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Abstract. These lecture notes are an extension of my previous notes [1] presented in this lecture
series and are concerned with the recently emerging research field of unconventional superconduc-
tivity in non-centrosymmetric metals. Inversion symmetry together with time reversal symmetry
represent key symmetries for the formation of Cooper pairs in superconductors and allows to dis-
tinguish between even-parity spin-singlet and odd-parity spin-triplet pairing. The absence of at least
one of two symmetries leads to the spin-splitting of the electronic states, through Zeeman fields
(loss of time reversal symmetry) and through antisymmetric spin-orbit coupling (loss of inversion
symmetry), which has a strong influence on the Cooper pairing states possible. Anderson’s theorems
show the basic symmetry requirements for the Cooper pair formation. The meaning of these theo-
rems can be demonstrated in a perturbative analysis of the superconducting instability. The structure
of the pairing states are derived for systems without inversion and time reversal symmetry, and are
shown to be non-unitary. In the case of non-centrosymmetric materials the pairing interaction dis-
plays interesting spin-orbit coupling-induced features which are analyzed within a toy model for
the superconductivity in CePt3Si, one of the non-centrosymmetric heavy Fermion superconductors,
in order to give a catalogue of possible pairing states in this material. A further important point
is the essentially universal behavior of the spin susceptibility in the superconducting phase of a
non-centrosymmetric materials. This behavior is spectacularly manifested in the upper critical field
of CeRhSi3 and CeIrSi3. Magneto-electric effects represent one of the most extraordinary parts in
the phenomenology of non-centrosymmetric superconductors. Two examples of magneto-electric
behaviors are discussed: (1) the helical phase in the mixed superconducting state and (2) relation
between supercurrent and the spin magnetization. Eventually also the possibility of surface Andreev
bound states is discussed and it is shown that such states can carry spin currents.
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INTRODUCTION

During the last three decades the field of superconductivity has experienced a splen-
did revival motivated the discovery of a large number of materials displaying proper-
ties which are inconsistent with the traditional BCS theory. This theory introduced by
Bardeen, Cooper and Schrieffer in 1957 is doubtlessly recognized as the most successful
theory in condensed matter physics that explained and predicted an extraordinarily large
range of phenomena connected with the mystifying state of superconductivity [2]. With
the advent of novel superconductors around 1980 it became soon clear that an exten-
sion of the BCS theory would be inevitable, which had been anticipated much earlier, in
particular, in connection with superfluid 3He [3].

The early novel superconductors belong to the class of heavy Fermion materials, such
as CeCu2Si2, UBe13 and UPt3 and numerous organic superconductors discovered mostly



in the early eighties [4, 5, 6, 7, 8, 9]. A decisive and lasting impact had the discovery of
the high-temperature superconductors which are based on the layered cuprate systems
and evolve from doping of Mott insulators. These material class not only displays an
unprecedentedly high critical temperature of the order of 100 K, one to two orders of
magnitude larger than other novel superconductors, but also exemplifies one of the most
intriguing and complex strongly correlated electron systems. Most of these materials
have in common that magnetism accompanies superconductivity in some way, as coex-
isting or competing ordered phases or through strong magnetic fluctuations. During the
last decade superconductivity has been found in a number of materials, as a phase at a
magnetic quantum critical point which can be reached by chemical doping or even more
often simply by applying pressure. Famous examples are the heavy Fermion compounds
CeIn3 [10] and CeMIn5 (M=Rh,Co,Ir)[11] as antiferromagnetic systems and UGe2 [13]
and URhGe [14] and UCoGe [16] as ferromagnetic systems. The most recently found
new ”high-temperature” superconductors among the Fe-oxipnictides (FeAs-compounds)
are also closely associated with antiferromagnetism which can be suppressed by doping
or pressure in various variants of this material class [15]. The importance of magnetism
is less obvious in Sr2RuO4 [17, 18] which has been identified as highly intriguing un-
conventional superconductor and an electronic analogue to the 3He [3].

The feature distinguishing many of the mentioned superconductors from the tradi-
tional ones is the strong electron correlation due to Coulomb interaction, which is, for
instance, responsible for the magnetic behavior. Such strong Coulomb repulsion appar-
ently counteracts the standard BCS mechanism, based on the formation of Cooper pairs
which are bound state of two electrons of opposite momentum and spin close to the
Fermi energy, which form a coherent condensate. This coherent state allows to freely
insert or remove pairs of electrons, while the spectrum of single electrons has an en-
ergy gap. In the original BCS theory, the pair formation is caused by electron-phonon
coupling, i.e. through the polarizable ionic lattice of a metal. This interaction is very
short ranged such that only pairing states are favorable possessing the highest possible
symmetry. In the case of full rotational symmetry, this corresponds to a relative angular
momentum ` = 0 and a spin-singlet configuration (S = 0). This so-called ”s-wave” pair-
ing state represents the conventional superconducting phase. However, this phase is most
vulnerable to Coulomb repulsion whose repulsive effect is only weakened due to screen-
ing and the large difference in time scales of electron motion (fast) and ion motion (slow)
in usual metals, leading to the so-called retardation effect. In strongly correlated electron
systems the retardation effect is not sufficient to stabilize the s-wave pairing state. Su-
perconductors can evade this problem by Cooper pairing in higher momentum channels
(lower symmetry) where the screened (short-ranged) Coulomb interaction is less effec-
tive, since electrons do not approach each other closely. Higher angular momenta are
often also favored by specific momentum structures of the pairing interactions based on
magnetic fluctuations or other alternative longer-ranged pairing interactions. All super-
conducting phases not based on s-wave Cooper pairing are called unconventional. We
refer here to the previous lecture notes in this series where this aspect was discussed in
much detail [1].

The additional internal structure of the unconventional pairing state results in a wealth
of novel properties many of which are subject of actual research. Symmetry aspects play
here an important role. While superconductivity in general corresponds to phase that



spontaneously breaks U(1)-gauge symmetry leading to the basic macroscopic properties
such as Meissner-Ochsenfeld screening (London theory), persistent currents and the
flux quantization, unconventional superconductors can violate spontaneously further
symmetries such as time reversal and crystal symmetry. Especially the former has
received considerable attention as several systems are believed to belong to this category,
such as U1−xThxBe13, Sr2RuO4 and PrOs4Sb12.

While these symmetries and their violation are connected with the superconducting
order parameter (the complex macroscopic wave function of the superconducting con-
densate) the formation of Cooper pairs relies on basic symmetries irrespective of the
global symmetries broken. These key symmetries are time reversal and inversion sym-
metry. We may expect strong deviations from usual Cooper pairing, if one or both sym-
metries are missing in the normal state.

In these lecture notes we would like to add an extension to the previous notes [1],
which is concerned with superconductors that lack these key symmetries. In particular,
our attention is devoted to the so-called non-centrosymmetric superconductors, materials
without an inversion center. This focus is motivated by the recent discovery of a num-
ber of new superconductors without inversion symmetry, especially among the heavy
Fermion superconductors. Here we will give an introduction to a few basic feature of
such superconductors.

KEY SYMMETRIES FOR COOPER PAIRING

Superconductivity affect electrons near the Fermi surface and changes the quasiparti-
cle low-energy spectrum profoundly by opening of an energy gap. Among the Fermi
surface instabilities superconductivity requires the least prerequisites in terms of band
structure. Other instabilities such as spin and charge density wave phases rely on Fermi
surface nesting properties and are, therefore, possible only under restrictive conditions.
However, also superconductivity has to satisfy certain basic requirements in order to
facilitate the formation of Cooper pairs.

In the superconducting phase Cooper pairs are built from two degenerate electron
states of opposite momentum in the immediate vicinity of the Fermi surface [23, 24]. The
pair amplitude or pair wavefunction as the expectation values of the electron operators
c~k s (annihilating an electron of momentum ~k and spin s) can be decomposed in the
following way:

Ψ~k ss′ = 〈c−~k s′c~k s〉= φ(~k )χ(s,s′) (1)

where we separated the orbital (φ(~k )) and the spin part (χ(s,s′)). The Pauli principle
requires that this wave function is totally antisymmetric under electron exchange, ~k →
−~k and s ↔ s′. The antisymmetry is either carried by the orbital or the spin part. Thus
we distinguish:



pairing type orbital spin

even parity / spin singlet φ(~k ) = +φ(−~k ) χ(ss′) = 1√
2
{| ↑↓〉− | ↓↑〉}

odd parity / spin triplet φ(~k ) =−φ(−~k ) χ(ss′) =


| ↑↑〉

1√
2
{| ↑↓〉− | ↓↑〉}

| ↓↓〉

Parity in case of full spherical symmetry is related to the internal angular momentum of
the wave function: even parity ` = 0,2,4,6, ... and odd parity ` = 1,3,5, .... Apart from
the even-parity spin-singlet state with ` = 0 which constitutes conventional pairing all
states are considered as unconventional.

Anderson gives the following conditions to guarantee the presence of two electron
(quasiparticle) states necessary to form a Cooper pair. For even-parity spin-singlet pair-
ing it is required that the system is at least time reversal invariant, since the two particles,

|~k ↑〉 and K |~k ↑〉 → |−~k ↓〉 , (2)

are degenerate and allow for the combination of a spin-singlet state with vanishing
total momentum. On the other hand, odd-parity spin-triplet pairing needs |it inversion
symmetry,

|~k ↑〉 and I |~k ↑〉 → |−~k ↑〉 , (3)

which lead to two degenerate state with parallel spins. Including time reversal and/or
spin rotation symmetry all three spin-triplet configuration can be constructed in this way.
These two conditions are known as Anderson’s theorem [23, 24]. It is obvious that time
reversal and inversion symmetry take the role of key symmetries for superconductivity.
We will see below how the lack of these symmetries influences the property of the
superconducting state.

The symmetry of the pair wave function is also reflected in the gap function which
will be the order parameter which we will use in the following to characterize the
superconducting phase. In general, this is a 2x2-matrix in spin space, ∆ss′ , which is
represented by a scalar function ψ(~k) in case of an even-parity spin-singlet state,

∆̂(~k) = iψ(~k)σ̂ y =
(

0 −ψ

ψ 0

)
(4)

with ψ(−~k) = +ψ(~k), and by a vector function ~d(~k) for an odd-parity spin-triplet state,

∆̂(~k) = i~d(~k) · ~̂σσ̂
y =

(
−dx + idy dz

dz dx + idy

)
(5)

where ~d(−~k) = −~d(~k). In most cases these matrices have the property ∆̂∆̂† ∝ σ̂0 (unit
matrix), and are called unitary. In the absence of time reversal and/or inversion symmetry
this property is lost and we call such states non-unitary.



ELECTRONIC PROPERTIES IN THE NORMAL STATE

First we consider the influence of time reversal and inversion symmetry for electronic
spectrum. We introduce the general single-particle Hamiltonian assuming a single elec-
tronic orbital,

H = ∑
~k ,s

ε~k c†
~k s

c~k s + ∑
~k ,s,s′

~g~k · {c†
~k s

~σss′c~k s′} . (6)

The first term is the usual band energy ε~k . The second term involves the spin density
and corresponds to a Zeeman term, if~g~k =−gµBH/2 =−µBH, but in general represent
a spin-orbit coupling contribution characterized by the vector ~g~k . The Hamiltonian
transforms under time reversal K = −iσ̂yK0 (K0: complex conjugation) and inversion
I as

time reversal: K H K † = ∑
~k ,s

ε−~k c†
~k s

c~k s− ∑
~k ,s,s′

~g−~k · {c†
~k s

~σss′c~k s′}

inversion: I H I † = ∑
~k ,s

ε−~k c†
~k s

c~k s + ∑
~k ,s,s′

~g−~k · {c†
~k s

~σss′c~k s′}
(7)

In order to conserve time reversal symmetry we have to require that,

ε~k = ε−~k and ~g~k =−~g−~k , (8)

while invariance under inversion symmetry needs,

ε~k = ε−~k and ~g~k = +~g−~k . (9)

Note if both symmetries are intact then it is required that ~g~k = 0.

