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17 Local Moments and the Kondo effect.

17.1 Strongly Correlated Electrons

One of the fascinating growth areas in condensed matter physics concerns “strongly correlated systems”:
states of matter in which the many body interaction energies dominate the kinetic energies, becoming large
enough to qualitatively transform the macroscopic properties of the medium. Some of the growing list of
strongly correlated systems include

• Cuprate superconductors, where interactions amongst electrons in localized 3d-shells form an antiferro-
magnetic “Mott” insulator, which develops high temperature superconductivity when doped.

• Heavy electron compounds, in which localized magnetic moments immersed within the metal give rise
to electron quasiparticles with effective masses in excess of 1000 bare electron masses.

• Fractional Quantum Hall systems, where strong interactions in the lowest Landau level of a two-dimensional
electron fluid generate a incompressible state with quasiparticles of fractional charge and statistics.

• Quantum Dots, which are tiny pools of electrons in semiconductors that act as artificial atoms. As the gate
voltage is changed, the electron repulsion in the dot causes a “Coulomb Blockade”, whereby electrons
can only be added one by one to the quantum dot.

• Cold atomic gases, in which the interactions between the neutral atoms governed by two-body resonances,
can be magnetically tuned to create a whole new world of strongly correlated quantum fluids.

In each case, the electron system has been tuned - by electronic or nuclear chemistry, by geometry or
nanofabrication, to give rise to a quantum state with novel collective properties, in which the interactions
between the particles are large compared with their kinetic energies. The next two chapters will introduce one
corner of this field: the physics of local moments and heavy fermion compounds. A large class of strongly
correlated materials contain atoms with partially filled d, or f orbitals. Heavy electron materials are an extreme
example, in which one component of the electron fluid is highly localized, usually inside f-orbitals giving rise
to the formation of magnetic moments. The interaction of localized magnetic moments with the conduction
sea provides the driving force for the strongly correlated electron physics in these materials.

Within the periodic table, there are broad trends that govern strongly correlated electron behavior. The
most strongly interacting electrons tend to reside in partially filled orbitals that are well-localized around the
nucleus. The weak overlap between orbitals of neighboring atoms promotes the formation of narrow electron
bands, while the interactions between electrons in the highly localized orbitals are strong.

In order of increasing degree of localization, the unfilled electron orbitals of the central rows of the periodic
table may be ordered

5d < 4d < 3d < 5 f < 4 f .
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There are two trends operating here: first, orbitals with higher principle quantum numbers contain more
radial nodes and tend to be more delocalized, so that 5d < 4d < 3d and 5 f < 4 f . Second, as we move from
d to f orbitals, or along a row of the periodic table, the increased nuclear charge pulls the orbitals towards
the nucleus. These trends are summarized in the Kmetko-Smith diagram in Fig 17.1, in which the central
rows of the periodic table are stacked in order of increasing localization. Moving up and to the right in this
diagram leads to increasingly localized atoms In metals lying on the bottom-left hand side of this diagram,
the d-orbitals are highly itinerant giving rise to the metals exhibit conventional superconductivity at low
temperatures. By contrast, in metals towards the top right hand side of the diagram, the electrons in the rare
earth or actinide ions are localized, forming magnets, or more typically, antiferromagnets.

The materials that lie in the cross-over between these two regions are particularly interesting, for these
materials are “on the brink of magnetism”. With some exceptions, it is in this region that the the cerium and
uranium heavy fermion materials, and the iron based superconductors are found.

17.1.1 Local moments

To understand heavy electron materials, we need to understand how electrons localize to form magnetic
moments, and how these local moments interact with the conduction sea of electrons. The simplest example
of a localized moment is an unpaired electron bound in an isolated atom, or ion (17.2 (a)). At temperatures
far below the ionization energy |E f |, the only remaining degree of freedom of this localized electron is its
magnetic moment, described by the operator

M⃗ = µBσ⃗

tFig. 17.1 The Kmetko-Smith diagram, showing the broad trends towards increasing electron
localization in the d- and f-electron compounds.



4 Local Moments and the Kondo effect.

where σ⃗ denotes the Pauli matrices and µB =
eℏ
2m is the Bohr magneton. In a magnetic field, the Hamiltonian

describing low energy physics is simply H = −M⃗ · B⃗ = −µBσ⃗ · B⃗, giving rise giving rise to a “Curie”
susceptibility

χ(T ) =
∂M
∂B
= −∂

2F
∂B2 =

µ2
B

T

The classic signature of local moments is the appearance of Curie paramagnetism with a high-temperature
magnetic susceptibility of the form

χ ≈ ni
M2

3(T + θ)
M2 = g2µ2

BJ(J + 1), (17.1)

where, ni is the concentration of magnetic moments while M is the magnetic moment with total angular
momentum quantum number J and gyro-magnetic ratio (“g-factor”) g. θ is the “Curie Weiss” temperature,
a phenomenological scale which takes account of interactions between spins1. For a pure spin, J = S is the
total spin and g = 2, but for rare earth and actinide ions, the orbital and spin angular momentum combine
into a single entity with angular momentum J⃗ = L⃗ + S⃗ for which g lies between one and two. For example, a
Ce3+ ion contains a single unpaired 4f-electron in the state 4 f 1, with l = 3 and s = 1/2. Spin-orbit coupling
gives rise to low-lying multiplet with j = 3 − 1

2 =
5
2 , consisting of 2 j + 1 = 6 degenerate orbitals |4 f 1 : Jm⟩,

(mJ ∈ [− 5
2 ,

5
2 ]) with an associated magnetic moment M = 2.64µB.

tFig. 17.2 (a) In isolation, the localized atomic states of an atom form a stable, sharp excitation
lying below the continuum. (b) The inverse of the Curie-Weiss susceptibility of local
moments χ−1 is a linear function of temperature, intersecting zero at T = −θ.

Though the concept of localized moments was employed in the earliest applications of quantum theory
to condensed matter2, a theoretical understanding of the mechanism of moment formation did not develop

1 A positive θ > 0 indicates an antiferromagnetic interaction between spins, while a negative θ < 0 is associated with ferromagnetic
interactions. giving rise to a divergence of the susceptibility at the Curie temperature Tc = −θ.

2 The concept of a local moment appears in Heisenberg’s original paper on ferromagnetism[1]. Landau and Néel invoked the notion of
the localized moment in their 1932 papers on antiferromagnetism, and in 1933, Kramers used this idea again in his theory of magnetic
superexchange.
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until the early sixties, when experimentalists began to systematically study impurities in metals. 3 In the early
1960s, Clogston, Mathias and collaborators[2] showed that when small concentrations ni of magnetic ions,
such as iron are added to a metallic host, they do not always form magnetic moments. For example, iron
impurities in pure niobium do not develop a local moment, but they do so in the niobium-molybdenum alloy,
Nb1−xMox once the concentration of molybdeneum exceeds 40% (x > 0.4). It was these observations that led
Anderson to develop his model for local moment formation.

17.2 Anderson’s Model of Local Moment Formation

Anderson’s model for moment formation, proposed in 1963, combines two essential ideas[3]:

• the localizing influence of Coulomb interactions. Peierls and Mott [4, 5] had reasoned in the 1940s that
strong-enough Coulomb repulsion between electrons in an atomic state would blockade the passage of
electrons, converting a metal into what is now called a “Mott insulator”. These ideas were independently
explored by Van Vleck and Hurvitz in an early attempt to understand magnetic ions in metals[6].

• the formation of an electronic resonance. In the 1950’s Friedel and Blandin [7, 8, 9] proposed that electrons
in the core states of magnetic atoms tunnel out into the conduction sea, forming a resonance.

