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Lecture 1:  Topology in quantum condensed matter 

The quantum Hall state, a topologically non-trivial 
state of matter
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• Following Laughlin’s gauge argument, 
TKNN showed that n is a topological 
integer, called the first Chern number. 
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Integer QHE:  ν=N is an integer up to 10-9 

“No amount of modeling done on any computer existing or 
contemplated will ever explain this accuracy by itself. Only 
a thermodynamic principle can do this.”   Laughlin
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• In contrast, breaking time-reversal gives an 
“interesting” mass term that has opposite 
sign at the two Dirac points

• This “topological” mass term anticommutes 
with all other possible mass terms (which 
commute with each other) and gives a 
quantum Hall effect.

•  QHE)from)Tcbreaking)band)structure)
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Rise	
  of	
  Topology	
  

Topology:	
  	
  property	
  of	
  a	
  manifold	
  that	
  are	
  
insensi0ve	
  to	
  smooth	
  deforma0ons,	
  e.g.	
  genus	
  

Topology	
  of	
  gapped	
  quantum	
  phases:	
  	
  
property	
  of	
  many-­‐body	
  ground	
  state	
  that	
  is	
  invariant	
  under	
  adiaba0c	
  deforma0on	
  	
  	
  	
  	
  	
  

•  expressed	
  in	
  terms	
  of	
  discrete	
  topological	
  index	
  	
  
•  topology	
  cannot	
  change	
  unless	
  gap	
  closes	
  

Not	
  all	
  insulators	
  are	
  equivalent:	
  	
  topology	
  enters.	
  	
  

Universal	
  manifesta0on:	
  	
  gapless	
  excita0on	
  at	
  interface	
  
between	
  topologically	
  dis0nct	
  states	
  

Quantum Hall Edge States
     Topological index changes its value only when the energy gap closes. 

Gapless boundary excitations:

• number of edge states = topological index n

bulk-boundary correspondence

arises from the interaction between the elec-
trons’ spin and orbital degrees of freedom (4).
The resulting electronic state is inert in the
bulk like an insulator, but has conducting edge
states. We found that a new topological invari-
ant distinguishes this state from a conventional
insulator and guarantees the presence of those
edge states (5). In the simplest picture, the edge
states are spin-filtered in that electrons with

spin-up propagate in one direc-
tion, whereas electrons with spin-
down propagate in the opposite
direction. In this sense, this
state exhibits a quantum spin
Hall effect.

The quantum spin Hall effect
will be hard to observe in graph-
ene because carbon’s weak spin-
orbit interaction makes the energy
gap quite small and susceptible
to thermal fluctuations. The new
proposal by Bernevig et al. is
exciting because it solves this
problem and provides a feasible
method for observing the quan-

tum spin Hall effect.  They considered a semi-
conductor heterostructure consisting of a thin
layer of HgTe sandwiched between crystals
of CdTe. Their convincing theoretical analy-
sis shows that in an appropriate range of
layer thickness this two-dimensional struc-
ture should exhibit a robust quantum spin
Hall effect. HgTe, CdTe, and their alloys are
a well-studied family of semiconductor

materials with strong spin-orbit interactions.
The proposed device can be made with cur-
rent technology, thanks to decades of experi-
ence in the growth of high-quality semicon-
ductor structures.

In addition to providing a venue for a new
fundamental state of matter, the structure
proposed by Bernevig et al. may be of practi-
cal interest because it provides a method for
the electrical manipulation of spins and spin
currents with little or no dissipation. The
experimental demonstration of the quantum
spin Hall effect would be an important step in
this direction.
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States of matter. (Top) Electrons in an insulator are bound in localized orbitals (left) and have
an energy gap (right) separating the occupied valence band from the empty conduction band.
(Middle) A two-dimensional quantum Hall state in a strong magnetic field has a bulk energy
gap like an insulator but permits electrical conduction in one-dimensional “one way” edge
states along the sample boundary. (Bottom) The quantum spin Hall state at zero magnetic
field also has a bulk energy gap but allows conduction in spin-filtered edge states.

P
hotocopiers and laser printers play an
important role in our day-to-day life,
but we rarely pay attention to how these

devices work. They rely on photoconductors,
which are insulators in the dark but become
conductive under light illumination. About
three decades ago, environmentally more
benign organic photoconductors replaced the
toxic inorganic selenium alloy (1). The photo-
conductors in use today are bilayer systems
consisting of a charge-generating layer and a
charge-transporting layer (1). 

On page 1761 of this issue, Yamamoto et

al. describe a nanometer-scale analog of such

bulk photoconductors. They report well-
defined self-assembled coaxial nanowires, in
which hexabenzocoronene (HBC) layers are
laminated by trinitrofluorenones (TNF) (see
the figure) (2). Like their macroscopic coun-
terparts, these nanowires are insulators in the
dark but generate a photocurrent upon irradia-
tion with ultraviolet or visible light. 

Earlier attempts to create supramolecular
organic photoconductors have mainly focused
on columnar liquid-crystalline materials (3–5).
Müllen and colleagues have shown that HBC-
based columnar liquid crystals can achieve
charge carrier mobilities three orders of magni-
tude higher than those of commercially
available amorphous organic materials (4).
Recently, Percec et al. have reported more com-
plex photoconducting columnar liquid crystals,
in which the active units (carbazoles and TNFs)

are confined in the center of the columns (5).
These studies aim to create a highly organ-

ized, higher-mobility bulk material that can
replace existing low-molecular-weight organic
photoconductors or can be used in other appli-
cations, such as field-effect transistors. In
contrast, the coaxial nanowires described by
Yamamoto et al. are not primarily targeted for
implementation in existing technologies. Rather,
the incentive for this work comes from the
desire to create nanometer-scale functional
supramolecular entities. Such entities are ubiq-
uitous in nature, for example in photosynthesis,
where different self-assembled units interact to
accomplish light harvesting, charge separation,
and water oxidation in the confined space of a
membrane (6). The tubular organization of the
HBC molecules in the system of Yamamoto
et al. (see the figure) has a striking similarity to

Scientists have devised a nanometer-scale

analog of the bulk photoconductors used in

copiers and laser printers.

Generating a Photocurrent on 
the Nanometer Scale
Frank Würthner

CHEMISTRY

The author is at the Institute of Organic Chemistry and the
Wilhelm Conrad Röntgen Research Center of Complex
Material Systems, University of Würzburg, 97074 Würzburg,
Germany. E-mail: wuerthner@chemie.uni-wuerzburg.de
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Integer Quantum Hall Effect with edges  (Halperin 1982)
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Topological	
  Superconductors	
  

Topological	
  invariant	
  

Topological	
  phase	
  transi0on	
  

Gapless	
  boundary	
  states	
  

Lecture	
  I:	
  

We	
  will	
  exploit	
  the	
  formal	
  analogy	
  between	
  band	
  electrons	
  and	
  Bogoliubov	
  
quasi-­‐par0cles	
  and	
  discuss	
  topology	
  of	
  insulators	
  and	
  superconductors	
  in	
  a	
  
unified	
  framework.	
  	
  	
  



BCS	
  Theory	
  of	
  Superconduc0vity	
  

Mean	
  field	
  
Hamiltonian:	
  	
  

H =
X

i,j

c†iH
0
ijcj + (�ijc

†
i c

†
j +�⇤

ijcjci)

=
X

i,j

(c†i , ci)

✓
H0 �
�† �H0

◆

ij

✓
cj
c†j

◆

:	
  Bogoliubov	
  de-­‐Gennes	
  Hamiltonian	
  in	
  Nambu	
  space	
  HBdG

•  	
  	
  eigenvalue	
  spectrum	
  of	
  HBdG	
  comes	
  in	
  (E,	
  -­‐E)	
  pairs	
  	
  
	
  	
  	
  =	
  	
  excita0on	
  spectrum	
  of	
  quasi-­‐par0cles	
  at	
  E>0,	
  doubled	
  to	
  (E,	
  -­‐E)	
  	
  

•  this	
  doubling	
  is	
  due	
  to	
  par0cle-­‐hole	
  redundancy	
  (not	
  a	
  physical	
  symmetry)	
  

⌅HBdG⌅
�1 = �HBdG, ⌅ =

✓
0 1
1 0

◆
K

Topology:	
  	
  	
  exact	
  result	
  with	
  approximate	
  method	
  	
  	
  	
  	
  



Topology	
  in	
  Momentum	
  Space	
  

BdG	
  Hamiltonian	
  in	
  k-­‐space:	
  	
  

•  many-­‐body	
  ground	
  state	
  is	
  constructed	
  from	
  eigenfunc0ons	
  at	
  E<0:	
  	
  	
  

H =
X

k

(c†k, c�k)HBdG(k)

✓
ck
c†�k

◆

⇠k = (uk, vk)

|Gi = exp(

X

k

g(k)c†kc
†
�k)|vaci where	
   g(k) = v(k)/u(k)

note	
  that	
  |G>	
  is	
  not	
  a	
  direct	
  product	
  state,	
  unlike	
  band	
  insulators	
  	
  

•  topology	
  of	
  ground	
  state	
  must	
  be	
  encoded	
  in	
  gapped	
  BdG	
  Hamiltonian	
  HBdG(k)	
  
in	
  momentum	
  space	
  

•  topological	
  classifica0on	
  problem:	
  
⌧
x

H⇤
BdG(k)⌧x = �HBdG(�k)find	
  dis0nct	
  classes	
  of	
  HBdG(k)	
  that	
  sa0sfy	
  



1D	
  Topological	
  Superconductor	
  

1D	
  single	
  band,	
  spinless	
  superconductor	
  	
   Kitaev	
  (00)	
  

•  Fermi-­‐Dirac	
  sta0s0cs	
  dictates	
  p-­‐wave	
  pairing:	
  	
   �(k) = ��(�k)

H =
X

k

c†k(Ek � µ)ck +�(k)c†kc
†
�k +�⇤(k)c�kck

HBdG =

✓
E(k)� µ �(k)
�†(k) µ� E(k)

◆
1D'Spinless'Superconductor'

Hamiltonian'for'infinite'wire:''

H =
X

k

c†k(Ek � µ)ck +�(k)(c†kc
†
�k + c�kck)

Energy'spectrum:''

fully'gapped''

weak'pairing'BCS'
gapless'at'k=0'
'

μ=0'μ>0' μ<0'

fully'gapped''

strong'pairing'BEC'

�(kF )

�(k) / k

�(0)

•  two'gapped'phases,'separated'by'a'gapHclosing'transiBon'

c.f.'Read'&'Green,'00'

Quasi-­‐par0cle	
  spectrum:	
  

= ✏(k)~nk · ~�

✏(k) =
p

(E(k)� µ)2 + |�(k)|2

•  p-­‐wave	
  gap	
  vanishes	
  at	
  k=0	
  	
  =>	
  	
  gap	
  closes	
  at	
  k=0	
  for	
  μ=0	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  |μ|	
  	
  

(Leo’s	
  lecture)	
  



Topological	
  Invariant	
  

HBdG = ✏(k)~nk · ~�

Par0cle-­‐hole	
  condi0on	
  requires:	
  	
  

where	
   (n
x

, n
y

, n
z

)
k

= (�n
x

,�n
y

, n
z

)�k

=>	
   ~nk=0,⇡ k ẑ

Topology'of'1D'Superconductor'

H(k) = ✏(k) [n
x

(k)�
x

+ n
z

(k)�
z

]

•  winding'number'of'(nx,nz)'as'a'funcBon'of'k'in'1D'Brillouin'zone'
defines'a'topological'invariant'N'for'gapped'1D'superconductor'

Weak'pairing'BCS'

μ>0' μ<0'

Strong'pairing'BEC'

N'='1:' N'='0:'

•  two'phases'are'topologically'disBnct:''weak'pairing'is'nontrivial'
•  generalizaBon'to'mulBHband:''Z2'topological'invariant'(N'mod'2)''

(Kitaev'00)'
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defines'a'topological'invariant'N'for'gapped'1D'superconductor'

Weak'pairing'BCS'

μ>0' μ<0'

Strong'pairing'BEC'

N'='1:' N'='0:'

•  two'phases'are'topologically'disBnct:''weak'pairing'is'nontrivial'
•  generalizaBon'to'mulBHband:''Z2'topological'invariant'(N'mod'2)''

(Kitaev'00)'

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ~nk :

⌘ = 1 ⌘ = �1	
  	
  
(trivial)	
   (nontrivial)	
  

Z2	
  invariant:	
  	
  	
  ⌘ = sgn[E(0)� µ] · sgn[E(⇡)� µ] Kitaev	
  (00)	
  

The	
  two	
  dis0nct	
  phases	
  are	
  separated	
  by	
  topological	
  phase	
  transi0on	
  at	
  μ=0.	
  	
  



Majorana	
  Mode	
  	
  Majorana'Mode'

SemiHinfinite'wire:'

•  end'of'wire'='domain'wall'between'weak'and'strong'pairing'(vacuum)'phase'

•  change'of'topology'across'the'domain'leads'to'a'zeroHenergy'localized'mode'''

•  BdG'equaBon'='1D'Dirac'equaBon'with'a'mass'twist'

•  zeroHmode'corresponds'to'a'real,'local'operator''

S-TI-M interface

Majorana Fermions

S.C.M  !Gapless 1D chiral 

Majorana fermions 

bound to domain wall

Vortex in 2D SC :

Zero energy 

Majorana bound state

at vortex

h/2e

S-QSHI-M junction

Zero energy 

Majorana bound state

at junction

k

E

S.C.M

QSHI

Kitaev 2003 :  2N Majoranas = N qubits: fault tolerant quantum memory

                       Braiding : Quantum computation

0

!

"!

E

“half” a state
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r e

!
" = "

�0

Majorana Mode and Majorana State

•  zero-energy, localized, real solution of BdG Hamiltonian: 

� = �†

� =

Z
dx u(x)c†(x) + v(x)c(x) u = v⇤

: Majorana zero mode

H =

✓
E

k

� µ �(k)
�(k) µ� E

k

◆
!

✓
�µ(x) �iv@

x

iv@
x

µ(x)

◆

for'small'μ'

u(x) = v

⇤(x) = e

�µx/vwhere'

in'contrast,'ε>0'soluBons'correspond'to'ordinary'fermions'(quasiHparBcles).''''

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  



2D	
  Topological	
  Superconductor	
  

2D	
  single	
  band,	
  spinless,	
  p+ip	
  superconductor	
  	
   Read	
  &	
  Green	
  (00)	
  

H =
X

k

c†k(Ek � µ)ck +�(k)c†kc
†
�k +�⇤(k)c�kck

HBdG =

✓
E(k)� µ �(k)
�†(k) µ� E(k)

◆
= ✏(k)~nk · ~�

where	
  

Quasi-­‐par0cle	
  spectrum:	
   ✏(k) =
p

(E(k)� µ)2 + |�(k)|2

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  

k = (k
x

, k
y

)

�(k) / (k
x

+ ik
y

)

BCS-­‐BEC	
  transi0on	
  at	
  μ=0:	
  	
  gap	
  closes	
  at	
  k=(0,0)	
  	
  

Low-­‐energy	
  theory	
  near	
  transi0on	
  =	
  2D	
  Majorana	
  fermion	
  mass	
  reversal	
  (m=μ)	
  	
  

H =
X

k

(c†
k

, c�k

)

✓
�m v(k

x

+ ik
y

)
v(k

x

� ik
y

) m

◆✓
c
k
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2D	
  Topological	
  Superconductor	
  

Topology	
  of	
  2D	
  gapped	
  BdG	
  Hamiltonian	
  

•  integer	
  topological	
  invariant	
  N	
  	
  
	
  =	
  	
  #	
  of	
  0mes	
  unit	
  sphere	
  is	
  covered	
  by	
  
the	
  mapping	
  from	
  (kx,	
  ky)	
  to	
  unit	
  vector	
  n	
  

HBdG = ✏(k)~nk · ~�

mul0band	
  generaliza0on:	
  	
  N	
  =	
  Chern	
  number	
  

Chiral	
  Majorana	
  fermions	
  at	
  edge:	
  	
  	
  

•  2D	
  domain	
  wall	
  problem	
  	
  
	
  	
  	
  	
  	
  reduces	
  to	
  1D	
  for	
  each	
  k	
  parallel	
  to	
  edge	
  

   
  

  

Broken Inversion Symmetry

Broken Time Reversal  Symmetry

Quantized Hall Effect  

Respects ALL symmetries
Quantum Spin-Hall Effect

2 2 2
F( ) vE p p  

z
CDWV  

Haldane
z zV   

z z z
SOV s  

1.  Staggered Sublattice Potential (e.g. BN)

2.  Periodic Magnetic Field with no net flux  (Haldane  PRL  ’88)

3.  Intrinsic Spin Orbit Potential

Energy gaps in graphene:
vFH p V  ~

~
~

z

z

zs




 sublattice
valley
spin

B



2

sgnxy
e
h

  

k	
  

E=0	
  

conduct	
  heat,	
  not	
  charge	
  

•  #	
  of	
  chiral	
  edge	
  mode	
  =	
  Chern	
  number:	
  	
  	
  
	
  	
  	
  	
  	
  bulk-­‐boundary	
  correspondence	
  

2D	
  chiral	
  TSC	
  =	
  “half”	
  of	
  quantum	
  Hall	
  insulator	
  	
  	
  



Topology	
  Meets	
  Symmetry	
  

Symmetry	
  

Time	
  reversal	
   Spin	
  rota0on	
  

Dimension	
  

d=1	
  	
  	
  	
  	
  	
  	
  	
  	
  d=2	
  	
  	
  	
  	
  	
  	
  	
  	
  d=3	
  

D 	
   	
  	
  No 	
   	
   	
   	
  	
  No 	
   	
   	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Z2	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Z	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  0	
  

A	
  more	
  refined	
  topological	
  classifica0on	
  taking	
  (internal)	
  symmetries	
  into	
  account	
  
has	
  recently	
  been	
  achieved	
  for	
  insulators	
  and	
  superconductors.	
  	