Electron spectra in the absence of key symmetries

Lack of time reversal symmetry

We now consider a standard situation of violated time reversal symmetry, a uniform
external magnetic field or a ferromagnetic state. In both cases we may replace ~g~k by a
~k -independent vector which we choose to point along the z-axis,

~g~k =−µBHsẑ or ~g~k =−µBMsẑ , (10)

with Mẑ being the magnetization of the ferromagnet. The Hamiltonian is then given by

H = ∑
~k ,s

{ε~k +hs}c†
~k s

c~k s ⇒ ε̃~k s = ε~k + sh . (11)

The lack of inversion symmetry yields a spin splitting of the Fermi surface into a
majority and a minority spin band. Consequently also the Fermi surface is split and
spin degeneracy is lost (see Fig.1). Note that here ~g~k = +~g−~k is an even function of~k
such that inversion symmetry is conserved (ε~k = ε−~k is always assumed to be valid).
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FIGURE 1. Spin-splitting of the Fermi surfaces: a) spin splitting in a majority and minority spin Fermi
surface due to a Zeeman field; b) spin splitting with a~k-dependent antisymmetric spin-orbit coupling, here
due to Rashba-like spin-orbit coupling ((~k× ẑ) ·~S).
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FIGURE 2. Non-centrosymmetricity: Left panel: The ABC-stacking yields a non-centrosymmetric
structure. Under inversion operation it is turned in to a CBA-stacking, such that the z → −z-symmetry
is lacking. The equivalent situation is depicted in the right panel where an electric field is applied
perpendicular to a thin film. Under inversion ~E →−~E.

Lack of inversion symmetry

Inversion symmetry is absent in materials whose crystals lattices has no inversion
center (”non-centrosymmetric” materials). It can also be broken by electric fields. How-
ever, since generally metals screen external electric fields, an external electric field could
only have such an effect, if is applied perpendicular to a very thin metallic film. There
are many different space groups of materials without inversion center. We consider here
one of the most simple cases, a tetragonal crystal with a non-centrosymmetric stacking
along the z-axis (Fig. 2). There is not mirror plane parallel to the basal plane, so that the
operation z→−z is missing as becomes clear in Fig.2. Thus, the point group is not D4h
but C4v only which does not contain the symmetry element of inversion. This situation
is analogue to a thin film with a transverse electric field. This field does not exert any
work on the electron. However, through relativistic effects it introduces the spin-orbit



coupling,
− e

2mc2 (~∇U(~r)×~v) ·~S =
e

2mc2{~E×~v} ·~S . (12)

Here U(~r) is an internal potential which whose gradient we replace here with uniform
electric field as in right panel of Fig.2. This term leads directly to the second term in the
Hamiltonian (6) which we can formulate with

~g~k = α(ẑ×~k ) (13)

in a small-~k expansion. This corresponds to a Rashba-type spin-orbit coupling, an anti-
symmetric spin-orbit coupling, since, as expected,~g~k =−~g−~k . The electronic spectrum
has now the form

ε̃~k± = ε~k ±|~g~k | (14)
with eigenstates described by the quasiparticle operators

a~k λ
= ∑

s=↑,↓
uλ s(~k )c~k s with

 uλ↑

uλ↓

=
1√

2|~g~k |(|~g~k |+λgz
~k
)

 |~g~k |+λgz
~k

λ (gx
~k

+ igy
~k
)

 .

(15)
The eigenstates are given in the helicity basis denoted by the index λ , in contrast to
the spin basis denoted by s. Again we encounter a spin splitting of the band structure.
However, the spin quantization axis is~k -dependent. Note that the lines~k ‖ ẑ are singular
in the sense that the spin splitting vanishes (~g~k ).

This basic properties are realized in the non-centrosymmetric superconductors, such
as CePt3Si, CeRhSi3 and CeIrSi3. Based on symmetry the antisymmetric spin-orbit
coupling for the point group C4v can be extended to the ~g-vector expansion [21, 22]

~g~k = α(x̂ky− ŷkx)+α
′ẑkxkykz(k2

x − k2
y) . (16)

However, we will ignore the higher order term pointing along the z-axis in later discus-
sions, as it is supposed to be small. Other non-centrosymmetric materials have different
crystal structures characterized by their specific ~g~k -vectors. For example, Li2Pd3B and
Li2Pd3B have cubic crystal structure and the point group O which has no inversion cen-
ter. In this case the ~g~k -vector is given by

~g~k = α1~k +α2
{

kx(k2
y + k2

z )x̂+ ky(k2
z + k2

x)ŷ+ kz(k2
x + k2

y)ẑ
}

. (17)

Here the spin structure on the split bands is more complex.

SUPERCONDUCTING INSTABILITY AND ANDERSON’S
THEOREM

We will now consider how the lack of key symmetries influences the superconductivity.
For this purpose we start with a generic pairing interaction,

Hpair =
1

2Ω
∑
~k,~k′

∑
s1,s2,s′1,s

′
2

Vs1,s2,s′2,s
′
1
(~k,~k′)c†

~ks1
c†
−~ks2

c−~k′s′2
c~k′s′1

(18)



where we write the matrix element Vs1,s2,s′2,s
′
1
(~k,~k′) in a spectral form

Vs1,s2,s′2,s
′
1
(~k,~k′) = ∑

a
va(iψ∗

a (~k)σ̂ y)s1s2(iψa(~k)σ̂ y)†
s′2s′1

+∑
b

vb(i~db(~k) · ~̂σσ̂
y)s1s2(i~db(~k′) · ~̂σσ̂

y)†
s′2s′1

.
(19)

The different pairing channels are represented by the gap functions ψa(~k) and ~db(~k)
with the corresponding matrix elements va and vb, respectively. Note, that the following
orthonormalization applies here:

〈ψ∗
a (~k)ψa′(~k)〉~k = δaa′ and 〈~d∗b(~k) · ~db′(~k)〉~k = δbb′ , (20)

where 〈. . .〉~k denotes an angular average over the Fermi surface. This pairing interaction
conserves both key symmetries. First we consider the question how the superconducting
states is affected when we turn on symmetry-reducing terms in the Hamiltonian. For this
purpose we use the Hamiltonian in Eq.(6) in combination with Hpair and view ~g~k as a
small perturbation.

We choose one dominant pairing channel and study behavior of the transition temper-
ature when the symmetry-lowering term is turned on. Technically it is most straightfor-
ward to use the Green’s function formalism as is shown in the Appendix. For simplicity
we assume here that always one of the two symmetries is conserved, such that the rela-
tion holds ~g−~k =±~g~k.

Even-parity spin-singlet pairing

First we assume even-parity pairing to be dominant, represented by ψ(~k) = ψa(~k).
The critical temperature is determined by the equation,

ln
(

Tc

Tc0

)
=
〈
|ψa(~k)|2

{
1+ ĝ~k · ĝ−~k

}
f (ρ~k)

〉
~k

(21)

where the function f (ρ) is defined as

f (ρ) = Re
∞

∑
n=1

(
1

2n−1+ iρ
− 1

2n−1

)
(22)

and

ρ~k =
|~g~k|

πkBTc
(23)

with the following limiting behaviors:

f (ρ) =


−7

8
ζ (3)ρ2 , ρ � 1

− lnρ

2
− γ

2
− ln2

2
− 1

12ρ2 + · · · , ρ � 1

(24)



with γ = 0.5772157 as the Euler constant and ζ (3) = 1.202 the zeta function. Moreover,
Tc0 is the original transition temperature, obtained from

kBTc0 = 1.14εce−1/N(0)va (25)

with N(0) as the density of states at the Fermi surface for~g~k = 0 and εc as a cutoff energy
characteristic for the pairing interaction.

As is obvious from Eq.(21), removing inversion symmetry ĝ~k = −ĝ−~k does not lead
to a reduction of the transition temperature Tc, consistent with Anderson’s theorem.
On the other hand, violating time reversal symmetry, e.g. by applying a magnetic field
~g~k =−µB~H, leads to a reduction of Tc following the equation,

ln
(

Tc

Tc0

)
= 2 f

(
µBH

πkBTc

)
. (26)

For small fields µBH � kBTc0 we find

Tc

Tc0
≈ 1− 7ζ (3)

4π2

(
µBH
kBTc0

)2

. (27)

The critical value of the magnetic field for the complete suppression of superconductiv-
ity is obtained through the condition Tc → 0 ⇒ ρ~k → ∞, such that

ln
(

Tc

Tc0

)
≈− ln

(
2eγ µBH
πkBTc

)
⇒ µBH ′

p =
π

eγ
kBTc0 = 3.53kBTc0 . (28)

This destructive effect is known as the paramagnetic limiting and is based on the
destruction of Cooper pairs through the spin polarization. If the field is large enough
to the break up the spin-singlet Cooper pair in order to gain energy through spin
polarization. This analysis suggest a continuous transition as the field is increased.
However, the comparison of the condensation energy of the superconducting state and
the spin polarization energy of the normal phase,

Econd =−N(0)
2
|∆|2 and Espin =−χP

2
H2 (29)

gives a critical field

µBHp =
|∆|√

2
=

1.764√
2

kBTc0 = 1.248kBTc0 < µBH ′
p . (30)

This transition is first order and the critical field lower. Therefore the real suppression
occurs as a first order transition at a lower critical field.

The paramagnetic limiting effect is different from the orbital depairing which destroys
Cooper pairs, if the electrons are confined on a length smaller than the magnetic length
` smaller than the extension of the Cooper pairs, given by the coherence length ξ0:

`2 =
h̄c
eH

∼ ξ
2
0 ⇒ Hc2 =

Φ0

2πξ 2
0

(31)



with Φ0 = hc
2e as the flux quantum. The field Hc2 is generally called the upper critical

field. Only, if the coherence length is very short, Hc2 is large enough, such that param-
agnetic depairing plays a role.

Odd-parity spin-triplet pairing

Next we consider the case of a dominant odd-parity pairing state with the gap function
~db(~k). The critical temperature Tc obeys the equation,

ln
(

Tc

Tc0

)
=
〈{

2
(
~d∗b(~k) · ĝ~k

)(
~db(~k) · ĝ−~k

)
+
∣∣∣~db(~k)

∣∣∣2(1− ĝ~k · ĝ−~k
)}

f (ρ~k)
〉

~k
(32)

where f (ρ) is given by Eq.(22) and Tc0 = 1.14εc exp(−1/N(0)vb).
First we consider the effect of removing inversion symmetry, ~g~k =−~g−~k and obtain

ln
(

Tc

Tc0

)
=−2

〈∣∣∣~db(~k) · ĝ~k
∣∣∣2− ∣∣∣~db(~k)

∣∣∣2 f (ρ~k)
〉

~k

= 2
〈∣∣∣~db(~k)× ĝ~k

∣∣∣2 f (ρ~k)
〉

~k
.

(33)

The critical temperature Tc is bound to shrink, whenever the right hand side of Eq.(33) is
finite. The condition ~db(~k ‖~g~k, however, yields a case for which Tc remains unaffected.
Such an odd-parity state is protected against the loss of inversion symmetry. In order to
see the general behavior of Tc we use again Eq.(24). For 〈|~g~k|〉~k � kBTc0 we find

Tc

Tc0
= 1− 7ζ (3)

4

〈
|~db(~k)×~g~k|

2
〉
~k

(πkBTc0)2 . (34)

For the limit 〈|~g~k|〉~k � kBTc0 we obtain

ln−
(

Tc

Tc0

)
=
〈∣∣∣~db(~k)× ĝ~k

∣∣∣2 ln(ρ~k2eγ)
〉

~k

≥−
〈∣∣∣~db(~k)× ĝ~k

∣∣∣2〉
~k

ln
(
〈ρ~k〉~k2eγ

)
.