Anderson unified these ideas in a second-quantized Hamiltonian

H =

Hresonance︷                                                                ︸︸                                                                ︷∑
k,σ

ϵknkσ +
∑
k,σ

[
V(k)c†kσ fσ + V∗(k) f †σckσ

]
+ E f n f + Un f↑n f↓︸              ︷︷              ︸

Hatomic

, (17.2)

Anderson model.

where Hatomic describes the atomic limit of an isolated magnetic ion containing a Kramer’s doublet of energy
E f . The engine of magnetism in the Anderson model is the Coulomb interaction

U =
e2

4πϵ0

∫
r,r′

1
|r − r′|ρ f (r)ρ f (r′)

of a doubly occupied f-state, where ρ f (r) = |Ψ f (r)|2 is the electron density in a single atomic orbital ψ f (r).
The operator c†kσ creates a conduction electron of momentum k, spin σ and energy ϵk = Ek − µ, while

f †σ =
∫

r
Ψ f (r)ψ̂†σ(r), (17.3)

creates an f-electron in the atomic f-state. Unlike the electron continuum in a vacuum, a conduction band in
a metal has a finite energy width, so in the model, the energies are taken lying in the range ϵk ∈ [−D,D].

3 It was not until the sixties that materials physicists could control the concentration of magnetic impurities in the parts per million
range required for the study of individual impurities. The control of purity evolved during the 1950s, with the development of new
techniques needed for semiconductor physics, such as zone refining.
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Hresonance describes the hybridization with the Bloch waves of the conduction sea that develops when the ion
is immersed in a metal. The quantity

V(k) = ⟨k|Vion| f ⟩ =
∫

d3re−ik·rVion(r)Ψ f (⃗r). (17.4)

is the hybridization between the ionic potential and a plane wave. This term is the result of applying first
order perturbation theory to the degenerate states of the conduction sea and the atomic f-orbital.

17.2.1 A competition between localization and hybridization.

To understand the formation and properties of local moments, we need to examine the two limiting types of
behaviour in the Anderson model:

• Localized moment behavior, described by the limiting case where the hybridization vanishes.
• Virtual bound-state formation, described by the limiting case where the interaction is negligible.

tFig. 17.3 Phase diagram for Anderson impurity model in the atomic Limit. For U > |E f + U/2,
the ground-state is a magnetic doublet. When U < 0, the ground-state is degenerate
charge doublet provided E f + U/2 = 0.

17.2.2 The Atomic limit.

The atomic physics of an isolated ion, described by

Hatomic = E f n f + Un f↑n f↓. (17.5)
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is the engine at the heart of the Anderson model that drives moment formation. The four atomic quantum
states are

| f 2⟩
| f 0⟩

E( f 2) = 2E f + U
E( f 0) = 0

}
non-magnetic

| f 1 ↑⟩, | f 1 ↓⟩ E( f 1) = E f . magnetic.

(17.6)

The cost of adding or removing to the magnetic f 1 state is given by

adding: E( f 2) − E( f 1) = U + E f

removing: E( f 0) − E( f 1) = −E f

}
⇒ ∆E =

U
2
± (E f +

U
2

) (17.7)

In other words, provided (Fig. 17.3)

U/2 > |E f + U/2| (17.8)

the ground-state of the atom is a two-fold degenerate magnetic doublet. Indeed, provided it is probed at
energies below the smallest charge excitation energy, ∆Emin = U/2 − |E f + U/2|, only the spin degrees of
freedom remain, and the system behaves as a local moment - a “quantum top”. The interaction between such
a local moment and the conduction sea gives rise to the “Kondo effect” that will be the main topic of this
chapter.

Although we shall be mainly interested in positive, repulsive U, we note that in the attractive region of
the phase diagram (U < 0) the atomic ground-state can form a degenerate “charge” doublet (| f 0⟩, | f 2⟩) or
“isospin”. For U < 0, when E f + U/2 = 0 the doubly occupied state | f 2⟩ and the empty state | f 0⟩ become
degenerate. This is the charge analog of the magnetic doublet that exists for U > 0, and when coupled to the
sea of electrons, gives rise to an effect known as the “charge Kondo effect”. Such charge doublets are thought
to be important in certain “negative U” materials, such as Tl doped PbTe.

Example 17.1: Derivation of the non-interacting Anderson model
Consider an isolated ion, where the f-state is a solution of the one-particle Schrödinger equation[

−∇2 + V̂ion

]
| f ⟩ = Eion

f | f ⟩, (17.9)

where Vion(r) is the ionic potential and Eion
f < 0 is the energy of the atomic f-level. In a metal, the

positive ionic background draws the continuum downwards to become degenerate with the f-level as
shown in Fig. 17.4. A convenient way to model this situation is to use “muffin tin potential”, 4

V(r) = (Vion(r) +W) θ(R0 − r) (17.10)

equal to the ionic potential, shifted upwards by an amount W inside the muffin tin radius R0. The f-state
is now an approximate eigenstate ofH = −∇2 + V̂ that is degenerate with the continuum.

Derive the non-interacting component of the Anderson model using degenerate perturbation theory,
evaluating the matrix elements of H between the conduction states |k⟩ and the local f-state | f ⟩. You
may assume that the muffin tin R0 is much smaller than the Fermi wavelength, so that the conduction
electron matrix elements Vk,k′ = ⟨k|V |k′⟩ are negligible.

Solution:

To carry out degenerate perturbation theory we must first orthogonalize the f-state to the continuum
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| f̃ ⟩ = | f ⟩−∑
ϵk∈[−D,D] |k⟩⟨k| f ⟩, where D is the conduction electron band-width. Now we need to evaluate

the matrix elements ofH = −∇2 + V . If we set

Vk,k′ =

∫
r<R0

d3rei(k′−k)·r(Vion(r) +W), (17.11)

then the conduction electron matrix elements are

⟨k|H|k′⟩ = Ekδk,k′ + Vk,k′ ≈ Ekδk,k′ (17.12)

while ⟨ f̃ |H| f̃ ⟩ ≈ Eion
f is the f-level energy.

The hybridization is given by the off-diagonal matrix element,

V(k) = ⟨k|H| f̃ ⟩ = ⟨k| − ∇2 + V̂ | f̃ ⟩ = Ek⟨k| f̃ ⟩ + ⟨k|V̂ | f̃ ⟩ = ⟨k|V̂ | f̃ ⟩, (17.13)

where we have used the orthogonality ⟨k| f̃ ⟩ = 0 to eliminate the kinetic energy. Infact, since the f-state
is highly localized, its overlap with the conduction electron states is small ⟨k| f ⟩ ≈ 0, so we can now
drop the tilde, approximating ⟨k|V̂ | f̃ ⟩ ≈ ⟨k|V̂ion +W | f ⟩ ≈ ⟨k|V̂ion| f ⟩, so that

V(k) ≈ ⟨k|Vion| f ⟩ =
∫

d3re−ik.rVion(r)ψ f (r). (17.14)

In this way, the only surviving term contributing to the hybridization is the atomic potential - only this
term has the high-momentum Fourier components to create a significant overlap between the low mo-
mentum conduction electrons and the localized f-state. Putting these results together, the non-interacting
Anderson model can then be written

Ĥresonance =
∑

k

ϵk︷          ︸︸          ︷
(Ek +W − µ) c†kσckσ +

∑
kσ

(V(k)c†kσ fσ + H.c) +

E f︷     ︸︸     ︷
(Eion

f − µ) n f .

17.2.3 Virtual bound-state formation: the non-interacting resonance.

When the magnetic ion is immersed in a sea of electrons, the f-electrons within the core of the atom can
tunnel out, hybridizing with the Bloch states of surrounding electron sea [9] as shown in Fig. 17.4.

In the absence of interactions, this physics is described by

Hresonance =
∑
k,σ

ϵknkσ +
∑
kσ

[
V(k)c†kσ fσ + H.c.

]
+ E f n f , (17.15)

where c†kσ creates an electron of momentum k, spin σ and energy ϵk = Ek − µ in the conduction band. The
hybridization broadens the localized f-state, and in the absence of interactions, gives rise to a resonance of
width ∆ given by Fermi’s Golden Rule.