  	
  	
  	
  

Symmetry-­‐protected	
  topological	
  phases:	
  	
  
•  cannot	
  be	
  adiaba0cally	
  connected	
  to	
  a	
  trivial	
  phase	
  under	
  symmetry-­‐

preserving	
  deforma0ons	
  
•  can	
  be	
  deformed	
  to	
  a	
  trivial	
  phase	
  by	
  symmetry-­‐breaking	
  perturba0ons	
  	
  

Hasan	
  &	
  Kane,	
  Qi	
  &	
  Zhang;	
  	
  	
  	
  	
  Schnyder,	
  Ryu,	
  Furusaki	
  &	
  Ludwig,	
  	
  Kitaev	
  



Topology	
  Meets	
  Symmetry	
  

Symmetry	
  

Time	
  reversal	
   Spin	
  rota0on	
  

Dimension	
  

d=1	
  	
  	
  	
  	
  	
  	
  	
  	
  d=2	
  	
  	
  	
  	
  	
  	
  	
  	
  d=3	
  

D 	
   	
  	
  No 	
   	
   	
   	
  	
  No 	
   	
   	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Z2	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Z	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  0	
  

A	
  more	
  refined	
  topological	
  classifica0on	
  taking	
  (internal)	
  symmetries	
  into	
  account	
  
has	
  recently	
  been	
  achieved	
  for	
  insulators	
  and	
  superconductors.	
  	
  	
  	
  	
  

Topological	
  insulators:	
  	
  Hasan	
  &	
  Kane,	
  Qi	
  &	
  Zhang	
  …	
  

Topology)meets)Symmetry)

Z2)topology)of)topological)insulators)requires)?me)reversal)symmetry.)
Kane)&)Mele)(05))

Discovery)of)topological)insulators)has)s?mulated)tremendous)interest)in)
finding)new)topological)phases)that)are)protected)by)other)symmetries.)

TI)

)SPT)

)SPT:)symmetrycprotected)topological)phase)(Wen)et)al))))



Topology	
  Meets	
  Symmetry	
  

Symmetry	
  

Time	
  reversal	
   Spin	
  rota0on	
  

Dimension	
  

d=1	
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  Z	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  0	
  
	
  

DIII 	
  	
  	
  	
  	
  	
  	
  	
  	
  Yes	
  	
  	
  	
   	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  No 	
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Schnyder,	
  Ryu,	
  Furusaki	
  &	
  Ludwig,	
  	
  Kitaev	
  (09)	
  



Topological	
  Superfluid:	
  He-­‐3	
  

Symmetry	
  

Time	
  reversal	
   Spin	
  rota0on	
  

Dimension	
  

d=1	
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  Z2	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Z	
  

Volovik	
  et	
  al	
  

P-­‐wave	
  spin-­‐triplet	
  pairing:	
  	
   c†k"c
†
�k", c

†
k#c

†
�k#, c

†
k"c

†
�k# + c†k#c

†
�k"

(Sz=1)	
   (Sz=	
  -­‐1)	
   (Sz=0)	
  

useful	
  nota0on:	
  	
  d-­‐vector	
   c†k[
~d(k) · ~s](isy)c†�k

•  component	
  of	
  Cooper	
  pair	
  spin	
  along	
  the	
  direc0on	
  of	
  d-­‐vector	
  =	
  0	
  

Different	
  configura0ons	
  of	
  d(k)	
  over	
  Fermi	
  surface	
  result	
  in	
  various	
  phases	
  of	
  He-­‐3	
  	
  



Topological	
  Superfluid:	
  He-­‐3	
  

Symmetry	
  

Time	
  reversal	
   Spin	
  rota0on	
  

Dimension	
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Volovik	
  et	
  al	
  

BW	
  phase	
  

⌫ = 1 ⌫ = 0⌫ = 2

  (Yang Qi & LF,11)Sufficient and necessary criterion:

2

by a d-vector,

�k = dk · � (2)

where ⌅i are Pauli matrices in the pseudospin subspace,
and dk is a vector determining the orientation of the
order parameter in the pseudospin subspace, and is called
the d-vector.

With the d-vector, the general criterion we provided
can be expressed as the following form,

� = 2
⇥

FS

1

4⇤

�
d2k�d̂k · ⇧k1 d̂k ⇥ ⇧k2 d̂k, (3)

where d̂k is the unit vector along the direction of dk. The
winding number of dk on each Fermi surface is expressed
as a surface integral on that surface. The sign of the
winding number depends on the orientation of the Fermi
surface, which is determined by the convention that the
normal direction points from the inside to the outside of
the Fermi surface (i. e. from the side with ⇥k < 0 to the
side with ⇥k > 0).

The topological invariant � calculated in equation (3)
is equivalently defined using either block o⇥-diagonal pro-
jection operator[4] or Green’s function of the Bogoliubov
quasiparticles[6], and the result in that equation can be
derived using either definition. Here we demonstrate the
result of equation (3) with two representative examples,
and leave the details of the derivation in the supplemen-
tary material.

First, we check our result with the 3He B phase, a
well-known example of topological superconductor. The
configuration of d-vectors in 3He-B are sketched in Fig. 1.
On the spherical Fermi surface, the winding number of
d-vector is one. So from equation (3) we have � = 2.
This result is consistent with the topological invariant
obtained from the Green’s function definition[6].

FIG. 1. Sketch of Fermi surface and d-vector orientations in
3He-B phase. The shaded area shows the inside of the Fermi
surface and the arrows point to the directions of dk.

The result of � = 2 indicates that this superconduct-
ing state is topologically nontrivial. This can be shown
by arguing that this state cannot be smoothly connected
to a topologically trivial reference state without closing
the superconducting gap[6]. Here the reference state we

use is the strong coupling limit µ ⇤ �⇧ of the super-
conducting state. The original state can be connected to
this reference state by lowing the Fermi energy µ from
positive to �⇧. In this process the Fermi surface shrinks
and eventually vanishes. Because of the nonzero wind-
ing number of dk, the dk vector must vanish at least
one point inside the Fermi surface. When the Fermi sur-
face cross that point the superconducting gap will open
a node, and that indicates a topological phase transition
from the original state with � = 2 to the trivial refer-
ence state. 3He B phase gives an example showing that a
Fermi surface with nonzero winding number of d-vector
is topologically nontrivial.
Second, we consider the example with two Fermi sur-

faces and d-vector configuration shown in Fig. 2. In this
example the winding number of d-vector is +1 on the
outer Fermi surface and �1 on the inner Fermi surface.
Therefore according to equation (3) the winding numbers
on two Fermi surfaces cancel each other and the total �
vanishes, indicating a topologically trivial state. Similar
to the example of 3He B phase, we check this conclu-
sion by showing that this state can indeed be smoothly
connected to a trivial reference state with µ = �⇧ with-
out closing the superconducting gap. In this example
the Fermi sea is between the two spherical Fermi sur-
faces. Since the d-vectors are parallel on corresponding
points on the two Fermi surfaces, it is possible to fill the
Fermi sea with a smooth configuration of dk with dk ⌃= 0.
Actually one can just choose dk ⌅ k̂. With such a con-
figuration, the superconducting gap remains finite as the
Fermi sea shrinks to zero when we lower µ from posi-
tive to �⇧. Consequently the original superconducting
state is topologically trivial. This example demonstrates
that opposite winding numbers on di⇥erent Fermi sur-
faces cancel each other, as indicated by equation (3).

FIG. 2. Sketch of d-vector orientations on two Fermi surfaces.
Similar to Fig. 1, the shaded area shows the insider of the
Fermi surface and arrows point to the direction of d vector.

Andreev surface state. In general, a topological in-
variant in the bulk will protect gapless surface states. For
topologically nontrivial odd-parity superconductors with
nonzero winding numbers of d-vector on Fermi surfaces,
these gapless surface states can be constructed as An-
dreev surface states. Gapless Andreev bound states have

    topological invariant  =  sum of the winding number of  
                                          (pseudo) d-vector  around Fermi surfaces

Simple Criterion for Topological Superconductor

2

by a d-vector,

�k = dk · � (2)

where ⌅i are Pauli matrices in the pseudospin subspace,
and dk is a vector determining the orientation of the
order parameter in the pseudospin subspace, and is called
the d-vector.

With the d-vector, the general criterion we provided
can be expressed as the following form,

� =
⇥

FS

± 1

4⇤

�
d2k�d̂k · ⇧k1 d̂k ⇥ ⇧k2 d̂k, (3)

where d̂k is the unit vector along the direction of dk. The
winding number of dk on each Fermi surface is expressed
as a surface integral on that surface. The sign of the
winding number depends on the orientation of the Fermi
surface, which is determined by the convention that the
normal direction points from the inside to the outside of
the Fermi surface (i. e. from the side with ⇥k < 0 to the
side with ⇥k > 0).

The topological invariant � calculated in equation (3)
is equivalently defined using either block o⇥-diagonal pro-
jection operator[? ] or Green’s function of the Bogoli-
ubov quasiparticles[? ], and the result in that equation
can be derived using either definition. Here we demon-
strate the result of equation (3) with two representative
examples, and leave the details of the derivation in the
supplementary material.

First, we check our result with the 3He B phase, a
well-known example of topological superconductor. The
configuration of d-vectors in 3He-B are sketched in Fig. 1.
On the spherical Fermi surface, the winding number of
d-vector is one. So from equation (3) we have � = 2.
This result is consistent with the topological invariant
obtained from the Green’s function definition[? ].

FIG. 1. Sketch of Fermi surface and d-vector orientations in
3He-B phase. The shaded area shows the inside of the Fermi
surface and the arrows point to the directions of dk.

The result of � = 2 indicates that this superconduct-
ing state is topologically nontrivial. This can be shown
by arguing that this state cannot be smoothly connected
to a topologically trivial reference state without closing
the superconducting gap[? ]. Here the reference state we

use is the strong coupling limit µ ⇤ �⇧ of the super-
conducting state. The original state can be connected to
this reference state by lowing the Fermi energy µ from
positive to �⇧. In this process the Fermi surface shrinks
and eventually vanishes. Because of the nonzero wind-
ing number of dk, the dk vector must vanish at least
one point inside the Fermi surface. When the Fermi sur-
face cross that point the superconducting gap will open
a node, and that indicates a topological phase transition
from the original state with � = 2 to the trivial refer-
ence state. 3He B phase gives an example showing that a
Fermi surface with nonzero winding number of d-vector
is topologically nontrivial.
Second, we consider the example with two Fermi sur-

faces and d-vector configuration shown in Fig. 2. In this
example the winding number of d-vector is +1 on the
outer Fermi surface and �1 on the inner Fermi surface.
Therefore according to equation (3) the winding numbers
on two Fermi surfaces cancel each other and the total �
vanishes, indicating a topologically trivial state. Similar
to the example of 3He B phase, we check this conclu-
sion by showing that this state can indeed be smoothly
connected to a trivial reference state with µ = �⇧ with-
out closing the superconducting gap. In this example
the Fermi sea is between the two spherical Fermi sur-
faces. Since the d-vectors are parallel on corresponding
points on the two Fermi surfaces, it is possible to fill the
Fermi sea with a smooth configuration of dk with dk ⌃= 0.
Actually one can just choose dk ⌅ k̂. With such a con-
figuration, the superconducting gap remains finite as the
Fermi sea shrinks to zero when we lower µ from posi-
tive to �⇧. Consequently the original superconducting
state is topologically trivial. This example demonstrates
that opposite winding numbers on di⇥erent Fermi sur-
faces cancel each other, as indicated by equation (3).

FIG. 2. Sketch of d-vector orientations on two Fermi surfaces.
Similar to Fig. 1, the shaded area shows the insider of the
Fermi surface and arrows point to the direction of d vector.

Andreev surface state. In general, a topological in-
variant in the bulk will protect gapless surface states. For
topologically nontrivial odd-parity superconductors with
nonzero winding numbers of d-vector on Fermi surfaces,
these gapless surface states can be constructed as An-
dreev surface states. Gapless Andreev bound states have
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quasiparticles[6], and the result in that equation can be
derived using either definition. Here we demonstrate the
result of equation (3) with two representative examples,
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the Fermi sea is between the two spherical Fermi sur-
faces. Since the d-vectors are parallel on corresponding
points on the two Fermi surfaces, it is possible to fill the
Fermi sea with a smooth configuration of dk with dk ⌃= 0.
Actually one can just choose dk ⌅ k̂. With such a con-
figuration, the superconducting gap remains finite as the
Fermi sea shrinks to zero when we lower µ from posi-
tive to �⇧. Consequently the original superconducting
state is topologically trivial. This example demonstrates
that opposite winding numbers on di⇥erent Fermi sur-
faces cancel each other, as indicated by equation (3).

FIG. 2. Sketch of d-vector orientations on two Fermi surfaces.
Similar to Fig. 1, the shaded area shows the insider of the
Fermi surface and arrows point to the direction of d vector.

Andreev surface state. In general, a topological in-
variant in the bulk will protect gapless surface states. For
topologically nontrivial odd-parity superconductors with
nonzero winding numbers of d-vector on Fermi surfaces,
these gapless surface states can be constructed as An-
dreev surface states. Gapless Andreev bound states have
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been found on the surface of superconductors with pair-
ing that has di⇥erent signs in di⇥erent portion of Fermi
surfaces[10]. We will see that for topological supercon-
ductors with nontrivial winding of d-vectors, there are
also gapless Andreev surface states.

On the interface between a superconductor and vac-
uum, quasiparticles can be scattered though regular spec-
tral reflections and Andreev reflections. In order to sep-
arate the two, we use a trick of inserting a metallic layer
of width d between the superconductor and the vacuum,
and take the limit of d ⇥ 0 at the end of the day[10]. For
simplicity we assume the metallic layer has the same band
structure as in the superconducting region. Now we con-
sider an electron or hole wave packet in the metallic layer
with energy within the superconducting gap. The wave
packet can enter neither the vacuum nor the supercon-
ductor as there are no single-particle state with that en-
ergy in these two regions. On the interface between metal
and vacuum, wave packets are reflected back through nor-
mal spectral refection; on the interface between normal
and superconducting region, wave packets are reflected
back through Andreev reflection in the weak coupling
limit. This Andreev reflection changes the momentum
from k to �k and changes quasiparticle to quasihole and
vise versa. On the surface there are Andreev bound states
made of quasiparticles and quasiholes bouncing back and
forth in the metallic layer, as shown in figure 3.
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�k2

Vacuum

Superconductor

FIG. 3. Illustration of normal spectral and Andreev reflec-
tions in metallic layer at the surface of odd-parity pairing su-
perconductor. Solid lines and dashed lines denote Bogoliubov
quasiparticle and quasihole respectively. The wave packets
are reflected back at the interface with the vacuum, and An-
dreev reflected back at the interface with the superconductor.

The spectrum of the Andreev bound states are deter-
mined by the pairing potentials at the two momenta of
the counter-propagating quasiparticle/quasihole modes.
The Andreev surface states are labeled by the in-plane
component of the momentum, which is conserved during
the reflections. Here we only consider the simple case
where there are only two points on the Fermi surfaces
with a given surface momentum. Hence the dispersion of
the Andreev surface states is determined from the pair-

ing potentials at these two points on the Fermi surface.
For an even-parity pairing potential, which is a scalar
�(k), the bound state has a zero mode when �(k) has
opposite signs at the two momenta[10]. This conclusion
can be generalized to the case of odd-parity pairing with
a d-vector. We show in the supplementary material that
the Andreev surface state has a Dirac node at in-plane
momentum k� when the d-vector has opposite directions
at the two Fermi momenta k1 and k2 with the in-plane
component k�.
In the previous section we argued that the topologi-

cal invariant of an odd-parity pairing superconductor is
determined by the sum of winding numbers on Fermi sur-
faces. On each Fermi surface with nonzero winding num-
ber, we obtained gapless modes in Andreev surface states
at positions in the surface Brillouin zone where d-vectors
on two sides of the Fermi surface are opposite. The num-
ber of points with opposite dk on a Fermi surface can be
related to the winding number of the d-vector using an
index theorem (TODO: do we need to mention anything
about index theorem here?). On the surface, each Dirac
node contributes two fermion zero modes. Consequently
the number of fermion zero modes equal to the topolog-
ical invariant obtained in equation (3), which is twice of
the total winding number on all Fermi surfaces. We will
discuss this result in the context of two examples.
First, we consider 3He-B phase, where one chiral

fermion zero mode in surface states have been found at
k� = 0[6, 9]. This is consistent with our result since at
k� = 0 the d-vectors at the two ends of the Fermi surface
are pointing to opposite directions, as shown in Fig. 1.
Second, we consider a Fermi surface with d-vector

winding number being three, as shown in Fig. 4. As the
d-vector rotates by 6⇥ along the equator, there are three
k� with dk1 = �dk2 on two sides of the Fermi surface,
corresponding to three Dirac nodes on the surface.

