume
of a polyion, they exert an osmotic pressure to the volume of the corona. Hence,
the polyion swells due to the “entrapped” counterions. The uncompensated charge
within the star corona with radius R equals the number of released (osmotically
active) counterions and is given by Q* ~ R/Ig. The electrostatic potential drops to a
value y(R) 2 1 at the edge of the corona, and the distribution of counterions in the
exterior space, R < r < D, is fairly uniform.

3.4 Effects of Concentration and Interactions in Star
Polyelectrolyte Solutions

The cell model enables one to describe the effects of polymer concentration, which
manifest themselves in a salt-free solution of PEs, even in the dilute regime. Here,
the solution is modeled as an array of spherical Wigner—Seitz cells, each compris-
ing one branched polyion with its counterions. The radius D of each cell equals half
the average distance between polyions in the solution. As has been demonstrated in
[29], PE stars exhibit a pronounced contraction upon an increase in polymer con-
centration (a decrease in D) in dilute solutions, D > R. This effect is caused by
the progressive re-partitioning of counterions from the inter- to the intramolecular
space. An increase in polymer concentration makes the counterion distribution more
uniform, leading thereby to a decrease in the uncompensated charge of the star Q*
and a corresponding decrease of the electrostatic potential y at the edge of the star.

A decrease in the size, R, of a PE star as a function of polymer concentration is
most pronounced for polyions with a relatively small number of branches p. As dis-
cussed above, in this case the counterions are distributed most uniformly between
intra- and intermolecular space. Therefore, an increase in the average concentration
of counterions in the solution leads to a proportional increase in their concentration
in the intramolecular volume of these branched polyions. In contrast to this, stars
that have many arms have a modest response to an increase in the PE concentra-
tion. This is because at any (arbitrarily small) solution concentration, only a small
fraction of the counterions is found in the intermolecular space. This behavior of
PE stars should be contrasted with that of neutral star polymers. In the latter case,
screening of the intramolecular excluded-volume repulsion, and the contraction of
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star-branched polymers upon the increase in star concentration, occurs only in the
semidilute regime, i.e., when the average polymer concentration in the solution ex-
ceeds the intramolecular concentration in an isolated star [24].

The repulsive forces acting between the PE stars in salt-free solutions are of long-
range character. Analogous to the crystalline ordering of charged colloids [36], PE
stars might organize in a three-dimensional periodic lattice. This long-ranged order-
ing is governed by the Coulomb repulsion between star polyions. The magnitude of
this repulsion is controlled by the effective (uncompensated) charge O of the star.
The formation of a periodic supramolecular structure is only expected in a certain
range of PE concentrations. The lower concentration limit is specified by the condi-
tion that the energy of Coulomb repulsion between neighboring polyions becomes
on the order of kg 7. An upper concentration limit arises due to the enhanced screen-
ing of interstar Coulomb repulsion upon an increase in the solution concentration
[27].

Probing forces between PE stars in a solution is a challenging experimental
problem. However, advances in the technique of optical tweezers now allow direct
measurement of repulsive forces between brushes of DNA [94, 95] and synthetic
PE chains [96, 97] grafted onto colloidal particles of submicrometer size.

The MD simulation study of the interaction between PE stars in a salt-free solu-
tion has been performed in [39]. The simulation results were fitted using a simplified
analytical equation for repulsive force, which arises due to the decrease in transla-
tional entropy of counterions entrapped in overlapping star coronae. In this model,
the repulsion starts at distances between star centers smaller than 2R, where R is the
unperturbed size of an individual star. A similar approach has been applied in [40]
to describe repulsion between colloidal PE brushes.

The repulsive force between colloidal PE brushes in a salt-free solution can be
calculated within the PB—Derjaguin approximation (Zhulina and Borisov, unpub-
lished data) without pre-assumptions about the spatial distribution of counterions.
This can be done on the basis of an exact solution of the PB problem for a planar PE
brush in a salt-free solution [98]. Application of the Derjaguin approximation im-
plies that size of the particle, R, + H (where H is the thickness of corona of colloidal
PE brush) exceeds by far the characteristic thickness of ionic atmosphere. Then, the
total force F acting between spherical PE brushes is given by:

F(d) = 21(Re +d) /d " (D)dD (19)

Here, 2d is the smallest distance between the surfaces of spherical core particles,
whereas TT1(D) is the disjoining pressure between two planar PE brushes (with the
same grafting density, degree of ionization, and degree of polymerization of grafted
PEs) at separation 2D between the grafting surfaces. Note that the latter expression
is applicable in the range of interparticle separations 2d < 2(R.+ H ). The disjoining
pressure, I1(D), as well as the brush thickness, H (D), were calculated in [98].
Analysis shows that the force versus separation profile, calculated from (19),
exhibits a different shape depending on the surface charge density due to grafted
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polyions. If the surface of the particle is decorated by the “osmotic” PE brush, i.e.,
H(d =o0)> A, where A = s/2nlgaN and s is the grafting area per chain, then the
majority of counterions are localized inside the brush and:

F [ nm?/Algd, H(d =) < d <R (20)

ksTR ~ | (Alg) 'In[H(d =)/d] , d < H(d=co)

In the opposite case of a relatively sparse PE brush, H(d = «) < A, the thickness
of ionic atmosphere is = A, and most of counterions are retained in the proximity
of the particle outside the brush. Under these conditions, the force—distance profile
is given by:

1)

F n? /4lgd, A <d <R
ksTR "~

1) 'In(A/d), d< A

Comparison of (20) and (21) shows that at large separations, the force F de-
cays as ~ 1/d, irrespective of the charge density created on the particle surface by
the PE brush. In the case of a sparse PE brush with fairly uniform distribution of
counterions within the layer of thickness = A, the crossover to logarithmic force
decay occurs smoothly at d = A. By contrast, in the case of the osmotic brush with
strongly inhomogenous distribution of counterions (most of them trapped inside the
brush), the repulsive force F sharply increases at d = H (o), i.e., when the coronas
of colloidal PE brushes approach close contact.

We emphasize that the Derjaguin approximation leads to a qualitatively different
physical picture for interacting colloidal PE brushes compared to that in [40]. Ac-
cording to [40], the repulsion between spherical colloids decorated by PE brushes
starts when the opposing brushes “touch” each other, i.e., at distance 2d = 2H be-
tween colloid surfaces, where H = H(d = <o) is the thickness of the unperturbed
PE brush. According to the PB—Derjaguin approximation, the interaction between
counterion atmospheres perturbs the chain conformations in PE brushes prior to
their overlap. The grafted chains in the gap between core particles locally contract,
and the PE brush becomes asymmetric upon the approach of colloids. That is, the
brush thickness H(d) is minimal at the smallest distance, 2d, between surfaces of
core particles, and gradually increases up to H (d = o) outside the gap between col-
loids. In contrast to the model in [40], PE colloidal brushes remain separated by a
layer of water, containing mobile ions, for a range of distances 2d < 2H (o), until
the thermal fluctuations of terminal arm segments close the gap between PE brushes.

It is expected that a similar physical picture also holds for interacting PE stars.
At distances between core domains 2d > 2R, the star coronae would start to con-
tract due to the overlap of ionic atmospheres. As a result, the stars would become
asymmetric and remain separated by a water layer in a range of distances 2d < 2R.
The long-range interactions due to the overlap of ionic atmospheres are essential for
PE stars with a moderate number of arms (typical for experimental systems), and at
low ionic strength in the solution [27].
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4 Localization of Counterions in Salt-Free Solutions
of Branched Polyelectrolytes: Effect of the Polyion Topology

The localization of counterions in the intramolecular volume is a common feature
manifested in dilute salt-free solutions of branched polyions of different topolo-
gies, including dendritic (star-burst), randomly (hyper)branched PEs, PE molecular
brushes, etc. The physical reason for this phenomena is the same as outlined for PE
stars: a strongly charged, branched, macroion creates a high electrostatic potential,
which attracts counterions and retains them in the intramolecular volume, in spite
of a significant loss in the translational entropy. The effect is most pronounced in a
dilute solution, where the concentration of counterions in the bulk is extremely low.

Remarkably, linear PEs of arbitrary large N cannot induce a similar effect. This
is because both the charge, atNe, and the size, R = aN(a%lg /a)'/?, of a stretched
polyion in a dilute salt-free solution, scale proportionally to N [91, 92], so that their
ratio remains ~ o/!/3 < 1. Note that we do not discuss here the effect of Manning
condensation, which occurs when the distance between two neighboring charges
along the chain is smaller than /. A detailed discussion of this case can be found
in [93].

A theoretical analysis of the effect of counterion localization in a dilute solution
of weakly charged branched polyions of different topologies [31-33] and ionic mi-
crogels [34, 35], was performed on the basis of a cell model, similar to that used
here for a star-like PE. The elastic term in the free energy that accounts for the
conformational entropy of a uniformly swollen branched macromolecule, has to be
specified depending on the polyion topology. The shape of the cell might also be
modified. For example, in the case of a molecular PE brush, a cylindrical instead of
spherical cell should be used.