∆ = π
∑

k⃗

|V(k)|2δ(ϵk − E f ) (17.16)

This is really an average of the density of states ρ(ϵ) =
∑

k δ(ω− ϵk) with the hybridization |V(k)|2. For future
reference, we shall define

∆(ϵ) = π
∑

k⃗

|V(k)|2δ(ϵk − ϵ) = πρ(ϵ)V2(ϵ) (17.17)

as the “hybridization” function.
Let us now examine the resonant scattering off a non-interacting f-level, using Feynman diagrams. We’ll
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denote the propagator of the bare f-electron by a full line, and that of the conduction electron by a dashed
line, as follows:

G(0)
f (ω) =

1
ω − E f

G(0)(k, ω) =
1

ω − ϵk
. (17.18)

For simplicity, we will ignore the momentum dependence of the hybridization, taking V(k) = V(k)∗ ≡ V .
The hybridization is a kind of off-diagonal potential scattering which we denote by a filled dot, as follows:

(17.19)

Now the hybridization permits the f-electron to tunnel back and forth into the continuum, a process we can
associate with the “self-energy” diagram

= Σc(ω) =
∑

k

V2

ω − ϵk
. (17.20)

We can view this term as an effective scattering potential for the f-electrons, one that is frequency dependent
and hence retarded in time, reflecting the fact that an f-electron can spend large amounts of time out in the

tFig. 17.4 (a) The immersion of an atomic f state in a conduction sea leads to hybridization
between the localized f-state and the degenerate conduction electron continuum,
forming (b) a resonance in the density of states.
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conduction band. The Feynman diagrams describing the multiple scattering of the f-electron off this potential
are then:

= + + + . . .

(17.21)

Each time the electron tunnels into the conduction band, it does so with a different momentum, so the mo-
menta of the conduction electrons are independently summed over in the intermediate states. As in previous
chapters, we can sum these terms as a geometric series to obtain a familiar-looking self-energy correction to
the f-propagator.

G f (ω) = G(0)
f

[
1 + ΣcG

(0)
f +

(
ΣcG

(0)
f

)2
+ . . .

]
= [ω − E f − Σc(ω)]−1 (17.22)

Now for a broad conduction band there is a very useful approximation for Σc. To derive it, we re-write the
momentum sum in the self-energy as an energy integral with the density of states, replacing

∑
k →

∫
dϵρ(ϵ),

so that

Σc(ω) =
∫

dϵ
π
ρ(ϵ)

πV2

ω − ϵ =
∫

dϵ
π

∆(ϵ)
ω − ϵ , (17.23)

where ∆(ϵ) = πρ(ϵ)V2. In the complex plane, Σc(ω) has a branch cut along the real axis with a discontinuity
in its imaginary part proportional to the hybridization:

ImΣc(ω ± iδ) =
∫

dϵ
π
∆(ϵ)

∓iπδ(ω−ϵ)︷          ︸︸          ︷
Im

1
ω − ϵ ± iδ

,= ∓∆(ω). (17.24)

Consider the particular case where ∆(ϵ) = ∆ is constant for ϵ ∈ [−D,D], so that

Σ(ω ± iδ) =
∆

π

∫ D

−D

dϵ
ω − ϵ ± iδ

=
∆

π
ln

[
ω ± iδ + D
ω ± iδ − D

]

=
∆

π

O(ω/D)︷      ︸︸      ︷
ln

∣∣∣∣∣ω + D
ω − D

∣∣∣∣∣∓i∆θ(D − |ω|) (17.25)

which is a function with a branch-cut stretching from ω = −D to ω = +D. The frequency dependent part of
ReΣc = O(ω/D) is negligible in a broad band. We can extend this observation to more general functions ∆(ω)
that vary slowly over the width of the resonance (lumping any constant part of Σc into a shift of E f .) With
this observation, for a broad band, we drop the real part of Σc, writing it in the form

Σc(ω + iω′) = −i∆sgn(ω′), (17.26)

where ω′ is the imaginary part of the frequency. (at the Matsubara frequencies, Σc(iωn) = −i∆sgnωn). On the
real axis, the f-propagator takes a particularly simple form

G f (ω − iδ) =
1

(ω − E f − i∆)
, (17.27)

that describes a resonance with a width ∆, centered around energy E f , with a Lorentzian density of states

ρ f (ω) =
1
π

ImG f (ω − iδ) =
∆

(ω − E f )2 + ∆2 .
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Now let us turn to see how the conduction electrons scatter off this resonance. Consider the repeated
scattering of the conduction electrons, represented by the dashed line, off the f-level as follows:

= + + + . . .

Now using (17.21) we see that third and higher terms can be concisely absorbed into the second term by
replacing the bare f-propagator by the full (broadened) f-propagator, as follows

= +

G(k′,k, ω) = δk′,kG(0)(k, ω) + G(0)(k, ω)V2G f (ω)G(0)(k′, ω)

. (17.28)

We can identify

t(ω) = V2G f (ω) (17.29)

as the scattering t-matrix of the resonance. Infact, this relationship holds quite generally, even when interac-
tions are present, because the only way conduction electrons can scatter, is by passing through the localized
f-state. The full conduction electron propagator can then be written

G(k′,k, ω) = δk′,kG(0)(k, ω) +G(0)(k, ω)t(ω)G(0)(k′, ω). (17.30)

Scattering theory tells us that the t-matrix is related to the S-matrix S (ω) = e2iδ(ω), where δ(ω) is the scattering
phase shift, by the relation S = 1 − 2πiρ t(ω + iη)(here we use η as the infinitesimal to avoid confusion with
the notation for the phase shift), or

t(ω + iη) =
1
−2πiρ

(S (ω) − 1) = − 1
πρ
× 1

cotδ(ω) − i
. (17.31)

Substituting our explicit form of the f-Green’s function,

t(ω + iδ) = V2G f (ω + iη) =
1
πρ
×

∆︷︸︸︷
πρV2

ω − E f + i∆
= − 1

πρ
× 1

( E f−ω
∆

) − i
(17.32)

Comparing (17.31) and (17.32), we see that scattering phase shift is given by

δ f (ω) = cot−1
(

E f − ω
∆

)
= tan−1

(
∆

E f − ω

)
. (17.33)

δ f (ω) is a monotonically increasing function, rising from δ f = 0 at ω << 0 to δ f = π at high energies. On
resonance, δ(E f ) = π/2, corresponding to the strongest kind of “unitary scattering”.

17.2.4 The Friedel Sum Rule

Remarkably, the phase shift δ f ≡ δ f (0) at the Fermi surface determines sets the amount of charge bound
inside the resonance. Here, we can see this by using the f-spectral function to calculate the ground-state
occupancy:

n f = 2
∫ 0

−∞
dωρ f (ω) = 2

∫ 0

−∞

dω
π

∆

(ω − E f )2 + ∆2 =
2
π

cot−1
(

E f

∆

)
≡ 2 ×

δ f

π
, (17.34)
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Note that when δ(0) = π/2, n f = 1. This is a particular example of the “Friedel sum rule”, - a very general
relation between the number of particles ∆n bound in a potential well and the sum of the scattering phase
shifts at the Fermi surface

∆n =
∑
λ

δλ
π

(17.35)

where δλ denotes the scattering phase shift in the partial wave state labelled by the orbital quantum numbers
λ. 5

tFig. 17.5 Illustrating the Friedel sum rule. As the scattering phase shift grows, the nodes of the
eigenstates at the Fermi surface are drawn into the potential well. Each time the
phase shift passes through π one more node passes into the well, leading to one
more bound-electron. In this illustration, one bound-state has formed as one node
passes through the boundary, increasing the phase shift by π.

We can understand the Friedel sum rule by looking at the scattering wavefunction far from the impurity.
The asymptotic radial wavefunctions of the incoming and the phase-shifted outgoing electrons on the Fermi
surface take the form

ψ(r) ∼
[
e−ikF r

r
+ e2iδ f

eikF r

r

]
∼

eiδ sin(kFr + δ f )
r

which corresponds to a radial wave in which the wavefunction of the electrons is shifted by an amount

∆r = −
δ f

kF
= −λF

2
×
δ f

π
.