FIG. 4. Fermi surface with d-vector winding number being
3. The red lines show positions for the surface Dirac nodes
where dk are opposite on two sides of the Fermi surface.

From the examples above we see that at the surface
of odd-parity superconductor with non-trivial d-vector
winding numbers there are Dirac nodes in the dispersion
of Andreev surface states, and the number of the fermion
zero modes equal to the topological invariant given in
equation (3). This confirms that � calculated in that

d-vector configuration determines the  position of Dirac nodes of 
Andreev surface states.
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by a d-vector,

�k = dk · � (2)

where ⌅i are Pauli matrices in the pseudospin subspace,
and dk is a vector determining the orientation of the
order parameter in the pseudospin subspace, and is called
the d-vector.

With the d-vector, the general criterion we provided
can be expressed as the following form,

� = 2
⇥

FS

1

4⇤

�
d2k�d̂k · ⇧k1 d̂k ⇥ ⇧k2 d̂k, (3)

where d̂k is the unit vector along the direction of dk. The
winding number of dk on each Fermi surface is expressed
as a surface integral on that surface. The sign of the
winding number depends on the orientation of the Fermi
surface, which is determined by the convention that the
normal direction points from the inside to the outside of
the Fermi surface (i. e. from the side with ⇥k < 0 to the
side with ⇥k > 0).

The topological invariant � calculated in equation (3)
is equivalently defined using either block o⇥-diagonal pro-
jection operator[4] or Green’s function of the Bogoliubov
quasiparticles[6], and the result in that equation can be
derived using either definition. Here we demonstrate the
result of equation (3) with two representative examples,
and leave the details of the derivation in the supplemen-
tary material.

First, we check our result with the 3He B phase, a
well-known example of topological superconductor. The
configuration of d-vectors in 3He-B are sketched in Fig. 1.
On the spherical Fermi surface, the winding number of
d-vector is one. So from equation (3) we have � = 2.
This result is consistent with the topological invariant
obtained from the Green’s function definition[6].

FIG. 1. Sketch of Fermi surface and d-vector orientations in
3He-B phase. The shaded area shows the inside of the Fermi
surface and the arrows point to the directions of dk.

The result of � = 2 indicates that this superconduct-
ing state is topologically nontrivial. This can be shown
by arguing that this state cannot be smoothly connected
to a topologically trivial reference state without closing
the superconducting gap[6]. Here the reference state we

use is the strong coupling limit µ ⇤ �⇧ of the super-
conducting state. The original state can be connected to
this reference state by lowing the Fermi energy µ from
positive to �⇧. In this process the Fermi surface shrinks
and eventually vanishes. Because of the nonzero wind-
ing number of dk, the dk vector must vanish at least
one point inside the Fermi surface. When the Fermi sur-
face cross that point the superconducting gap will open
a node, and that indicates a topological phase transition
from the original state with � = 2 to the trivial refer-
ence state. 3He B phase gives an example showing that a
Fermi surface with nonzero winding number of d-vector
is topologically nontrivial.
Second, we consider the example with two Fermi sur-

faces and d-vector configuration shown in Fig. 2. In this
example the winding number of d-vector is +1 on the
outer Fermi surface and �1 on the inner Fermi surface.
Therefore according to equation (3) the winding numbers
on two Fermi surfaces cancel each other and the total �
vanishes, indicating a topologically trivial state. Similar
to the example of 3He B phase, we check this conclu-
sion by showing that this state can indeed be smoothly
connected to a trivial reference state with µ = �⇧ with-
out closing the superconducting gap. In this example
the Fermi sea is between the two spherical Fermi sur-
faces. Since the d-vectors are parallel on corresponding
points on the two Fermi surfaces, it is possible to fill the
Fermi sea with a smooth configuration of dk with dk ⌃= 0.
Actually one can just choose dk ⌅ k̂. With such a con-
figuration, the superconducting gap remains finite as the
Fermi sea shrinks to zero when we lower µ from posi-
tive to �⇧. Consequently the original superconducting
state is topologically trivial. This example demonstrates
that opposite winding numbers on di⇥erent Fermi sur-
faces cancel each other, as indicated by equation (3).

FIG. 2. Sketch of d-vector orientations on two Fermi surfaces.
Similar to Fig. 1, the shaded area shows the insider of the
Fermi surface and arrows point to the direction of d vector.

Andreev surface state. In general, a topological in-
variant in the bulk will protect gapless surface states. For
topologically nontrivial odd-parity superconductors with
nonzero winding numbers of d-vector on Fermi surfaces,
these gapless surface states can be constructed as An-
dreev surface states. Gapless Andreev bound states have
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as a surface integral on that surface. The sign of the
winding number depends on the orientation of the Fermi
surface, which is determined by the convention that the
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side with ⇥k > 0).

The topological invariant � calculated in equation (3)
is equivalently defined using either block o⇥-diagonal pro-
jection operator[? ] or Green’s function of the Bogoli-
ubov quasiparticles[? ], and the result in that equation
can be derived using either definition. Here we demon-
strate the result of equation (3) with two representative
examples, and leave the details of the derivation in the
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First, we check our result with the 3He B phase, a
well-known example of topological superconductor. The
configuration of d-vectors in 3He-B are sketched in Fig. 1.
On the spherical Fermi surface, the winding number of
d-vector is one. So from equation (3) we have � = 2.
This result is consistent with the topological invariant
obtained from the Green’s function definition[? ].
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3He-B phase. The shaded area shows the inside of the Fermi
surface and the arrows point to the directions of dk.

The result of � = 2 indicates that this superconduct-
ing state is topologically nontrivial. This can be shown
by arguing that this state cannot be smoothly connected
to a topologically trivial reference state without closing
the superconducting gap[? ]. Here the reference state we

use is the strong coupling limit µ ⇤ �⇧ of the super-
conducting state. The original state can be connected to
this reference state by lowing the Fermi energy µ from
positive to �⇧. In this process the Fermi surface shrinks
and eventually vanishes. Because of the nonzero wind-
ing number of dk, the dk vector must vanish at least
one point inside the Fermi surface. When the Fermi sur-
face cross that point the superconducting gap will open
a node, and that indicates a topological phase transition
from the original state with � = 2 to the trivial refer-
ence state. 3He B phase gives an example showing that a
Fermi surface with nonzero winding number of d-vector
is topologically nontrivial.
Second, we consider the example with two Fermi sur-

faces and d-vector configuration shown in Fig. 2. In this
example the winding number of d-vector is +1 on the
outer Fermi surface and �1 on the inner Fermi surface.
Therefore according to equation (3) the winding numbers
on two Fermi surfaces cancel each other and the total �
vanishes, indicating a topologically trivial state. Similar
to the example of 3He B phase, we check this conclu-
sion by showing that this state can indeed be smoothly
connected to a trivial reference state with µ = �⇧ with-
out closing the superconducting gap. In this example
the Fermi sea is between the two spherical Fermi sur-
faces. Since the d-vectors are parallel on corresponding
points on the two Fermi surfaces, it is possible to fill the
Fermi sea with a smooth configuration of dk with dk ⌃= 0.
Actually one can just choose dk ⌅ k̂. With such a con-
figuration, the superconducting gap remains finite as the
Fermi sea shrinks to zero when we lower µ from posi-
tive to �⇧. Consequently the original superconducting
state is topologically trivial. This example demonstrates
that opposite winding numbers on di⇥erent Fermi sur-
faces cancel each other, as indicated by equation (3).

FIG. 2. Sketch of d-vector orientations on two Fermi surfaces.
Similar to Fig. 1, the shaded area shows the insider of the
Fermi surface and arrows point to the direction of d vector.

Andreev surface state. In general, a topological in-
variant in the bulk will protect gapless surface states. For
topologically nontrivial odd-parity superconductors with
nonzero winding numbers of d-vector on Fermi surfaces,
these gapless surface states can be constructed as An-
dreev surface states. Gapless Andreev bound states have
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The result of � = 2 indicates that this superconduct-
ing state is topologically nontrivial. This can be shown
by arguing that this state cannot be smoothly connected
to a topologically trivial reference state without closing
the superconducting gap[6]. Here the reference state we
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conducting state. The original state can be connected to
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positive to �⇧. In this process the Fermi surface shrinks
and eventually vanishes. Because of the nonzero wind-
ing number of dk, the dk vector must vanish at least
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ence state. 3He B phase gives an example showing that a
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Second, we consider the example with two Fermi sur-
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example the winding number of d-vector is +1 on the
outer Fermi surface and �1 on the inner Fermi surface.
Therefore according to equation (3) the winding numbers
on two Fermi surfaces cancel each other and the total �
vanishes, indicating a topologically trivial state. Similar
to the example of 3He B phase, we check this conclu-
sion by showing that this state can indeed be smoothly
connected to a trivial reference state with µ = �⇧ with-
out closing the superconducting gap. In this example
the Fermi sea is between the two spherical Fermi sur-
faces. Since the d-vectors are parallel on corresponding
points on the two Fermi surfaces, it is possible to fill the
Fermi sea with a smooth configuration of dk with dk ⌃= 0.
Actually one can just choose dk ⌅ k̂. With such a con-
figuration, the superconducting gap remains finite as the
Fermi sea shrinks to zero when we lower µ from posi-
tive to �⇧. Consequently the original superconducting
state is topologically trivial. This example demonstrates
that opposite winding numbers on di⇥erent Fermi sur-
faces cancel each other, as indicated by equation (3).
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Andreev surface state. In general, a topological in-
variant in the bulk will protect gapless surface states. For
topologically nontrivial odd-parity superconductors with
nonzero winding numbers of d-vector on Fermi surfaces,
these gapless surface states can be constructed as An-
dreev surface states. Gapless Andreev bound states have
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been found on the surface of superconductors with pair-
ing that has di⇥erent signs in di⇥erent portion of Fermi
surfaces[10]. We will see that for topological supercon-
ductors with nontrivial winding of d-vectors, there are
also gapless Andreev surface states.

On the interface between a superconductor and vac-
uum, quasiparticles can be scattered though regular spec-
tral reflections and Andreev reflections. In order to sep-
arate the two, we use a trick of inserting a metallic layer
of width d between the superconductor and the vacuum,
and take the limit of d ⇥ 0 at the end of the day[10]. For
simplicity we assume the metallic layer has the same band
structure as in the superconducting region. Now we con-
sider an electron or hole wave packet in the metallic layer
with energy within the superconducting gap. The wave
packet can enter neither the vacuum nor the supercon-
ductor as there are no single-particle state with that en-
ergy in these two regions. On the interface between metal
and vacuum, wave packets are reflected back through nor-
mal spectral refection; on the interface between normal
and superconducting region, wave packets are reflected
back through Andreev reflection in the weak coupling
limit. This Andreev reflection changes the momentum
from k to �k and changes quasiparticle to quasihole and
vise versa. On the surface there are Andreev bound states
made of quasiparticles and quasiholes bouncing back and
forth in the metallic layer, as shown in figure 3.
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FIG. 3. Illustration of normal spectral and Andreev reflec-
tions in metallic layer at the surface of odd-parity pairing su-
perconductor. Solid lines and dashed lines denote Bogoliubov
quasiparticle and quasihole respectively. The wave packets
are reflected back at the interface with the vacuum, and An-
dreev reflected back at the interface with the superconductor.

The spectrum of the Andreev bound states are deter-
mined by the pairing potentials at the two momenta of
the counter-propagating quasiparticle/quasihole modes.
The Andreev surface states are labeled by the in-plane
component of the momentum, which is conserved during
the reflections. Here we only consider the simple case
where there are only two points on the Fermi surfaces
with a given surface momentum. Hence the dispersion of
the Andreev surface states is determined from the pair-

ing potentials at these two points on the Fermi surface.
For an even-parity pairing potential, which is a scalar
�(k), the bound state has a zero mode when �(k) has
opposite signs at the two momenta[10]. This conclusion
can be generalized to the case of odd-parity pairing with
a d-vector. We show in the supplementary material that
the Andreev surface state has a Dirac node at in-plane
momentum k� when the d-vector has opposite directions
at the two Fermi momenta k1 and k2 with the in-plane
component k�.
In the previous section we argued that the topologi-

cal invariant of an odd-parity pairing superconductor is
determined by the sum of winding numbers on Fermi sur-
faces. On each Fermi surface with nonzero winding num-
ber, we obtained gapless modes in Andreev surface states
at positions in the surface Brillouin zone where d-vectors
on two sides of the Fermi surface are opposite. The num-
ber of points with opposite dk on a Fermi surface can be
related to the winding number of the d-vector using an
index theorem (TODO: do we need to mention anything
about index theorem here?). On the surface, each Dirac
node contributes two fermion zero modes. Consequently
the number of fermion zero modes equal to the topolog-
ical invariant obtained in equation (3), which is twice of
the total winding number on all Fermi surfaces. We will
discuss this result in the context of two examples.
First, we consider 3He-B phase, where one chiral

fermion zero mode in surface states have been found at
k� = 0[6, 9]. This is consistent with our result since at
k� = 0 the d-vectors at the two ends of the Fermi surface
are pointing to opposite directions, as shown in Fig. 1.
Second, we consider a Fermi surface with d-vector

winding number being three, as shown in Fig. 4. As the
d-vector rotates by 6⇥ along the equator, there are three
k� with dk1 = �dk2 on two sides of the Fermi surface,
corresponding to three Dirac nodes on the surface.

FIG. 4. Fermi surface with d-vector winding number being
3. The red lines show positions for the surface Dirac nodes
where dk are opposite on two sides of the Fermi surface.

From the examples above we see that at the surface
of odd-parity superconductor with non-trivial d-vector
winding numbers there are Dirac nodes in the dispersion
of Andreev surface states, and the number of the fermion
zero modes equal to the topological invariant given in
equation (3). This confirms that � calculated in that

d-vector configuration determines the  position of Dirac nodes of 
Andreev surface states.
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Part II: Majorana Fermions

V

C
semiconductor: electron & hole

superconductor: free Cooper pair

metal: electron (k>KF) & hole (k<KF)
EF

electron + hole = Majorana fermion ! Δ

  in high energy physics 
     complex field       particle (-e) & anti-particle (+e)
               real field           particle = anti-particle (neutral Majorana
fermion)

  in solid-state physics
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Classification of Paring Symmetry

Pairing order parameter (on-site):

  classified by representation of D3d point group  •
  even- and odd-parity under inversion (1↔2)•

by unitary operators shown in the left-hand column in
Table I . We find four different pairing symmetries in the
A1g, A1u, A2u, and Eu representations of theD3d group. The
three A representations are one dimensional and the E
representation is two dimensional. The form of the corre-
sponding pairing order parameter !̂i, i ¼ 1; . . . ; 4, is listed
in the BdG formalism in Table I and shown explicitly:

!̂1: c1"c1# þ c2"c2# and c1"c2# # c1#c2";

!̂2: c1"c2# þ c1#c2";

!̂3: c1"c1# # c2"c2#;

!̂4: ðc1"c2"; c1#c2#Þ:

(9)

The symmetry properties of !̂i are shown in Table I. We
pay particular attention to inversion symmetry that inter-
changes orbitals 1 and 2. The spin-singlet pairing !̂1,
which has both intraorbital and interorbital components,
is invariant under all crystal symmetries. The other three
pairings are odd under inversion. !̂3 is spin-singlet,

whereas !̂2 and !̂4 are interorbital spin-triplet. Among
the odd-parity phases, only the !̂2 phase is TRI and fully
gapped. In addition, the Fermi surface of CuxBi2Se3 only
encloses one TRI momentum k ¼ 0. So according to our
earlier criterion, the !̂2 pairing in the U-V model for
CuxBi2Se3 realizes a topological superconductor phase.

To obtain the phase diagram, we solve the following
linearized gap equations for Tc in each pairing channel:

!̂ 1: det
U!0ðTcÞ U!01ðTcÞ
V!01ðTcÞ V!1ðTcÞ

! "
# I

# $
¼ 0;

!̂2;4: V!2;4ðTcÞ ¼ 1; !̂3: U!3ðTcÞ ¼ 1:

(10)

Here, various !’s are finite temperature superconducting
susceptibilities in different pairing channels. !0 &
D0

R
d" tanhð "2TÞ=" is the standard superconducting sus-

ceptibility, where D0 is density of states at the Fermi
energy. The other susceptibilities !1; . . . ;!4 are reduced
from !0 by various form factors due to the orbital depen-
dence of pairing potentials and Bloch wave functions.
These form factors are crucial for determining Tc of the
competing superconducting channels. A straightforward
calculation shows that

!1

!0
¼

Z
dk"ð"k ##ÞTr½$xP k(2=ð2D0Þ; (11)

where P k & P
%¼1;2j&%;kih&%;kj is the projection operator

onto the Hilbert space of two degenerate Bloch states at k.
Similarly, !2, !3, and !4 are obtained by replacing $x in
(11) by their corresponding pairing potentials $ysz, $z,
and $ysx (or $ysy). Using the band structureH0, we obtain
the values of !’s: !01 ¼ !0m=#, !1 ¼ !0ðm=#Þ2, !2 ¼
!0ð1#m2=#2Þ, !3 ¼ !4 ¼ 2!2=3. Because !3 < !0 and

!4 < !2, we find that !̂3 always has a lower Tc than !̂1,

and !̂4 lower than !̂2. Only the !̂1 and !̂2 phases appear in
the phase diagram. By calculating their Tc’s from (10), we
obtain the phase boundary:

U=V ¼ 1# 2m2=#2: (12)

Figure 1 shows the highest Tc phase as a function of U
V and

m=#, for positive (attractive) V. The !̂2 pairing phase
dominates in a significant part of the phase diagram.
Note that experimentally it has been estimated thatm=# )
1=3 [18]. When V < 0 the !̂1 phase is stable for U >
m2=#2jVj, whereas for smaller U the system is nonsuper-
conducting. Note that for U ¼ V and m ¼ 0 the
Hamiltonian (8) has an enlarged U(1) chiral symmetry:
c ! expði'$xszÞc. The transformation at ' ¼ (=4 trans-

forms !̂1 into !̂2, explaining their degeneracy.
As the phase diagram shows, the spin-triplet !2 phase

wins as soon as the interorbital attraction exceeds over the
intraorbital one (V > U), contrary to the naive expectation
that a repulsive interaction is required. This arises from the
specific form of spin-orbit coupling in the band structure
(6), which favors !2 pairing. The realistic values of U and
V for CuxBi2Se3 are difficult to estimate. Nonetheless, if
superconductivity is phonon driven, the residual electron
repulsion renormalizes the bare values of U and V.
Therefore it is possible that the weaker interorbital repul-
sion leads to V > U.