(35)

This leads to
Tc

Tc0
≥
(

2eγ〈|~g~k|〉~k
πkBTc

)−a

. (36)

with a =
〈
|~db(~k)× ĝ~k|

2
〉
~k
≤ 1. If a = 1 then we find a critical value 〈|~g~k|〉~kc:

〈|~g~k|〉~kc ≥
π

2eγ
kBTc0 = 0.882kBTc0 (37)
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FIGURE 3. Numerically determined transition temperatures for odd-parity states. The horizontal axis
is given by α in units of πkBTc0. The following pairing states are included: ~d(~k) = x̂ky− ŷkx (solid line)
with a = 0; ~d(~k) = x̂kx− ŷky (dotted line) with a = 1/2; ~d(~k) = x̂kx + ŷky + ẑkz (dashed line) with a = 1
[22]. Note that in the last case the transition is not continuous.

On the other hand, if a < 1 then no critical value exists and the Tc decreases asymptoti-
cally to zero:

Tc ≥ Tc0

(
πkBTc0

2eγ〈|~g~k|〉~k

) a
1−a

. (38)

The case a = 1 corresponds to the situation when ~db(~k) ·~g~k = 0 strictly for all~k. While
in all other cases 0 < α < 1. Obviously, for α = 0 there is no reduction of Tc which
corresponds to ~db(~k ‖ ~g~k. In Fig.3 typical examples of the behavior Tc as a function of
α is depicted using~g~k = α(ẑ×~k)/kF . It is important to see that Tc is reduced on energy
scales of the order of α ∼ kBTc, except for ~d(~k) = x̂ky− ŷky ‖~g~k.

Next we turn to the case of broken time reversal symmetry, by applying a uniform
magnetic field, ~g~k =−µB~H. This leads to

ln
(

Tc

Tc0

)
=

2
H2

〈∣∣∣~db(~k) · ~H
∣∣∣2〉

~k
f
(

µBH
πkBTc

)
. (39)

The superconducting transition remains unaffected, if ~H ⊥ ~db(~k) for all~k. This corre-
sponds to the case of equal-spin pairing, where the spin lies also parallel to the applied
magnetic field. In all other cases, a reduction occurs and can be described in analogous



way as in the previous calculation. For µBH � kBTc0,

Tc

Tc0
≈ 1− 7ζ (3)

4π2

µ2
B

〈∣∣∣~db(~k) · ~H
∣∣∣2〉

~k
(kBTc0)2 (40)

and for µBH � kBTc0 we obtain a critical (paramagnetic limiting) field for ~db(~k) ‖ ~H
with the same value as in the spin-singlet pairing case (Eq.(28)). Otherwise we obtain

µBHp(T ) =
πkBTc0

2eγ

(
Tc0

T

) 1−a′
a′

(41)

for 0 < a′ < 1 with a′ = 〈|~db(~k) · ~H|2〉~k/H2.

Our discussion confirms the basic statements of Anderson’s theorem. However, it
gives also a more detailed overview on the way different pairing states are suppressed
when symmetries such as time reversal and inversion are removed. In the case of odd-
parity states a rather diverse behavior is found for both types of perturbations. It is
important to notice that all even-parity are on this perturbative level unchanged and
for the odd-parity channel there remains one ”protected” state which is determined by
the structure of the antisymmetric spin-orbit coupling. It is the state which perfectly
adapts its spin structure to the split band structure. For magnetic fields violating time
reversal symmetry all even-parity states are severely vulnerable. Additionally, all odd-
parity states suffer depairing which are not equal-spin pairing states with their spin-
orientation parallel to the magnetic field.

STRUCTURE OF THE PAIRING STATES

We turn now away from small perturbations which leads to small band splittings only,
and study the superconducting states in systems which do not have time reversal or inver-
sion symmetry. The band splitting shall be much larger than the superconducting energy
scales. The corresponding Hamiltonian can be given in the respective quasiparticle basis,

H = ∑
~k,λ

ξ~k,λ a†
~kλ

a~k,λ +
1
2 ∑

~k,~k′
∑

λ ,λ ′
Vλ ,λ ′(~k,~k

′)a†
~kλ

a†
−~k,λ

a−~k′λ ′a~k′λ ′ (42)

where the energy dispersion ξ~kλ
for the two spin-split bands is labeled by λ and is

measured relative to the chemical potential µ . Assuming that paired electrons reside
on the same Fermi surface allows us to restrict to zero-momentum Cooper pairs. This
aspect is implemented in the pairing interaction of Eq.(42) which includes for Cooper
pair scattering within and between the bands, but does not contain any terms describing
inter-band pairing. For the ordinary decoupling of the pairing interaction we introduce
the gap function of the band λ as

∆~k,λ =− ∑
~k′,λ ′

Vλλ ′(~k,~k
′)〈a−~k′λ ′a~k′λ ′〉 . (43)



which yields straightforwardly the Bogolyubov quasiparticle spectrum

E~kλ
=
√

ξ 2
~kλ

+ |∆~kλ
|2 . (44)

In this formulation the self-consistence equation has the standard form with the minor
extension to two bands,

∆~kλ
=− ∑

~k′,λ ′
Vλλ ′(~k,~k

′)
∆~k′λ ′

2E~k′λ ′
tanh

(
E~k′λ ′

2kbT

)
. (45)

The linearized gap equation can be derived to discuss the superconducting instability,

∆~kλ
=−∑

λ ′
〈Vλλ ′(~k,~k

′)∆~k′λ ′〉~k′λ ′ Nλ ′(0)
∫ +εc

−εc

dξ
1

2ξ
tanh

(
ξ

2kbT

)

=−∑
λ ′
〈Vλλ ′(~k,~k

′)∆~k′λ ′〉~k′λ ′ Nλ ′(0) ln
(

1.14εc

kBTc

)
︸ ︷︷ ︸

= γ

(46)

where we introduce the density of states Nλ (0) on the two Fermi surfaces, and the cutoff
energies εc is taken to be the same for both bands. The average 〈. . .〉~k runs over momenta
~k on the Fermi surface of band λ . Then the eigenvalue γ yields the transition temperature,

kBTc = 1.14εce−1/γ . (47)

The Cooper pairs on the two Fermi surfaces are coupled via the inter-band pair scattering
term included in V+−(~k,~k′) and V−+(~k,~k′). In this way one single transition temperature
results.

Superconducting phase in a ferromagnetic material

The first concrete situation we will examine, is a metal with ferromagnetic spin
polarization, characterized by

~g~k = ~m (48)

with ~m = −µB ~M denoting the magnetization. The paired states are now connected via
inversion symmetry, still valid here. Without loss of generality we choose ~m ‖ ẑ, such
that

|~k+〉= |~k ↑〉 ⇔ a~k+ = c~k↑ ,

|~k−〉= |~k ↓〉 ⇔ a~k− = c~k↓ .

(49)

Therefore the state paired with |~kλ 〉 is given by

I |~ks〉= |−~ks〉 ⇒ I |~k,λ 〉= |−~kλ 〉 . (50)



The pairing matrix elements can be expanded in spectral form,

Vλλ ′(~k,~k
′) = ∑

a
v(a)

λλ ′φ
∗
λ ,a(~k)φλ ′,a(~k

′) . (51)

The basis functions φλ (~k) possess the symmetries of the pairing amplitude 〈a−~kλ
a~kλ

〉
combining to two electrons connected by inversion symmetry. The Fermion sign under
exchange of the two electrons yields

〈a−~kλ
a~kλ

〉 exchange−→ 〈a~kλ
a−~kλ

〉=−〈a−~kλ
a~kλ

〉

⇒ Vλλ ′(~k,~k′) =−Vλλ ′(−~k,~k′) =−Vλλ ′(~k,−~k′) ,

(52)

which implies that φλ (−~k) =−φλ (~k) has to be an odd function of~k with

〈φ∗
λ ,a(~k)φλ ,a′(~k)〉~kλ

= δaa′ . (53)

We now address the symmetry of the gap function and the pairing state which is given
by the dominant pairing channel as

∆~kλ
= ∆λ φλ ,a(~k) (54)

In spin space this is given by

∆~kss′ = ∑
λ

1
2

{
σ̂

0 +λ m̂ · ~̂σ
}

ss′
∆~kλ

=
{

[ψ(~k)+ ~d(~k) · ~̂σ ]iσ̂ y
}

ss′
(55)

which leads to the identification

ψ(~k) = dz(~k) = 0 and


dx(~k) =

1
2
(∆~k−−∆~k+)

dy(~k) =
1
2i

(∆~k−+∆~k+)

. (56)

This state is a so-called non-unitary pairing state. Unitary pairing states satisfy the
condition the gap matrix ∆ss′ in spin space satisfies the condition ∆̂~k∆̂

†
~k

∝ σ̂0. Here we
obtain

∆̂~k∆̂
†
~k

= (~d(~k) · ~̂σ)iσ̂ y(−iσ̂ y)(~d∗(~k) · ~̂σ) = |~d(~k)|2σ̂
0 + i{~d(~k)× ~d∗(~k)} · ~̂σ , (57)

where the second term is

i{~d(~k)× ~d∗(~k)}=
ẑ
2
(∆2

~k+
−∆

2
~k−) ‖ ~m , (58)

a measure for the imbalance of the condensation of the two spin orientations (↑ and ↓).



A famous example for such a pairing state is the superfluid phase A1 of 3He which
nucleates under pressure in a high enough field. The phase nucleated is characterized
by ∆~k+ 6= 0 and ∆~k− = 0 [3]. As temperature is lowered there is a first order phase
transition to the A-phase ~d(~k) = ẑ(kx ± iky). Other cases are superconducting phases
coexisting with ferromagnetism, such as observed in the heavy Fermion superconductors
UGe2[13], URhGe[14] and UCoGe [16]. Detailed studies on the superconducting phases
in ferromagnetic metals has been given by Mineev [25, 26, 27].

Superconducting phase in a non-centrosymmetric metal

The situation of pairing in a non-centrosymmetric metal is slightly more complicated
through the fact that we have to join electrons in states connected by time reversal
operation. In the helicity basis time reversal operation is not trivial as is shown in
Appendix B. In this basis the relation

K |~kλ 〉= tλ (~k)|−~kλ 〉 (59)

implies that the pair scattering matrix element in Eq.(42) can be written in the form,

Vλλ ′(~k,~k
′) = Ṽλλ ′(~k,~k

′)t∗
λ
(~k)tλ ′(~k

′) . (60)

Here Ṽλ ,λ ′(~k,~k′) is invariant under point group operations g in a simple way,

Ṽλ ,λ ′(~k,~k
′) = Ṽλ ,λ ′(g~k,g~k

′) . (61)

Like in the last section we may now represent Ṽλλ ′(~k,~k′) in a spectral form of Eq.(51).
The symmetry of φλ (~k) is given by the particle exchange symmetry:

tλ (~k)〈a−~kλ
a~kλ

〉 exchange−→ tλ (~k)〈a~kλ
a−~kλ

〉=−tλ (−~k)〈a−~kλ
a~kλ

〉= tλ (~k)〈a−~kλ
a~kλ

〉

⇒ Ṽλλ ′(~k,~k′) = Ṽλλ ′(−~k,~k′) = Ṽλλ ′(~k,−~k′) ,
(62)

and leads to the result that φλ (~k) is an even function of~k.
It is now possible to write the gap function in the spin basis again using ∆~kλ

=
∆̃~kλ

tλ (~k) = ∆λ φλ (~k)tλ (~k) using

∆~kss′ = ∑
λ

tλ (~k)uλ s(−~k)uλ s′(~k)∆̃~kλ
(63)

which can also be represented as

∆̂~k = ∑
λ

Π̂~kλ
(~k)∆̃~kλ

⇒ Π̂~kλ
=

1
2

{
σ̂

0 +λ ĝ~k · ~̂σ
}

iσ̂ y . (64)



It is now obvious that the pairing state contains two components, an even- and an odd-
parity part:

ψ(~k) =
1
2

{
∆̃~k+ + ∆̃~k−

}
=

1
2

{
φ+(~k)+φ−(~k)

}
~d(~k) =

1
2

{
∆̃~k+− ∆̃~k−

}
ĝ~k =

1
2

{
φ+(~k)−φ−(~k)

}
ĝ~k .