Thus for a positive phase shift, electrons are drawn inwards by the scattering process. Each time δ f passes

5 For a spherical atom, without spin-orbit coupling λ = (l,m, σ), where l, m and σ are the angular momentum and spin quantum
numbers. With spin orbit coupling, λ = ( j,m) denote the quantum numbers of total angular momentum j.
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through π, one more node of the wavefunction passes through the boundary at infinity, corresponding to an
additional bound electron. Anderson has called Friedel’s sum rule a “node counting theorem”.

Example 17.2: Anderson Model as a path integral
Formulate the Anderson model as a path integral and show that the conduction electrons can be “inte-
grated out”, giving rise to an action of the following form[10]

S F =
∑
σ,iωn

f̄σn

{
−iωn + E f − i∆sgn(ωn)

}
fσn +

∫ β

0
dτUn↑n↓. (17.36)

where fσn ≡ β−
1
2
∫ β

0
dτeiωnτ fσ(τ) is the Fourier transform of the f-electron field.

Solution: We begin by writing the partition function of the Anderson model as a path integral

Z =
∫
D[ f , c]e−S (17.37)

where the action S = S A + S B is the sum of two terms, an atomic term

S A =

∫ β

0
dτ[

∑
σ

f̄σ(∂τ + E f ) fσ + Un f↑n f↓]

and a bath term

S B =

∫ β

0
dτ

∑
kσ

c̄kσ(∂τ + ϵkσ)ckσ + V
[
f̄σckσ + c̄kσ fσ

] (17.38)

describing the hybridization with the surrounding sea of conduction electrons.
We can re-arrange the path integral so that the conduction electron integral is carried out first,

Z =
∫
D[ f ]e−S F

ZB[{ f }]︷         ︸︸         ︷∫
D[c]e−S B , (17.39)

where ZB[{ f }] contains the change to the f-electron induced by “integrating out” the conduction elec-
trons. The bath action is free of interactions and can be written schematically as a quadratic form

S B = c̄ · A · c + c̄ · j + j̄ · c (17.40)

where A ≡ (∂τ + ϵk)δ(τ − τ′) is the matrix acting on the fields between the fields c ≡ ckσ(τ) and
c̄ = c̄kσ(τ), while j(τ) = V fσ(τ) and j̄ = f̄σ(τ)V are source terms. You may find it reassuring to recast
S B in Fourier space, where A = (−iωn + ϵk) is explicitly diagonal.
Using the standard result for Gaussian fermion integrals,

ZB =

∫
D[c]e−c̄Ac− j̄c+c̄ j = det A × exp[ j̄.A−1. j].

or explicitly,

ZB[{ f }] =
ZC=e−βFC︷        ︸︸        ︷

det[∂τ + ϵk] exp

∫ β

0
dτ f̄σ

∑
k

V2

∂τ + ϵk

 fσ

 (17.41)

The first term is the partition function ZC of the conduction sea in the absence of the magnetic ion.
Substituting ZB[{ f }] back into the full path integral (17.39) and combining the quadratic terms then
gives

Z = ZC ×
∫
D[ f ] exp

−∫
dτ

 f̄σ
(
∂τ + E f −

∑
k

V2

∂τ + ϵk

)
fσ + Un↑n↓


 .
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If we transform the first term into Fourier space, substituting fσ(τ) = β−1/2 ∑
n fσne−iωnτ, f̄σ(τ) =

β−1/2 ∑
n f̄σneiωnτ so that ∂τ → −iωn, the action can be written

S F =
∑
σ,iωn

f̄σn

{
−iωn + E f +

−i∆sgn(ωn)︷         ︸︸         ︷∑
k

V2

iωn − ϵk

}
︸                              ︷︷                              ︸

−G−1
f (iωn)

fσn +

∫ β

0
dτUn↑n↓ (17.42)

The quadratic coefficient of the f-electrons is the inverse f-electron propagator of the non-interacting
resonance. We immediately recognize the self-energy term Σc(iωn) = −i∆sgn(ωn) introduced in (17.20).
From this path integral derivation, we can see that this term accounts for the effect of the conduction
bath electrons, even in the presence of interactions. If we now use the large band-width approximation
Σ(iωn) = −i∆sgnωn introduced in the (17.26), the action can be compactly written

S F =
∑
σ,iωn

f̄σn

{
−iωn + E f − i∆sgn(ωn)

}
fσn +

∫ β

0
dτUn↑n↓. (17.43)

tFig. 17.6 Mean field phase diagram of the Anderson model, illustrating how the f-electron
resonance splits to form a local moment. A) U < π∆, single half-filled resonance. B)
U > π∆, up and down components of the resonance are split by an energy U.

17.2.5 Mean-field theory

In the Anderson model, the Coulomb interaction and hybridization compete with one-another. Crudely speak-
ing, we expect that when the Coulomb interaction exceeds the hybridization, local moments will develop. To
gain an first insight into the effect of hybridization on local moment formation, Anderson[11] carried out a
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Hartree mean-field treatment of the repulsive U interaction, decoupling

Un↑n↓ → Un↑⟨n↓⟩ + U⟨n↑⟩n↓ − U⟨n↑⟩⟨n↓⟩ + O(δn2). (17.44)

We can understand this factorization as the result of a saddle point description of the path integral, treated
in more detail in the following excercise Ex 17.3. Using this mean-field approximation, Anderson concluded
that for the symmetric Anderson model, local moments would develop provided

U >˜ Uc = π∆. (17.45)

Let us now rederive this mean-field result. From (17.44), the mean-field effect of the interactions is to shift
the f-level position,

E f → E fσ = E f + U⟨n f−σ⟩ (17.46)

which, using (17.34) implies that the scattering phase shift for the up and down channels

δ fσ = cot−1
(

E fσ

∆

)
(17.47)

are no-longer equal. Using the “Friedel sum rule” (17.34), we then obtain the mean-field equations

⟨n fσ⟩ =
δ fσ

π
=

1
π

cot−1
(

E f + U⟨n f−σ⟩
∆

)
(17.48)

It is convenient to introduce an occupancy n f =
∑
σ⟨n fσ⟩ and magnetization M = ⟨n f↑⟩ − ⟨n f↓⟩, so that

⟨n fσ⟩ = 1
2 (n f + σM) (σ = ±1). The mean-field equation for the occupancy and magnetization are then

n f =
1
π

∑
σ=±1

cot−1
(

E f + U/2(n f − σM)
∆

)
(17.49)

M =
1
π

∑
σ=±1

σ cot−1
(

E f + U/2(n f − σM)
∆

)
(17.50)

To find the critical size of the interaction strength where a local moment develops, we set M → 0+ in (17.49)
to obtain E f+Ucn f /2

∆
= cot

(
πn f

2

)
. Linearing (17.50) in M, we obtain

1 =
Uc

π∆

1

1 +
( E f+Un f /2

∆

)2 =
Uc

π∆
sin2

(πn f

2

)
. (17.51)

so that for n f = 1,

Uc = π∆ (17.52)

For larger values of U > Uc, there are two solutions, corresponding to an “up” or “down” spin polarization
of the f-state. We will see that this is an over-simplified description of the local moment, but it gives us a
approximate picture of the physics. The total density of states now contains two Lorentzian peaks, located at
E f ± UM:

ρ f (ω) =
1
π

[
∆

(ω − E f − UM)2 + ∆2 +
∆

(ω − E f + UM)2 + ∆2

]
The critical curve obtained by plotting Uc and E f as a parametric function of n f is shown in Fig. 17.6.