TABLE I. Classification of all k-independent pairing poten-
tials of the two-orbital U-V model according to the representa-
tions of D3d point group

!̂ I and $x $ysz $z ($ysx;$ysy)

Representation A1g A1u A2u Eu

P ¼ $x þ # # (#;#)
C3 ¼ e#isz(=3 z z z (x; y)
M ¼ #isx þ # þ (þ;#)

µ

+

FIG. 1 (color online). Phase diagram of the two-orbital U-V
model, showing the highest Tc phase as a function of m=# and
U=V. The arrow shows the experimental estimate for m=# ’
1=3 [18]. The two phases !̂1 and !̂2 are even and odd under
inversion, respectively. The insets shows schematically that the

Cooper pair wave function in the !̂2 phase consists of two
electrons on the top (1) and bottom (2) of the five-atom unit cell.
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by unitary operators shown in the left-hand column in
Table I . We find four different pairing symmetries in the
A1g, A1u, A2u, and Eu representations of theD3d group. The
three A representations are one dimensional and the E
representation is two dimensional. The form of the corre-
sponding pairing order parameter !̂i, i ¼ 1; . . . ; 4, is listed
in the BdG formalism in Table I and shown explicitly:
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pay particular attention to inversion symmetry that inter-
changes orbitals 1 and 2. The spin-singlet pairing !̂1,
which has both intraorbital and interorbital components,
is invariant under all crystal symmetries. The other three
pairings are odd under inversion. !̂3 is spin-singlet,

whereas !̂2 and !̂4 are interorbital spin-triplet. Among
the odd-parity phases, only the !̂2 phase is TRI and fully
gapped. In addition, the Fermi surface of CuxBi2Se3 only
encloses one TRI momentum k ¼ 0. So according to our
earlier criterion, the !̂2 pairing in the U-V model for
CuxBi2Se3 realizes a topological superconductor phase.

To obtain the phase diagram, we solve the following
linearized gap equations for Tc in each pairing channel:
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R
d" tanhð "2TÞ=" is the standard superconducting sus-

ceptibility, where D0 is density of states at the Fermi
energy. The other susceptibilities !1; . . . ;!4 are reduced
from !0 by various form factors due to the orbital depen-
dence of pairing potentials and Bloch wave functions.
These form factors are crucial for determining Tc of the
competing superconducting channels. A straightforward
calculation shows that
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U=V ¼ 1# 2m2=#2: (12)
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1=3 [18]. When V < 0 the !̂1 phase is stable for U >
m2=#2jVj, whereas for smaller U the system is nonsuper-
conducting. Note that for U ¼ V and m ¼ 0 the
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that a repulsive interaction is required. This arises from the
specific form of spin-orbit coupling in the band structure
(6), which favors !2 pairing. The realistic values of U and
V for CuxBi2Se3 are difficult to estimate. Nonetheless, if
superconductivity is phonon driven, the residual electron
repulsion renormalizes the bare values of U and V.
Therefore it is possible that the weaker interorbital repul-
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by unitary operators shown in the left-hand column in
Table I . We find four different pairing symmetries in the
A1g, A1u, A2u, and Eu representations of theD3d group. The
three A representations are one dimensional and the E
representation is two dimensional. The form of the corre-
sponding pairing order parameter !̂i, i ¼ 1; . . . ; 4, is listed
in the BdG formalism in Table I and shown explicitly:
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!̂2: c1"c2# þ c1#c2";
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!̂4: ðc1"c2"; c1#c2#Þ:

(9)

The symmetry properties of !̂i are shown in Table I. We
pay particular attention to inversion symmetry that inter-
changes orbitals 1 and 2. The spin-singlet pairing !̂1,
which has both intraorbital and interorbital components,
is invariant under all crystal symmetries. The other three
pairings are odd under inversion. !̂3 is spin-singlet,

whereas !̂2 and !̂4 are interorbital spin-triplet. Among
the odd-parity phases, only the !̂2 phase is TRI and fully
gapped. In addition, the Fermi surface of CuxBi2Se3 only
encloses one TRI momentum k ¼ 0. So according to our
earlier criterion, the !̂2 pairing in the U-V model for
CuxBi2Se3 realizes a topological superconductor phase.

To obtain the phase diagram, we solve the following
linearized gap equations for Tc in each pairing channel:
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Here, various !’s are finite temperature superconducting
susceptibilities in different pairing channels. !0 &
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d" tanhð "2TÞ=" is the standard superconducting sus-

ceptibility, where D0 is density of states at the Fermi
energy. The other susceptibilities !1; . . . ;!4 are reduced
from !0 by various form factors due to the orbital depen-
dence of pairing potentials and Bloch wave functions.
These form factors are crucial for determining Tc of the
competing superconducting channels. A straightforward
calculation shows that
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onto the Hilbert space of two degenerate Bloch states at k.
Similarly, !2, !3, and !4 are obtained by replacing $x in
(11) by their corresponding pairing potentials $ysz, $z,
and $ysx (or $ysy). Using the band structureH0, we obtain
the values of !’s: !01 ¼ !0m=#, !1 ¼ !0ðm=#Þ2, !2 ¼
!0ð1#m2=#2Þ, !3 ¼ !4 ¼ 2!2=3. Because !3 < !0 and

!4 < !2, we find that !̂3 always has a lower Tc than !̂1,

and !̂4 lower than !̂2. Only the !̂1 and !̂2 phases appear in
the phase diagram. By calculating their Tc’s from (10), we
obtain the phase boundary:

U=V ¼ 1# 2m2=#2: (12)

Figure 1 shows the highest Tc phase as a function of U
V and

m=#, for positive (attractive) V. The !̂2 pairing phase
dominates in a significant part of the phase diagram.
Note that experimentally it has been estimated thatm=# )
1=3 [18]. When V < 0 the !̂1 phase is stable for U >
m2=#2jVj, whereas for smaller U the system is nonsuper-
conducting. Note that for U ¼ V and m ¼ 0 the
Hamiltonian (8) has an enlarged U(1) chiral symmetry:
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forms !̂1 into !̂2, explaining their degeneracy.
As the phase diagram shows, the spin-triplet !2 phase
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that a repulsive interaction is required. This arises from the
specific form of spin-orbit coupling in the band structure
(6), which favors !2 pairing. The realistic values of U and
V for CuxBi2Se3 are difficult to estimate. Nonetheless, if
superconductivity is phonon driven, the residual electron
repulsion renormalizes the bare values of U and V.
Therefore it is possible that the weaker interorbital repul-
sion leads to V > U.
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Table I . We find four different pairing symmetries in the
A1g, A1u, A2u, and Eu representations of theD3d group. The
three A representations are one dimensional and the E
representation is two dimensional. The form of the corre-
sponding pairing order parameter !̂i, i ¼ 1; . . . ; 4, is listed
in the BdG formalism in Table I and shown explicitly:
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(9)

The symmetry properties of !̂i are shown in Table I. We
pay particular attention to inversion symmetry that inter-
changes orbitals 1 and 2. The spin-singlet pairing !̂1,
which has both intraorbital and interorbital components,
is invariant under all crystal symmetries. The other three
pairings are odd under inversion. !̂3 is spin-singlet,

whereas !̂2 and !̂4 are interorbital spin-triplet. Among
the odd-parity phases, only the !̂2 phase is TRI and fully
gapped. In addition, the Fermi surface of CuxBi2Se3 only
encloses one TRI momentum k ¼ 0. So according to our
earlier criterion, the !̂2 pairing in the U-V model for
CuxBi2Se3 realizes a topological superconductor phase.

To obtain the phase diagram, we solve the following
linearized gap equations for Tc in each pairing channel:
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ceptibility, where D0 is density of states at the Fermi
energy. The other susceptibilities !1; . . . ;!4 are reduced
from !0 by various form factors due to the orbital depen-
dence of pairing potentials and Bloch wave functions.
These form factors are crucial for determining Tc of the
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the phase diagram. By calculating their Tc’s from (10), we
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by unitary operators shown in the left-hand column in
Table I . We find four different pairing symmetries in the
A1g, A1u, A2u, and Eu representations of theD3d group. The
three A representations are one dimensional and the E
representation is two dimensional. The form of the corre-
sponding pairing order parameter !̂i, i ¼ 1; . . . ; 4, is listed
in the BdG formalism in Table I and shown explicitly:

!̂1: c1"c1# þ c2"c2# and c1"c2# # c1#c2";

!̂2: c1"c2# þ c1#c2";

!̂3: c1"c1# # c2"c2#;

!̂4: ðc1"c2"; c1#c2#Þ:

(9)

The symmetry properties of !̂i are shown in Table I. We
pay particular attention to inversion symmetry that inter-
changes orbitals 1 and 2. The spin-singlet pairing !̂1,
which has both intraorbital and interorbital components,
is invariant under all crystal symmetries. The other three
pairings are odd under inversion. !̂3 is spin-singlet,

whereas !̂2 and !̂4 are interorbital spin-triplet. Among
the odd-parity phases, only the !̂2 phase is TRI and fully
gapped. In addition, the Fermi surface of CuxBi2Se3 only
encloses one TRI momentum k ¼ 0. So according to our
earlier criterion, the !̂2 pairing in the U-V model for
CuxBi2Se3 realizes a topological superconductor phase.

To obtain the phase diagram, we solve the following
linearized gap equations for Tc in each pairing channel:

!̂ 1: det
U!0ðTcÞ U!01ðTcÞ
V!01ðTcÞ V!1ðTcÞ

! "
# I

# $
¼ 0;

!̂2;4: V!2;4ðTcÞ ¼ 1; !̂3: U!3ðTcÞ ¼ 1:

(10)

Here, various !’s are finite temperature superconducting
susceptibilities in different pairing channels. !0 &
D0

R
d" tanhð "2TÞ=" is the standard superconducting sus-

ceptibility, where D0 is density of states at the Fermi
energy. The other susceptibilities !1; . . . ;!4 are reduced
from !0 by various form factors due to the orbital depen-
dence of pairing potentials and Bloch wave functions.
These form factors are crucial for determining Tc of the
competing superconducting channels. A straightforward
calculation shows that

!1

!0
¼

Z
dk"ð"k ##ÞTr½$xP k(2=ð2D0Þ; (11)

where P k & P
%¼1;2j&%;kih&%;kj is the projection operator

onto the Hilbert space of two degenerate Bloch states at k.
Similarly, !2, !3, and !4 are obtained by replacing $x in
(11) by their corresponding pairing potentials $ysz, $z,
and $ysx (or $ysy). Using the band structureH0, we obtain
the values of !’s: !01 ¼ !0m=#, !1 ¼ !0ðm=#Þ2, !2 ¼
!0ð1#m2=#2Þ, !3 ¼ !4 ¼ 2!2=3. Because !3 < !0 and

!4 < !2, we find that !̂3 always has a lower Tc than !̂1,

and !̂4 lower than !̂2. Only the !̂1 and !̂2 phases appear in
the phase diagram. By calculating their Tc’s from (10), we
obtain the phase boundary:

U=V ¼ 1# 2m2=#2: (12)

Figure 1 shows the highest Tc phase as a function of U
V and

m=#, for positive (attractive) V. The !̂2 pairing phase
dominates in a significant part of the phase diagram.
Note that experimentally it has been estimated thatm=# )
1=3 [18]. When V < 0 the !̂1 phase is stable for U >
m2=#2jVj, whereas for smaller U the system is nonsuper-
conducting. Note that for U ¼ V and m ¼ 0 the
Hamiltonian (8) has an enlarged U(1) chiral symmetry:
c ! expði'$xszÞc. The transformation at ' ¼ (=4 trans-

forms !̂1 into !̂2, explaining their degeneracy.
As the phase diagram shows, the spin-triplet !2 phase

wins as soon as the interorbital attraction exceeds over the
intraorbital one (V > U), contrary to the naive expectation
that a repulsive interaction is required. This arises from the
specific form of spin-orbit coupling in the band structure
(6), which favors !2 pairing. The realistic values of U and
V for CuxBi2Se3 are difficult to estimate. Nonetheless, if
superconductivity is phonon driven, the residual electron
repulsion renormalizes the bare values of U and V.
Therefore it is possible that the weaker interorbital repul-
sion leads to V > U.

TABLE I. Classification of all k-independent pairing poten-
tials of the two-orbital U-V model according to the representa-
tions of D3d point group

!̂ I and $x $ysz $z ($ysx;$ysy)

Representation A1g A1u A2u Eu

P ¼ $x þ # # (#;#)
C3 ¼ e#isz(=3 z z z (x; y)
M ¼ #isx þ # þ (þ;#)

µ

+

FIG. 1 (color online). Phase diagram of the two-orbital U-V
model, showing the highest Tc phase as a function of m=# and
U=V. The arrow shows the experimental estimate for m=# ’
1=3 [18]. The two phases !̂1 and !̂2 are even and odd under
inversion, respectively. The insets shows schematically that the

Cooper pair wave function in the !̂2 phase consists of two
electrons on the top (1) and bottom (2) of the five-atom unit cell.
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by unitary operators shown in the left-hand column in
Table I . We find four different pairing symmetries in the
A1g, A1u, A2u, and Eu representations of theD3d group. The
three A representations are one dimensional and the E
representation is two dimensional. The form of the corre-
sponding pairing order parameter !̂i, i ¼ 1; . . . ; 4, is listed
in the BdG formalism in Table I and shown explicitly:

!̂1: c1"c1# þ c2"c2# and c1"c2# # c1#c2";

!̂2: c1"c2# þ c1#c2";

!̂3: c1"c1# # c2"c2#;

!̂4: ðc1"c2"; c1#c2#Þ:

(9)

The symmetry properties of !̂i are shown in Table I. We
pay particular attention to inversion symmetry that inter-
changes orbitals 1 and 2. The spin-singlet pairing !̂1,
which has both intraorbital and interorbital components,
is invariant under all crystal symmetries. The other three
pairings are odd under inversion. !̂3 is spin-singlet,

whereas !̂2 and !̂4 are interorbital spin-triplet. Among
the odd-parity phases, only the !̂2 phase is TRI and fully
gapped. In addition, the Fermi surface of CuxBi2Se3 only
encloses one TRI momentum k ¼ 0. So according to our
earlier criterion, the !̂2 pairing in the U-V model for
CuxBi2Se3 realizes a topological superconductor phase.

To obtain the phase diagram, we solve the following
linearized gap equations for Tc in each pairing channel:

!̂ 1: det
U!0ðTcÞ U!01ðTcÞ
V!01ðTcÞ V!1ðTcÞ

! "
# I

# $
¼ 0;

!̂2;4: V!2;4ðTcÞ ¼ 1; !̂3: U!3ðTcÞ ¼ 1:

(10)

Here, various !’s are finite temperature superconducting
susceptibilities in different pairing channels. !0 &
D0

R
d" tanhð "2TÞ=" is the standard superconducting sus-

ceptibility, where D0 is density of states at the Fermi
energy. The other susceptibilities !1; . . . ;!4 are reduced
from !0 by various form factors due to the orbital depen-
dence of pairing potentials and Bloch wave functions.
These form factors are crucial for determining Tc of the
competing superconducting channels. A straightforward
calculation shows that

!1

!0
¼

Z
dk"ð"k ##ÞTr½$xP k(2=ð2D0Þ; (11)

where P k & P
%¼1;2j&%;kih&%;kj is the projection operator

onto the Hilbert space of two degenerate Bloch states at k.
Similarly, !2, !3, and !4 are obtained by replacing $x in
(11) by their corresponding pairing potentials $ysz, $z,
and $ysx (or $ysy). Using the band structureH0, we obtain
the values of !’s: !01 ¼ !0m=#, !1 ¼ !0ðm=#Þ2, !2 ¼
!0ð1#m2=#2Þ, !3 ¼ !4 ¼ 2!2=3. Because !3 < !0 and

!4 < !2, we find that !̂3 always has a lower Tc than !̂1,

and !̂4 lower than !̂2. Only the !̂1 and !̂2 phases appear in
the phase diagram. By calculating their Tc’s from (10), we
obtain the phase boundary:

U=V ¼ 1# 2m2=#2: (12)

Figure 1 shows the highest Tc phase as a function of U
V and

m=#, for positive (attractive) V. The !̂2 pairing phase
dominates in a significant part of the phase diagram.
Note that experimentally it has been estimated thatm=# )
1=3 [18]. When V < 0 the !̂1 phase is stable for U >
m2=#2jVj, whereas for smaller U the system is nonsuper-
conducting. Note that for U ¼ V and m ¼ 0 the
Hamiltonian (8) has an enlarged U(1) chiral symmetry:
c ! expði'$xszÞc. The transformation at ' ¼ (=4 trans-

forms !̂1 into !̂2, explaining their degeneracy.
As the phase diagram shows, the spin-triplet !2 phase

wins as soon as the interorbital attraction exceeds over the
intraorbital one (V > U), contrary to the naive expectation
that a repulsive interaction is required. This arises from the
specific form of spin-orbit coupling in the band structure
(6), which favors !2 pairing. The realistic values of U and
V for CuxBi2Se3 are difficult to estimate. Nonetheless, if
superconductivity is phonon driven, the residual electron
repulsion renormalizes the bare values of U and V.
Therefore it is possible that the weaker interorbital repul-
sion leads to V > U.