Similarly to the case of a quenched star-like PE, two regimes of ion distribu-
tion were distinguished. A fairly uniform distribution of “free” counterions is found
at low degree of branching, whereas a strong localization of counterions in the in-
tramolecular volume is expected for a high degree of branching of the polyion. In
the latter case only a minor fraction of the counterions is released to the exterior
volume of the cell.

We recall that for a star-like PE, the transition from the regime of a barely charged
polyion, to the osmotic regime, occurs at a characteristic number of branches, p =
o~ '/2(Ig /a)~". The latter depends on the combination of the parameters o (g /a)?,
and is independent of the length N of an arm. Below we briefly summarize the
results obtained for branched polyions of different topologies.

4.1 Ionic Dendrimers (Star-Burst Polyelectrolytes)

The conformations of charged (regular) star-burst polymers (flexible ionic
dendrimers), were analyzed theoretically in [33]. Referring to Fig. 4a, relevant
architectural parameters for a star-burst polymer are the number of generations,
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Fig. 4 Branched polyions of different topologies: star-burst (a), randomly branched or hyper-

branched (b), molecular brush (¢)

g, and the length of a spacer, n. If each branching point has a functionality 2, then
the total degree of polymerization is N = 3n(28 — 1), where g = 1,2,.... In a uni-
formly swollen dendrimer, all the spacers are extended in the radial direction. The
conformational free energy of a dendrimer, with a distance R between the center of
the molecule and the ends of the last generation spacers, is given by [33]:

5 —1
Foont /koT = 22 &) (1 - ‘—‘g2> 22)

na? 3

where a force balance condition was used in each branching point. Substituting this
equation into the free energy of the cell model, (7), leads to the following expression
for the size of ionic dendrimer:

-~ {aN2/3(()52113/61)1/3n1/37 N/n< (a(lg/a)?)~! 23)

Rgendar = aN'/201 /212, N/n> (a(lg/a)?) !

Hence, counterion localization occurs when the number of generations in the
star-burst polymer, g ~ log, (N /n), reaches some characteristic value, which is con-
trolled by the same combination of the parameters, o~ (I /a) 2, as for a PE star.
Note that this combination is independent of the spacer length, n.

4.2 Randomly Branched Polyelectrolytes and Charged Fractals

A randomly branched PE was modeled in [31, 32], as a branched tree (without
loops) formed by N bi- and trifunctional monomers, cf. Fig. 4b. The average number
of trifunctional monomers (branching points) is ~ N/n, so that the average number
of monomers in a spacer, connecting two neighboring branching points, is n. The
condition of N/n >> 1 corresponds to the limit of strong branching, whereas at low
branching probability, N/n =2 1, the linear chain behavior is recovered. Here we
insist that the average spacer contains a large number of monomers, n > 1. The op-
posite limit of n =2 1 corresponds to a hyper-branched polymer. The conformational
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entropy losses due to the uniform swelling of a randomly branched polymer, up to
the size R, can be accounted for as [99, 100]:

R2

Feont/kpT = (Nn)Taz

(24
where Rigea = a(Nn)l/ 4 is the unperturbed, Gaussian, size of an ideal, randomly
branched polymer [101]. Balancing the entropic elastic force with the intramolecu-
lar Coulomb repulsions and/or the osmotic pressure of counterions leads to:
R o [ aN*%(atlg/a)'Pn! /0, N/n < (a(lg/a)?) > (25)

random = 4 N34 g1 /21/4, N/ (allsfa)?) 2

An interesting feature of (25) is the fractal dimension, specifying how the mass ~ N
of a randomly branched PE depends on its size R. For small clusters that release
many counterions into the bulk solution, df = 6/5, whereas for large (osmotic) clus-
ters, df = 4/3. Again, the counterion localization threshold is set by the increase in
the electrostatic potential, 22 [gQ/R which grows upon an increase in N as ~ N 176 in
the regime of free counterions (small clusters). Another remarkable feature of (25)
is, that the counterion condensation threshold occurs when the number of branching
points N /n reaches the characteristic value = o2 (Ig /a) ~*, which again is indepen-
dent of the spacer length n.

These results have been generalized further in [31], for charged polymeric frac-
tals with arbitrary connectivity characterized by spectral dimension, d, (the latter
relates the longest path in the fractal, Rpax = aN 1/ds 1o its mass ~ N) and arbitrary
fractal dimension df (in the absence of ionic charges) in d-dimensional space. For
ideal (Gaussian) fractals df = 2d;/(2 — ds). For charged fractals:

2dp—ds dp—ds
- aN dsdi+(d=2)(dg—ds) 06213 a) 4sdi+(d=2)(dg—ds) N < N*
Rfractal = dp—ds ( / ) ’ (26)
aNV/ds o & N > N*

Here, the threshold value for the number of monomers, corresponding to the onset
of charge renormalization, is specified as:

dsdp—(d—2)(dg—ds) ds
N 2o GETET ([ /q) @) (27

As follows from (26) charge renormalization effects occur only when d < ds + 2.

4.3 Polyelectrolyte Cylindrical (Molecular) Brushes

Molecular brushes are polymers composed of a long main chain (backbone), onto
which side chains (grafts) are attached at regular intervals. See Fig. 4c for a graphic
illustration. The graft-copolymers are classified as molecular brushes, provided the
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number of monomer units in a graft, n, exceeds that in a spacer (the segment of
the backbone between two neighboring grafts), m. A steric or electrostatic repulsion
between the grafts (referred to as crowding), leads to their extension in the radial
direction. The crowding of grafts induces an axial tension in the backbone, which,
in turn, also gets stretched. Locally, the molecular brush acquires a cylindrical sym-
metry on a length scale that is characterized by an apparent (or induced) persistence
length [102—-107]. The latter is comparable to, or exceeds, the brush thickness, which
is controlled by the radial extension of the side chains, R.

The box-like model considers a molecular PE brush with the backbone extended
along the axis of an (infinitely long) cylindrical cell of radius D, wherein the end
segments of the grafts are localized at a distance R < D from the axis of the cell. The
cell contains counterions who compensate the net charge of the brush. This model
enables one to analyze the local conformational properties and the distribution of
the counterions in a dilute salt-free solution of molecular PE brushes. The Coulomb
interactions (calculated per graft) can be presented as:

FCoulomb/kBT = _qu* In (R/a)(P(R/D) (28)

where ¢* is the number of counterions, per unit length along the cell axis, that is
released from the brush, and @(x) is a rational function of x. The conformational
free energy (per graft) includes the contributions from both a spacer, extended up to
length h, and a graft, extended up to length R:

3 (R* K
Fconf/kBT ) ( +_> (29)

22\ n " m
The Gaussian elasticity of the grafts and spacers could be modified to account for
the local swelling effects [102]. Finally, the translational entropy of the counterions
is accounted for as:

Fons/ksT = h(q —¢*)Inc™ + hg*In @Y (30)

ions ions

where g ~ on/h. The minimization of this free energy with respect to R, h and ¢*,
provides the thickness of a molecular PE brush:
 [an*(oPlg/a)' Pm VO n/m< (a(lg/a)?)”!
R= 1/2 2y—1 €2))
anol/?, n/m> (o(lg/a)?)

The characteristic branching parameter (grafting density), n/m = o~ (Ig /a)~2,
specifies the onset of counterion localization inside the molecular brush. Note that in
the osmotic regime, the spacers get fully extended, & ~ m. It is therefore not surpris-
ing, that the counterion localization in a cylindrical molecular brush coincides (in
scaling terms) with the Manning condensation threshold [25] for a charged cylinder,
qlB =1.

Molecular brushes composed of biopolymers, are typically more complex than
their synthetic analogs. They may comprise different types of biomacromolecules,
and involve self-assembly mechanisms. For example, in aggrecanes [108] and
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mucins [109], polysaccharide side chains are densely grafted (m = 1) to an
unfolded core protein with intergraft distance & = am. In cylindrical assemblies
of neuronal proteins (neurofilaments, or NFs), a rigid core comprises numerous
coiled-coil domains of constituent proteins. The flexible side arms of three different
lengths (referred to as projections) emanate from the core at a distance 7 =2 —3nm
between the grafts, and form a corona with thickness R ~ 40nm [110]. The large
persistence length ~ 450 nm [110] insures local cylindrical symmetry and the ne-
matic ordering of NFs in hydrogels [111, 112]. Variations in the environmental
conditions (pH, solution salinity, etc.) affect the conformations of protein projec-
tions, but do not change intergraft distance s. The brushes (coronae) of heavily
charged (o0 ~ 0.1 — 0.2) projections prevent close approach of neurofilaments,
presumably due to the electrostatic repulsions between the grafts [113].

Box-like model highlights generic PE features of a neurofilament brush [114]. It
specifies the onset of osmotic regime, and rationalizes the increase in brush thick-
ness, R, upon progressive protein phosphorylation (an increase in ¢). An advanced
SF-SCF numerical modeling highlights the respective roles of different NF pro-
teins in coronal organization and the conformational re-arrangements triggered by
the phosphorylation [115-119]. It demonstrates an approximately parabolic profile
for the electrostatic potential y/(r) in the NF brush proximal region, occupied by
the shortest projections. A parabolic shape of y/(r) was theoretically predicted for
a planar PE brush [98], and is also found to be a reasonable approximation for a
cylindrical PE brush [114].