The Anderson mean-field theory allows a qualitatively understand the experimentally observed formation
of local moments. When dilute magnetic ions are dissolved in a metal to form an alloy, the formation of
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a local moment is dependent on whether the ratio U/π∆ is larger than, or smaller than one. When iron is
dissolved in pure niobium, the failure of the moment to form reflects the higher density of states and larger
value of ∆ in this alloy. When iron is dissolved in molybdenum, the lower density of states causes U > Uc,
and local moments form. [12]

Example 17.3: Factorizing the interaction in the Anderson model
a) Show that the interaction in the Anderson model can be decoupled via a Hubbard Stratonovich

decoupling to yield ∫ β

0
dτUn↑n↓ →

∫ β

0
dτ

[
ϕ↑n↑ + ϕ↓n↓ −

ϕ↑ϕ↓

U

]
(17.53)

where ϕσ = ϕ0 + iλ(τ) − σh(τ) is the sum of a real and an imaginary field.
b) Derive the mean-field partition function obtained by assuming that the path-integral over ϕ can be

approximated by the saddle point configuration where ϕσ is independent of time, given by

ZMF =

∫
D[ f ]e−S MF [ϕσ , f ]

S MF =
∑
σ,iωn

f̄σn
[−G−1

fσ(iωn)
]
fσn +

β

U
ϕ↑ϕ↓. (17.54)

where
G−1

fσ(iωn) = iωn − E f − ϕσ + i∆sgn(ωn)

is the inverse mean-field f-propagator
c) Carry out the Gaussian integral in (17.54) to show that the mean-field free energy is

FMF = −kBT
∑
σ,iωn

ln
[
−G−1

fσ(iωn)
]
− 1

U
ϕ↑ϕ↓.

and by setting ∂F/∂ϕσ = 0, derive the mean-field equations

ϕ−σ = U⟨n fσ⟩ = U
∫ ∞

−∞

dω
π

f (ω)
∆

(ω − E f − ϕσ)2 + ∆2 .

Solution:
a) The interaction in the Anderson model can be rewritten as a sum of two terms,

Un↑n↓ =

“charge”︷         ︸︸         ︷
U
4

(n↑ + n↓)2 −

“spin”︷         ︸︸         ︷
U
4

(n↑ − n↓)2

that we can loosely interpret as a repulsiion between charge fluctuations and an attraction between
spin fluctuations. Following the results of Section ??, inside the path integral, the attractive magnetic
interaction can be decoupled in terms of a fluctuating Weiss h(τ) field, while the the repulsive charge
interaction can be decoupled in terms of a fluctuating potential field ϕ(τ) = ϕ0 + iλ(τ), as follows

−1
2
× U

2
(n↓ − n↑)2 → −h(n↑ − n↓) +

h2

2 × (U/2)
,

+
1
2
× U

2
(n↑ + n↓)2 → ϕ(n↑ + n↓) −

ϕ2

2 × (U/2)
, (17.55)

with the understanding that for repulsive U > 0, fluctuations of ϕ(τ) are integrated along the imagi-
nary axis, ϕ(τ) = ϕ0 + iλ(τ). Adding these terms gives∫ β

0
dτUn↑n↓ →

∫ β

0
dτ

[
(ϕ − σh)nσ +

h2 − ϕ2

U

]
=

∫ β

0
dτ

[
ϕ↑n↑ + ϕ↓n↓ +

ϕ↑ϕ↓

U

]
(17.56)
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where ϕσ = ϕ − σh. The decoupled path integral then takes the form

ZF =

∫
D[ϕσ]

∫
D[ f ]e−S F [ϕσ , f ]

S F =

∫
dτ

 f̄σ
(
∂τ + E f + ϕσ −

∑
k

V2

∂τ + ϵk

)
fσ −

1
U
ϕ↑ϕ↓

 . (17.57)

Note how the Weiss fields ϕσ shift the f-level position: E f → E f + ϕσ(τ). In this way, the Anderson
model can be regarded as a resonant level immsersed in a white noise magnetic field that modulates
the splitting between the up and down spin resonances.

b) Anderson’s mean-field treatment corresponds to to a saddle point approximation to the integral over
the ϕσ fields. At the saddle point, ⟨δS/δϕσ⟩ = 0 . From (17.57), we obtain

δS F

δϕσ
= f̄σ fσ −

1
U
ϕ−σ

so the saddle point condition ⟨δS F/δϕσ⟩ = 0 implies ϕ−σ = U⟨n fσ⟩, recovering the Hartree mean
field theory. We can clearly seek solutions in which ϕσ(τ) = ϕ(0)

σ is a constant. With this understand-
ing, the saddle point approximation is

ZF ≈ ZMF =

∫
D[ f ]e−S F [ϕ(0)

σ , f ] (17.58)

where

S MF =

∫
dτ

 f̄σ
(
∂τ + E f + ϕ

(0)
σ −

∑
k

V2

∂τ + ϵk

)
fσ −

1
U
ϕ(0)
↑ ϕ

(0)
↓

 . (17.59)

Now since ϕ(0) is a constant, we can Fourier transform the first term in this expression, replacing
∂τ → −iωn, to obtain

S MF =
∑
σ, iωn

f̄σn

−G−1
fσ(iωn)︷                                        ︸︸                                        ︷(

−iωn + E f + ϕ
(0)
σ −

∑
k

V2

−iωn + ϵk︸           ︷︷           ︸
−isgn(ωn)∆

)
fσn −

β

U
ϕ(0)
↑ ϕ

(0)
↓ , (17.60)

where in the broad-band width limit, we can replace

G−1
fσ(iωn) = iωn − E f − ϕ(0)

σ + isgn(ωn)∆. (17.61)

c) Carrying out the Gaussian integral in (17.58), we obtain

ZMF = det[−G−1
fσ(iωn)]e

β
U ϕ↑ϕ↓ =

∏
σ,iωn

[−G−1
fσ(iωn)]e

β
U ϕ↑ϕ↓ ,

or

FMF = −kBT ln ZMF = −kBT
∑
σ,iωn

ln
[
−G−1

fσ(iωn)
]

eiωn0+ − 1
U
ϕ↑ϕ↓. (17.62)

where we have included the convergence factor eiωn0+ . By (17.61),
∂G−1

fσ(iωn)

∂ϕσ
= −1, so differentiating

(17.62 ) with respect to ϕσ, we obtain

0 = kBT
∑
iωn

G fσ(iωn)eiωn0+ − 1
U
ϕ−σ, (17.63)

or
ϕ−σ = U⟨n fσ⟩ = UkBT

∑
iωn

G fσ(iωn)eiωn0+ .



18 Local Moments and the Kondo effect.

Carrying out the sum over the Matsubara frequencies by the standard contour integral method, we
obtain

ϕ−σ = −U
�

Im axis

dz
2πi

f (z)G fσ(z) = U
�

Re axis

dz
2πi

f (z)G fσ(z)

= U
∫ ∞

−∞

dω
π

f (ω)ImG fσ(ω − iδ)

= U
∫ ∞

−∞

dω
π

f (ω)
∆

(ω − E f − ϕ0σ)2 + ∆2 . (17.64)

17.3 The Coulomb Blockade: local moments in quantum dots

A modern realization of the physics of local moments is found within quantum dots. Quantum dots are a tiny
electron pools in a doped semi-conductor, small enough so that the electron states inside the dot are quantized,
loosely resembling the electronic states of an atom. Quantum dot behavior also occurs in nanotubes. Unlike a
conventional atom, the separation of the electronic states in quantum dot is of the order of milli-electron volts,
rather than volts. The overall position of the quantum dot energy levels can be changed by applying a gate
voltage to the dot. It is then possible to pass a small current through the dot by placing it between two leads.
The differential conductance G = dI/dV is directly proportional to the density of states ρ(ω) inside the dot
G ∝ ρ(0). Experimentally, when G is measured as a function of gate voltage Vg, the differential conductance
is observed to develop a periodic structure, with a period of a few milli-electron volts. [13]

This phenomenon is known as the “Coulomb blockade”[14, 15] and it results from precisely the same
physics that is responsible for moment formation. A simple model for a quantum dot considers it as a sequence
of single particle levels at energies ϵλ, interacting via a single Coulomb potential U, according to the model

Hdot =
∑
λ

(ϵλ + eVg)nλσ +
U
2

N(N − 1) (17.65)

where nλσ is the occupancy of the spin σ state of the λ level, N =
∑
λσ nλσ is the total number of electrons in

the dot and Vg the gate voltage. This is a simple generalization of the single atom part of the Anderson model.
Notice that the capacitance of the dot is C = e2/U.