(65)

We call this a mixed-parity state whose gap function on the two Fermi surfaces can be
written

∆̃~kλ
= ψ(~k)+λ

{
ĝ~k · ~d(~k)

}
, (66)

as the sum and difference, respectively, of the even- and odd-parity component. Note,
that the odd-parity part corresponds to the protected state, following from Eq.(32),
because

|~d(~k) · ĝ~k|
2−|~d(~k)|2 = 0 ⇒ Tc = Tc0 . (67)

Also this pairing state is non-unitary,

∆̂~k∆̂
†
~k

=
{
|ψ(~k)|2 + |~d(~k)|2

}
σ̂

0 +
{

ψ
∗(~k)~d(~k)+ψ(~k)~d∗(~k)

}
·~̂σ + i

{
~d(~k)× ~d∗(~k)

}
·~̂σ .

(68)
The third term is identical to the one we found in the previous section for supercon-
ducting state in a time reversal symmetry breaking environment. It vanishes here. The
second term is genuine for a non-centrosymmetric superconductor and is a measure for
the difference of the superconducting gaps of the two Fermi surfaces,

ψ
∗(~k)~d(~k)+ψ(~k)~d∗(~k) =

1
2

{
|φ+(~k)|2−|φ−(~k)|2

}
ĝ~k =

1
2

{
|∆̃~k+|

2−|∆̃~k−|
2
}

ĝ~k . (69)

This term is directed along ĝ~k reflecting the broken inversion symmetry.

MICROSCOPIC PAIRING INTERACTION

From now on we will concentrate on various aspects of non-centrosymmetric supercon-
ductors. In a first step we analyze the structure of the pairing interaction and the relation
to microscopic mechanisms. It is helpful therefore to compare representations of Cooper
pair scattering in both the spin and the helicity basis. The former allows us to express the
interaction in terms of charge density and spin density coupling, which are familiar, for
instance, from electron-phonon and spin fluctuation mediated interaction. As an exam-
ple we will then consider the case of CePt3Si and construct a pairing interaction based
on spin exchange in order to discuss the possible pairing state.

General interactions

We begin with the derivation of the structure of the pairing interaction in spin space
by transforming the pair scattering matrix element from the helicity back to the spin



representation. Our starting point is the matrix element Ṽλλ ′(~k,~k′) which we transform
in the following way:

Vs1s2s′2s′1
(~k,~k′) = ∑

λ ,λ ′
Ṽλλ ′(~k,~k

′)t∗
λ
(~k)u∗

λ s1
(~k)u∗

λ s2
(−~k)tλ ′(~k′)uλ ′s′2

(−~k′)uλ ′s′1
(~k′)

= ∑
λ ,λ ′

Ṽλλ ′(~k,~k
′) {Π̂

†
~kλ
}s1s2{Π̂~k′λ ′}s′2s′1

.

(70)

This form can be decomposed into matrix element for intra-parity and inter-parity pair
scattering,

Vs1s2s′2s′1
(~k,~k′) = ∑

a
∑

λ ,λ ′
v(a)

λλ ′φλ ,a(~k)φ
∗
λ ′,a(~k

′)

×
{

(iσ̂ y)s1s2(iσ̂
y)†

s′2s′1
+(iĝ~k · ~̂σσ̂

y)s1s2(iĝ~k′ · ~̂σσ̂
y)†

s′2s′1

+λ (iĝ~k · ~̂σσ̂
y)s1s2(iσ̂

y)†
s′2s′1

+λ
′(iσ̂ y)s1s2(iĝ~k′ · ~̂σσ̂

y)†
s′2s′1

}
(71)

The basis functions φλ ,a(~k) are even functions of~k, as can be easily verified. The inter-
parity scattering contributions are essential to obtain a sizable mixing between even- and
odd-parity states.

In order to explore the origin of the different terms of the pairing interaction we
consider a general form based on the electron-electron coupling,

Hint =
1
2 ∑

~q

{
Γρ(~q)ρ~qρ−~q +Γs(~q)~S~q ·~S−~q + i~Γg(~q) · (~S~q×~S−~q)

}
(72)

where
ρ~q = ∑

~k,s

c†
~k+~q,s

c~ks and ~S~q =
1
2 ∑

~k,s

c†
~k+~q,s

~σss′c~ks′ . (73)

The first two terms are the usual charge density-charge density and spin density-spin
density coupling, respectively. Their coefficient is an even function of ~q (Γρ,s(−~q) =
Γρ,s(~q)). The third term describes a special spin density-spin density coupling for a
non-centrosymmetric metal and has the structure of a Dzyaloshinsky-Moriya interaction
[28]. The coefficient ~Γg(~q) has the same symmetry as ~g~k and is an odd function of ~q in
order to maintain the proper symmetry (~Γg(~q) =−~Γg(−~q)). It is now straightforward to
express the pair scattering matrix element in the decomposition of intra- and inter-parity



components, as done in Eq.(71),

Vs1s2s′2s′1
(~k,~k′)

=
1
2

[{
Γρ(~k−~k′)+Γρ(~k +~k′)

}
− 3

2

{
Γs(~k−~k′)+Γs(~k +~k′)

}]
(iσ̂ y)s1s2(iσ̂

y)†
s′2s′1

+
1
2

[{
Γρ(~k−~k′)−Γρ(~k +~k′)

}
+

1
2

{
Γs(~k−~k′)−Γs(~k +~k′)

}]
∑
µ

(i~̂σ
µ

σ̂
y)s1s2(i~̂σ

µ

σ̂
y)†

s′2s′1

+
1
8 ∑

ν

[{
Γ

ν
g (~k−~k′)−Γ

ν
g (~k +~k′)

}
(iσ̂)s1s2(iσ̂

ν
σ̂

y)†
s′2s′1

+
{

Γ
ν
g (~k−~k′)+Γ

ν
g (~k +~k′)

}
(iσ̂ν

σ̂
y)s1s2(iσ̂)†

s′2s′1

]
(74)

The symmetry properties of the coefficients of Eq.(71) and (74) are identical, as can be
easily verified. Obviously the inter-parity term appears as a spin-fluctuation mediated
exchange term in the microscopic Hamiltonian.

Toy model for pairing interaction in CePt3Si

We consider now the example of CePt3Si in order to construct a toy model for
the pairing interaction based on spin fluctuations and to discuss the possible pairing
states. For this purpose we use a simple lattice model whose band structure is given
within a nearest neighbor tight binding approximation and also the interaction terms
are restricted to nearest-neighbor coupling only. The compound CePt3Si shows a phase
transition to an antiferromagnetically ordered state at a temperature only slight above
the superconducting phase transition. Upon pressure the antiferromagnetic phase can be
suppressed with a quantum critical point around p(AF)

c ≈ 0.6GPa. Superconductivity
survives only up to slightly higher pressure of p(SC)

c ≈ 1.5GPa, suggesting that the
pairing interaction is caused by magnetic fluctuations. In the tetragonal crystal lattice
the antiferromagnetic order is of A-type nature, i.e. ferromagnetic in the x-y-plane and
staggered along the z-axis. The crystal lattice has the point group C4v which leads in
a single-band picture to the following tight-binding Hamiltonian with nearest-neighbor
hopping:

Hkin =−∑
i,~a,s

t~ac†
~ri+~asc~ris +∑

i,~a
∑
s,s′

~λ~a · c†
~ri+~as~σss′c~ris′ (75)

where the antisymmetric spin-orbit coupling is given by a Rashba term with ~λ~a =
iα(ẑ× â) and ~a denotes the lattice basis vectors (â = ~a/|~a|). The transformation into
momentum space leads to

Hkin = ∑
~k,s,s′

{
ε~kσ̂

0 +~g~k · ~̂σ
}

ss′
c†
~ks

c~ks′ (76)



with

ε~k =−2∑~a t~a cos(~k ·~a) =−2t ′[cos(kxa)+ cos(kya)]−2t ′ cos(kzc) ,

~g~k = 2α(x̂sin(kya)− ŷsin(kxa)) .
(77)

Next we introduce a spin exchange Hamiltonian in the real space representation. The
non-centrosymmetric crystal structure leads to besides the ordinary spin-isotropic
Heisenberg exchange also a Dzyaloshinsky-Moriya type interaction. Thus, we can write

Hss = ∑
i,~a

{
J~a~S~ri+~a ·~S~ri +~D~a · (~S~ri+~a×~S~ri)

}
(78)

where for the A-type antiferromagnetic correlation we choose Jx = Jy = J < 0 and
Jz = J′ > 0. The Dzyaloshinsky-Moriya coupling is parametrized as ~D~a = D(ẑ× â).
In momentum space we use

~S~ri =
1√
N ∑

~q

~S~q ei~q·~ri (79)

and obtain
Hss = ∑

~q

{
J̃~q~S~q ·~S−~q + ~G~q · (~S~q×~S−~q)

}
(80)

with
J̃~q = 2J{cos(qxa)+ cos(qya)}+2J′ cos(qzc) ,

~G~q = 2D(−sin(qya),sin(qxa),0) ,
(81)

where a and c are the lattice constants in the basal plane and along the z-axis, respec-
tively. With the use of Eq.(71) and (74) we decompose Hss into its spectral form defining
the possible pairing channels,

Vs1s2s′2s′1
(~k,~k′)

=
{

vsφs(~k)φ∗s (~k′)+ vdφd(~k)φ∗d (~k′)+ vs′φs′(~k)φ∗s′(~k
′)
}

(iσ̂ y)s1s2(iσ̂
y)†

s′2s′1

+
{

vpφx(~k)φ∗x (~k′)+ vpφy(~k)φ∗y (~k′)+ vp′φz(~k)φ∗z (~k′)
}

∑
µ

(i~̂σ
µ

σ̂
y)s1s2(i~̂σ

µ

σ̂
y)†

s′2s′1

+vD ∑
ν

{
φs(~k)gν

s (~k′)−φd(~k)gν
d (~k′)

}
(iσ̂ y)s1s2(iσ̂

ν
σ̂

y)†
s′2s′1

+vD ∑
ν

{
gν

s (~k)φ∗s (~k′)+gν
d (~k)φ∗d (~k′)

}
(iσ̂ν

σ̂
y)s1s2(iσ̂

y)†
s′2s′1

.

(82)
The coefficients are given as

vs = vd =−3J , vs′ =−3J′ , vp = J , vp′ = J′ , vD =−D
4

(83)



The pairing channels are characterized by the basis functions

φs(~k) = cos(kxa)+ cos(kya) extended s-wave
φs′(~k) = cos(kzc) extended s-wave
φd(~k) = cos(kxa)− cos(kya) d-wave

(84)

for the even-parity channels and

φx(~k) = sin(kxa)
φy(~k) = sin(kya)
φz(~k) = sin(kzc)

 p-wave (85)

for the odd-parity channel. The vectors~gs,d(~k) describe the inter-parity scattering which
for the extended s-wave state is given by

~gs(~k) = x̂sin(kyz)− ŷsin(kxa),0) (86)

and for the d-wave state by

~gd(~k) = x̂sin(kyz)+ ŷsin(kxa) . (87)

Note that ~gs(~k) has the same symmetry as ~g~k. On the other hand, ~gd(~k) is has the
symmetry φd(~k)~g~k.