TABLE I. Classification of all k-independent pairing poten-
tials of the two-orbital U-V model according to the representa-
tions of D3d point group

!̂ I and $x $ysz $z ($ysx;$ysy)

Representation A1g A1u A2u Eu

P ¼ $x þ # # (#;#)
C3 ¼ e#isz(=3 z z z (x; y)
M ¼ #isx þ # þ (þ;#)

µ

+

FIG. 1 (color online). Phase diagram of the two-orbital U-V
model, showing the highest Tc phase as a function of m=# and
U=V. The arrow shows the experimental estimate for m=# ’
1=3 [18]. The two phases !̂1 and !̂2 are even and odd under
inversion, respectively. The insets shows schematically that the

Cooper pair wave function in the !̂2 phase consists of two
electrons on the top (1) and bottom (2) of the five-atom unit cell.
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by unitary operators shown in the left-hand column in
Table I . We find four different pairing symmetries in the
A1g, A1u, A2u, and Eu representations of theD3d group. The
three A representations are one dimensional and the E
representation is two dimensional. The form of the corre-
sponding pairing order parameter !̂i, i ¼ 1; . . . ; 4, is listed
in the BdG formalism in Table I and shown explicitly:

!̂1: c1"c1# þ c2"c2# and c1"c2# # c1#c2";

!̂2: c1"c2# þ c1#c2";

!̂3: c1"c1# # c2"c2#;

!̂4: ðc1"c2"; c1#c2#Þ:

(9)

The symmetry properties of !̂i are shown in Table I. We
pay particular attention to inversion symmetry that inter-
changes orbitals 1 and 2. The spin-singlet pairing !̂1,
which has both intraorbital and interorbital components,
is invariant under all crystal symmetries. The other three
pairings are odd under inversion. !̂3 is spin-singlet,

whereas !̂2 and !̂4 are interorbital spin-triplet. Among
the odd-parity phases, only the !̂2 phase is TRI and fully
gapped. In addition, the Fermi surface of CuxBi2Se3 only
encloses one TRI momentum k ¼ 0. So according to our
earlier criterion, the !̂2 pairing in the U-V model for
CuxBi2Se3 realizes a topological superconductor phase.

To obtain the phase diagram, we solve the following
linearized gap equations for Tc in each pairing channel:

!̂ 1: det
U!0ðTcÞ U!01ðTcÞ
V!01ðTcÞ V!1ðTcÞ

! "
# I

# $
¼ 0;

!̂2;4: V!2;4ðTcÞ ¼ 1; !̂3: U!3ðTcÞ ¼ 1:

(10)

Here, various !’s are finite temperature superconducting
susceptibilities in different pairing channels. !0 &
D0

R
d" tanhð "2TÞ=" is the standard superconducting sus-

ceptibility, where D0 is density of states at the Fermi
energy. The other susceptibilities !1; . . . ;!4 are reduced
from !0 by various form factors due to the orbital depen-
dence of pairing potentials and Bloch wave functions.
These form factors are crucial for determining Tc of the
competing superconducting channels. A straightforward
calculation shows that

!1

!0
¼

Z
dk"ð"k ##ÞTr½$xP k(2=ð2D0Þ; (11)

where P k & P
%¼1;2j&%;kih&%;kj is the projection operator

onto the Hilbert space of two degenerate Bloch states at k.
Similarly, !2, !3, and !4 are obtained by replacing $x in
(11) by their corresponding pairing potentials $ysz, $z,
and $ysx (or $ysy). Using the band structureH0, we obtain
the values of !’s: !01 ¼ !0m=#, !1 ¼ !0ðm=#Þ2, !2 ¼
!0ð1#m2=#2Þ, !3 ¼ !4 ¼ 2!2=3. Because !3 < !0 and

!4 < !2, we find that !̂3 always has a lower Tc than !̂1,

and !̂4 lower than !̂2. Only the !̂1 and !̂2 phases appear in
the phase diagram. By calculating their Tc’s from (10), we
obtain the phase boundary:

U=V ¼ 1# 2m2=#2: (12)

Figure 1 shows the highest Tc phase as a function of U
V and

m=#, for positive (attractive) V. The !̂2 pairing phase
dominates in a significant part of the phase diagram.
Note that experimentally it has been estimated thatm=# )
1=3 [18]. When V < 0 the !̂1 phase is stable for U >
m2=#2jVj, whereas for smaller U the system is nonsuper-
conducting. Note that for U ¼ V and m ¼ 0 the
Hamiltonian (8) has an enlarged U(1) chiral symmetry:
c ! expði'$xszÞc. The transformation at ' ¼ (=4 trans-

forms !̂1 into !̂2, explaining their degeneracy.
As the phase diagram shows, the spin-triplet !2 phase

wins as soon as the interorbital attraction exceeds over the
intraorbital one (V > U), contrary to the naive expectation
that a repulsive interaction is required. This arises from the
specific form of spin-orbit coupling in the band structure
(6), which favors !2 pairing. The realistic values of U and
V for CuxBi2Se3 are difficult to estimate. Nonetheless, if
superconductivity is phonon driven, the residual electron
repulsion renormalizes the bare values of U and V.
Therefore it is possible that the weaker interorbital repul-
sion leads to V > U.

TABLE I. Classification of all k-independent pairing poten-
tials of the two-orbital U-V model according to the representa-
tions of D3d point group

!̂ I and $x $ysz $z ($ysx;$ysy)

Representation A1g A1u A2u Eu

P ¼ $x þ # # (#;#)
C3 ¼ e#isz(=3 z z z (x; y)
M ¼ #isx þ # þ (þ;#)

µ

+

FIG. 1 (color online). Phase diagram of the two-orbital U-V
model, showing the highest Tc phase as a function of m=# and
U=V. The arrow shows the experimental estimate for m=# ’
1=3 [18]. The two phases !̂1 and !̂2 are even and odd under
inversion, respectively. The insets shows schematically that the

Cooper pair wave function in the !̂2 phase consists of two
electrons on the top (1) and bottom (2) of the five-atom unit cell.
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by unitary operators shown in the left-hand column in
Table I . We find four different pairing symmetries in the
A1g, A1u, A2u, and Eu representations of theD3d group. The
three A representations are one dimensional and the E
representation is two dimensional. The form of the corre-
sponding pairing order parameter !̂i, i ¼ 1; . . . ; 4, is listed
in the BdG formalism in Table I and shown explicitly:

!̂1: c1"c1# þ c2"c2# and c1"c2# # c1#c2";

!̂2: c1"c2# þ c1#c2";

!̂3: c1"c1# # c2"c2#;

!̂4: ðc1"c2"; c1#c2#Þ:

(9)

The symmetry properties of !̂i are shown in Table I. We
pay particular attention to inversion symmetry that inter-
changes orbitals 1 and 2. The spin-singlet pairing !̂1,
which has both intraorbital and interorbital components,
is invariant under all crystal symmetries. The other three
pairings are odd under inversion. !̂3 is spin-singlet,

whereas !̂2 and !̂4 are interorbital spin-triplet. Among
the odd-parity phases, only the !̂2 phase is TRI and fully
gapped. In addition, the Fermi surface of CuxBi2Se3 only
encloses one TRI momentum k ¼ 0. So according to our
earlier criterion, the !̂2 pairing in the U-V model for
CuxBi2Se3 realizes a topological superconductor phase.

To obtain the phase diagram, we solve the following
linearized gap equations for Tc in each pairing channel:

!̂ 1: det
U!0ðTcÞ U!01ðTcÞ
V!01ðTcÞ V!1ðTcÞ

! "
# I

# $
¼ 0;

!̂2;4: V!2;4ðTcÞ ¼ 1; !̂3: U!3ðTcÞ ¼ 1:

(10)

Here, various !’s are finite temperature superconducting
susceptibilities in different pairing channels. !0 &
D0

R
d" tanhð "2TÞ=" is the standard superconducting sus-

ceptibility, where D0 is density of states at the Fermi
energy. The other susceptibilities !1; . . . ;!4 are reduced
from !0 by various form factors due to the orbital depen-
dence of pairing potentials and Bloch wave functions.
These form factors are crucial for determining Tc of the
competing superconducting channels. A straightforward
calculation shows that

!1

!0
¼

Z
dk"ð"k ##ÞTr½$xP k(2=ð2D0Þ; (11)

where P k & P
%¼1;2j&%;kih&%;kj is the projection operator

onto the Hilbert space of two degenerate Bloch states at k.
Similarly, !2, !3, and !4 are obtained by replacing $x in
(11) by their corresponding pairing potentials $ysz, $z,
and $ysx (or $ysy). Using the band structureH0, we obtain
the values of !’s: !01 ¼ !0m=#, !1 ¼ !0ðm=#Þ2, !2 ¼
!0ð1#m2=#2Þ, !3 ¼ !4 ¼ 2!2=3. Because !3 < !0 and

!4 < !2, we find that !̂3 always has a lower Tc than !̂1,

and !̂4 lower than !̂2. Only the !̂1 and !̂2 phases appear in
the phase diagram. By calculating their Tc’s from (10), we
obtain the phase boundary:

U=V ¼ 1# 2m2=#2: (12)

Figure 1 shows the highest Tc phase as a function of U
V and

m=#, for positive (attractive) V. The !̂2 pairing phase
dominates in a significant part of the phase diagram.
Note that experimentally it has been estimated thatm=# )
1=3 [18]. When V < 0 the !̂1 phase is stable for U >
m2=#2jVj, whereas for smaller U the system is nonsuper-
conducting. Note that for U ¼ V and m ¼ 0 the
Hamiltonian (8) has an enlarged U(1) chiral symmetry:
c ! expði'$xszÞc. The transformation at ' ¼ (=4 trans-

forms !̂1 into !̂2, explaining their degeneracy.
As the phase diagram shows, the spin-triplet !2 phase

wins as soon as the interorbital attraction exceeds over the
intraorbital one (V > U), contrary to the naive expectation
that a repulsive interaction is required. This arises from the
specific form of spin-orbit coupling in the band structure
(6), which favors !2 pairing. The realistic values of U and
V for CuxBi2Se3 are difficult to estimate. Nonetheless, if
superconductivity is phonon driven, the residual electron
repulsion renormalizes the bare values of U and V.
Therefore it is possible that the weaker interorbital repul-
sion leads to V > U.

TABLE I. Classification of all k-independent pairing poten-
tials of the two-orbital U-V model according to the representa-
tions of D3d point group

!̂ I and $x $ysz $z ($ysx;$ysy)

Representation A1g A1u A2u Eu

P ¼ $x þ # # (#;#)
C3 ¼ e#isz(=3 z z z (x; y)
M ¼ #isx þ # þ (þ;#)

µ

+

FIG. 1 (color online). Phase diagram of the two-orbital U-V
model, showing the highest Tc phase as a function of m=# and
U=V. The arrow shows the experimental estimate for m=# ’
1=3 [18]. The two phases !̂1 and !̂2 are even and odd under
inversion, respectively. The insets shows schematically that the

Cooper pair wave function in the !̂2 phase consists of two
electrons on the top (1) and bottom (2) of the five-atom unit cell.

PRL 105, 097001 (2010) P HY S I CA L R EV I EW LE T T E R S
week ending

27 AUGUST 2010

097001-3

C3 rotation inversion mirror

+ + +

+ − −

(x, y) (−, −) (+, −)

pairing symmetry

A1g

A1u

Eu

1

2by unitary operators shown in the left-hand column in
Table I . We find four different pairing symmetries in the
A1g, A1u, A2u, and Eu representations of theD3d group. The
three A representations are one dimensional and the E
representation is two dimensional. The form of the corre-
sponding pairing order parameter !̂i, i ¼ 1; . . . ; 4, is listed
in the BdG formalism in Table I and shown explicitly:

!̂1: c1"c1# þ c2"c2# and c1"c2# # c1#c2";

!̂2: c1"c2# þ c1#c2";

!̂3: c1"c1# # c2"c2#;

!̂4: ðc1"c2"; c1#c2#Þ:

(9)

The symmetry properties of !̂i are shown in Table I. We
pay particular attention to inversion symmetry that inter-
changes orbitals 1 and 2. The spin-singlet pairing !̂1,
which has both intraorbital and interorbital components,
is invariant under all crystal symmetries. The other three
pairings are odd under inversion. !̂3 is spin-singlet,

whereas !̂2 and !̂4 are interorbital spin-triplet. Among
the odd-parity phases, only the !̂2 phase is TRI and fully
gapped. In addition, the Fermi surface of CuxBi2Se3 only
encloses one TRI momentum k ¼ 0. So according to our
earlier criterion, the !̂2 pairing in the U-V model for
CuxBi2Se3 realizes a topological superconductor phase.

To obtain the phase diagram, we solve the following
linearized gap equations for Tc in each pairing channel:

!̂ 1: det
U!0ðTcÞ U!01ðTcÞ
V!01ðTcÞ V!1ðTcÞ

! "
# I

# $
¼ 0;

!̂2;4: V!2;4ðTcÞ ¼ 1; !̂3: U!3ðTcÞ ¼ 1:

(10)

Here, various !’s are finite temperature superconducting
susceptibilities in different pairing channels. !0 &
D0

R
d" tanhð "2TÞ=" is the standard superconducting sus-

ceptibility, where D0 is density of states at the Fermi
energy. The other susceptibilities !1; . . . ;!4 are reduced
from !0 by various form factors due to the orbital depen-
dence of pairing potentials and Bloch wave functions.
These form factors are crucial for determining Tc of the
competing superconducting channels. A straightforward
calculation shows that

!1

!0
¼

Z
dk"ð"k ##ÞTr½$xP k(2=ð2D0Þ; (11)

where P k & P
%¼1;2j&%;kih&%;kj is the projection operator

onto the Hilbert space of two degenerate Bloch states at k.
Similarly, !2, !3, and !4 are obtained by replacing $x in
(11) by their corresponding pairing potentials $ysz, $z,
and $ysx (or $ysy). Using the band structureH0, we obtain
the values of !’s: !01 ¼ !0m=#, !1 ¼ !0ðm=#Þ2, !2 ¼
!0ð1#m2=#2Þ, !3 ¼ !4 ¼ 2!2=3. Because !3 < !0 and

!4 < !2, we find that !̂3 always has a lower Tc than !̂1,

and !̂4 lower than !̂2. Only the !̂1 and !̂2 phases appear in
the phase diagram. By calculating their Tc’s from (10), we
obtain the phase boundary:

U=V ¼ 1# 2m2=#2: (12)

Figure 1 shows the highest Tc phase as a function of U
V and

m=#, for positive (attractive) V. The !̂2 pairing phase
dominates in a significant part of the phase diagram.
Note that experimentally it has been estimated thatm=# )
1=3 [18]. When V < 0 the !̂1 phase is stable for U >
m2=#2jVj, whereas for smaller U the system is nonsuper-
conducting. Note that for U ¼ V and m ¼ 0 the
Hamiltonian (8) has an enlarged U(1) chiral symmetry:
c ! expði'$xszÞc. The transformation at ' ¼ (=4 trans-

forms !̂1 into !̂2, explaining their degeneracy.
As the phase diagram shows, the spin-triplet !2 phase

wins as soon as the interorbital attraction exceeds over the
intraorbital one (V > U), contrary to the naive expectation
that a repulsive interaction is required. This arises from the
specific form of spin-orbit coupling in the band structure
(6), which favors !2 pairing. The realistic values of U and
V for CuxBi2Se3 are difficult to estimate. Nonetheless, if
superconductivity is phonon driven, the residual electron
repulsion renormalizes the bare values of U and V.
Therefore it is possible that the weaker interorbital repul-
sion leads to V > U.