5 Localization of Counterions in a Salt-Free Solution of
Polyelectrolyte Stars: Numerical Results

Theoretical predictions concerning the localization of counterions in salt-free solu-
tions of star-branched PEs have provoked a number of studies on this effect using
different numerical simulation techniques. Although MD [40—42] and MC [38] sim-
ulations have given a qualitative proof of a clearly inhomogeneous distribution of
the counterions (whose concentration differs between the interior and exterior of the
star), the numerical SCF modeling has allowed a more systematic and quantitative
study of the effect of macroion branching on the degree of counterion localization.
The latter technique was used to explore the transition from the charged star regime
to the osmotic regime, and to quantify the fraction of released (osmotically active)
counterions as a function of number of branches in a star polymer.

5.1 Molecular Dynamics and Monte Carlo Simulations

MC [38] and MD simulations [39—42] provided an unambiguous proof of the pref-
erential localization of counterions in the intramolecular volume of a star polymer.
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Furthermore, in the case of a sufficiently high linear charge density in the branches
(o =2 1), the simulations indicated a strong correlation in the angular distribution of
the counterions and the position of an arm. That is, a certain fraction of the counte-
rions that are entrapped inside a star polymer have restricted translational freedom
and can be envisioned as “condensed” on the branches. This effect is analogous to
the classical Manning condensation of counterions on a strongly charged linear PE
[25]. A typical snapshot of the PE star with its counterions is shown in a paper of
Jusufi et al. (see figure 2b of [84]), wherein three possible states of the counteri-
ons can be visually distinguished: (a) condensed around the arms, (b) possessing
translational freedom but localized in the intrastar volume, and (c) released into the
solution.

Mean field theories that implement a spherically symmetric distributions of coun-
terions assume that the (effective) charge density on the star branches is below the
Manning condensation threshold. In this limit, one can neglect the angular correla-
tions between the positions of the arms of the star and those of its counterions.

5.2 Self-Consistent Field Poisson—Boltzmann Theory

A quantitative analysis of counterion localization in a salt-free solution of star-like
PEs is described in [29, 37]. Radial distributions for both the electrostatic potential
and the density of counterions were obtained by a numerical solution of the corre-
sponding PB problem within a cell model. The conformational degrees of freedom
of the branches of a central star were accounted for within the SF-SCF method
[120]. Due to the computational efficiency, the SF-SCF framework allows for a sys-
tematic study of a many-armed star with sufficiently long arms in a large cell. The
range of the parameters that could be covered by the SF-SCF method exceeds that
of contemporary MD and MC simulations.

The PB equation was solved at low concentrations of 1:1 electrolyte using the
discretization scheme in a spherical coordinate system with a PE star in the cen-
ter. The characteristic length of a lattice site is set equal to the monomer length,
which is fixed to @ = 0.5nm (close to the Bjerrum length /g ~ 0.7 nm in water).
The corresponding conversion factor for the volume fraction of salt, ¢s, to the cor-
responding molar concentration obeys cs ~ 12.9¢; M. All lengths are normalized
with the length a of a lattice site. The default value of N = 200 was taken for the
arm length. The number of arms per star p was varied in the range 20-50. The first
segment of each arm was restricted to be near the center of the coordinate system.
PE stars with a fixed (quenched) fraction of charged monomers 0.2 < o < 1.0 were
considered. Because the monomer size a is slightly smaller than /g, the effect of
Manning condensation becomes relevant for o = 1. It can, however, be safely ne-
glected at lower values of the fractional charge o. The outer radius of the cell D was
taken as large enough to minimize finite cell size effects. All nearest-neighbor in-
teractions, except for the excluded volume effects, were neglected (athermal solvent
conditions). Further details of the SF-SCF method can be found in [37].
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Fig. 5 Fraction of 1
counterions localized inside
the star (at r < R) as a
function of the number of
branches, p, under
theta-solvent conditions;

N =200, a =0.2, D =150,
volume fraction of salt in the
bulk solution @? = 1077; Q
total bare charge of the star,
Q* uncompensated charge
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Fig. 6 (a) The first moment of the radial end-point distribution, R, as a function of the number
of arms p in the PE stars; N = 100, D = 500, and « as indicated. (b) The corresponding excess
density (volume fraction) of ions at the system boundary. The dotted lines are the expected results
when all counterions of the PE star are distributed homogeneously in the system

In Fig. 5, the average fraction of counterions, 1 — Q*/Q, that are localized inside
the star (i.e., at r < R, where the star size R is introduced as a first moment of
the radial distribution of arm terminal segments) is presented as a function of the
number of branches, p.

In Fig. 6, the star size R and the excess concentration of counterions at the outer
cell boundary, r = D, are presented as a function of the number of arms, p, for
different values of o (shown by solid lines). Dotted lines in Fig. 6b, indicate the
corresponding expectations for uniform distribution of the cell counterions. An in-
crease in the number of arms in each star implies an increase in the number of
charged monomers Q = paN, and in the corresponding number of mobile coun-
terions in the cell. Figures 6 and 7 clearly demonstrate a transition from a “barely
charged” to an “osmotic” star behavior upon the increase in p. At a relatively small
number of arms, the star size and the concentration of counterions at the outer cell
boundary grow as a function of p. The latter is approximately proportional to p and
is close to the average counterion concentration in the cell. This proves that ions
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Fig. 7 Radial volume fraction profile, normalized per arm and by the distance between charges
m=o"! ie, ¢p(r)/pm (solid lines), and the radial counterion density profile, normalized by
the number of arms, i.e. @, /p (dotted lines), for stars with different numbers of branches p as
indicated, under theta-solvent conditions; N = 200, o« = 0.2, D = 150, (pé7 = 107", Inset: the same
curves in log—log coordinates

are distributed fairly uniformly between interior and exterior volumes of a star with
a small number of branches. By contrast, the size of a many-armed star becomes
almost independent of p (in line with the expectation in the osmotic regime). Here,
the concentration of osmotically active counterions grows weakly as a function of p,
and is much smaller than the average concentration of counterions in the cell. (The
latter grows proportionally to p, as shown by the dotted lines in Fig. 6b).

In Fig. 7, the radial density profiles of charged monomers and of counterions
(normalized for one branch) are shown for stars with different numbers of arms, p
(in a salt-free system). For small p, the distribution of counterions is fairly uniform,
whereas that for the stars with a large number of arms both distributions almost
coincide.

Based on the SF-SCF results, we may give a quantitative estimate for the charac-
teristic number of branches at which a PE star enters the osmotic regime. As follows
from Fig. 7, for the experimentally relevant range of ¢« < 1, this number is of the or-
der of unity. That is, a star polymer with ~ 10 arms efficiently retains its counterions
and is reliably found in the osmotic regime.

6 Localization of Counterions in a Salt-Free Solution
of Star-Like Polyelectrolytes: Experimental Results

The effect of counterion confinement in star-branched polyions manifests itself
most directly in osmotic pressure measurements. The osmotic pressure is a colliga-
tive property of the solution and is determined by the (number) density of mobile
particles. In a dilute salt-free PE solution, the osmotic pressure is controlled by the
number density of osmotically active counterions, because their number is much
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larger than the number of polyions. The degree of confinement of counterions is
quantified by the osmotic coefficient ¢, which is the ratio of the measured osmotic
pressure to the net average concentration of counterions in the solution.

As discussed in Sect. 3.3, the distribution of the counterions outside the corona
of the PE star is fairly uniform. Therefore, the osmotic coefficient ¢ approximately
equals the ratio Q*/Q.

The osmotic coefficient ¢ has been measured both in solutions of strongly dis-
sociating poly[2-(methacryloyloxy)ethyl]-trimethylammonium iodide (PMETAI)
[48], and weakly dissociating PAA [43] star polymers.

Figure 8a presents the osmotic coefficients measured in solutions of PMETAI
and PAA stars with 18 and 21 arms, respectively, as a function of the polymer
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Fig. 8 Osmotic coefficients in solutions of (a) PMETAI stars with 18 arms, each comprising
170 monomer units (closed squares) and PAA stars with 21 arms, each comprising 100 monomer
units, degree of neutralization o = 0.24 (open squares), and (b) PAA stars with 8 (circles) and 21

(squares) arms, each arm comprises 100 monomer units, degree of neutralization or = 0.25, as a
function of polymer concentration
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concentration. The experimental curves demonstrate a weak increase in the osmotic
coefficient as a function of polymer concentration. However, in both cases, the os-
motic coefficient is significantly lower than unity and its magnitude is close to that
obtained in [37] on the basis of SF-SCF calculations. This unambiguously proves
the reduced osmotic activity of counterions. This reduction can be rationalized by
their confinement in the intramolecular volume.

Clearly, for pH-sensitive PAA stars, the osmotic coefficient depends on the de-
gree of ionization o, which is controlled by the pH in the solution. Under these
conditions, the lower charge of a PAA star as compared with that of a fully ionized
(o0 = 1) PMETAL star, leads to a lower degree of localization of counterions and,
thereby, to a larger value of the osmotic coefficient ¢.