The energy difference between the n electron and n + 1 electron state of the dot is given by

E(n + 1) − E(n) = nU + ϵλn − |e|Vg,

where λn is the one-particle state into which the n-th electron is being added. As the gate voltage is raised, the
quantum dot fills each level sequentially, as illustrated in Fig. 17.7, and when |e|Vg = nU + ϵλn , the n-th level
becomes degenerate with the Fermi energy of each lead. At this point, electrons can pass coherently through
the resonance giving rise to a sharp peak in the conductance. At maximum conductance, the transmission
and reflection of electrons is unitary, and the conductance of the quantum dot will reach a substantial fraction
of the quantum of conductance, e2/h per spin. A calculation of the zero-temperature conductance through a
single non-interacting resonance coupled symmetrically to two leads gives

G(Vg) =
2e2

h
∆2

(ϵλ − |e|Vg)2 + ∆2 (17.66)
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tFig. 17.7 Variation of zero bias conductance G = dI/dV with gate voltage in a quantum dot.
Coulomb interactions mean that for each additional electron in the dot, the energy to
add one electron increases by U. When the charge on the dot is integral, the
Coulomb interaction blocks the addition of electrons and the conductance is
suppressed. When the energy to add an electron is degenerate with the Fermi energy
of the leads, unitary transmission occurs, and for symmetric leads, G = 2e2/h.

where the factor of two derives from two spin channels. This gives rise to a conductance peak when the gate
voltage |e|Vg = ϵλ. At a finite temperature, the Fermi distribution of the electrons in the leads is thermally
broadened, and the conductance involves a thermal average about the Fermi energy

G(Vg,T ) =
2e2

h

∫
dϵ

(
−∂ f
∂ϵ

)
∆2

(ϵλ − |e|Vg − ϵ)2 + ∆2 (17.67)

where f (ϵ) = 1/(eβϵ + 1) is the Fermi function. When there are multiple levels, the each successive level
contributes to the conductance, to give

G(Vg,T ) =
∑
n≥0

2e2

h

∫
dϵ

(
−∂ f
∂ϵ

)
∆2

(nU + ϵλn − |e|Vg − ϵ)2 + ∆2

where the n-th level is shifted by the Coulomb blockade.
The effect of a bias voltage on these results is interesting. In this situation, the energy distribution function

of the two leads are now shifted relative to one-another. An crude model for the effect of a voltage is obtained
replacing the Fermi function by an average over both leads, so that f ′(ϵ) → 1

2
∑
± f ′(ϵ ± eVsd

2 ), which has the



20 Local Moments and the Kondo effect.

tFig. 17.8 Experimentally measured conductance for a voltage-biased quantum dot after [16],
showing the splitting of the Coulomb blockade into two components, shifted up and
down by the voltage bias, ±eVsd/2. In the white diamond-shaped regions, G(Vsd) ≈ 0
as a result of Coulomb blockade. The number of particles N is fixed in each of the
diamond regions. The lines outside the diamonds, running parallel to the sides,
identify excited states.

effect of splitting the conductance peaks into two, peaked at voltages

|e|Vg = ϵλn + nU ± |e|Vsd/2 (17.68)

as shown in Fig. 17.8.
It is remarkable that the physics of moment formation and the “Coulomb blockade” operate in both artificial

mesoscopic devices and naturally occurring magnetic ions.

17.4 The Kondo Effect

Although Anderson’s mean-field theory provides a mechanism for moment formation, it raises new questions.
While the mean-field treatment of the local moment would be appropriate for an ordered magnet involving a
macroscopic number of spins, rigidly locked together, for a single magnetic impurity there will will always
be a finite quantum mechanical amplitude for the spin to tunnel between an up and down configuration.

e−↓ + f 1
↑ ⇌ e−↑ + f 1

↓
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This tunneling rate τ−1
s f defines a temperature scale

kBTK =
ℏ

τs f

called the Kondo temperature, which sets the cross-over between local moment behavior, where the spin is
free, and the low temperature physics, where the spin and conduction electrons are entangled. Historically,
the physics of this cross-over posed a major problem for the theoretical physics community that took about
a decade to resolve. It turns out that the process by which a local moment disappears or “quenches” at low
temperatures is analagous to the physics of quark confinement. Today we name it the “Kondo effect” after the
Japanese physicist Jun Kondo who calculated the leading logarithmic contribution that signals this unusual
behavior[17].

The Kondo effect has a many manifestations in condensed matter physics: not only does it govern the
quenching of magnetic moments in a magnetic alloy or a quantum dot[13], it is responsible for the forma-
tion of heavy fermions in dense Kondo lattice materials (heavy fermion compounds) where the local mo-
ments transform into composite quasiparticles with masses sometimes in excess of a thousand bare electron
masses.[18] We will see that the Kondo temperature depends exponentially on the strength of the Anderson
interaction parameter U. In the symmetric Anderson model, where E f = −U/2,

TK =

√
2U∆
π

exp
(
−πU

8∆

)
. (17.69)

We will derive the key elements of this basic result using perturbative renormalization group reasoning [19],
but it is also obtained from the exact Bethe ansatz solution of the Anderson model [20, 21, 22].

One can view the physics of local moments from two complimentary perspectives (see Fig. (17.9)):

• an “adiabatic picture” which starts with the non-interacting resonant ground-state (U = 0) of the Anderson
model, and then considers the effect of dialing up the interaction term U.

• a “scaling approach”, which starts with the interacting, but isolated atom (V(k) = 0), and considers the
effect of immersing it in an electron sea, gradually “integrating out” lower and lower energy electrons.

The adiabatic approach involves dialing up the interaction, as shown by the horizontal arrow in figure
(17.9). From the adiabatic perspective, the ground-state remains in a Fermi liquid. In principle, one might
imagine the possibiity of a phase transition at some finite interaction strength U, but in a single impurity
model, with a finite number of local degrees of freedom, we don’t expect any symmetry breaking phase
transitions. In the scaling approach, we follow the physics as a function of ever-decreasing energy scale, is
loosely equivalent to dialing down the temperature, as shown by the vertical arrow in figure (17.9) The scaling
approach starts from an atomic perspective: it allows us to understand the formation of local moments, and at
lower temperatures, how a Fermi liquid can develop through the interaction of an isolated magnetic moment
with a electron sea.

We shall first discuss one of the most basic manifestations of the Kondo effect: the appearance of a a
Kondo resonance in the spectral function of the localized electron. This part of our analysis will involve
rather qualitative reasoning based on the ideas of adiabaticity introduced in earlier chapters. Afterwards we
adopt the scaling apporach, first deriving derive the Kondo model, describing low-energy coupling between
the local moments and conduction electrons by using a “Schrieffer Wolff” transformation of the Anderson
model. Finally, we shall discuss the concept of renormalization and apply it to the Kondo model, following
the evolution of the physics from the local moment to the Fermi liquid.
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tFig. 17.9 The phase diagram of the symmetric Anderson model. Below a scale T ∼ U local
moments develop. The Kondo temperature TK plays the role of the renormalized
resonant level width. Below a temperature T ∼ TK , the local moments become
screened by the conduction sea via the Kondo effect, to form a Fermi liquid.

17.4.1 Adiabaticity and the Kondo resonance

The adiabatic approach allows us to qualitatively understand the emergence of a remarkable resonance in
the excitation spectrum of the localized f-electron - the “Kondo resonance”. This resonance is simply the
adiabatic renormalization of the Friedel-Anderson resonance seen in the non-interacting Anderson model.
Its existence was first infered by Abrikosov and Suhl [23, 24], but today it is colloquially refered to as the
“Kondo resonance”.