TABLE I. Classification of all k-independent pairing poten-
tials of the two-orbital U-V model according to the representa-
tions of D3d point group

!̂ I and $x $ysz $z ($ysx;$ysy)

Representation A1g A1u A2u Eu

P ¼ $x þ # # (#;#)
C3 ¼ e#isz(=3 z z z (x; y)
M ¼ #isx þ # þ (þ;#)

µ

+

FIG. 1 (color online). Phase diagram of the two-orbital U-V
model, showing the highest Tc phase as a function of m=# and
U=V. The arrow shows the experimental estimate for m=# ’
1=3 [18]. The two phases !̂1 and !̂2 are even and odd under
inversion, respectively. The insets shows schematically that the

Cooper pair wave function in the !̂2 phase consists of two
electrons on the top (1) and bottom (2) of the five-atom unit cell.
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by unitary operators shown in the left-hand column in
Table I . We find four different pairing symmetries in the
A1g, A1u, A2u, and Eu representations of theD3d group. The
three A representations are one dimensional and the E
representation is two dimensional. The form of the corre-
sponding pairing order parameter !̂i, i ¼ 1; . . . ; 4, is listed
in the BdG formalism in Table I and shown explicitly:

!̂1: c1"c1# þ c2"c2# and c1"c2# # c1#c2";

!̂2: c1"c2# þ c1#c2";

!̂3: c1"c1# # c2"c2#;

!̂4: ðc1"c2"; c1#c2#Þ:

(9)

The symmetry properties of !̂i are shown in Table I. We
pay particular attention to inversion symmetry that inter-
changes orbitals 1 and 2. The spin-singlet pairing !̂1,
which has both intraorbital and interorbital components,
is invariant under all crystal symmetries. The other three
pairings are odd under inversion. !̂3 is spin-singlet,

whereas !̂2 and !̂4 are interorbital spin-triplet. Among
the odd-parity phases, only the !̂2 phase is TRI and fully
gapped. In addition, the Fermi surface of CuxBi2Se3 only
encloses one TRI momentum k ¼ 0. So according to our
earlier criterion, the !̂2 pairing in the U-V model for
CuxBi2Se3 realizes a topological superconductor phase.

To obtain the phase diagram, we solve the following
linearized gap equations for Tc in each pairing channel:

!̂ 1: det
U!0ðTcÞ U!01ðTcÞ
V!01ðTcÞ V!1ðTcÞ

! "
# I

# $
¼ 0;

!̂2;4: V!2;4ðTcÞ ¼ 1; !̂3: U!3ðTcÞ ¼ 1:

(10)

Here, various !’s are finite temperature superconducting
susceptibilities in different pairing channels. !0 &
D0

R
d" tanhð "2TÞ=" is the standard superconducting sus-

ceptibility, where D0 is density of states at the Fermi
energy. The other susceptibilities !1; . . . ;!4 are reduced
from !0 by various form factors due to the orbital depen-
dence of pairing potentials and Bloch wave functions.
These form factors are crucial for determining Tc of the
competing superconducting channels. A straightforward
calculation shows that

!1

!0
¼

Z
dk"ð"k ##ÞTr½$xP k(2=ð2D0Þ; (11)

where P k & P
%¼1;2j&%;kih&%;kj is the projection operator

onto the Hilbert space of two degenerate Bloch states at k.
Similarly, !2, !3, and !4 are obtained by replacing $x in
(11) by their corresponding pairing potentials $ysz, $z,
and $ysx (or $ysy). Using the band structureH0, we obtain
the values of !’s: !01 ¼ !0m=#, !1 ¼ !0ðm=#Þ2, !2 ¼
!0ð1#m2=#2Þ, !3 ¼ !4 ¼ 2!2=3. Because !3 < !0 and

!4 < !2, we find that !̂3 always has a lower Tc than !̂1,

and !̂4 lower than !̂2. Only the !̂1 and !̂2 phases appear in
the phase diagram. By calculating their Tc’s from (10), we
obtain the phase boundary:

U=V ¼ 1# 2m2=#2: (12)

Figure 1 shows the highest Tc phase as a function of U
V and

m=#, for positive (attractive) V. The !̂2 pairing phase
dominates in a significant part of the phase diagram.
Note that experimentally it has been estimated thatm=# )
1=3 [18]. When V < 0 the !̂1 phase is stable for U >
m2=#2jVj, whereas for smaller U the system is nonsuper-
conducting. Note that for U ¼ V and m ¼ 0 the
Hamiltonian (8) has an enlarged U(1) chiral symmetry:
c ! expði'$xszÞc. The transformation at ' ¼ (=4 trans-

forms !̂1 into !̂2, explaining their degeneracy.
As the phase diagram shows, the spin-triplet !2 phase

wins as soon as the interorbital attraction exceeds over the
intraorbital one (V > U), contrary to the naive expectation
that a repulsive interaction is required. This arises from the
specific form of spin-orbit coupling in the band structure
(6), which favors !2 pairing. The realistic values of U and
V for CuxBi2Se3 are difficult to estimate. Nonetheless, if
superconductivity is phonon driven, the residual electron
repulsion renormalizes the bare values of U and V.
Therefore it is possible that the weaker interorbital repul-
sion leads to V > U.

TABLE I. Classification of all k-independent pairing poten-
tials of the two-orbital U-V model according to the representa-
tions of D3d point group

!̂ I and $x $ysz $z ($ysx;$ysy)

Representation A1g A1u A2u Eu

P ¼ $x þ # # (#;#)
C3 ¼ e#isz(=3 z z z (x; y)
M ¼ #isx þ # þ (þ;#)

µ

+

FIG. 1 (color online). Phase diagram of the two-orbital U-V
model, showing the highest Tc phase as a function of m=# and
U=V. The arrow shows the experimental estimate for m=# ’
1=3 [18]. The two phases !̂1 and !̂2 are even and odd under
inversion, respectively. The insets shows schematically that the

Cooper pair wave function in the !̂2 phase consists of two
electrons on the top (1) and bottom (2) of the five-atom unit cell.
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Pairing order parameter (on-site):

  classified by representation of D3d point group  •
  even- and odd-parity under inversion (1↔2)•

by unitary operators shown in the left-hand column in
Table I . We find four different pairing symmetries in the
A1g, A1u, A2u, and Eu representations of theD3d group. The
three A representations are one dimensional and the E
representation is two dimensional. The form of the corre-
sponding pairing order parameter !̂i, i ¼ 1; . . . ; 4, is listed
in the BdG formalism in Table I and shown explicitly:

!̂1: c1"c1# þ c2"c2# and c1"c2# # c1#c2";

!̂2: c1"c2# þ c1#c2";

!̂3: c1"c1# # c2"c2#;

!̂4: ðc1"c2"; c1#c2#Þ:

(9)

The symmetry properties of !̂i are shown in Table I. We
pay particular attention to inversion symmetry that inter-
changes orbitals 1 and 2. The spin-singlet pairing !̂1,
which has both intraorbital and interorbital components,
is invariant under all crystal symmetries. The other three
pairings are odd under inversion. !̂3 is spin-singlet,

whereas !̂2 and !̂4 are interorbital spin-triplet. Among
the odd-parity phases, only the !̂2 phase is TRI and fully
gapped. In addition, the Fermi surface of CuxBi2Se3 only
encloses one TRI momentum k ¼ 0. So according to our
earlier criterion, the !̂2 pairing in the U-V model for
CuxBi2Se3 realizes a topological superconductor phase.

To obtain the phase diagram, we solve the following
linearized gap equations for Tc in each pairing channel:

!̂ 1: det
U!0ðTcÞ U!01ðTcÞ
V!01ðTcÞ V!1ðTcÞ

! "
# I

# $
¼ 0;

!̂2;4: V!2;4ðTcÞ ¼ 1; !̂3: U!3ðTcÞ ¼ 1:

(10)

Here, various !’s are finite temperature superconducting
susceptibilities in different pairing channels. !0 &
D0

R
d" tanhð "2TÞ=" is the standard superconducting sus-

ceptibility, where D0 is density of states at the Fermi
energy. The other susceptibilities !1; . . . ;!4 are reduced
from !0 by various form factors due to the orbital depen-
dence of pairing potentials and Bloch wave functions.
These form factors are crucial for determining Tc of the
competing superconducting channels. A straightforward
calculation shows that

!1

!0
¼

Z
dk"ð"k ##ÞTr½$xP k(2=ð2D0Þ; (11)

where P k & P
%¼1;2j&%;kih&%;kj is the projection operator

onto the Hilbert space of two degenerate Bloch states at k.
Similarly, !2, !3, and !4 are obtained by replacing $x in
(11) by their corresponding pairing potentials $ysz, $z,
and $ysx (or $ysy). Using the band structureH0, we obtain
the values of !’s: !01 ¼ !0m=#, !1 ¼ !0ðm=#Þ2, !2 ¼
!0ð1#m2=#2Þ, !3 ¼ !4 ¼ 2!2=3. Because !3 < !0 and

!4 < !2, we find that !̂3 always has a lower Tc than !̂1,

and !̂4 lower than !̂2. Only the !̂1 and !̂2 phases appear in
the phase diagram. By calculating their Tc’s from (10), we
obtain the phase boundary:

U=V ¼ 1# 2m2=#2: (12)

Figure 1 shows the highest Tc phase as a function of U
V and

m=#, for positive (attractive) V. The !̂2 pairing phase
dominates in a significant part of the phase diagram.
Note that experimentally it has been estimated thatm=# )
1=3 [18]. When V < 0 the !̂1 phase is stable for U >
m2=#2jVj, whereas for smaller U the system is nonsuper-
conducting. Note that for U ¼ V and m ¼ 0 the
Hamiltonian (8) has an enlarged U(1) chiral symmetry:
c ! expði'$xszÞc. The transformation at ' ¼ (=4 trans-

forms !̂1 into !̂2, explaining their degeneracy.
As the phase diagram shows, the spin-triplet !2 phase

wins as soon as the interorbital attraction exceeds over the
intraorbital one (V > U), contrary to the naive expectation
that a repulsive interaction is required. This arises from the
specific form of spin-orbit coupling in the band structure
(6), which favors !2 pairing. The realistic values of U and
V for CuxBi2Se3 are difficult to estimate. Nonetheless, if
superconductivity is phonon driven, the residual electron
repulsion renormalizes the bare values of U and V.
Therefore it is possible that the weaker interorbital repul-
sion leads to V > U.

TABLE I. Classification of all k-independent pairing poten-
tials of the two-orbital U-V model according to the representa-
tions of D3d point group

!̂ I and $x $ysz $z ($ysx;$ysy)

Representation A1g A1u A2u Eu

P ¼ $x þ # # (#;#)
C3 ¼ e#isz(=3 z z z (x; y)
M ¼ #isx þ # þ (þ;#)

µ

+

FIG. 1 (color online). Phase diagram of the two-orbital U-V
model, showing the highest Tc phase as a function of m=# and
U=V. The arrow shows the experimental estimate for m=# ’
1=3 [18]. The two phases !̂1 and !̂2 are even and odd under
inversion, respectively. The insets shows schematically that the

Cooper pair wave function in the !̂2 phase consists of two
electrons on the top (1) and bottom (2) of the five-atom unit cell.
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by unitary operators shown in the left-hand column in
Table I . We find four different pairing symmetries in the
A1g, A1u, A2u, and Eu representations of theD3d group. The
three A representations are one dimensional and the E
representation is two dimensional. The form of the corre-
sponding pairing order parameter !̂i, i ¼ 1; . . . ; 4, is listed
in the BdG formalism in Table I and shown explicitly:

!̂1: c1"c1# þ c2"c2# and c1"c2# # c1#c2";

!̂2: c1"c2# þ c1#c2";

!̂3: c1"c1# # c2"c2#;

!̂4: ðc1"c2"; c1#c2#Þ:

(9)

The symmetry properties of !̂i are shown in Table I. We
pay particular attention to inversion symmetry that inter-
changes orbitals 1 and 2. The spin-singlet pairing !̂1,
which has both intraorbital and interorbital components,
is invariant under all crystal symmetries. The other three
pairings are odd under inversion. !̂3 is spin-singlet,

whereas !̂2 and !̂4 are interorbital spin-triplet. Among
the odd-parity phases, only the !̂2 phase is TRI and fully
gapped. In addition, the Fermi surface of CuxBi2Se3 only
encloses one TRI momentum k ¼ 0. So according to our
earlier criterion, the !̂2 pairing in the U-V model for
CuxBi2Se3 realizes a topological superconductor phase.

To obtain the phase diagram, we solve the following
linearized gap equations for Tc in each pairing channel:

!̂ 1: det
U!0ðTcÞ U!01ðTcÞ
V!01ðTcÞ V!1ðTcÞ

! "
# I

# $
¼ 0;

!̂2;4: V!2;4ðTcÞ ¼ 1; !̂3: U!3ðTcÞ ¼ 1:

(10)

Here, various !’s are finite temperature superconducting
susceptibilities in different pairing channels. !0 &
D0

R
d" tanhð "2TÞ=" is the standard superconducting sus-

ceptibility, where D0 is density of states at the Fermi
energy. The other susceptibilities !1; . . . ;!4 are reduced
from !0 by various form factors due to the orbital depen-
dence of pairing potentials and Bloch wave functions.
These form factors are crucial for determining Tc of the
competing superconducting channels. A straightforward
calculation shows that

!1

!0
¼

Z
dk"ð"k ##ÞTr½$xP k(2=ð2D0Þ; (11)

where P k & P
%¼1;2j&%;kih&%;kj is the projection operator

onto the Hilbert space of two degenerate Bloch states at k.
Similarly, !2, !3, and !4 are obtained by replacing $x in
(11) by their corresponding pairing potentials $ysz, $z,
and $ysx (or $ysy). Using the band structureH0, we obtain
the values of !’s: !01 ¼ !0m=#, !1 ¼ !0ðm=#Þ2, !2 ¼
!0ð1#m2=#2Þ, !3 ¼ !4 ¼ 2!2=3. Because !3 < !0 and

!4 < !2, we find that !̂3 always has a lower Tc than !̂1,

and !̂4 lower than !̂2. Only the !̂1 and !̂2 phases appear in
the phase diagram. By calculating their Tc’s from (10), we
obtain the phase boundary:

U=V ¼ 1# 2m2=#2: (12)

Figure 1 shows the highest Tc phase as a function of U
V and

m=#, for positive (attractive) V. The !̂2 pairing phase
dominates in a significant part of the phase diagram.
Note that experimentally it has been estimated thatm=# )
1=3 [18]. When V < 0 the !̂1 phase is stable for U >
m2=#2jVj, whereas for smaller U the system is nonsuper-
conducting. Note that for U ¼ V and m ¼ 0 the
Hamiltonian (8) has an enlarged U(1) chiral symmetry:
c ! expði'$xszÞc. The transformation at ' ¼ (=4 trans-

forms !̂1 into !̂2, explaining their degeneracy.
As the phase diagram shows, the spin-triplet !2 phase

wins as soon as the interorbital attraction exceeds over the
intraorbital one (V > U), contrary to the naive expectation
that a repulsive interaction is required. This arises from the
specific form of spin-orbit coupling in the band structure
(6), which favors !2 pairing. The realistic values of U and
V for CuxBi2Se3 are difficult to estimate. Nonetheless, if
superconductivity is phonon driven, the residual electron
repulsion renormalizes the bare values of U and V.
Therefore it is possible that the weaker interorbital repul-
sion leads to V > U.

TABLE I. Classification of all k-independent pairing poten-
tials of the two-orbital U-V model according to the representa-
tions of D3d point group

!̂ I and $x $ysz $z ($ysx;$ysy)

Representation A1g A1u A2u Eu

P ¼ $x þ # # (#;#)
C3 ¼ e#isz(=3 z z z (x; y)
M ¼ #isx þ # þ (þ;#)

µ

+

FIG. 1 (color online). Phase diagram of the two-orbital U-V
model, showing the highest Tc phase as a function of m=# and
U=V. The arrow shows the experimental estimate for m=# ’
1=3 [18]. The two phases !̂1 and !̂2 are even and odd under
inversion, respectively. The insets shows schematically that the

Cooper pair wave function in the !̂2 phase consists of two
electrons on the top (1) and bottom (2) of the five-atom unit cell.
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by unitary operators shown in the left-hand column in
Table I . We find four different pairing symmetries in the
A1g, A1u, A2u, and Eu representations of theD3d group. The
three A representations are one dimensional and the E
representation is two dimensional. The form of the corre-
sponding pairing order parameter !̂i, i ¼ 1; . . . ; 4, is listed
in the BdG formalism in Table I and shown explicitly:

!̂1: c1"c1# þ c2"c2# and c1"c2# # c1#c2";

!̂2: c1"c2# þ c1#c2";

!̂3: c1"c1# # c2"c2#;

!̂4: ðc1"c2"; c1#c2#Þ:

(9)

The symmetry properties of !̂i are shown in Table I. We
pay particular attention to inversion symmetry that inter-
changes orbitals 1 and 2. The spin-singlet pairing !̂1,
which has both intraorbital and interorbital components,
is invariant under all crystal symmetries. The other three
pairings are odd under inversion. !̂3 is spin-singlet,

whereas !̂2 and !̂4 are interorbital spin-triplet. Among
the odd-parity phases, only the !̂2 phase is TRI and fully
gapped. In addition, the Fermi surface of CuxBi2Se3 only
encloses one TRI momentum k ¼ 0. So according to our
earlier criterion, the !̂2 pairing in the U-V model for
CuxBi2Se3 realizes a topological superconductor phase.