In Fig. 8b, we show the osmotic coefficients for PAA stars that differ with re-
spect to the numbers of arms at the given degree of neutralization. In accordance
with theoretical predictions, the osmotic coefficient ¢ decreases (i.e., the degree of
localization of counterions increases) upon an increase in the number of arms, p, in
the star. Note that in the case of star polymers with relatively small number of arms,
the osmotic coefficient is significantly larger (by two orders of magnitude) than that
measured previously in the solutions of colloidal PE brushes [44, 45].

7 Effects of Ionic Strength and pH on the Polyelectrolyte
Star Conformation

From the summary of the theoretical results presented above, it follows that the
intramolecular volume of a star-branched PE, with a sufficiently large number of
arms, is essentially electroneutral. That is, the bare charge of a star polymer is neu-
tralized by mobile counterions. These counterions are predominantly retained inside
the macroion volume, even if the star is immersed in a dilute salt-free solution.
Moreover, if the “intrinsic” Debye length associated with the intramolecular con-
centration of entrapped counterions, r]gm) >~ (IlgpaN/R3)~1/2, is used as an upper
estimate for the intramolecular electrostatic screening length, one finds that in the
osmotic PE star, p > o~ !/2(Ig /a)~!, the electrostatic interactions are screened at
distances much smaller than the star size R.

Therefore, a detailed analysis of the conformations of many-armed star-like PEs
may take place within the so-called local electroneutrality approximation (LEA).
The latter also allows for an equilibrium of the ionization of the macroion, hence
also covering the pH-responsive (annealing) star-like PEs.

As long as monovalent salt ions are added to the solution, the total ion

concentration:
Doy = Zcbj (32)

determines the ionic strength, and the Del{ye screening length in the bulk of the
solution is: 1/
rp = (4l Pion) "/ (33)
(The summation in (32) is performed over all ion species, including H* and
OH ™ ions).
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The effect of salt on the conformations of a many-arm (osmotic) PE star becomes
important when the salt-controlled bulk Debye screening length, given by (33), be-
comes smaller than the intrinsic screening length, r]gm), in a salt-free osmotic PE
star. This is also true, equivalently, when the concentration of added salt exceeds the
intramolecular concentration of counterions in the osmotic star. Clearly, the local
electroneutrality in this case is ensured, and the LEA is applicable for analysis of
the PE star conformations on a length scale larger than rp.

The opposite limiting case of a PE star with a small number p < o~ '/?(Ig /a)~!
of arms in a salt-free solution was considered in [121]. In the latter case, the coun-
terions can be disregarded and the Poisson equation allowed for an exact numerical
solution for the polymer density profile, which confirmed the uniform stretching of
the arms in the interior region of the star. The LEA may be applied for analysis of
conformations of stars with a small number of arms in salt-added solution, provided
the bulk Debye length rp is smaller than the overall size of the star [28].

7.1 The Mean-Spherical Equal Arm Stretching Approximation:
General Formalism

To analyze the effects of ionic strength and pH of the solution on the conformations
of PE stars, we switch from the “canonical” cell model (where the number of ions
was fixed) to the “partially open” ensemble. In the latter model, (a) one central
star polymer occupies a spherical volume within radius R, and (b) the chemical
potentials of all mobile ions are set equal to those in the bulk of the solution (infinite
reservoir).

The concentrations ¢, ; (or, equivalently, the chemical potentials) of all the mobile
ions are assumed to be constant in bulk solution. Therefore, the relevant free energy
of the corona is the Gibbs free energy.

If all the star branches are assumed to be equally stretched (i.e., all the ends of
the arms are localized at the edge of the star), the free energy of a star polymer can

be presented as:
3kgT (R (dr R
F=p2h /0 (-dn> dr+4n /0 Fu{ep(r)}r2dr (34)

Here, the first term accounts for the conformational entropy losses in non-uniformly
extended branches that exhibit the Gaussian elasticity [122], whereas the second
term is the interaction contribution to the free energy. The local chain exten-
sion (dr/dn) at distance r from the center is related to the local concentration of
monomers, cp(r), as:

__p dn
T A2 dr

cp(r) 35)
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Then, the free energy, (34), can be presented as:

F :477:/Rf{c (r),r}rdr (36)
0 P
where: - 5
Tp
fep(r),r} = m+ﬁnt{cp(r)} 37)

is the total density of the free energy in a star polymer.
The term fin{cp(r)} accounts for the short-ranged (excluded volume) interac-
tions between monomers fey{cp(r)} and for the ionic contribution fion {cp(r)}:

findep(r)} = feviep(r)} + fion{ep(r)} (38)

where:
fev{ep(r)}/ksT = ch(r) + wcg(r) +... (39)

The expressions for the ionic contribution to the free energy density, fion{cp(r)},
are derived within the LEA in the Appendix, both for quenched and annealing PE
coronas.

The polymer density profile, c,(r), and the radius of the star, R, are determined
from the minimization of the free energy, (36), while taking the conservation of the
number of monomer units, (2) into account as a constraint. This leads to:

o)
mf{cp(r),r}zl (40)

Here A is a Lagrange multiplier that is coupled to the constraint that the total number
of the monomer units, (2) is conserved. The constant A coincides with the exchange
chemical potential of the monomer, which is constant throughout the star. The equi-
librium value of R is obtained by a minimization of the free energy with respect to R,
which is equivalent to the condition that the differential osmotic pressure vanishes
at the edge of the corona r = R:

6
AII(r=D) = | cp(r)=——f{cp(r),r} — fcp(r),r} =0 41)
ocp(r) <R
In a simplified model, which generalizes the Daoud—Cotton approach [21], the
condition of a local balance between the elastic tension in the extended branches and
the excess osmotic pressure due to (repulsive) monomer—monomer interactions:

cp(r)%f{cp(r), ry— f{cp(r),r} =0 (42)

is implemented at all distances r from the center of the polyion. This “quasi-planar”
approach generalizes the blob model that was described in Sect. 2. Clearly, the nor-
malization condition for the polymer density profile (2) also has to be satisfied.
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When (42) is used in the derivation of the polymer density profile, the profile
appears independent of the degree of polymerization N of the arms. The degree of
polymerization N only determines the cut-off distance for the profile via the normal-
ization condition, (2). This implies that the local conformations of the arms at any
distance r < R are independent of N. In particular, the elastic tension in the chains
at any distance r < R does not depend on the overall degree of polymerization of the
chains.

Alternatively, implementing (40) and (41) leads to a quite different picture for
the star structure. Here, the elastic tension in the arms is determined by the local
monomer—monomer repulsion only at the edge of the corona, r = R. At r < R the
arms are stretched more strongly, due to an excess pulling force exerted by the ter-
minal parts of the arms. Therefore, the polymer density profile ¢p(r,N,R) and the
chemical potential A (N,R) depend explicitly on N (or the star size R) [123].

7.2 Density Profiles

Closed analytical expressions for the polymer density profiles c,(r) can be ob-
tained only in certain limiting cases (asymptotic regimes), when the free energy
density can be presented as a power law function of the polymer concentration,
fine{cp(r)} ~ ¢ (r). The density profiles have the simplest form when they are pre-
sented in reduced variables, r/R and cp(r)/cp(R).

A simplified quasi-planar approach predicts a power law decay of the density
profile for any value of y and at any distance r:

4
cp(r)/cp(R) = (R/r) 7T (43)
A more accurate theory predicts a different functional form for the density profile
that depends on the value of y. The polymer concentration, c,(r), can be approxi-
mated by a power law function only in the central region of the corona.

For a neutral star, y =2 or 3 in a good or a theta-solvent, respectively. The same
exponent, ¥ = 2, is found for a PE star in a concentrated salt solution, see (60). The
latter is not surprising, because at a high salt concentration, the electrostatic repul-
sion between charged monomers is partially screened and the monomer—monomer
interactions are described via binary short-range repulsion.

By simultaneously solving (40) and (41), one gets for the polymer density profile:

(r—1 T iy
aen® ~ (1) @ @)

Hence, the power law dependencies cp(r) ~ r~*/3 and cp(r) ~ =1, derived above
for neutral star polymers under good and theta-solvent conditions, are recovered,
but the numerical prefactor is smaller than in quasi-planar model, (43).
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In the case of a quenched PE star in a low salt solution (osmotic regime), y = 1
and:

cp(r)/p(R) ~ (R/r)*{21n[ep(r) /cp(R)]} /2 (45)

We, therefore, find a logarithmic correction to the polymer density profile predicted
earlier, cp(r) ~ r~2, which corresponds to a uniform radial stretching of the arms.

Finally, the density profile found for an annealing PE star in the low salt regime,
y=1/2,is:

cp(r)/cp(R) ~ (R/r)?/3'/* (46)

Here, the density profile decays as c¢p(r) ~ r~2, which corresponds to a uniform
stretching of the arms in interior region of an annealing PE star. Note that this re-
sult differs from that obtained in a simplified quasi-planar model (cp(r) ~ r8/3).
The latter predicts an increase in the local stretching of the arms as a function of
distance r from the star center. Remarkably, in spite of the difference in the poly-
mer density distributions specified by the two models, the overall size R of the star
macromolecule obeys the same power law dependence [123]. One can therefore use
either of the two approaches, or even a box-like cell model, to get the power law
dependencies for the star size R.