Within this restricted model the leading pairing channel is inplane p-wave pairing.
According to our previous discussion of the Anderson theorem spin-orbit coupling only
allows for the pairing state with

~d(~k) = x̂sin(kya)− ŷsin(kxa) (88)

which combines in the mixed-parity phase with the extended s-wave state,

ψ(~k) = cos(kxa)+ cos(kya) . (89)

It is interesting to notice that despite the unconventional nature for the dominant state,
within the point group C4v this state belongs to the most symmetric representation
and, consequently, is continuously connected with the conventional superconducting
phase. Other competing phases would require spin-spin interaction beyond nearest-
neighbor coupling. The complete table of states is given here. Note that it is neces-
sary that the odd-parity component is represented by ~d-vector which is parallel to ~g~k.

Γ even-parity ψ(~k) odd-parity ~d(~k)
A1 cos(kxa)+ cos(kya) ~g~k
A2 sin(kxa)sin(kya)(cos(kxa)− cos(kya)) sin(kxa)sin(kya)(cos(kxa)− cos(kya))~g~k
B1 cos(kxa)− cos(kya) (cos(kxa)− cos(kya))~g~k
B2 sin(kxa)sin(kya) sin(kxa)sin(kya)~g~k
E {sin(kzc)sin(kxa),sin(kzc)sin(kya)} {sin(kzc)sin(kxa),sin(kzc)sin(kya)}~g~k
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FIGURE 4. Gap structure on the two Fermi surfaces (projection on the ky-kz-plane): On the Fermi
surface λ = + we find the sum of the even- and odd-parity part of the gap yielding full (anisotropic gap)
while on the Fermi surface λ =− it is the difference yielding tow horizontal line nodes (dashed lines).

We list here the odd-parity states which are equivalent in symmetry to the one given
above, but constructed entirely on the basis of nearest-neighbor pairing:

Γ equivalent ~d(~k)
A2 x̂sin(kxa)+ ŷsin(kya)
B1 x̂sin(kya)+ ŷsin(kxa)
B2 x̂sin(kxa)− ŷsin(kya)

It was found, looking at the spin fluctuation induced pairing interaction, that the only
serious competitor among the states listed here belongs to the representation E and with
the dominant pairing interaction being inter-plane spin singlet without any intra-plane
pairing component [43]. This state needs next-nearest-neighbor coupling and does not
appear in the decomposition of Eq.(82). Like most of the other pairing states such a state
would have more nodes in gap than the A1-state, and has, therefore, a disadvantage in
gaining condensation energy on weak-coupling approximation level.

Nevertheless, also the A1-state has nodes, if the odd-parity component is dominant.
The mixed parity state has the following gap function

∆̂~k =
{

∆s[cos(kxa)+ cos(kya)]+∆p[σ̂ x sin(kya)− σ̂
y sin(kxa)]

}
(iσ̂ y) (90)

which yields for the gaps on the two bands

∆̃~kλ
= ∆s[cos(kxa)+ cos(kya)]+λ∆p

√
sin2(kxa)+ sin2(kya) . (91)

Assuming both ∆s and ∆p being real and positive and the band is less than half-filled
we find an (accidental) node on the gap ∆̃~k− under certain conditions. For~k ‖ ẑ the gap
is obviously positive: ∆̃~k− = 2∆s, while for~k in the basal plane find ∆̃~k− < 0, if ∆p is
large compared to ∆s. Generally, a line node is expected to occur, which winds around
the z-axis.

This property can be seen more easily assuming a spherical Fermi surface on which
the even-parity component is isotropic (∆s) and the odd-parity component has the form



~d(~k) = ∆p(x̂ky− ŷkx). The moduli of the two gaps are then given by

|∆̃~kλ
|= |∆s +λ∆d|sinθ~k|| (92)

where θ~k is the angle of~k on the Fermi surface with the c-direction . In this case we
obtain on the band λ = − a horizontal line node for the condition ∆s ≤ ∆p at the
angle sinθ~k = ∆s/∆p (see Fig.4). Note that for ∆s = ∆p there is single (broad) node
at the equator (kz = 0), while for ∆s � ∆p the nodes shrink to points at the two poles
(kx = ky = 0).

Experiments on CePt3Si show low-temperature powerlaw behavior in the London
penetration depth ∆λ ∝ T [29, 30], the NMR relaxation time (T T1)−1 ∝ T 2 [31], heat
conductance κ ∝ T 2 [38] and specific heat [32]. These results are consistent with the
nodes suggested here. However, the coexistence with antiferromagnetism complicates
the situation and it has been suggested that the magnetic order may additionally influence
the low-energy quasiparticle excitation spectrum in the superconducting phase [39, 40].
Moreover, it was found that the NMR-T−1

1 has a Hebel-Slichter peak at Tc which is
generally viewed as a sign of conventional s-wave type pairing [41]. Also this feature
is consistent with the pairing state belonging to the A1-representation as it promotes a
coherence effect [42].

SPIN SUSCEPTIBILITY

Since via the spin splitting of the electron band the lack of inversion symmetry has a
strong influence on the spin structure of Cooper pairs, the spin polarizability through a
magnetic field is affected in a characteristic way [33, 34, 35, 36]. Before addressing the
situation in the superconducting state we consider first the normal state spin susceptibil-
ity.

The Zeeman coupling to the spin introduces an additional contribution to the spin
dependent part of the kinetic energy,

Hkin = ∑
~k,s,s′

{
ξ~kσ̂

0 +(~g~k−µB~H) · ~̂σ
}

ss′
c†
~ks

c~ks′ (93)

with ξ~k = ε~k−µ . We expand the energy of the eigenstates for small magnetic fields,

ξ̃~k,λ (~H) = ξ~k +λ

√
(~g~k−µB~H)2

≈ ξ̃~kλ
−λ µbĝ~k · ~H−λ

µ2
B

|~g~k|
{~H2− (ĝ~k · ~H)2}

= ξ̃~kλ
−λA~k−λB~k

(94)

with A~k = −A−~k and B~k = B−~k. We then calculate the thermodynamic potential of the
electrons

Ωn(~H,T ) =−kBT ∑
~k,λ

ln
(

1+ e−ξ̃~kλ
(~H)/kBT

)
(95)



from which we deduce the susceptibility by means of the second derivative,

χµν =− ∂ 2Ωn

∂Hµ∂Hν

∣∣∣∣
~H=0

= µ
2
B ∑
~k,λ

[
∂ f (ξ̃~kλ

)

∂ ξ̃~k,λ

ĝµ

~k
ĝν

~k
+λ

f (ξ̃~kλ
)

|~g~k|
(δµν − ĝµ

~k
ĝν

~k
)

]
. (96)

The first term describes the intraband contribution to susceptibility, while the second
term originates from the interband effects, similar to a van Vleck contribution. Assuming
that the temperature is much lower than the band splitting, i.e. 〈|~g~k|〉~k � kBT and that
the density of states is weakly energy dependent over the range of the band splitting, we
obtain

χµν = µ
2
B ∑

λ

Nλ 〈ĝ
µ

~k
ĝν

~k
〉~k,λ +N(0)µ

2
B ∑

λ

〈δµν − ĝµ

~k
ĝν

~k
〉~k,λ

≈ χP

{
〈ĝµ

~k
ĝν

~k
〉~k + 〈δµν − ĝµ

~k
ĝν

~k
〉~k
}

= χPδµν

(97)

with the Pauli susceptibility defined as χP = 2µ2
BN(0) with the averaged density of states

N(0) = (N+ + N−)/2. The bracket 〈. . .〉~k,λ denotes the average over the Fermi surface
λ . Eventually we define 〈. . .〉~k = ∑λ 〈. . .〉~k,λ and find that within this approximation the
susceptibility is isotropic. The anisotropy which is found in a more extended calculation
is irrelevant for our further discussion such that our approximation does not obscure any
of the important aspects.

Now we turn to the superconducting phase. The quasiparticle spectrum of the band λ

is derived from the eigenvalues of the particle-hole matrix(
ξ̃~kλ

(~H) ∆~kλ

∆∗~kλ
−ξ̃−~kλ

(~H)

)
=

(
ξ̃~kλ

−λA~k−λB~k ∆~kλ

∆∗~kλ
−ξ̃−~kλ

(~H)−λA~k +λB~k

)
. (98)

The two terms, λA~k (intra-band) and λB~k (inter-band), enter E~kλ
in a different way.

The first one is already diagonal in this matrix, while the second one enters in a more
complicated way. The thermodynamic potential is given by

Ωs(~H,T ) =−kBT ∑
~k,λ

ln
(

1+ e−E~k(
~H)
}

+∑
~k,λ

{
ξ̃~kλ

(~H)−E~kλ
(~H)
}

+ const. (99)

First we consider the intra-band contribution which yields a shift of the quasiparticle
spectrum,

ξ̃~kλ
−λA~k ⇒ E~kλ

(~H) = E~kλ
−λA~k =

√
ξ̃ 2
~kλ

+ |∆~kλ
|2−λA~k . (100)

It is straightforward to obtain the susceptibility

χ
intra
µν = µ

2
B ∑
~k,λ

∂ f (E~k,λ )

∂E~kλ

ĝµ

~k
ĝν

~k
= µ

2
B ∑

λ

Nλ 〈Yλ (~k,T )ĝµ

~k
ĝν

~k
〉~k,λ (101)



with the Yosida functions on the two bands defined by

Yλ (~k,T ) =
∫

dξ
1

4kBT cosh2(E~k,λ /2kBT )
. (102)

Now we turn to the inter-band contribution with

ξ̃~kλ
−λB~k ⇒ E~kλ

(~H) =
√

[ξ̃~kλ
−λB~k]

2 + |∆~kλ
|2 . (103)

The susceptibility takes the form

χ
inter
µν = µ

2
B ∑
~k,λ

λ

[
ξ̃~kλ

E~kλ

f (E~kλ
)+

{
1−

ξ̃~kλ

E~kλ

}]
δµν − ĝµ

~k
ĝν

~k
|~g~k|

. (104)

The first term gives a negligible contribution while from the second we obtain

χ inter
µν = µ

2
B ∑

,λ

λ

∫
dξ̃λ Nλ

〈1− ξ̃λ√
ξ̃ 2

λ
+ |∆~kλ

|2

 δµν − ĝµ

~k
ĝν

~k
|~g~k|

〉
~k,λ

≈ 2µ
2
BN(0)〈δµν − ĝµ

~k
ĝν

~k
〉~k,λ +O

(〈
|∆~k±|

2

|g~k|2

〉
~k±

)
.