To obtain the phase diagram, we solve the following
linearized gap equations for Tc in each pairing channel:

!̂ 1: det
U!0ðTcÞ U!01ðTcÞ
V!01ðTcÞ V!1ðTcÞ

! "
# I

# $
¼ 0;

!̂2;4: V!2;4ðTcÞ ¼ 1; !̂3: U!3ðTcÞ ¼ 1:

(10)

Here, various !’s are finite temperature superconducting
susceptibilities in different pairing channels. !0 &
D0

R
d" tanhð "2TÞ=" is the standard superconducting sus-

ceptibility, where D0 is density of states at the Fermi
energy. The other susceptibilities !1; . . . ;!4 are reduced
from !0 by various form factors due to the orbital depen-
dence of pairing potentials and Bloch wave functions.
These form factors are crucial for determining Tc of the
competing superconducting channels. A straightforward
calculation shows that

!1

!0
¼

Z
dk"ð"k ##ÞTr½$xP k(2=ð2D0Þ; (11)

where P k & P
%¼1;2j&%;kih&%;kj is the projection operator

onto the Hilbert space of two degenerate Bloch states at k.
Similarly, !2, !3, and !4 are obtained by replacing $x in
(11) by their corresponding pairing potentials $ysz, $z,
and $ysx (or $ysy). Using the band structureH0, we obtain
the values of !’s: !01 ¼ !0m=#, !1 ¼ !0ðm=#Þ2, !2 ¼
!0ð1#m2=#2Þ, !3 ¼ !4 ¼ 2!2=3. Because !3 < !0 and

!4 < !2, we find that !̂3 always has a lower Tc than !̂1,

and !̂4 lower than !̂2. Only the !̂1 and !̂2 phases appear in
the phase diagram. By calculating their Tc’s from (10), we
obtain the phase boundary:

U=V ¼ 1# 2m2=#2: (12)

Figure 1 shows the highest Tc phase as a function of U
V and

m=#, for positive (attractive) V. The !̂2 pairing phase
dominates in a significant part of the phase diagram.
Note that experimentally it has been estimated thatm=# )
1=3 [18]. When V < 0 the !̂1 phase is stable for U >
m2=#2jVj, whereas for smaller U the system is nonsuper-
conducting. Note that for U ¼ V and m ¼ 0 the
Hamiltonian (8) has an enlarged U(1) chiral symmetry:
c ! expði'$xszÞc. The transformation at ' ¼ (=4 trans-

forms !̂1 into !̂2, explaining their degeneracy.
As the phase diagram shows, the spin-triplet !2 phase

wins as soon as the interorbital attraction exceeds over the
intraorbital one (V > U), contrary to the naive expectation
that a repulsive interaction is required. This arises from the
specific form of spin-orbit coupling in the band structure
(6), which favors !2 pairing. The realistic values of U and
V for CuxBi2Se3 are difficult to estimate. Nonetheless, if
superconductivity is phonon driven, the residual electron
repulsion renormalizes the bare values of U and V.
Therefore it is possible that the weaker interorbital repul-
sion leads to V > U.

TABLE I. Classification of all k-independent pairing poten-
tials of the two-orbital U-V model according to the representa-
tions of D3d point group

!̂ I and $x $ysz $z ($ysx;$ysy)

Representation A1g A1u A2u Eu

P ¼ $x þ # # (#;#)
C3 ¼ e#isz(=3 z z z (x; y)
M ¼ #isx þ # þ (þ;#)

µ

+

FIG. 1 (color online). Phase diagram of the two-orbital U-V
model, showing the highest Tc phase as a function of m=# and
U=V. The arrow shows the experimental estimate for m=# ’
1=3 [18]. The two phases !̂1 and !̂2 are even and odd under
inversion, respectively. The insets shows schematically that the

Cooper pair wave function in the !̂2 phase consists of two
electrons on the top (1) and bottom (2) of the five-atom unit cell.
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2by unitary operators shown in the left-hand column in
Table I . We find four different pairing symmetries in the
A1g, A1u, A2u, and Eu representations of theD3d group. The
three A representations are one dimensional and the E
representation is two dimensional. The form of the corre-
sponding pairing order parameter !̂i, i ¼ 1; . . . ; 4, is listed
in the BdG formalism in Table I and shown explicitly:

!̂1: c1"c1# þ c2"c2# and c1"c2# # c1#c2";

!̂2: c1"c2# þ c1#c2";

!̂3: c1"c1# # c2"c2#;

!̂4: ðc1"c2"; c1#c2#Þ:

(9)

The symmetry properties of !̂i are shown in Table I. We
pay particular attention to inversion symmetry that inter-
changes orbitals 1 and 2. The spin-singlet pairing !̂1,
which has both intraorbital and interorbital components,
is invariant under all crystal symmetries. The other three
pairings are odd under inversion. !̂3 is spin-singlet,

whereas !̂2 and !̂4 are interorbital spin-triplet. Among
the odd-parity phases, only the !̂2 phase is TRI and fully
gapped. In addition, the Fermi surface of CuxBi2Se3 only
encloses one TRI momentum k ¼ 0. So according to our
earlier criterion, the !̂2 pairing in the U-V model for
CuxBi2Se3 realizes a topological superconductor phase.

To obtain the phase diagram, we solve the following
linearized gap equations for Tc in each pairing channel:

!̂ 1: det
U!0ðTcÞ U!01ðTcÞ
V!01ðTcÞ V!1ðTcÞ

! "
# I

# $
¼ 0;

!̂2;4: V!2;4ðTcÞ ¼ 1; !̂3: U!3ðTcÞ ¼ 1:

(10)

Here, various !’s are finite temperature superconducting
susceptibilities in different pairing channels. !0 &
D0

R
d" tanhð "2TÞ=" is the standard superconducting sus-

ceptibility, where D0 is density of states at the Fermi
energy. The other susceptibilities !1; . . . ;!4 are reduced
from !0 by various form factors due to the orbital depen-
dence of pairing potentials and Bloch wave functions.
These form factors are crucial for determining Tc of the
competing superconducting channels. A straightforward
calculation shows that

!1

!0
¼

Z
dk"ð"k ##ÞTr½$xP k(2=ð2D0Þ; (11)

where P k & P
%¼1;2j&%;kih&%;kj is the projection operator

onto the Hilbert space of two degenerate Bloch states at k.
Similarly, !2, !3, and !4 are obtained by replacing $x in
(11) by their corresponding pairing potentials $ysz, $z,
and $ysx (or $ysy). Using the band structureH0, we obtain
the values of !’s: !01 ¼ !0m=#, !1 ¼ !0ðm=#Þ2, !2 ¼
!0ð1#m2=#2Þ, !3 ¼ !4 ¼ 2!2=3. Because !3 < !0 and

!4 < !2, we find that !̂3 always has a lower Tc than !̂1,

and !̂4 lower than !̂2. Only the !̂1 and !̂2 phases appear in
the phase diagram. By calculating their Tc’s from (10), we
obtain the phase boundary:

U=V ¼ 1# 2m2=#2: (12)

Figure 1 shows the highest Tc phase as a function of U
V and

m=#, for positive (attractive) V. The !̂2 pairing phase
dominates in a significant part of the phase diagram.
Note that experimentally it has been estimated thatm=# )
1=3 [18]. When V < 0 the !̂1 phase is stable for U >
m2=#2jVj, whereas for smaller U the system is nonsuper-
conducting. Note that for U ¼ V and m ¼ 0 the
Hamiltonian (8) has an enlarged U(1) chiral symmetry:
c ! expði'$xszÞc. The transformation at ' ¼ (=4 trans-

forms !̂1 into !̂2, explaining their degeneracy.
As the phase diagram shows, the spin-triplet !2 phase

wins as soon as the interorbital attraction exceeds over the
intraorbital one (V > U), contrary to the naive expectation
that a repulsive interaction is required. This arises from the
specific form of spin-orbit coupling in the band structure
(6), which favors !2 pairing. The realistic values of U and
V for CuxBi2Se3 are difficult to estimate. Nonetheless, if
superconductivity is phonon driven, the residual electron
repulsion renormalizes the bare values of U and V.
Therefore it is possible that the weaker interorbital repul-
sion leads to V > U.

TABLE I. Classification of all k-independent pairing poten-
tials of the two-orbital U-V model according to the representa-
tions of D3d point group

!̂ I and $x $ysz $z ($ysx;$ysy)
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P ¼ $x þ # # (#;#)
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FIG. 1 (color online). Phase diagram of the two-orbital U-V
model, showing the highest Tc phase as a function of m=# and
U=V. The arrow shows the experimental estimate for m=# ’
1=3 [18]. The two phases !̂1 and !̂2 are even and odd under
inversion, respectively. The insets shows schematically that the

Cooper pair wave function in the !̂2 phase consists of two
electrons on the top (1) and bottom (2) of the five-atom unit cell.
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by unitary operators shown in the left-hand column in
Table I . We find four different pairing symmetries in the
A1g, A1u, A2u, and Eu representations of theD3d group. The
three A representations are one dimensional and the E
representation is two dimensional. The form of the corre-
sponding pairing order parameter !̂i, i ¼ 1; . . . ; 4, is listed
in the BdG formalism in Table I and shown explicitly:

!̂1: c1"c1# þ c2"c2# and c1"c2# # c1#c2";

!̂2: c1"c2# þ c1#c2";

!̂3: c1"c1# # c2"c2#;

!̂4: ðc1"c2"; c1#c2#Þ:

(9)

The symmetry properties of !̂i are shown in Table I. We
pay particular attention to inversion symmetry that inter-
changes orbitals 1 and 2. The spin-singlet pairing !̂1,
which has both intraorbital and interorbital components,
is invariant under all crystal symmetries. The other three
pairings are odd under inversion. !̂3 is spin-singlet,

whereas !̂2 and !̂4 are interorbital spin-triplet. Among
the odd-parity phases, only the !̂2 phase is TRI and fully
gapped. In addition, the Fermi surface of CuxBi2Se3 only
encloses one TRI momentum k ¼ 0. So according to our
earlier criterion, the !̂2 pairing in the U-V model for
CuxBi2Se3 realizes a topological superconductor phase.

To obtain the phase diagram, we solve the following
linearized gap equations for Tc in each pairing channel:

!̂ 1: det
U!0ðTcÞ U!01ðTcÞ
V!01ðTcÞ V!1ðTcÞ

! "
# I

# $
¼ 0;

!̂2;4: V!2;4ðTcÞ ¼ 1; !̂3: U!3ðTcÞ ¼ 1:

(10)

Here, various !’s are finite temperature superconducting
susceptibilities in different pairing channels. !0 &
D0

R
d" tanhð "2TÞ=" is the standard superconducting sus-

ceptibility, where D0 is density of states at the Fermi
energy. The other susceptibilities !1; . . . ;!4 are reduced
from !0 by various form factors due to the orbital depen-
dence of pairing potentials and Bloch wave functions.
These form factors are crucial for determining Tc of the
competing superconducting channels. A straightforward
calculation shows that

!1

!0
¼

Z
dk"ð"k ##ÞTr½$xP k(2=ð2D0Þ; (11)

where P k & P
%¼1;2j&%;kih&%;kj is the projection operator

onto the Hilbert space of two degenerate Bloch states at k.
Similarly, !2, !3, and !4 are obtained by replacing $x in
(11) by their corresponding pairing potentials $ysz, $z,
and $ysx (or $ysy). Using the band structureH0, we obtain
the values of !’s: !01 ¼ !0m=#, !1 ¼ !0ðm=#Þ2, !2 ¼
!0ð1#m2=#2Þ, !3 ¼ !4 ¼ 2!2=3. Because !3 < !0 and

!4 < !2, we find that !̂3 always has a lower Tc than !̂1,

and !̂4 lower than !̂2. Only the !̂1 and !̂2 phases appear in
the phase diagram. By calculating their Tc’s from (10), we
obtain the phase boundary:

U=V ¼ 1# 2m2=#2: (12)

Figure 1 shows the highest Tc phase as a function of U
V and

m=#, for positive (attractive) V. The !̂2 pairing phase
dominates in a significant part of the phase diagram.
Note that experimentally it has been estimated thatm=# )
1=3 [18]. When V < 0 the !̂1 phase is stable for U >
m2=#2jVj, whereas for smaller U the system is nonsuper-
conducting. Note that for U ¼ V and m ¼ 0 the
Hamiltonian (8) has an enlarged U(1) chiral symmetry:
c ! expði'$xszÞc. The transformation at ' ¼ (=4 trans-

forms !̂1 into !̂2, explaining their degeneracy.
As the phase diagram shows, the spin-triplet !2 phase

wins as soon as the interorbital attraction exceeds over the
intraorbital one (V > U), contrary to the naive expectation
that a repulsive interaction is required. This arises from the
specific form of spin-orbit coupling in the band structure
(6), which favors !2 pairing. The realistic values of U and
V for CuxBi2Se3 are difficult to estimate. Nonetheless, if
superconductivity is phonon driven, the residual electron
repulsion renormalizes the bare values of U and V.
Therefore it is possible that the weaker interorbital repul-
sion leads to V > U.

TABLE I. Classification of all k-independent pairing poten-
tials of the two-orbital U-V model according to the representa-
tions of D3d point group

!̂ I and $x $ysz $z ($ysx;$ysy)

Representation A1g A1u A2u Eu

P ¼ $x þ # # (#;#)
C3 ¼ e#isz(=3 z z z (x; y)
M ¼ #isx þ # þ (þ;#)
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FIG. 1 (color online). Phase diagram of the two-orbital U-V
model, showing the highest Tc phase as a function of m=# and
U=V. The arrow shows the experimental estimate for m=# ’
1=3 [18]. The two phases !̂1 and !̂2 are even and odd under
inversion, respectively. The insets shows schematically that the

Cooper pair wave function in the !̂2 phase consists of two
electrons on the top (1) and bottom (2) of the five-atom unit cell.

PRL 105, 097001 (2010) P HY S I CA L R EV I EW LE T T E R S
week ending

27 AUGUST 2010

097001-3

+ − +A2u

full

Classification of Paring Symmetry

Pairing order parameter (on-site): 

•  classified by representation of D3d point group  

•  even- and odd-parity under inversion (1↔2)

by unitary operators shown in the left-hand column in
Table I . We find four different pairing symmetries in the
A1g, A1u, A2u, and Eu representations of theD3d group. The
three A representations are one dimensional and the E
representation is two dimensional. The form of the corre-
sponding pairing order parameter !̂i, i ¼ 1; . . . ; 4, is listed
in the BdG formalism in Table I and shown explicitly:

!̂1: c1"c1# þ c2"c2# and c1"c2# # c1#c2";

!̂2: c1"c2# þ c1#c2";

!̂3: c1"c1# # c2"c2#;

!̂4: ðc1"c2"; c1#c2#Þ:

(9)

The symmetry properties of !̂i are shown in Table I. We
pay particular attention to inversion symmetry that inter-
changes orbitals 1 and 2. The spin-singlet pairing !̂1,
which has both intraorbital and interorbital components,
is invariant under all crystal symmetries. The other three
pairings are odd under inversion. !̂3 is spin-singlet,

whereas !̂2 and !̂4 are interorbital spin-triplet. Among
the odd-parity phases, only the !̂2 phase is TRI and fully
gapped. In addition, the Fermi surface of CuxBi2Se3 only
encloses one TRI momentum k ¼ 0. So according to our
earlier criterion, the !̂2 pairing in the U-V model for
CuxBi2Se3 realizes a topological superconductor phase.

To obtain the phase diagram, we solve the following
linearized gap equations for Tc in each pairing channel:

!̂ 1: det
U!0ðTcÞ U!01ðTcÞ
V!01ðTcÞ V!1ðTcÞ

! "
# I

# $
¼ 0;

!̂2;4: V!2;4ðTcÞ ¼ 1; !̂3: U!3ðTcÞ ¼ 1:

(10)

Here, various !’s are finite temperature superconducting
susceptibilities in different pairing channels. !0 &
D0

R
d" tanhð "2TÞ=" is the standard superconducting sus-

ceptibility, where D0 is density of states at the Fermi
energy. The other susceptibilities !1; . . . ;!4 are reduced
from !0 by various form factors due to the orbital depen-
dence of pairing potentials and Bloch wave functions.
These form factors are crucial for determining Tc of the
competing superconducting channels. A straightforward
calculation shows that

!1

!0
¼

Z
dk"ð"k ##ÞTr½$xP k(2=ð2D0Þ; (11)

where P k & P
%¼1;2j&%;kih&%;kj is the projection operator

onto the Hilbert space of two degenerate Bloch states at k.
Similarly, !2, !3, and !4 are obtained by replacing $x in
(11) by their corresponding pairing potentials $ysz, $z,
and $ysx (or $ysy). Using the band structureH0, we obtain
the values of !’s: !01 ¼ !0m=#, !1 ¼ !0ðm=#Þ2, !2 ¼
!0ð1#m2=#2Þ, !3 ¼ !4 ¼ 2!2=3. Because !3 < !0 and

!4 < !2, we find that !̂3 always has a lower Tc than !̂1,

and !̂4 lower than !̂2. Only the !̂1 and !̂2 phases appear in
the phase diagram. By calculating their Tc’s from (10), we
obtain the phase boundary:

U=V ¼ 1# 2m2=#2: (12)

Figure 1 shows the highest Tc phase as a function of U
V and

m=#, for positive (attractive) V. The !̂2 pairing phase
dominates in a significant part of the phase diagram.
Note that experimentally it has been estimated thatm=# )
1=3 [18]. When V < 0 the !̂1 phase is stable for U >
m2=#2jVj, whereas for smaller U the system is nonsuper-
conducting. Note that for U ¼ V and m ¼ 0 the
Hamiltonian (8) has an enlarged U(1) chiral symmetry:
c ! expði'$xszÞc. The transformation at ' ¼ (=4 trans-

forms !̂1 into !̂2, explaining their degeneracy.
As the phase diagram shows, the spin-triplet !2 phase

wins as soon as the interorbital attraction exceeds over the
intraorbital one (V > U), contrary to the naive expectation
that a repulsive interaction is required. This arises from the
specific form of spin-orbit coupling in the band structure
(6), which favors !2 pairing. The realistic values of U and
V for CuxBi2Se3 are difficult to estimate. Nonetheless, if
superconductivity is phonon driven, the residual electron
repulsion renormalizes the bare values of U and V.
Therefore it is possible that the weaker interorbital repul-
sion leads to V > U.