We emphasize that in both models discussed here, the free ends of the branches
are fixed at the external boundary of the corona. Relaxation of this constraint is
possible in the numerical SCF model of Scheutjens and Fleer. It is therefore instruc-
tive to compare the predictions of the analytical theory to the more accurate results
obtained by means of the numerical SF-SCF computations.

In Figs. 9 and 10a, the polymer volume fraction profiles are presented in dou-
ble logarithmic (log-log) coordinates for both quenched and annealing stars with

0.001
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Fig. 9 Radial volume fraction profile ¢p(r) (in log-log coordinates) for quenched PE stars with
different numbers of branches p; theta-solvent conditions; N =200, oo = 0.2, D = 150, q)g7 =10".
The dotted line indicates the slope —2, corresponding to a uniform extension of the branches
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Fig. 10 Radial polymer volume fraction profiles @,(r) for three values of the difference be-
tween pH and pK,: -1, 0 and 1 under theta-conditions; N = 4000 p = 20, ¢? = 10~7. (a) Double
logarithmic (log-log) coordinates; the slopes —2 and —1 are indicated. (b) Semilogarithmic
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Fig. 11 Radial distribution of end segments n,(r) for three values of the difference between
pH and pK,: -1, 0 and 1 under theta-conditions; N = 4000 p = 20, ¢ = 10~7; semilogarithmic

coordinates

different numbers of arms, p, respectively. A power law decay with slope —2 is
clearly seen in central regions of both quenched and annealing PE stars. This corre-
sponds to a uniform stretching of the arms. In Fig. 10b, the volume fraction profiles
for annealing PE stars are presented in semilogarithmic coordinates. These prove
that there is an exponential decay of the polymer density in the peripheral region of
the star corona.

In Fig. 11, the radial distribution of the end segments in an annealing PE star,
with different number p of arms, is shown for a range of pH values. A “dead zone”,
i.e., a region close to the center of the star where free ends are depleted, is visible.
The end-point distribution is clearly bimodal for pH > pK,, when the star corona
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Fig. 12 Radial volume fraction profile of polymer segments ¢, (r) in log-log coordinates, of a
quenched PE star with p = 20 branches under theta-conditions; N = 200, o = 0.2, D = 300, for
various ionic strength conditions (¢?) as indicated. The dotted line with the slope —2 corresponding
to a uniform extension of the branches

is moderately ionized. Obviously, the two peaks in the distribution of chain ends
correspond to two populations of the arms: the stronger ionized ones constitute
the distal maximum in the distribution, whereas the weaker ionized ones are less
stretched and contribute to the proximal maximum.

In Fig. 12, similar segment density profiles are presented for quenched PE stars
with a given number of arms, p = 20, and for several salt concentrations, in log—log
coordinates. Clearly, in the central region a power law regime is recovered. At low
salt concentration, the slope —2 corresponds to the uniform stretching of the arms.
Upon an increase in salt concentration, this slope is progressively changed to —4/3,
corresponding to the salt-dominated regime.

The results of the SF-SCF calculations indicate that fluctuations in the exten-
sion of individual branches lead to a wide peripheral distribution of the free ends.
Similarly to a neutral star polymer [124], the corona of a PE star consists of two
regions. In the internal region, the arms are stretched fairly equally, and the decay
of the polymer density is described by a power law function. This is in good agree-
ment with findings of the analytical theory, which uses the assumption of equal
stretching of the arms. At the periphery of a star polymer, the curvature effects are
less important. Here, the corona can be structurally mimicked by a quasi-planar
PE brush [98]: the free ends are distributed throughout the peripheral region with
a well-pronounced maximum. For a quenched PE star polymer, the self-consistent
electrostatic potential can be approximated by a parabolic function, whereas the
number density profile of monomers has either a Gaussian (in a salt-free case) or a
parabolic (in a salt-added case) shape, followed by an exponential decay at the tail
of the distribution. The latter arises due to the fluctuations of non-stretched terminal
segments of the arms.
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7.3 Star Size and Degree of lonization

In the context of the LEA, the size R of a PE star can be obtained by integrating the
polymer density profile, c,(r), according to (2). In the limiting cases, when the den-
sity profiles are described by a power law function of distance from the star center,
(44)—(46), the exact numerical pre-factors in the scaling expressions can be speci-
fied for the star size. Remarkably, if the simplified quasi-planar approach is applied,
the star size is systematically underestimated. As mentioned above, this is due to a
neglected additional pulling force exerted on the central regions of the star by the
terminal segments of its arms. The difference between the results obtained by the
two different approaches is marginal in the case of nonionic star polymers, whose
conformations are governed by short-ranged repulsive intramolecular interactions,
or for PE stars at high salt concentration. However, it becomes significant for PE
stars at low salt concentrations, particularly for weakly dissociating (pH-sensitive)
PE stars.

Quenched Polyelectrolyte Star

For the dimensions of a quenched PE star in a salt-free osmotic regime, one recovers
the scaling dependence, (14), obtained earlier on the basis of a box-like model.

An increase in concentration ®;,, of added salt ions, leads to the penetration of
salt ions into the star interior and a decrease in the differential osmotic pressure.
When the concentration of added ions sufficiently exceeds the average concen-
tration of counterions in the osmotic star, the polyion is found in the so-called
salt-dominated regime. Here, the differential osmotic pressure of ions is equivalent
to that created by binary monomer—monomer interactions with an effective second
viral coefficient Vegp = 0(2 /2®jon. As aresult, one recovers the same scaling depen-
dence for the size of a PE star as that found for neutral star polymer under good
solvent conditions, (4), with replacement U — Veg:

R=aN*Pp!3 (0 /a* Bion)'/? @7)

We, therefore, find that the PE star size, R, in the salt-dominated regime de-

creases as <Di;11/ 5, upon an increase in salt concentration. Note that the same scaling
dependence is obtained when the electrostatic repulsions between the charged
monomers are accounted for through the screened Coulomb binary interaction
potential, u(r)/kgT = Igr~'exp(—r/rp). A further increase in @y, leads to an
additional decrease in Uetr. When Uesr becomes on the order of the bare virial co-
efficient v, the star size R approaches that of a neutral star, (4). Therefore, the size

R of a quenched PE star demonstrates a plateau at low salt concentrations (in the

osmotic regime), decreases in the salt-dominated regime as R ~ (Di_mll/ 5, and ap-

proaches a second plateau at high salt concentrations (in the quasi-neutral regime),
as schematically illustrated in Fig. 13.
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Fig. 13 Evolution of the size (radius R) of quenched and annealing PE stars as a function of salt
concentration @,,,. See text for details
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Fig. 14 Quenched PE star size R as a function of the volume fraction of salt in the bulk ¢? (in log—
log coordinates) for stars with different number of branches p as indicated, under theta-conditions;
N =200, a = 0.2, D = 150. The size is normalized with respect to the limiting value at low ionic
strength conditions R)qy,

In Fig. 14, the overall size of a quenched PE star is plotted as a function of salt
concentration for different values of p (in log—log coordinates). In accordance with
the analytical predictions, the plateau at low salt is followed by a decrease in the star
size with a slope of —0.2.

The salt-controlled behavior of PE coronae of kinetically frozen star-like mi-
celles was examined experimentally [52, 58]. A good correspondence between the
theoretical (—1/5) and the observed (—0.18 in [52], and —0.2 in [58]) values of the
exponent was found.
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A more refined scaling model, developed recently in [93], introduces the concept
of a screening length rp < rp to specify the PE star behavior in the salt-dominated
regime. According to [125], rp governs the screening of the electrostatic interactions
in a semidilute PE solution with added salt. A smaller value of rg = rDal/ 6 with re-
spect to the salt-controlled Debye length, rp, is due to a more effective screening by
charged polymer segments than by single ions. However, such modification leads to
a rather moderate revision compared to the osmotic model described above. In par-

. . . . . ~1/2
ticular, it predicts the appearance of a very narrow subregime, wherein R ~ @,

This dependence is expected in the middle of the salt-dominated regime (wherein

~1/5

R~ @, "), but up to now it has not been detected experimentally.

Annealing Star Polyelectrolyte

In contrast to the monotonous decrease in R expected for quenched PE stars upon
an increase in salt concentration, an annealing PE star polymer demonstrates more
sophisticated behavior. As discussed above, the ionization equilibrium in a strongly
branched polyion is coupled to the local concentration of hydrogen ions in its inte-
rior (local pH) according to the mass action law (5). The local pH (computed using
the local proton concentration) in an anionic star is always lower than the “buffered”
pH in the solution, and the degree of ionization ¢ of a monomer in a polyion interior
is, therefore, lower than that in the bulk of the solution. Therefore, the degree of ion-
ization of the star branches could be tuned by variations either in the ionic strength
or in the pH of the solution. As a result, an annealing PE star might demonstrate a
non-monotonous variation of its dimensions as a function of salt concentration @;y,.
The LEA gives, for the average degree of ionization o of a highly branched

PE star:
o ObCp / Dion > 1

o= { MR (48)
ab7 abcp/(pion < 1

where o, is the degree of ionization of a monomer in the bulk solution at given pH.
Hence, at low salt concentration @, the average degree of ionization of monomers
in a star polymer is a decreasing function of the number of arms, p, and increases
upon an increase in @j,,, asymptotically approaching (from below) the value of oy,.