To understand the Kondo resonance we shall study the effects of interactions on the f-spectral function

A f (ω) =
1
π

ImG f (ω + iη) (17.70)

where G f (ω − iδ) = is the advanced f-Green’s function. From a spectral decomposition (??) we know that:

A f (ω) =



Energy distribution for adding one f-electron.︷                                       ︸︸                                       ︷∑
λ

∣∣∣⟨λ| f †σ|ϕ0⟩
∣∣∣2 δ(ω − [Eλ − E0]), (ω > 0)∑

λ

|⟨λ| fσ|ϕ0⟩|2 δ(ω − [E0 − Eλ]),︸                                     ︷︷                                     ︸
Energy distribution for removing f-electron

(ω < 0)
(17.71)
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where Eλ and E0 are the excited and ground-state energies. For negative energies ω < 0, this spectrum
corresponds to the energy spectrum of electrons emitted in X-ray photo-emission, while for positive energies
(ω > 0), the spectral function can be measured from inverse X-ray photo-emission [25, 26]. The weight
beneath the Fermi energy determines the f-charge of the ion

⟨n f ⟩ = 2
∫ 0

−∞
dωA f (ω) (17.72)

In a magnetic ion, such as a Cerium atom in a 4 f 1 state, this quantity is just a little below unity.

Af (ω)

ω

0

U
ω = Ef + U

∆ TK

ω = Ef

Kondo

Infinite U Anderson

e− + f1
→ f2

f 1
→ f0+e−

tFig. 17.10 Schematic illustrating the formation of a Kondo resonance in the f-spectral function
A f (ω) as interaction strength U is turned on. Here, the interaction is turned on while
maintaining a constant f-occupancy, by shifting the bare f-level position beneath the
Fermi energy. The lower part of diagram is the density plot of f-spectral function,
showing how the non-interacting resonance at U = 0 splits into an upper and lower
atomic peak at ω = E f and ω = E f + U.

Fig. (17.16.) illustrates the effect of the interaction on the f-spectral function. In the non-interacting limit
(U = 0), the f-spectral function is a Lorentzian of width ∆. If we turn on the interaction U, being careful
to shifting the f-level position beneath the Fermi energy to maintain a constant occupancy, the resonance
splits into three peaks, two at energies ω = E f and ω = E f + U corresponding to the energies for a valence
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fluctuation, plus an additional central “Kondo resonance” associated with the spin-fluctuations of the local
moment.

When the interaction is much larger than the hybridization width, U >> ∆, one might expect no spectral
weight left at low energies. But it turns out that the spectral function at the Fermi energy is an adiabatic
invariant determined by the scattering phase shift δ f :

A f (ω = 0) =
sin2 δ f

π∆
. (17.73)

This result, due to Langreth[27, 28], guarantees that a “Kondo resonance” is always present at the Fermi
energy. Now the total spectral weight

∫ ∞
−∞ dωA f (ω) = 1 is conserved, so if |E f | and U are both large compared

with ∆, most of this weight will be lie far from the Fermi energy, leaving a small residue Z << 1 in the Kondo
resonance. If the area under the Kondo resonance is Z, since the height of Kondo resonance is fixed ∼ 1/∆,
the renormalized hybridization width ∆∗ must be of order Z∆. This scale is set by the Kondo temperature, so
that Z∆ ∼ TK .

The Langreth relation (17.73) follows from the analytic form of the f-Green’s function near the Fermi
energy. For a single magnetic ion, we expect that the interactions between electrons can be increased con-
tinuously, without any risk of instabilities, so that the excitations of the strongly interacting case remain in
one-to-one correspondence with the excitations of the non-interacting case U = 0, forming a “local Fermi
liquid”. In this local Fermi liquid, the interactions give rise to an f-electron self-energy, which at zero tem-
perature, takes the form

ΣI(ω − iη) = ΣI(0) + (1 − Z−1)ω + iAω2, (17.74)

at low energies. As discussed in chapter 8, The quadratic energy dependence of ΣI(ω) ∼ ω2 follows from the
Pauli exclusion principle, which forces a quadratic energy dependence of the phase space for the emission of
a particle-hole pair. The “wavefunction” renormalization Z, representing the overlap with the state containing
one additional f-quasiparticle, is less than unity, Z < 1. Using this result (17.74), the low energy form of the
f-electron propagator is

G−1
f (ω − iη) = ω − E f − i∆ − ΣI(ω) = Z−1[ω − E∗f︷           ︸︸           ︷

Z(E f + ΣI(0))−i

∆∗︷︸︸︷
Z∆ −iO(ω2)

]
G f (ω − iη) =

Z
ω − E∗f − i∆∗ − iO(ω2)

. (17.75)

This corresponds to a renormalized resonance of reduced weight Z < 1, located at postion E∗f with renor-
malized width ∆∗ = Z∆. Now by (17.29) and (17.31 ), the f-Green’s function determines the t-matrix of the
conduction electrons t(ω+ iη) = V2G f (ω+ iη) = −(πρ)−1eiδ(ω) sin δ(ω), so the phase of the f-Green’s function
at the Fermi energy determines the scattering phase shift, δ f , hence G f (0+ iη) = (G f (0− iη))∗ = −|G f (0)|eiδ f .
This implies that the scattering phase shift at the Fermi energy is

δ f = Im
(
ln[−G−1

f (ω − iη)]
)∣∣∣∣
ω=0
= tan−1

∆∗E∗f

 . (17.76)

Eliminating E∗f = ∆
∗ cot δ f from (17.75), we obtain

G f (0 + iη) = − Z
∆∗

e−iδ f sin δ f = −
1
∆

e−iδ f sin δ f , (17.77)
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so that

A f (0) =
1
π

ImG f (0 − iη) =
sin2 δ f

π∆
. (17.78)

is an adiabatic invariant.

tFig. 17.11 Spectral functions for three different Cerium f-electron materials, measured using
X-ray photoemission (below the Fermi energy ) and inverse X-ray photoemission
(above the Fermi energy) after [26]. CeAl is an antiferromagnet and does not display a
Kondo resonance.

Photo-emission studies do reveal the three-peaked structure characteristic of the Anderson model in many
Ce systems, such as CeIr2 and CeRu2 [26] (see Fig. 17.11). Materials in which the Kondo resonance is wide
enough to be resolved are more “mixed valent” materials in which the f- valence departs significantly from
unity. Three peaked structures have also been observed in certain U 5f materials such as UPt3 and UAl2
[29]materials, but it has not yet been resolved in UBe13. A three peaked structure has recently been observed
in 4f Yb materials, such as YbPd3, where the 4 f 13 configuration contains a single f hole, so that the positions
of the three peaks are reversed relative to Ce [30].

17.5 Renormalization concept

The Anderson model illustrates a central theme of condensed matter physics - the existence of physics on
several widely spaced energy scales. In particular, the scale at which local moments form in f electron sys-
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tems is of order the Coulomb energy U, a scale of order 10eV , while the Kondo effect occurs at a scale a
thousand times smaller, of order 10K ∼ 1meV . When energy scales are well-separated like this, we use the
“renormalization group” to fold the key effects of the high energy physics into a small set of parameters that
control the low energy physics. [31, 32, 33, 34]

Renormalization is built on the idea that the low energy physics of a system only depend on certain gross
features of the high energy physics. The family of systems with the same low energy excitation spectrum
constitute a “universality class” of models. (Fig. 17.12) We need the concept of universality, for without
without it we would be lost, for we could not hope to capture the physics of real-world systems with our
simplified Hamiltonian models. The Anderson model, is itself a renormalized Hamiltonian, notionally derived
from the elimination of high energy excitations from “the” microscopic Hamiltonian.

To carry out renormalization, the Hamiltonian of interest H(D) is parameterized by its cutoff energy scale,
D, the energy of the largest excitations. Renormalization involves reducing gthe cutoff to a slightly smaller
value D → D′ = D/b where b > 1. The excitations in the energy window E ∈ [D′,D] that are removed
by this process, are said to have been integrated out of the Hilbert space, and in so doing they give rise to a
new “effective” Hamiltonian H̃L that continues to faithfully describe the the remaining low-energy degrees
of freedom. The energy scales are then rescaled, to obtain a new H(D′) = bH̃L and the whole process is
repeated.