(105)

The correction due to superconductivity is small assuming that the band splitting is much
larger than the superconducting gap. In this interband contribution the quasiparticle gap
does not play a role, since the band gap is much larger. Collecting the two terms we
obtain an expression for the susceptibility

χµν = χ
intra
µν + χ

inter
µν = χp

{
δµν −〈ĝµ

~k
ĝν

~k
〉~k +∑

λ

Nλ

N(0)
〈Yλ (~k,T )ĝµ

~k
ĝν

~k
〉~k,λ

}

≈ χp

{
δµν −

〈
ĝµ

~k
ĝν

~k
(1−Y (~k,T ))

〉
~k

} (106)

where we introduce the Yosida function averaged over the two bands,

Y (~k,T ) = ∑
λ

Nλ

N(0)
Yλ (~k,T ) . (107)

The resulting susceptibility does only weakly depend on the symmetry of the supercon-
ducting state. It is formally very similar to the susceptibility obtained for a spin-triplet
superconductor with ~d(~k) ‖~g~k. However, it should be noticed that the spin polarizabil-
ity does not depend on the relative strength of the odd-parity component in the Cooper
pairing state.
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FIGURE 5. Spin susceptibility for a non-centrosymmetric superconductor with ~g~k = α(~k× ẑ). No
suppression of χ(T ) occurs for fields along the z-axis. However, χ(T ) decreases continuously to χP/2
for field perpendicular to the z-axis. Note that this property does not include corrections due to the change
of the superconducting condensate by so-called magneto-electric contributions for ~H ⊥ ẑ.

We consider again the example of CePt3Si with the point group C4v. With ~g~k =
α(ẑ×~k) the susceptibility below Tc remains constant as for fields along the z-axis and is
deduced to half of the Pauli susceptibility for inplane fields:

χzz(T ) = χP and χxx = χyy ≈
χp

2
(1−Y (T )) (108)

where Y (T ) represents an averaged Yosida function with Y (Tc) = 1 and Y (0) = 0 (see
Fig.5).

The behavior of the spin susceptibility can be experimentally observed using NMR-
Knight shift, i.e. the shift of the NMR resonance lines due to the internal magnetization
relative to the external field. This measurement is performed in the mixed supercon-
ducting phase where the magnetic field penetrates the superconductor through a vortex
lattice. If the vortex cores (the region of suppressed superconducting order parameter)
is small compared to their mutual distance and the London penetration depth, the field
experienced by the electron spins and the superconducting condensate are essentially
uniform. The experimental Knight-shift data for CePt3Si are not consistent with the ex-
pected behavior found in our simple calculation [37]. One reason for this discrepancy
could be the coexistence of superconductivity with antiferromagnetism in CePt3Si as
pointed out in Ref.[43, 40].

Paramagnetic limiting effects provides a further opportunity to test the characteristics
of the spin susceptibility. It only plays a role for the upper critical field, if usual orbital
depairing due to the magnetic field is weak which is true for superconductors with very
short coherence lengths. As the coherence length is essentially proportional to the Fermi
velocity (ξ0 = h̄vV F/π∆0), heavy Fermion superconductors show generally a rather
weak orbital depairing effect. A rough estimate of the paramagnetic limiting field at
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zero temperature is obtained by comparing the superconducting condensation energy
with the difference in the spin polarization energy of the normal and superconducting
phase:

Econd =−1
2 ∑

λ

Nλ |∆λ (0)|2 ≈−1
2

N(0)(1.764kBTc)2

Espin =−1
2(χ(0)µµ −χP)H2

µ .

(109)

Setting the two energies equal we obtain the paramagnetic limiting field as

µBHpµ =
1.764kBTc√
χµµ/χp−1

=
{

∞ µ = z
1.764×

√
2kBTc µ = x,y

. (110)

There is no paramagnetic limiting for fields along the z-axis while for inplane fields the
paramagnetic limiting field would be enhanced by a factor

√
2 compared to a spin singlet

superconductor (see Eq.(30)).
The measurements of the upper critical fields in CePt3Si are also here inconsistent

with the expectations. Hc2 is surprisingly isotropic although slightly enhanced above the
standard paramagnetic limiting. This is, in principle, consistent with the isotropy of the
susceptibility found in the Knight shift experiments, but overall it is inconclusive on the
intrinsic behavior of the spin polarizability in the superconducting phase. Fortunately,
there are other heavy Fermion superconductors with the same point group C4v and,
therefore, with the same predictions for the susceptibility. The compounds CeIrSi3 and
CeRhSi3 become superconducting only under pressure around an antiferromagnetic
quantum critical point. By pressure it is possible to suppress antiferromagnetism and
having a purely superconducting phase uncontaminated by other orders. Indeed the
observed upper critical fields Hc2 give a picture qualitatively consistent with our result



of the spin susceptibility (see Fig. 6). Actually the upper critical field in these two
superconductors takes extraordinarily high values extrapolating in the zero-temperature
limit to ∼ 25T for CeRhSi3 and to ∼ 40T for CeIrSi3 for given pressures [45, 46]. The
highest values of the z-axis Hc2 has been measured for pressures at quantum critical
point [46]. It has been suggested by Tada et al. that this may be related to a quantum
fluctuation effects important for the pairing interaction [47].

MAGNETO-ELECTRIC PHENOMENA

Magneto-electric effects are a well-known feature in so-called multi-ferroic systems,
which show both magnetic and ferroelectric properties, combining time reversal and in-
version symmetry breaking [53]. Among other phenomena magnetic field driven ferro-
electricity belong to the intriguing manifestations of the interplay between the two kinds
of orders. In the case of non-centrosymmetric superconductors magnetic fields yield un-
usual properties of the superconducting phase. We will consider here two examples: the
helical superconducting phase and the spin current carrying surface states.

Helical superconducting phase

In the discussion of the spin susceptibility and the paramagnetic limiting we had been
”careless” in some way, since we ignored the influence of the magnetic field on the
superconducting condensate. Usually this aspect is not necessary as the effects are not
appearing in linear order of the applied field. In non-centrosymmetric superconductors
the situation is different. In the last section we neglected the important fact that for
magnetic fields with ~H ·~g~k 6= 0 the band centers are generally shifted. This is immediately
obvious, if we analyze again Eq.(94) ignoring, however, the B~k-term. We use

ξ̃~kλ
(~H) = ξ̃~k,λ −λ µB~H ·~g~k (111)

and ask the question of where lies the center of the Fermi surface which we define it by

~kcλ = 〈~kξ̃~kλ
(~H)〉~k,λ =−λ µB〈(~H ·~g~k)~k〉~k,λ (112)

Since ~g~k is an odd function of~k this is generally not zero, if ~H ·~g~k 6= 0. Let us consider
again the case ~g~k = α(ẑ×~k), which leads to

~kcλ =−λα
k2

Fλ

3
µB(~H× ẑ) (113)

assuming essentially spherical Fermi surfaces. The center of the Fermi surface shifts
perpendicular to the magnetic field and the z-axis. This behavior contrasts the situation
found in a centrosymmetric materials under a magnetic field, where the Fermi surface
splits into a majority (parallel) and a minority (antiparallel to the field) spin Fermi
surface.
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The question arises now, how the superconducting phase would nucleate under these
conditions. Indeed it is more advantageous to form Cooper pairs on the Fermi surface
whereby they would necessarily have a finite total momentum, rather than insisting on
zero-momentum Cooper pairs which would consist mostly of quasiparticles away from
the Fermi surfaces. A gap function with finite momentum would then have a phase factor
∆~k → ∆~kei~qλ ·~r. Such a phase is called ”helical” [48, 49, 50]. In order to discuss these
states we turn now to the Ginzburg-Landau formulation.

Ginzburg-Landau discussion

We introduce independent order parameters, ηλ , for both Fermi surfaces. These two
components are, however, coupled as to yield a common coherent phase. The free energy
expansion contains the following terms:

F = F+ +F−+F+−+Fme +Fpl +FB (114)



with
Fλ =

∫
d3r

[
aλ (T )|ηλ |2 +bλ |ηλ |4 +Kλ |~Dηλ |2

]
,

F+− =
∫

d3r c(η∗+η−+η
∗
−η+) ,

Fme =
∫

d3r ∑
λ

iKme,λ (~H× ẑ) ·
{

η
∗
λ
(~Dηλ )−ηλ (~Dηλ )∗

}
,

Fpl =
∫

d3r ∑
λ ,µ

Qµλ |ηλ |2H2
µ ,

FB =
∫

d3r
~B2

8π
.

(115)

The first term has the standard form of a Ginzburg-Landau form with aλ (T ) = a′
λ
(T −

Tcλ ) and ~D = ~∇− 2ei
h̄c

~A. The second term is a coupling between the order parameters
on the two Fermi surfaces on second order, such that their phase is identical (c < 0 by
definition). The term Fme describes the magneto-electric behavior. It represents a Lifshitz
invariant, allowed by symmetry to this order. Note that this term exists due to the lack
of inversion symmetry (absence of mirror symmetry z →−z), while it conserves time
reversal symmetry. Its microscopic origin suggests that the two coefficients Kme+ and
Kme− have opposite sign. The term Fpl includes the effect of superconductivity on spin
polarizability, with Qzλ = 0, since for fields along the z-axis there is no change of the
spin susceptibility according to our previous discussion. Finally the last term includes
the magnetic field energy. On the other hand, Qxλ = Qyλ > 0. All coefficients are real.
Despite the fact that generally the ”critical temperatures” Tcλ are different for the two
Fermi surfaces there is only one transition due to the order parameter coupling in F+−.

We first study the superconducting instability in the absence of a magnetic field which
can be obtained through the linearized Ginzburg-Landau equations,

a+η+ + cη− = 0
cη−+a−η− = 0

}
⇒ a+a−− c2 = 0 (116)

leads to the transition temperature

Tc =
1
2

{
Tc+ +Tc−+

√
(Tc+−Tc−)2 +4c2/a′+a′−

}
. (117)

Below Tc the ratio of the two order parameter components changes as a function of
temperature continuously, such that the even- and odd-parity part of the pairing state
also vary

ψ(~k) = η+∆̃~k+ +η−∆̃~k− and ~d(~k) = (η+∆̃~k+−η−∆̃~k−)ĝ~k . (118)

where we consider ∆̃~kλ
as renormalized basis function and ηλ determines the magnitude

of the gap.



Now we turn to the case of a finite magnetic field. In order to simplify our discussion
and to restrict to the essential part we ignore here the orbital coupling (~A = 0 or charge
e→ 0). Thus, only coupling of the magnetic field to the spin is taken into account here.
In particular, we want to avoid the discussion of the vortex phase. However we assume
that the magnetic field penetrates the superconductor uniformly in this approximation, as
we have turned off the Meissner-Ochsenfeld screening. The linearized Ginzburg-Landau
equations are then given by

(ã+−K+~∇2−2iKme+(~H× ẑ) ·~∇)η+ + cη− = 0 ,

(ã−−K−~∇2−2iKme−(~H× ẑ) ·~∇)η−+ cη+ = 0 .

(119)

with
ãλ = aλ +∑

µ

Qµλ H2
µ . (120)

We analyze the instability in Fourier space

ηλ (~r) =
1√
Ω

∑
~q

η~qλ ei~q·~r (121)

leading to the algebraic linear equation,

(ã+ +K+~q2 +2Kme+(~H× ẑ) ·~q)η~q+ + cη~q− = 0

(ã−+K−~q2 +2Kme−(~H× ẑ) ·~q)η~q−+ cη~q+ = 0
(122)

and the instability condition

(ã+ +K+~q2 +2Kme+(~H× ẑ) ·~q)(ã−+K−~q2 +2Kme−(~H× ẑ) ·~q) = c2 . (123)

This equation leads to Tc(~q, ~H) where~q is a parameter used to maximize Tc. There is, in
general, a single ~qmax such that at the onset

ηλ (~r) = η0λ ei~qmax·~r (124)

represents a simple helical state [49, 50]. It is easy to see that~qmax ‖ ~H× ẑ, such that~qmax
and corresponds to the direction of the Fermi surface shift. Since the two Fermi surfaces
shift in opposite direction the helicity vector ~qmax does not exactly correspond to any of
the two shifting wavevectors, but represents a compromise which is more in favor of the
dominant Fermi surface. Due to their coupling both order parameters would follow the
same helical modulation. At lower temperatures for a given field (or at lower magnetic
fields for a given temperature) this single-helicity-vector phase may not remain stable
anymore. Obviously, if we completely decouple the two order parameters, setting c = 0,
we obtain two independent instabilities for η+ and η− with their individual wave vectors
~qλ . In this case the gap function would even be modulated in its magnitude when both



components are finite,

ψ(~k,~r) = ei(~q++~q−)·~r/2
[{

η0+∆̃~k+ +η0−∆̃~k−

}
cos
(

(~q+−~q−) ·~r
2

)

+i
{

η0+∆̃~k+−η0−∆̃~k−

}
sin
(

(~q+−~q−) ·~r
2

)]

~d(~k,~r) = ei(~q++~q−)·~r/2ĝ~k

[{
η0+∆̃~k+−η0−∆̃~k−

}
cos
(

(~q+−~q−) ·~r
2

)

+i
{

η0+∆̃~k+ +η0−∆̃~k−

}
sin
(

(~q+−~q−) ·~r
2

)]
.