In Fig. 15, the average degree of ionization versus the bulk pH is plotted for weak
polyacid stars with different numbers of arms. A progressive shift of the curves to-
wards larger pH values upon an increase in p is clearly noticeable. Correspondingly,

at low salt concentrations, the size R = aNo/'/? of an annealing PE star is given by:
R=a*N’p~" o4 ion, 0 cp/ Pion > 1 (49)

The theory, therefore, predicts a linear increase in the size of an annealing PE star
polymer at relatively low salt concentration (in the osmotic regime), as shown by
the dashed line in Fig. 13. When salt is added, salt ions substitute protons in the
interior of the polyion and thereby increase the local pH. As a result, the ionization
of the branches increases, and the PE star swells upon an initial increase in @;qy.
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Fig. 15 Average fraction of dissociated groups (o) as a function of the difference between pH of
the solution and the pK, value of the weak acidic groups. The number of branches (p) is indicated;
theta-conditions and N = 200 The ionic strength is (pi7 =107 (¢ = 107* M) (solid lines) and
of =1077 (¢, = 107° M) (dashed lines)
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Fig. 16 Size of an annealing PE star R as a function of the ionic strength for N = 200, D = 500,
m =5, pK, = 6 under theta-conditions. The pH is 6 or 7, and the number of branches p is 5, 20, or
100 as indicated

When the local (interior) pH approaches the bulk pH, o = o4, and the size of a

swollen polyion reaches its maximum, R = aN oc; /2. After this point, the behavior
of quenched and annealing PE star polymers becomes similar: both decrease their

size R upon a further increase in @y, as R ~ @i;; / 5, following (47), and approach
the quasi-neutral plateau at high salt conditions (as schematically shown in Fig. 13).

In Fig. 16, the average size R of an annealing PE star (specified as the first
moment of the end segment distribution) is plotted as a function of the salt con-
centration, @;, ~ (pé7 , for different values of the bulk pH. A maximum is observed

for pH < pK,.
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At low salt concentration, however, the degree of ionization ¢ of an annealing
PE star might become so low that a star macroion releases a noticeable fraction
of its counterions into the surrounding solution. As a result, the increase in local
pH promotes ionization of the branches. The released counterions become more
strongly attracted to the macroion and eventually condense back into its interior.
Therefore, under low salt conditions, an annealing branched macroion stays at the
threshold of ion release, Q = apN = R/Ig. The ion localization condition, otpN =2
R/Ig, together with the intrastar osmotic balance condition, R & ax 12N , set the
scaling dependence for the star size in this so-called annealing charged regime [28]:

a*N

R -
lsp

I

(50)

The crossover between (49) and (50) specifies the boundary between the
annealing osmotic and the annealing charged regimes as aPlgop N2 Dy =~
aleKaN2®i0n/CbH+ ~1.

Remarkably, in both annealing charged and annealing osmotic regimes, (49) and
(50) predict a decrease in the star size as a function of the number of branches p.
The reason for this is a decrease in the average degree of ionization of the arms upon
an increase in the intramolecular density of the monomers. However, the strong
dependence, R ~ p~!, predicted by (49) and (50) is hardly observable in real or
numerical experiments because of a corresponding increase of the non-electrostatic
(excluded-volume) intramolecular repulsion.

Various scaling regimes of quenched and annealing PE star polymers are summa-
rized in the diagram of states given in Fig. 17. For an annealing star, in addition to
the annealing osmotic and annealing charged regimes (where the star size R is given
by (49) and (50), respectively), one finds the regime of a charged star (13), the salt-
dominated regime (47), and the regime of a neutral star (3). The latter is specified
in Fig. 17 for theta-solvent conditions, v = 0. Remarkably, in the charged annealing
regime, the size R of a star polymer does not exhibit a power law dependence on
@, This might explain why, in contrast to planar brushes, the spherically curved
weak PE colloidal brushes do not demonstrate a distinct increase in R upon an in-
crease in @y, [45]. Note that, in a planar geometry, the scaling theory predicts a

salt-induced increase in brush thickness, H ~ (1511)/[13, for both the annealing osmotic
and the annealing charged regimes [126]. Whereas the general theoretical trends
predicted for the annealing planar and quasi-planar brushes were confirmed in a
number of experimental studies [45, 127-133], a comprehensive test of annealing
star-like spherical brushes remains a challenging problem. The width of the osmotic
annealing regime is rather limited (see diagram in Fig. 17), and a proper choice of
the relevant parameters (p, N, and pH) is of crucial importance for detecting the
R ~ @y, dependence, (49).

The coupling between the ionization of an annealing polyion and its confor-
mation is expected for other branched macroions as well. Recently, this effect
was unambiguously demonstrated for thermoresponsive spherical star-like micelles
of diblock copolymers with a polybasic (PDMAEMA) corona [134]. Due to the
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Fig. 17 Diagram of states of annealing (a) and quenched (b) PE stars. The ratio g /a is set to

unity. See text for details

connection between the conformations of coronal chains and the ionization of their
segments, variations in the temperature and pH could cause large micelles with
a quasi-neutral corona to reversibly abruptly rearrange into small micelles with a

highly charged corona.

7.4 Annealing Star Polyelectrolytes: Titration Curves

To experimentally monitor the ionization of weak PE stars, one can measure the
variation of the pH in the solution of PE stars upon adding strong acid or strong base.
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Fig. 18 Potentiometric titration curves for PAA stars: (PAAg )21 (closed squares), (PAA1o)s
(closed circles), (PAA1oo)s (closed triangles), and linear PAA oo (open squares). Inset is the cutout
of (PAA7s)s (open triangles), (PAA1eo)s (open diamonds), and (PAA)s (closed circles) [43].
Reprinted by permission of Wiley-VCH

The degree of neutralization of the PE macroion can be calculated from the added
amount of acid or base in relation to the detected pH. The apparent pK, (or pKp)
values can be found from the pH that corresponds to the degree of neutralization of
a=0.5.

A solution of PAA stars was titrated by adding a concentrated NaOH solution,
giving a titration curve [43]. Figure 18 shows the obtained result for pH as a func-
tion of the degree of neutralization, o: =[Na™]/[COOH], where [COOH] is the total
concentration of carboxyl and carboxylate groups of the stars and [Na™] is equal to
the amount of added NaOH. It is clearly seen that the titration curves are system-
atically shifted toward larger pH values when the number of arms (at constant arm
length) is increased. This result is in accordance with (48). Thus, the apparent pK,
increases as a function of the number or arms, as predicted by theory: the larger the
number of arms, the higher the excess electrostatic potential inside the star and the
smaller is the degree of ionization of the arms.

7.5 Effect of Counterion Valency

As discussed in the previous section, the addition of monovalent salt to a solu-
tion of PE stars leads to a screening of the intramolecular Coulomb repulsion
and a subsequent decrease of the differential osmotic pressure. For quenched PE
stars, this results in a monotonic decrease in the star size, most pronounced in the
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salt-dominated regime. For pH-sensitive PE stars, the promotion of ionization due
to replacement of H™ (or OH™) counterions by salt ions dominates under low salt
conditions and, as a result, the star swells upon an addition of salt (cf. osmotic an-
nealing regime in Fig. 17). This swelling is followed by a decrease in the star size,
R, at higher salt concentrations (salt-dominated regime in Fig. 17). Both trends are
strongly affected by the valency of the counterions.

The effect of counterion valency on the swelling behavior of planar and colloidal
PE brushes was theoretically studied in [135—137]. In the case of a counterion with
a valency of Z (Z =1, 2 and 3 for, e.g., Na™, Ca>* and A’ ions, respectively), the
Donnan equilibrium is formulated as:

cz+/Chzs = (cj+/cbj+)z = (ij,/cj,)z =exp(—ZeAY /kpT) (51)

where czy and ¢z, are the concentrations of the Z-valent ions inside and outside
the star, and c;+ and c;;+ are the concentrations of monovalent ions (including H*
and OH™ ions) inside the star volume and in the bulk of the solution, respectively. In
experiments, the ratio ¢,z /Z ¥, ;+ ¢;j+ = ¢ and the total concentration of monovalent
salt co-ions, Y, i~ Chj- = @, /2, are often used as control parameters.

By combining (51) with the local electroneutrality condition, ¥ ;- ¢;- + acp =
2+ ¢j+ +Zcz+, one finds an equation for the excess (Donnan) potential inside the
star and for the differential osmotic pressure. This differential osmotic pressure has
to be balanced with the elastic force of entropic origin that is linked to the extension
of the branches to give the equilibrium size of the star polymer.