TABLE I. Classification of all k-independent pairing poten-
tials of the two-orbital U-V model according to the representa-
tions of D3d point group

!̂ I and $x $ysz $z ($ysx;$ysy)

Representation A1g A1u A2u Eu

P ¼ $x þ # # (#;#)
C3 ¼ e#isz(=3 z z z (x; y)
M ¼ #isx þ # þ (þ;#)

µ
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FIG. 1 (color online). Phase diagram of the two-orbital U-V
model, showing the highest Tc phase as a function of m=# and
U=V. The arrow shows the experimental estimate for m=# ’
1=3 [18]. The two phases !̂1 and !̂2 are even and odd under
inversion, respectively. The insets shows schematically that the

Cooper pair wave function in the !̂2 phase consists of two
electrons on the top (1) and bottom (2) of the five-atom unit cell.
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by unitary operators shown in the left-hand column in
Table I . We find four different pairing symmetries in the
A1g, A1u, A2u, and Eu representations of theD3d group. The
three A representations are one dimensional and the E
representation is two dimensional. The form of the corre-
sponding pairing order parameter !̂i, i ¼ 1; . . . ; 4, is listed
in the BdG formalism in Table I and shown explicitly:

!̂1: c1"c1# þ c2"c2# and c1"c2# # c1#c2";

!̂2: c1"c2# þ c1#c2";

!̂3: c1"c1# # c2"c2#;

!̂4: ðc1"c2"; c1#c2#Þ:

(9)

The symmetry properties of !̂i are shown in Table I. We
pay particular attention to inversion symmetry that inter-
changes orbitals 1 and 2. The spin-singlet pairing !̂1,
which has both intraorbital and interorbital components,
is invariant under all crystal symmetries. The other three
pairings are odd under inversion. !̂3 is spin-singlet,

whereas !̂2 and !̂4 are interorbital spin-triplet. Among
the odd-parity phases, only the !̂2 phase is TRI and fully
gapped. In addition, the Fermi surface of CuxBi2Se3 only
encloses one TRI momentum k ¼ 0. So according to our
earlier criterion, the !̂2 pairing in the U-V model for
CuxBi2Se3 realizes a topological superconductor phase.

To obtain the phase diagram, we solve the following
linearized gap equations for Tc in each pairing channel:

!̂ 1: det
U!0ðTcÞ U!01ðTcÞ
V!01ðTcÞ V!1ðTcÞ

! "
# I

# $
¼ 0;

!̂2;4: V!2;4ðTcÞ ¼ 1; !̂3: U!3ðTcÞ ¼ 1:

(10)

Here, various !’s are finite temperature superconducting
susceptibilities in different pairing channels. !0 &
D0

R
d" tanhð "2TÞ=" is the standard superconducting sus-

ceptibility, where D0 is density of states at the Fermi
energy. The other susceptibilities !1; . . . ;!4 are reduced
from !0 by various form factors due to the orbital depen-
dence of pairing potentials and Bloch wave functions.
These form factors are crucial for determining Tc of the
competing superconducting channels. A straightforward
calculation shows that

!1

!0
¼

Z
dk"ð"k ##ÞTr½$xP k(2=ð2D0Þ; (11)

where P k & P
%¼1;2j&%;kih&%;kj is the projection operator

onto the Hilbert space of two degenerate Bloch states at k.
Similarly, !2, !3, and !4 are obtained by replacing $x in
(11) by their corresponding pairing potentials $ysz, $z,
and $ysx (or $ysy). Using the band structureH0, we obtain
the values of !’s: !01 ¼ !0m=#, !1 ¼ !0ðm=#Þ2, !2 ¼
!0ð1#m2=#2Þ, !3 ¼ !4 ¼ 2!2=3. Because !3 < !0 and

!4 < !2, we find that !̂3 always has a lower Tc than !̂1,

and !̂4 lower than !̂2. Only the !̂1 and !̂2 phases appear in
the phase diagram. By calculating their Tc’s from (10), we
obtain the phase boundary:

U=V ¼ 1# 2m2=#2: (12)

Figure 1 shows the highest Tc phase as a function of U
V and

m=#, for positive (attractive) V. The !̂2 pairing phase
dominates in a significant part of the phase diagram.
Note that experimentally it has been estimated thatm=# )
1=3 [18]. When V < 0 the !̂1 phase is stable for U >
m2=#2jVj, whereas for smaller U the system is nonsuper-
conducting. Note that for U ¼ V and m ¼ 0 the
Hamiltonian (8) has an enlarged U(1) chiral symmetry:
c ! expði'$xszÞc. The transformation at ' ¼ (=4 trans-

forms !̂1 into !̂2, explaining their degeneracy.
As the phase diagram shows, the spin-triplet !2 phase

wins as soon as the interorbital attraction exceeds over the
intraorbital one (V > U), contrary to the naive expectation
that a repulsive interaction is required. This arises from the
specific form of spin-orbit coupling in the band structure
(6), which favors !2 pairing. The realistic values of U and
V for CuxBi2Se3 are difficult to estimate. Nonetheless, if
superconductivity is phonon driven, the residual electron
repulsion renormalizes the bare values of U and V.
Therefore it is possible that the weaker interorbital repul-
sion leads to V > U.

TABLE I. Classification of all k-independent pairing poten-
tials of the two-orbital U-V model according to the representa-
tions of D3d point group

!̂ I and $x $ysz $z ($ysx;$ysy)

Representation A1g A1u A2u Eu

P ¼ $x þ # # (#;#)
C3 ¼ e#isz(=3 z z z (x; y)
M ¼ #isx þ # þ (þ;#)

µ

+

FIG. 1 (color online). Phase diagram of the two-orbital U-V
model, showing the highest Tc phase as a function of m=# and
U=V. The arrow shows the experimental estimate for m=# ’
1=3 [18]. The two phases !̂1 and !̂2 are even and odd under
inversion, respectively. The insets shows schematically that the

Cooper pair wave function in the !̂2 phase consists of two
electrons on the top (1) and bottom (2) of the five-atom unit cell.
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by unitary operators shown in the left-hand column in
Table I . We find four different pairing symmetries in the
A1g, A1u, A2u, and Eu representations of theD3d group. The
three A representations are one dimensional and the E
representation is two dimensional. The form of the corre-
sponding pairing order parameter !̂i, i ¼ 1; . . . ; 4, is listed
in the BdG formalism in Table I and shown explicitly:

!̂1: c1"c1# þ c2"c2# and c1"c2# # c1#c2";

!̂2: c1"c2# þ c1#c2";

!̂3: c1"c1# # c2"c2#;

!̂4: ðc1"c2"; c1#c2#Þ:

(9)

The symmetry properties of !̂i are shown in Table I. We
pay particular attention to inversion symmetry that inter-
changes orbitals 1 and 2. The spin-singlet pairing !̂1,
which has both intraorbital and interorbital components,
is invariant under all crystal symmetries. The other three
pairings are odd under inversion. !̂3 is spin-singlet,

whereas !̂2 and !̂4 are interorbital spin-triplet. Among
the odd-parity phases, only the !̂2 phase is TRI and fully
gapped. In addition, the Fermi surface of CuxBi2Se3 only
encloses one TRI momentum k ¼ 0. So according to our
earlier criterion, the !̂2 pairing in the U-V model for
CuxBi2Se3 realizes a topological superconductor phase.

To obtain the phase diagram, we solve the following
linearized gap equations for Tc in each pairing channel:

!̂ 1: det
U!0ðTcÞ U!01ðTcÞ
V!01ðTcÞ V!1ðTcÞ

! "
# I

# $
¼ 0;

!̂2;4: V!2;4ðTcÞ ¼ 1; !̂3: U!3ðTcÞ ¼ 1:

(10)

Here, various !’s are finite temperature superconducting
susceptibilities in different pairing channels. !0 &
D0

R
d" tanhð "2TÞ=" is the standard superconducting sus-

ceptibility, where D0 is density of states at the Fermi
energy. The other susceptibilities !1; . . . ;!4 are reduced
from !0 by various form factors due to the orbital depen-
dence of pairing potentials and Bloch wave functions.
These form factors are crucial for determining Tc of the
competing superconducting channels. A straightforward
calculation shows that

!1

!0
¼

Z
dk"ð"k ##ÞTr½$xP k(2=ð2D0Þ; (11)

where P k & P
%¼1;2j&%;kih&%;kj is the projection operator

onto the Hilbert space of two degenerate Bloch states at k.
Similarly, !2, !3, and !4 are obtained by replacing $x in
(11) by their corresponding pairing potentials $ysz, $z,
and $ysx (or $ysy). Using the band structureH0, we obtain
the values of !’s: !01 ¼ !0m=#, !1 ¼ !0ðm=#Þ2, !2 ¼
!0ð1#m2=#2Þ, !3 ¼ !4 ¼ 2!2=3. Because !3 < !0 and

!4 < !2, we find that !̂3 always has a lower Tc than !̂1,

and !̂4 lower than !̂2. Only the !̂1 and !̂2 phases appear in
the phase diagram. By calculating their Tc’s from (10), we
obtain the phase boundary:

U=V ¼ 1# 2m2=#2: (12)

Figure 1 shows the highest Tc phase as a function of U
V and

m=#, for positive (attractive) V. The !̂2 pairing phase
dominates in a significant part of the phase diagram.
Note that experimentally it has been estimated thatm=# )
1=3 [18]. When V < 0 the !̂1 phase is stable for U >
m2=#2jVj, whereas for smaller U the system is nonsuper-
conducting. Note that for U ¼ V and m ¼ 0 the
Hamiltonian (8) has an enlarged U(1) chiral symmetry:
c ! expði'$xszÞc. The transformation at ' ¼ (=4 trans-

forms !̂1 into !̂2, explaining their degeneracy.
As the phase diagram shows, the spin-triplet !2 phase

wins as soon as the interorbital attraction exceeds over the
intraorbital one (V > U), contrary to the naive expectation
that a repulsive interaction is required. This arises from the
specific form of spin-orbit coupling in the band structure
(6), which favors !2 pairing. The realistic values of U and
V for CuxBi2Se3 are difficult to estimate. Nonetheless, if
superconductivity is phonon driven, the residual electron
repulsion renormalizes the bare values of U and V.
Therefore it is possible that the weaker interorbital repul-
sion leads to V > U.

TABLE I. Classification of all k-independent pairing poten-
tials of the two-orbital U-V model according to the representa-
tions of D3d point group

!̂ I and $x $ysz $z ($ysx;$ysy)

Representation A1g A1u A2u Eu

P ¼ $x þ # # (#;#)
C3 ¼ e#isz(=3 z z z (x; y)
M ¼ #isx þ # þ (þ;#)
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FIG. 1 (color online). Phase diagram of the two-orbital U-V
model, showing the highest Tc phase as a function of m=# and
U=V. The arrow shows the experimental estimate for m=# ’
1=3 [18]. The two phases !̂1 and !̂2 are even and odd under
inversion, respectively. The insets shows schematically that the

Cooper pair wave function in the !̂2 phase consists of two
electrons on the top (1) and bottom (2) of the five-atom unit cell.
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2by unitary operators shown in the left-hand column in
Table I . We find four different pairing symmetries in the
A1g, A1u, A2u, and Eu representations of theD3d group. The
three A representations are one dimensional and the E
representation is two dimensional. The form of the corre-
sponding pairing order parameter !̂i, i ¼ 1; . . . ; 4, is listed
in the BdG formalism in Table I and shown explicitly:

!̂1: c1"c1# þ c2"c2# and c1"c2# # c1#c2";

!̂2: c1"c2# þ c1#c2";

!̂3: c1"c1# # c2"c2#;

!̂4: ðc1"c2"; c1#c2#Þ:

(9)

The symmetry properties of !̂i are shown in Table I. We
pay particular attention to inversion symmetry that inter-
changes orbitals 1 and 2. The spin-singlet pairing !̂1,
which has both intraorbital and interorbital components,
is invariant under all crystal symmetries. The other three
pairings are odd under inversion. !̂3 is spin-singlet,

whereas !̂2 and !̂4 are interorbital spin-triplet. Among
the odd-parity phases, only the !̂2 phase is TRI and fully
gapped. In addition, the Fermi surface of CuxBi2Se3 only
encloses one TRI momentum k ¼ 0. So according to our
earlier criterion, the !̂2 pairing in the U-V model for
CuxBi2Se3 realizes a topological superconductor phase.

To obtain the phase diagram, we solve the following
linearized gap equations for Tc in each pairing channel:

!̂ 1: det
U!0ðTcÞ U!01ðTcÞ
V!01ðTcÞ V!1ðTcÞ

! "
# I

# $
¼ 0;

!̂2;4: V!2;4ðTcÞ ¼ 1; !̂3: U!3ðTcÞ ¼ 1:

(10)

Here, various !’s are finite temperature superconducting
susceptibilities in different pairing channels. !0 &
D0

R
d" tanhð "2TÞ=" is the standard superconducting sus-

ceptibility, where D0 is density of states at the Fermi
energy. The other susceptibilities !1; . . . ;!4 are reduced
from !0 by various form factors due to the orbital depen-
dence of pairing potentials and Bloch wave functions.
These form factors are crucial for determining Tc of the
competing superconducting channels. A straightforward
calculation shows that

!1

!0
¼

Z
dk"ð"k ##ÞTr½$xP k(2=ð2D0Þ; (11)

where P k & P
%¼1;2j&%;kih&%;kj is the projection operator

onto the Hilbert space of two degenerate Bloch states at k.
Similarly, !2, !3, and !4 are obtained by replacing $x in
(11) by their corresponding pairing potentials $ysz, $z,
and $ysx (or $ysy). Using the band structureH0, we obtain
the values of !’s: !01 ¼ !0m=#, !1 ¼ !0ðm=#Þ2, !2 ¼
!0ð1#m2=#2Þ, !3 ¼ !4 ¼ 2!2=3. Because !3 < !0 and

!4 < !2, we find that !̂3 always has a lower Tc than !̂1,

and !̂4 lower than !̂2. Only the !̂1 and !̂2 phases appear in
the phase diagram. By calculating their Tc’s from (10), we
obtain the phase boundary:

U=V ¼ 1# 2m2=#2: (12)

Figure 1 shows the highest Tc phase as a function of U
V and

m=#, for positive (attractive) V. The !̂2 pairing phase
dominates in a significant part of the phase diagram.
Note that experimentally it has been estimated thatm=# )
1=3 [18]. When V < 0 the !̂1 phase is stable for U >
m2=#2jVj, whereas for smaller U the system is nonsuper-
conducting. Note that for U ¼ V and m ¼ 0 the
Hamiltonian (8) has an enlarged U(1) chiral symmetry:
c ! expði'$xszÞc. The transformation at ' ¼ (=4 trans-

forms !̂1 into !̂2, explaining their degeneracy.
As the phase diagram shows, the spin-triplet !2 phase

wins as soon as the interorbital attraction exceeds over the
intraorbital one (V > U), contrary to the naive expectation
that a repulsive interaction is required. This arises from the
specific form of spin-orbit coupling in the band structure
(6), which favors !2 pairing. The realistic values of U and
V for CuxBi2Se3 are difficult to estimate. Nonetheless, if
superconductivity is phonon driven, the residual electron
repulsion renormalizes the bare values of U and V.
Therefore it is possible that the weaker interorbital repul-
sion leads to V > U.

TABLE I. Classification of all k-independent pairing poten-
tials of the two-orbital U-V model according to the representa-
tions of D3d point group

!̂ I and $x $ysz $z ($ysx;$ysy)

Representation A1g A1u A2u Eu

P ¼ $x þ # # (#;#)
C3 ¼ e#isz(=3 z z z (x; y)
M ¼ #isx þ # þ (þ;#)
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FIG. 1 (color online). Phase diagram of the two-orbital U-V
model, showing the highest Tc phase as a function of m=# and
U=V. The arrow shows the experimental estimate for m=# ’
1=3 [18]. The two phases !̂1 and !̂2 are even and odd under
inversion, respectively. The insets shows schematically that the

Cooper pair wave function in the !̂2 phase consists of two
electrons on the top (1) and bottom (2) of the five-atom unit cell.
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by unitary operators shown in the left-hand column in
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representation is two dimensional. The form of the corre-
sponding pairing order parameter !̂i, i ¼ 1; . . . ; 4, is listed
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(9)

The symmetry properties of !̂i are shown in Table I. We
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whereas !̂2 and !̂4 are interorbital spin-triplet. Among
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!̂ 1: det
U!0ðTcÞ U!01ðTcÞ
V!01ðTcÞ V!1ðTcÞ

! "
# I

# $
¼ 0;

!̂2;4: V!2;4ðTcÞ ¼ 1; !̂3: U!3ðTcÞ ¼ 1:

(10)
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D0

R
d" tanhð "2TÞ=" is the standard superconducting sus-
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These form factors are crucial for determining Tc of the
competing superconducting channels. A straightforward
calculation shows that

!1

!0
¼

Z
dk"ð"k ##ÞTr½$xP k(2=ð2D0Þ; (11)

where P k & P
%¼1;2j&%;kih&%;kj is the projection operator
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