(125)

Increasing the coupling c this type of phase is gradually suppressed and more complex
configurations appear which are beyond our scope. Naturally, the presence of vortices in
the mixed phase will modify this picture too [52]. A detailed discussion has been given
in Ref.[51].

Spin susceptibility and the helical state

As mentioned above the modification of the superconducting phase through the mag-
netic field will have an influence on the behavior of the spin susceptibility. Again most
easily this behavior is discussed in the Ginzburg-Landau formulation. For the sake of
clarity we will simplify the Ginzburg-Landau for to a single-order parameter formula-
tion. Then it takes the form

F = F0 +
∫

d3r

[
{a(T )+∑

µ

QµH2
µ}|η |2 +b|η |4 +K|~Dη |2

+iKme(~H× ẑ) · (η∗(~Dη)−η(~Dη)∗)+
~B2

8π

]
.

(126)

For our purpose we again ignore the orbital coupling to the magnetic field, setting e→ 0,
and restrict again to the spin coupling with

F0 =−Ω
χP

2
~H2 , Qx = Qy = Q 6= 0 and Qz = 0 , (127)

with Ω being the sample volume. We minimize the Ginzburg-Landau free energy in a
magnetic field with the ansatz η(~r) = η0ei~q·~r,

F = F0 +
∫

d3r[a+∑
µ

QµH2
µ +K~q2−Kme(~H× ẑ) ·~q]|η0|2 +b|η0|4 . (128)



The minimization with respect to ~q and η0 leads to

~qm =
Kme

2K
(~H× ẑ) and |η0|2 =− 1

2b

{
a+∑

µ

QµH2
µ −

K2
me

4K
(~H× ẑ)2

}
(129)

and the uniform free energy density is then

f (~H,T ) =−χP

2
~H2− 1

4b

{
a+∑

µ

QµH2
µ −

K2
me

4K
(~H× ẑ)2

}2

. (130)

The spin susceptibility is obtained through

χµν =− ∂ 2 f
∂Hµ∂Hν

∣∣∣∣
~H=0

= χpδµν −
|a(T )|

2b

{
2Qµδµν −

K2
me

2K
(δµν −δµzδνz)

}
. (131)

The second term diminishes the susceptibility in the superconducting phase for fields in
the x-y-plane,

χxx = χyy = χP−
a′(Tc−T )

2b
{2Q− K2

me
2K

} and χzz = χP . (132)

The reduction for χxx and χyy we discussed in the section on the spin susceptibility is
described by the term Q. The magneto-electric adaption of the superconducting order
parameter is contained in the term containing Kme and represents a counter term to Q.
Thus this term can reduce the suppression of the spin susceptibility for inplane fields
and, accordingly, also diminish the paramagnetic limiting effect to some extent. The
magnitude of the recovery depends on details of the band structure and pairing state
[52]. So far there have been no direct experimental observations of the helical phase in
any of the non-centrosymmetric superconductors.

Supercurrent and spin magnetization

Let us return to the Ginzburg-Landau free energy of Eqs.(114,115) and discuss the
effect of the antisymmetric spin-orbit coupling on the magnetic properties. First, we
determine the supercurrent using the relation

~Js =−1
c

∂F

∂~A
= ∑

λ

[
i
2e
h̄c

Kλ

{
η
∗
λ
(~Dηλ )−ηλ (~Dηλ )∗

}
+

2e
h̄c

Kme,λ |ηλ |2(~H× ẑ)
]

= ~Js0 +Λme(~H× ẑ) .
(133)

where
~Js0 = ∑

λ

~Js0λ = i
2e
h̄c

Kλ

{
η
∗
λ
(~Dηλ )−ηλ (~Dηλ )∗

}
. (134)



There is an additional contribution to the supercurrent which is a signature of the
magneto-electric effect and originates from the Zeeman coupling to the electron spins
to a magnetic field. The shift of the Fermi surface in a magnetic field lying in the basal
causes an additional supercurrent perpendicular to the Zeeman field. Next we consider
the spin magnetization of the superconductor,

Mµ =− ∂F0

∂Hµ

− ∂F
∂Hµ

= χpHµ −∑
λ

[
Qµλ |ηλ |2Hµ + iKme,λ

(
ẑ×
{

η
∗
λ
(~Dηλ )−ηλ (~Dηλ )∗

})
µ

]

= χµµHµ +∑
λ

Φ0Kme,λ

2πKλ

(ẑ× ~Js0λ )µ

(135)
Here the spin response is not only given by the spin susceptibility, but also by a contri-
bution originating from supercurrents in the basal plane.

The two equations (133) and (135) provide the important relations between spin
polarization and supercurrents [55, 33, 56]. Although these effects are small, it has
been shown that correlation effects may give rise to a substantial enhancement and yield
experimentally detectable effects [33, 56].

ANDREEV BOUND STATES AT THE SURFACE

Several unconventional superconductors possess states at surfaces or interfaces with
subgap energy. This is a consequence of the non-trivial internal phase structure of gap
function and can often also be attributed to topological properties of the superconducting
condensates [57, 58]. A well-known example are the zero-energy states of the dx2−y2-
wave superconductors which appear for surfaces with normal vector~n ‖ (1,1,0)[59, 60,
61]. Electrons scattered at the surface connect wave vectors close to the Fermi surface
where the gap function has opposite sign. This yields so-called Andreev bound states at
exactly zero energy. Similarly, in the chiral p-wave superconductor (~d(~k) = ẑ(kx± iky))
as likely realized in Sr2RuO4 there are chiral surface states [62].

We discuss the situation in the case on non-centrosymmetric superconductors again
using the example of he mixed-parity state proposed for CePt3Si. For the sake of
simplicity we assume spherical Fermi surfaces and simplify our discussion by taking
kFλ = kF+ = kF− = kF without ignoring the influence of the spin splitting on the
superconducting state. The gap function is assumed to have the form

∆̃~k,λ = ∆s +λ∆p|sinθ~k| . (136)

which is rotation symmetric around the z-axis. The electron dispersion close to the Fermi
surface is given by

ξ̃λ (~k) = h̄~vFλ · (~k−~kFλ ) . (137)
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In order to describe the surface quasiparticle bound states with their spatial dependence
we introduce the Bogolyubov-de Gennes equations with the wavefunctions u~kλ

(~r) for
the electron-like and v~kλ

(~r) for the hole-like part of the quasiparticles with wavevector
~k at the Fermi surface λ .

ξ̃λ (−i~∇)u~kλ
(~r)+ ∆̃~kλ

v~kλ
= Eu~kλ

(~r)

∆̃∗~kλ
u~kλ

− ξ̃λ (−i~∇)v~kλ
(~r) = Ev~kλ

(~r)
(138)

We introduce now for the wavefunctions the ansatz

u(±)
~k(±)

F λ
= A(±)

λ
e±iqx+i~k(±)

F ·~r and v(±)
~k(±)

F λ
= B(±)

λ
e±iqx+i~k(±)

F ·~r , (139)

where we distinguish between the wavefunction of particles approaching the surface (−)
(”in” in Fig.8) and leaving the surface (+) (”out” in Fig.8), indicated by the sign of the
wavevector q along the x-axis. Note, that wavevector components parallel to the surface
are conserved. The slow spatial dependence of the wave function is described by the
factor e±iqx.

Using Eq.(137) with our ansatz we obtain the equations

{±h̄vFxq−E}A(±)
λ

+ ∆̃~kλ
B(±)

λ
= 0 ′,

∆̃
∗
~kλ

A(±)
λ
−{±h̄vFxq+E}B(±)

λ
= 0 ,

(140)

which lead to

h̄vFxqλ =±
√

E2− ∆̃2
~kλ

and (A(±)
λ

,B(±)
λ

) =
(∆̃~kλ

,E∓ h̄vFxqλ )√
2E(E∓ h̄vFxqλ )

. (141)



Now a careful combination of the different contributions to the electron- and hole-
like wavefunction is mandatory. Note also that we have to choose the solution of qλ

(imaginary for−∆̃~kλ
< E < ∆̃~kλ

) so that the wavefunctions decay exponentially towards
the bulk of the superconductor, as expected for surface bound states.

For the boundary conditions we assume that the scattering process at the surface
preserves the spin. This condition may be modified by strong spin-orbit coupling. Thus,
the matching between ”in” (-) and ”out” (+) waves has to be done in the spin basis which
is defined by the spin-matrices,

σ̂λ (~k) =
1
2

{
σ̂

0 +λ ĝ~k · ~̂σ
}

=
1
2

 1 −λ ie−iφ~k

λ ieiφ~k 1

 , (142)

defining~kF = kF(cosφ~k sinθ~k,sinφ~k sinθ~k,cosθ~k). Note, that the angle φ~k is connected

with~k(+)
F ⇒ φ

(+)
~k

and~k(−)
F ⇒ φ

(−)
~k

= π−φ
(+)

~k
as can be seen in Fig.8. In the spin basis

then we write the wavefunctions as

u↑(~r) = ∑
λ ,s=±

C(s)
λ

A(s)
λ

e−|qλ |x+i~k(s)
F ·~r and u↓(~r) = ∑

λ ,s=±
C(s)

λ
A(s)

λ
λ ieiφ (s)

~k e−|qλ |x+i~k(s)
F ·~r ,

(143)
for the electron-like component and

v↑(~r) = ∑
λ ,s=±

C(s)
λ

B(s)
λ

e−|qλ |x+i~k(s)
F ·~r and v↓(~r) = ∑

λ ,s=±
C(s)

λ
B(s)

λ
λ ieiφ (s)

~k e−|qλ |x+i~k(s)
F ·~r ,

(144)
for the hole-like component. The boundary condition requires that all the wavefunction
components vanish simultaneously at the surface (x = 0). This leads to the equation for
the energy spectrum,

cos2
φ~k =

2
√

(∆̃2
~k+
−E2)(∆̃2

~k,−
−E2)

E2− ∆̃~k+∆̃~k−+
√

(∆̃2
~k+
−E2)(∆̃2

~k,−
−E2)

(145)

which yields bound states under the condition that ∆̃~k+∆̃~k− < 0. The spectrum is then
restricted to |E| < |∆̃~k− as can be seen from Eq.(145). From small momenta along the
y-direction ( |φ~k � 1) we find the linear dependence on the momentum ky

Eky ≈±
√

2|∆̃~k+∆̃~k−|
ky

kF cosθ~k
(146)

and for gracing angles φ~k →±π/2 the energy approaches E →±|∆̃~k−| (see Fig.9). The
presence of the Andreev bound state relies on the condition that ∆̃~k− < 0. With Eq.(136)
this requires that p-wave component is dominant ∆s < ∆p and kz < kF∆s/∆p. At ∆s = ∆p
the subgap mode disappears and is absent for ∆s > ∆p.
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The regime of ∆p > ∆s is adiabatically connected with the limit ∆s = 0 where we have
pure odd-parity p-wave state with ~d(~k) = ∆p(x̂ky− ŷkx). This is an equal-spin pairing
state with a gap matrix in spin space,

∆̂~k =

 −i(kx + iky) 0

0 −i(kx− iky)

=

 ∆~k↑↑ 0

0 ∆~k↓↓

 (147)

which represent chiral p-wave state of opposite chirality for the two spin orientations.
The spectrum in this case is much simpler and can be obtained from Eq.(145) through
the limit −∆̃~k−→ ∆̃~k+ → ∆p,

E(ky,σ) = σ∆p
ky

kF
(148)

where σ = + and − represent the branches for the spin ↑ and ↓, respectively. These are
two chiral edge states confined on a length scale of coherence length at the surface,
which yield a current density of the state with (ky,s) along the surface in opposite
direction,

jy(ky,σ) =
1
L

vy =
1

h̄L
∂E(ky,σ)

∂ky
= σ

∆p

h̄kF
. (149)

The total current is the integral over all occupied states (n(ky,σ) = Θ(−E(ky,σ)) at
T = 0),

Iσ = ∑
~k

n(ky,σ) jy(ky,σ) =
∆p

h̄

∫ 0

σkF

dky

2π

1
kF

= σ
∆p

h
. (150)



It is obvious that there is no net charge current: Ic = ∑σ=± Iσ = 0, because time reversal
symmetry is conserved. However, there is a finite spin current

Is = ∑
σ=±

σ Iσ =
2∆p

h
(151)

with the spin component point along the z-axis. This property survives, if we adiabati-
cally turn on the s-wave component ∆s again reaching the mixed-parity state. However,
it disappears continuously when ∆s approaches ∆p.