It can be shown that the addition of trace amounts of Z-ions to the solution leads
to a rapid substitution of monovalent counterion in the star corona by Z-ions. This
is due to their stronger attraction to the oppositely charged PE star polymer. Since a
smaller number of Z-ions is needed to ensure the electroneutrality of the star interior,
an increase in § (i.e., in relative amount of Z-ions in the bulk of the solution) leads
to a rapid decrease in the osmotic pressure inside the corona and, consequently,
to a de-swelling of the PE star. This effect, of replacing monovalent counterions
by multivalent ones is most pronounced at low salt concentrations (in the osmotic
regime), where:

o 1/2
~) (52)
and, thus, Rz—| /Rz & ALY By contrast, in the salt-dominated regime, the differen-
tial osmotic pressure and the star size, R, are controlled by the ionic strength in the

solution via rp. That is, R 2 aN3/>p!/> velés, where:

R%aN(

o? 1+27%¢

@, 2+220+73C (53)

Veff = 27ra213r123 =

Thus, the replacement of monovalent counterions by multivalent ones (at constant
and high bulk concentration of monovalent salt co-ions), results in a contraction of
the star macroion by a factor of Rz /Rz =2 Z 1/5,
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The effect of multivalent counterions has been studied experimentally for
colloidal PE brushes in [137]. Remarkably, the magnitude of the observed col-
lapse described in [137] exceeds the decrease in R predicted on the basis of osmotic
balance arguments (52). A similar trend was also found for planar PE brushes in
the presence of multivalent ions [132, 138]. At least two additional effects might be
responsible for this behavior. Firstly, a correlational attraction in the star corona, due
to Z-ions, may serve as a co-driving force of the star collapse. Secondly, multivalent
counterions might bind specifically (adsorb) to the star branches, thereby reduc-
ing their effective charge density. Under these conditions, the Donnan equilibrium
should be supplemented by a Langmuir-like balance [139] between the counterions
that are adsorbed onto the branches and the mobile ones in the star interior. Finally,
one has to keep in mind that the replacement of monovalent counterions by multi-
valent ones reduces the maximal charge density on the arms corresponding to the
Manning condensation threshold.

For an annealing star polyion, the degree of ionization, &, becomes a function
of the counterion valence, Z, and of the Z-ion bulk concentration, ¢z, due to a
progressive substitution of the monovalent counterion (H* for a polyacid) by Z-ions
and the corresponding increase in local pH inside the star. Implementation of the
Donnan rule (51), together with the mass action law (5) and the osmotic balance
(52), provides a scaling dependence for the star size:

z/(22-1) Zeyy \ Y
R gaab N(22+1)/(2271) <7> (54)

where the exponents depend on the counterion valency, Z > 1. Remarkably, under
low salt conditions the substitution of monovalent counterions by multivalent ones
leads to a weaker swelling of the star corona (as a function of the added salt concen-
tration). In the salt-dominated regime, multivalent counterions provide a stronger
screening of the electrostatic interactions (smaller value of the Debye length, rp)
for both quenched and annealing polyions.

8 Collapse of a Polyelectrolyte Star in Poor Solvent

Triggered by a decrease in the solvent strength, isolated nonionic star polymers
suffer a collapse transition. The theory of the collapse transition has been developed
in [140, 141]. This theory predicts a progressive deswelling (collapse) of the star
polymer as a function of decreasing solvent strength. The onset of the collapse
transition, which corresponds, e.g., to a vanishing second virial coefficient of inter-
actions between the stars in solution, is shifted with respect of the theta-point for
linear polymers, v = 0, towards poorer solvent strength conditions, v < 0. In the
framework of the blob model, the onset of the collapse of a star polymer as a whole
corresponds to the collapse of the outermost coronal blobs. A further decrease
in the solvent strength results in the formation of a region of virtually constant
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concentration at the periphery of the star, see Fig. lc. This concentration is
determined by the local balance of binary attractive and ternary repulsive inter-
actions. In a more dense central region, the stretching of the arms is controlled
by ternary monomer—monomer interactions. Upon progressive decrease in solvent
strength, the boundary between the collapsed and the theta-region shifts progres-
sively towards the center of the star. The star acquires a conformation of a spherical
globule with a uniform density of its monomers.

These theoretical predictions are in good agreement with experiments [142]
on the collapse transition in dilute solutions of organosoluble star polymers, i.e.,
poly(styrene) stars in cyclohexane. In these experiments, the temperature was var-
ied around the theta-point (ca. 34.5°C). Lowering the temperature corresponds to an
inferior solvent strength of cyclohexane.

In water, the solubility of most of synthetic PEs (e.g. PMAA or polysulfonic acid)
depends strongly on the presence of ionized groups. In other words, the monomers
of most synthetic PEs are often intrinsically hydrophobic [143].

In contrast to organosoluble polymers, for most known water-based nonionic
polymers, the quality of water as a solvent decreases upon an increase in tempera-
ture. This is known as LCST (lower critical solution temperature) behavior [144].
Experimental observations of LCST behavior (thermoinduced collapse) of neutral
stars or spherical polymer brushes in water are rare [145, 146], and do not yet pro-
vide systematic relationships between the LCST and the degree of branching.

Furthermore, polymers such as PDMAEMA combine a weak polybase character
with thermoresponsive properties: at high pH and low temperatures PDMAEMA
is not ionized, but, nevertheless, is soluble in water. An increase in temperature,
however, leads to an increase in the hydrophobicity of the monomers and, at T
> LCST, the unionized polymers collapse, lose solubility, and precipitate from
aqueous solution [47].

In poor solvents, the conformations of charged macromolecules are controlled
by the competition between short-ranged attractive monomer—monomer interactions
and long-ranged electrostatic repulsions between ionized monomers. The first the-
ory of the collapse transition in a single linear (quenched) PE chain was proposed by
Khokhlov [147], who predicted a gradual collapse of a PE chain upon a decrease in
the solvent strength. According to this theory, a partially collapsed PE chain acquires
the conformation of a longitudinally uniform cylindrical (“cigar-like”) globule. The
collapse transition in a weak (pH-sensitive) PE chain was considered by Raphael
and Joanny [148], who predicted an abrupt transition from a stretched to a collapsed
globular state, because of the coupling between the conformations and the ioniza-
tion of a weak PE chain. That is, a lower degree of ionization of the monomers is
expected in the collapsed globular conformation.

The theory of Khokhlov [147] was revised by Dobrynin, Rubinstein and
Obukhov [149], who demonstrated that a partially collapsed quenched PE chain ac-
quires a “pearl-necklace” conformation, consisting of collapsed globular beads con-
nected by stretched bridges. The pearl-necklace structure appears due to interplay of
short-range monomer-monomer attraction with long range repulsion and is a mani-
festation of the Rayleigh instability constrained by the chain connectivity [158, 159].
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The size of each globular bead is controlled by a balance between the excess interfa-
cial free energy of a bead and the intrabead Coulombic repulsion. The length of the
bridges (strings of thermal blobs) adjusts the Coulomb force of the interbead repul-
sion to a critical force at which the mechanical unfolding of a polymer globule oc-
curs [152]. MC and MD simulations unambiguously indicated the formation of such
a intramolecular pearl-necklaces structure in strongly dissociating PE chains, where
the local collapse is due to short-range monomer—monomer attraction [153, 154].

The nonlinear branched topology is expected to introduce novel specific features
in the collapse transition of individual charged macromolecules, due to the interplay
between intra- and interbranch Coulomb repulsion. Conformations of intrinsically
hydrophobic star-branched PE have been studied experimentally in the past decade
[50, 51]. Recently synthesized PDMAEMA stars responsive to both pH and tem-
perature [47, 48] are expected to undergo an intramolecular collapse transition as a
response to the increase in temperature. The latter provokes a decrease in the solu-
bility of the monomers in the star arms.

The theory of the collapse transition in star-like PEs was developed by Borisov
et al. [155] and Ross and Pincus [156] on the basis of a box-like model, which
assumes a fairly uniform concentration of the monomers within the star (see Sect. 5).
This analysis suggested that, in contrast to a neutral polymer star, which collapses
gradually upon a decrease in the solvent strength [141], the collapse of a PE star has
a first-order nature and involves coexistence of the collapsed and swollen states.

In a salt-free solution, the onset of collapse transition in a PE star corresponds to
the collapse of individual electrostatic blobs in the uniformly stretched arms of the
star. An increase in the number of star branches, p, enhances interbranch Coulomb
repulsions, and, thereby, decreases the electrostatic blob size. Therefore, the col-
lapse transition is shifted towards poorer solvent conditions upon an increase in p.

The picture of the collapse transition in quenched PE star has been revised by
Misra et al. [157], who proposed that microphase coexistence, between a collapsed
core domain and a swollen corona may occur inside an individual PE star. An
essential Ansatz of all the mean field theories developed in [155-157] is the pre-
assumption that the PE star retains its spherically symmetrical configuration in a
partially collapsed state. The collapse transition is described in terms of the evolu-
tion of radial density distribution as a function of the solvent quality.

In contrast to this, the scaling theory of the PE star collapse developed in [27]
suggested that, instead of the formation of a collapsed core, a decrease in the sol-
vent strength may provoke the formation of bundles by the sticking of individual
branches to each other. The bundle formation reduces the excess interfacial free
energy of the collapsed domains, without a significant penalty in terms of the
intramolecular Coulomb repulsion. More recently, the formation of bundles was
theoretically predicted in colloidal PE brushes [42].

An intriguing question is, however, whether the pearl necklace, or some other
types of multidomain intramolecular structures of low symmetry, may correspond
to the equilibrium conformation of a partially collapsed star-branched PE. This
problem has been recently addressed by Kosovan et al. [158] by means of MD
simulations.
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Fig. 19 MD simulation snapshot of a PE star in poor solvent; p = 10, N = 200, oc = 0.25

The simulations proved that a progressive decrease in the solvent quality
induces a series of conformational transitions, giving rise to intramolecular
multidomain structures of different morphologies. The pearl-necklace structures in
separate branches are found at moderately poor solvent conditions. This structural
motive persists for stars with a relatively small number of arms, also in the inter-
mediate range of solvent quality. With inferior solvent strengths, the simulations
provide evidence of sticking of individual branches/necklaces into bundles. The
bundling is more pronounced in the central region of many-armed stars, whereas
at the periphery of the star the bundles split into single-chain necklaces, Fig. 19.
At sufficiently poor solvent strength, multiple intramolecular structures of different
morphologies are observed in the simulations, i.e., the system is strongly frustrated.
It is anticipated that this behavior is an inherent property of branched PEs, where the
repulsive electrostatic interactions that operate on a large length scale compete with
short-ranged attractions under the constraints of monomer connectivity in branched
topologies.

9 Conclusions

We have presented an overview of theories that describe the conformations and
solution properties of star-branched PEs. Whereas the principal qualitative re-
sults can be obtained on the basis of a simplified box-like cell model, systematic
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treatments of the corresponding PB problem were achieved by employing the
SE-SCF approach. The latter gives access to the partition function of stars in the
self-consistent electrical field created by the charged arms in the presence of mobile
counterions. Additional insights into counterion distributions in PE stars in both
radial and angular directions are provided by MC and MD simulations.

The theoretical analysis proves that the majority of the counterions are local-
ized inside the star, provided that the number of arms is large. The arm length
has no significant influence on the degree of counterion localization. The PB anal-
ysis shows that the dimensionless electrostatic potential at the edge of the star
corona drops almost to unity. Consequently, the counterions outside the corona
are distributed fairly uniformly. The effective (renormalized) charge of the star,
which determines the counterion concentration at the boundary of the Wigner—
Seitz cell, approximately coincides with the total uncompensated charge Q* within
the star corona. The phenomenon of counterion localization in the intramolecular
volume is typical for dilute salt-free solutions of highly branched polyions of ar-
bitrary topology, including randomly branched, dendritic polyions, PE molecular
brushes, etc.

The LEA can be applied to the analysis of conformations of PE stars with
a sufficiently large number of arms. In contrast to neutral stars, for which the
generalized Daoud—Cotton approach provides an accurate description of the star
structure in terms of radial power law decay of polymer concentration and of local
stretching of the arms, the nonlocal effects (related to the additional pulling force
exerted by the terminal segments of the arms) are essential for PE stars in salt-free
solutions.

Some peculiar effects arise in pH-sensitive stars because of a coupling between
the conformations and the degree of ionization of the arms. In particular, the overall
extension of the arms of the star depends in a non-monotonic fashion on the ionic
strength in the bulk and on the number of the arms of the star.

The mean-spherical approximation provides an adequate description of the PE
star conformation under conditions of good or theta-solvent. However, in contrast
to some early theoretical predictions, simulations give evidence that conformational
transition related to the collapse of hydrophobic or thermosensitive PE stars is ac-
companied by the formation of various intramolecular structures of low symmetry
(pearl necklaces, bundles).

Experiments on PE stars show extremely low values of the osmotic coefficient
in salt-free star solution, thus proving the concept of counterion localization. Poten-
tiometric titration experiments confirm theoretical predictions concerning a shift of
the effective pK;, upon an increase in the number of arms.
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Appendix: Local Electroneutrality Approximation

The local electroneutrality approximation (LEA) assumes that the local number den-
sity of charged monomer units in the PE corona is approximately equal to local
(excess) number density of mobile counterions:

Zcr (r)+o(r)ep(r) = ;Cﬁ(”) (55)

We will focus on the case of a solution that contains, in addition to H" and OH ™~ ions
(whose concentration is controlled by the pH in the bulk), also monovalent co- and
counterions due to added salt (e.g., Na™, C17, etc.). Here, ¢j(r) is the local concen-
tration of ions of type j, and ¢p(r) and a(r) are the concentration of the monomer
units and the degree of ionization in the corona at a distance » from the center of
the star, respectively. Note that we assume that the star is negatively charged. The
summation on the right-hand side of (55) includes all the cationic species (i.e. salt
ions, cng+, and hydrogen ions, cy+ ), whereas the summation on the left-hand side of
(55) includes all the anionic species (i.e. salt ions, ¢ -, and hydroxylions, cqy-).

The concentrations c;; (or, equivalently, the chemical potentials) of all the mo-
bile ions are assumed to be constant in bulk solution, wherein the osmotic pressure
is given by:

I, /kpT = Dion = Y p; (56)
J

(Here, the summation is performed over all ion species including Ht and OH™
ions).

In the framework of LEA, the electrostatic interactions manifest themselves
through the entropy of ions disproportionated between the interior of a strongly
branched macromolecule and bulk solution. Therefore, the driving force for
swelling of a branched polyion can be formulated in terms of the differential
osmotic pressure of small ions inside and outside of the macromolecule.

If the (excess) electrostatic potential AW (r) is ascribed to the intramolecular vol-
ume of the star, then the concentrations of all mobile ions obey the Donnan rule (the
Boltzmann law):

cj- (r)/cbjf (r)= cbj+(r)/cj+ (r) =exp(eAY¥(r)/ksT) (57)

Note, that here all the small ions (co- and counterions) are assumed to be monova-
lent.
Combining (55) and (57), we find for the excess electrostatic potential:

exp(eAY¥(r)/kgT) = \/1 /q)lon) - ()CP(V)/q)ion (58)

It follows from (57) and (58), that the total concentration of counterions inside the
star is 3. j+ ¢;+(r) = a(r)cp(r), provided that o(r)cy(r)/ X jcpj — oo. That is, in the
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limit of low salt concentrations, the charge density created by the charged monomers
is locally matched by that of the mobile counterions (osmotic regime).
Quenched Polyelectrolyte Corona

For a strongly dissociating (quenched) PE star, the density of the Gibbs free energy
is given by:

fion,quenched{cp }/kBT ZC/ lan ) — 1] —‘er/kBT — Zijlncjb =
J

opep(r) ( (1 — \/1 + (Otbcp(r)/<l)ion)2> / (0cp(r) /Dion)

+ Arsh(abcp(r)/(bion)> 59)

where Arsh(x) = In(x + v/1+x?). An expansion of fion{cp(r)} in series of
0pcp (1) /Pion leads to the asymptotic power law dependencies:

(60)

%) 0 Cp(r) [ Pion <K 1

fion{ep(r)} N { owep(r)In(2a,cp(r) /ePion), 0pep(r)/Pion > 1
205,

ioT 22

corresponding to the limits of low and high salt concentrations, respectively. As
follows from (60), at low concentrations of added salt the free energy is domi-
nated by the translational entropy of the counterions that are confined inside the
PE corona. When the concentration of added ions far exceeds the average concen-
tration of counterions in the PE corona (salt-dominated regime), the differential
swelling pressure of the counterions can be described as excluded-volume (bi-
nary) monomer—monomer interactions with an effective second viral coefficient
Veff = az/zq)iom

Annealing Polyelectrolyte Corona

For an annealing (weakly dissociating) PE star, one has to account for the shift in
the local ionization equilibrium, whose free energy cost, fionization, must complement
the free energy of the star:

fionization{cp(r)}/kBT = Cp(r)
o(r)lna(r)+ (1 —a(r))In(l —a(r)) — a(r)In

Ka

CbH+
(61)
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This leads to:
Famamsing (1)} 0T = (115 @0 0)/on)? ) @i
+cp(r)In(l—ofr)) (62)
where o/(r) = o{cp(r), Pion } is determined by the following equation:
% L% \/1 p(r)/@ion)? — at(r)ep(r) /Pion (63)

and oy, is the degree of ionization of an isolated acidic monomer in the bulk solution
at given pH. The detailed derivation of the free energy density for the annealing PE
corona can be found in [159].

Equations (62) and (63) can be expanded in series of oa(r)cp(r)/®jon, and the
logarithm in (62) can be expanded up to linear order in o(r) < 1. As a result, one
gets:

N2
o(r) = (13',3% . 2?1:8)) . o(r)ep(r)/Dion > 1 )
O a(r)ep(r)/Pion < 1
and:
204, 1/2
fion{Cp(r)} - (mq)ioncp(r)> R a(r)cp(r)/q)ion > 1
Tkl (65)
kT %c (r)

- top()n(l—ay,),  o(r)e(r)/Pin <1

As follows from (64), at low salt concentrations (annealing osmotic regime),
the degree of ionization of the monomers in the corona is an increasing func-
tion of the salt concentration, ®@;,, and a decreasing function of local polymer
concentration, cp(r).
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