Note that this discussion is oversimplified, if spin-orbit coupling is taken into account.
Then the spin current is not preserved. The antisymmetric spin-orbit coupling term in
the Hamiltonian leads to spin precession. We do not into these detailed discussion here
and refer to Ref.[63].

CONCLUSIONS

In this introduction to superconductivity in non-centrosymmetric metals we have seen
that inversion symmetry is one of two key symmetries for Cooper pairing. The absence
of these symmetries has profound implications on the formation of Cooper pairs. In both
cases we encounter a spin splitting of the electronic bands which imprints a specific
spin structure on the Cooper pairs. Due to the spin splitting the pairing state end up
naturally to be non-unitary, i.e. having different pairing amplitudes on the two Fermi
surface sheets. These key symmetries are closely related to Anderson’s two theorems
[23, 24].

Concentrating on materials without inversion symmetry, non-centrosymmetric metals,
we have seen that a number of novel properties appear. The symmetry classification
distinguishing even- and odd-parity pairing, is obsolete, since the new states are parity-
mixing. Aspects of the new conditions under which superconductivity exists in these
systems, are visible in spin susceptibility in the superconducting phase, which has been
verified in several heavy Fermion superconductors. Magneto-electric effects provide an
intriguing coupling between orbital supercurrents and spin magnetization, which shows
analogies with features known from multi-ferroic systems and may be experimentally
observable. Eventually, possibility of surface Andreev bound state is a property which
has experimental relevance of quasiparticle tunneling experiments. Many topics have
not been discussed in this introduction, which are of imminent interest and under current
investigations. This includes the mixed phase in a magnetic field [51, 64, 65], the vortex
structure [66], the implication of mixed-parity for the Josephson effect [68, 69], the
coexistence of magnetic order and superconductivity [40, 67] (the absence of both key
symmetries) are some examples.

The number of new non-centrosymmetric superconductors is growing in recent
years. There are many ”conventional” non-centrosymmetric superconductors known
since many years, e.g.NbReSi (C2v)and Mo3Al2C (O). With the discovery of non-
centrosymmetric heavy Fermion superconductors, the prospects of having superconduc-
tivity with dominant unconventional pairing, most likely based on mechanisms involving
magnetic fluctuations, is a strong driving motivation. The best studied examples in this



class are CePt3Si, CeRhSi3 and CeIrSi3, which show some most spectacular results. It
is interesting to observed that these materials have non-heavy-Fermion partners which
are also superconducting, if Ce is replaced by La (no f -electrons), do not display such
unusual features. Very puzzling is the behavior of the two superconductors Li2Pd3B and
Li2Pt3B which have the same crystal structure P4332 leading to the cubic point group O.
While the former has more or less usual superconducting properties like a conventional
superconductor, the latter shows thermodynamic properties indicating the possibility of
line nodes in the gap and the Knight shift stays constant through the superconducting
transition down to lowest temperatures [70, 71]. The spin-orbit coupling strength is
likely very different in the two compounds which may be responsible for the dramatic
difference. However, from the normal state properties none of the two materials shows
strong correlation effects which would suggest unconventional Cooper pairing. So
it remains to be seen whether strong antisymmetric spin-orbit coupling would yield
unconventional behavior even for nominally conventional pairing mechanisms.

APPENDIX

A. Instability conditions

In this appendix we derive the expressions to calculate the critical temperatures for
time reversal and inversion symmetry breaking systems on a perturbative level. We use
the kinetic energy of Eq.(6) and the pairing interaction of Eq.(18,19). For our purpose it
is useful to apply the powerful Green’s function technique. The Green’s function of the
kinetic energy is obtained from the equation

{(iωn−ξ~k)σ̂
0−~g~k · ~̂σ}Ĝ0(~k, iωn) = σ̂

0 (152)

where ωn = πkBT (2n+1) is the Fermionic Matsubara frequency. It is easy to solve this
equation,

Ĝ0(~k, iωn) = G(+)(~k, iωn)σ̂0 +G(−)(~k, iωn)~̂σ · ĝ~k (153)

with

G(±)(~k, iωn) =
1
2
{G+(~k, iωn)±G−(~k, iωn)} and Gλ =

1

iωn− ξ̃~kλ

(154)

with λ =±. Using Gorkov’s equations one can derive the linearized gap equation of the
form [54],

∆s1s2(~k) =−kBT ∑
~k′,n

∑
s′1,s

′
2,s

′
3,s

′
4

Vs1s2s′2s′1
(~k,~k′)G0

s′2s′3
(~k′, iωn)∆s′3,s

′
4
(~k′)G0

s′1s′4
(−~k′,−iωn) .

(155)
We use for the gap matrix ∆̂(~k) = {ψ(~k)σ̂0 + ~d(~k) · ~̂σ}iσ̂ y. To simplify the discussion
we impose the condition that one of the two symmetries is conserved such that ~g−~k =
±~g~k ⇒ |~g~k|= |~g−~k|.



First we restrict our discussion to the even parity part and use for the dominant pairing
channel,

Vs1s2s′2s′1
(~k,~k′) = va(ψa(~k)iσ̂ y)s1s2(ψa(~k′)σ̂ y)†

s′2s′1
. (156)

After some algebra we obtain the two linear gap equations for ψ(~k),

ψ(~k) = kBT ∑
~k′,n

vaψa(~k)ψ∗
a (~k′)ψ(~k′)

{
G(+)(~k′, iωn)G(+)(−~k′,−iωn)

+ĝ~k′ · ĝ−~k′G
(−)(~k′, iωn)G(−)(−~k′,−iωn)

}
.

(157)

We neglect here terms which induce small odd-parity pairing components whose magni-
tude depends on the particle-hole asymmetry. Analogously we deal with the odd-parity
pairing state with the dominant pairing interaction part,

Vs1s2s′2s′1
(~k,~k′) = vb(~d(~k) · ~̂σ iσ̂ y)s1s2(~d(~k′) · ~̂σ iσ̂ y)†

s′2s′1
(158)

leading to

~d(~k) = kBT ∑
~k′n

vb~db(~k)~d∗b(~k′)
{

~d(~k′)G(+)(~k′, iωn)G(+)(−~k′,−iωn)

+
[
2(ĝ~k′ · ~d(~k′))ĝ−~k′− ~d(~k′)ĝ~k′ · ĝ−~k′

]
G(−)(~k′, iωn)G(−)(−~k′,−iωn))

}
,

(159)
also here neglecting terms which are small and depend on the particle-hole asymmetry
at the Fermi surface.

In these linear gap equations we have to deal with the Green’s function products,

G(±)(~k′, iωn)G(±)(−~k′,−iωn) =
1
4 ∑

λ=±

{
1

ω2
n +(ξ~k +λ |~g~k|)2 ±

1
(ωn + iλ |~g~k|)2 +ξ 2

~k

}
.

(160)
When evaluating the sum over~k′ and n we then encounter the following terms,

kBT ∑
~k′,n

1
ω2

n +(ξ~k′ +λ |~g~k′|)2 =
1
2

∫ dΩ~k′

4π

∫ +εc

−εc

dξ N(ξ )
tanh)[(ξ +λ |~g~k′|)/2kBT )

ξ +λ |~g~k′|

≈ N(0) ln
(

1.14εc

kBT

)
,

(161)



and

kBT ∑
~k′,n

1
(ωn + iλ |~g~k′|)2 +ξ 2

~k′
= 2kBT

∞

∑
n=0

∫ dΩ~k′

4π

∫ +εc

−εc

dξ
N(ξ )

(ωn + iλ |~g~k′|)2 +ξ 2
~k′

≈ 2N(0)

〈
nc

∑
n=0

1
2n+1+ iρ~k

〉
~k

= N(0) ln
(

1.14εc

kBT

)
+2N(0)

∞

∑
n=0

〈
1

2n+1+ iρ~k
− 1

2n+1

〉
~k

= N(0) ln
(

1.14εc

kBT

)
+2N(0)〈R(iρ~k)〉~k

(162)
with ρ~k = |~g~k|/πkBT . Inserting these results into Eq.(157,159) we obtain

ψa(~k)= ψa(~k)
{

N(0)va ln
(

1.14εc

kBT

)
+

N(0)va

2

〈
|ψa(~k′)|2(1+ ĝ~k · ĝ−~k)[R(iρ~k)+R(−iρ~k)]

〉
~k′

}
.

(163)
The relation N(0)va ln[1.14εc/kBTc0] = 1 leads then to

ln
(

Tc

Tc0

)
=
〈
|ψa(~k′)|2(1+ ĝ~k · ĝ−~k) f (ρ~k)

〉
~k′

(164)

with f (ρ) = ReR(iρ) as in Eq.(21). Analogously we can derive Eq.(32) for the odd-
parity case.

B. Time reversal operation in the helicity basis

Time reversal operation: Consider the state

|~kλ 〉= uλ↑(~k)|~k ↑〉+uλ↓(~k)|~k ↓〉 . (165)

We apply the time reversal operator K =−iσ̂ yK0 (K0: complex conjugation):

K |~kλ 〉= tλ (~k)|−~kλ 〉= u∗
λ↑(~k)|−~k ↓〉+uλ↓(~k)|−~k ↑〉 (166)

where tλ (~k) is a phase factor,

|−~kλ 〉= uλ↑(−~k)|−~k ↑〉+uλ↓(−~k)|−~k ↓〉 . (167)

Thus, we find

tλ (~k) = 〈−~kλ |K |~kλ 〉=−u∗
λ↑(−~k) u∗

λ↓(~k)+u∗
λ↓(−~k) u∗

λ↑(~k) =−λ
g~kx− ig~ky√
|~g~k|2−g2

~kz

.

(168)



Since K is an anti-unitary operator, K 2 =−1, and we obtain

K 2|~kλ 〉= K tλ (~k)|−~kλ 〉= t∗
λ
(~k)tλ (−~k)|~kλ 〉=−|~kλ 〉 , (169)

which is leads to tλ (−~k) =−tλ (~k) consistent with the fact that ~g~k is odd in~k.
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