Generically, the Hamiltonian can be divided into a block-diagonal form

H =
[

HL

V

∣∣∣∣∣∣ V†

HH

]
(17.79)

where HL and HH act on states in the low-energy and high-energy subspaces respectively, and V and V†

provide the matrix elements between them. The high energy degrees of freedom may be “integrated out” 6 by
carrying out a canonical transformation that eliminates the off-diagonal elements in this Hamiltonian H̃L

H(D)→ H̃ = UH(D)U† =
 H̃L

0

∣∣∣∣∣∣ 0

H̃H

 (17.80)

One then projects out the low energy component of the block-diagonalized Hamiltonian H̃L = PH̃P. Finally,
by rescaling

H(D′) = bH̃L (17.81)

one arrives at a new Hamiltonian describing the physics on the reduced scale. The transformation from H(D)
to H(D′) is referred to as a “renormalization group” (RG) transformation. This term was coined long ago,
even though the transformation does not form a real group, since there is no inverse transformation.

Repeated application of the RG procedure leads to a family of Hamiltonians H(D). By taking the limit
b → 1, these Hamiltonians evolve, or “flow” continuously with D. Typically, H will contain a series of
dimensionless parameters (coupling constants) {gi} which denote the strength of various interaction terms in
the Hamiltonian. The evolution of these parameters with cut-off is given by a scaling equation. In the the
simplest case

∂g j

∂ ln D
= β j({gi})

A negative β function denotes a “relevant” parameter which grows as the cut-off is reduced. A positive β

6 The term “integrating out” is originally derived from the path integral formulation of the renormalization group, in which high energy
degrees of freedom are removed by integrating over these variables inside the path integral.
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tFig. 17.12 Scaling concept. Low energy model Hamiltonians are obtained from the detailed
original model by integrating out the high energy degrees of freedom. At each stage,
the physics described by the model spans a successively lower frequency window in
the excitation spectrum.

function denotes an “irrelevant” parameter constant which shrinks towards zero as the cut-off is reduced.
There are two types of event that can occur in such a scaling procedure (Fig. 17.14):

• A crossover. When the cut-off energy scale D passes the characteristic energy scale of a particular class of
high frequency excitations, then at lower energies, these excitations may only occur via a virtual process.
When the effects of the virtual fluctuations associated with these high energy process are included into
the Hamiltonian, it changes its structure.

• Fixed Point. If the cut-off energy scale drops below the lowest energy scale in the problem, then there
are no further changes to occur in the Hamiltonian, which will now remain invariant under the scaling
procedure (so that the β function of all remaining parameters in the Hamiltonian must vanish). This
“Fixed Point Hamiltonian” describes the essence of the low energy physics.

Local moment physics involves a sequence of such cross-overs (Fig. 17.12.). The highest energy scales in
the Anderson model, are associated with “valence fluctuations” into the empty and doubly occupied states

f 1 ⇋ f 2 ∆EI = U + E f > 0
f 1 ⇋ f 0 ∆EII = −E f > 0 (17.82)
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The successive elimination of these processes leads to two cross-overs. Suppose ∆EI is the largest scale,
then once D < ∆EI , charge fluctuations into the doubly occupied state are eliminated and the remaining low
energy Hilbert space of the atom is

D < E f + U : | f 0⟩, | f 1, σ⟩ (σ = ±1/2) (17.83)

The operators that span this space are called “Hubbard operators”[35], and they are denoted as follows

Xσ0 = | f 1, σ⟩⟨ f 0| = P f †σ, X0σ = | f 0⟩⟨ f 1, σ| = f †σP,
Xσσ′ = | f 1, σ⟩⟨ f 1, σ′| (17.84)

where P = (1 − n f↑n f↓) projects out doubly occupied states. (Note that the Hubbard operators Xσ0 = P f †σ,
can not be treated as simple creation operators, for they do not satisfy the canonical anticommutation algebra.)
The corresponding renormalized Hamiltonian is the “Infinite U Anderson model”,

H =
∑
k,σ

ϵknkσ +
[
V(k)c†kσX0σ + V(k)∗Xσ0ckσ

]
+ E f

∑
σ

Xσσ. (17.85)

Infinite U Anderson model

In this model, all the interactions are hidden inside the Hubbard operators.
Finally, once D < ∆EII , the low-energy Hilbert space no longer involves the f 2 or f 0, states. The object

left behind is a quantum top - a quantum mechanical object with purely spin degrees of freedom and a two
dimensional7 Hilbert space

| f 1, σ⟩, (σ = ±1/2).

Now the residual spin degrees of freedom still interact with the surrounding conduction sea, for virtual charge
fluctuations, in which an electron temporarily migrates off, or onto the ion lead, to spin-exchange between
the local moment and the conduction sea. There are two such virtual processes:

e↑ + f 1
↓ ↔ f 2 ↔ e↓ + f 1

↑ ∆EI ∼ U + E f

e↑ + f 1
↓ ↔ e↑ + e↓ ↔ e↓ + f 1

↑ ∆EII ∼ −E f (17.86)

In both cases, spin exchange only takes place in the singlet channel, S = 0 state. From second-order pertur-
bation theory, we know that these virtual charge fluctuations will selectively lower the energy of the singlet
configurations by an amount of order ∆E = −J, where

J ∼ V2
[

1
∆E1

+
1
∆E2

]
= V2

[
1
−E f

+
1

E f + U

]
. (17.87)

Here V is the size of the hybridization matrix element near the Fermi surface. The selective reduction in the
energy of the singlet channel constitutes an effective antiferromagnetic interaction between the conduction
electrons and the local moment. If we introduce σ⃗(0) =

∑
k,k′ c†kασ⃗αβck′β, measuring the the electron spin

at the origin, then the effective interaction that lowers the energy of singlet combinations of conduction and

7 In the simplest version of the Anderson model, the local moment is a S = 1/2, but in more realistic atoms much large moments can
be produced. For example, an electron in a Cerium Ce3+ ion atom lives in a 4 f 1 state. Here spin-orbit coupling combines orbital and
spin angular momentum into a total angular moment j = l−1/2 = 5/2. The Cerium ion that forms thus has a spin j = 5/2 with a spin
degeneracy of 2 j + 1 = 6. In multi-electron atoms, the situation can become still more complex, involving Hund’s coupling between
atoms.
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f-electrons will have the form He f f ∼ Jσ⃗(0) · S⃗ f . The resulting low-energy Hamiltonian that describes the
interaction of a spin with a conduction sea is the deceptively simple “Kondo model”

H =
∑
kσ

ϵkc†kσckσ +

∆H︷                ︸︸                ︷
Jψ†(0)σ⃗ψ(0) · S⃗ f . (17.88)

Kondo model

This heuristic argument was ventured in Anderson’s paper on local moment formation in 1961. At the
time, the antiferromagnetic sign in this interaction was entirely unexpected, for it had long been that ex-
change forces always induce a ferromagnetic interaction between the conduction sea and local moments. The
innocuous-looking sign difference has deep consequences for the physics of local moments at low temper-
atures, giving rise to an interaction that grows as the temperature is lowered ultimately leading to a final
cross-over into a low-energy Fermi liquid fixed point. The remaining sections of the chapter are devoted to
following this process in detail.

17.6 Schrieffer-Wolff transformation

We now carry out the transformation that links the Anderson and Kondo models via a canonical transfor-
mation, first introduced by Schrieffer and Wolff[36, 37]. This transformation is a kind of one-step renormal-
ization process in which the valence fluctuations are integrated out of the Anderson model. When a local
moment forms, hybridization with the conduction sea induces virtual charge fluctuations. It’s useful to con-
sider dividing the Hamiltonian into two terms

H = H1 + λV

where λ is an expansion parameter. Here,

H1 = Hband + Hatomic =

[
HL

0

∣∣∣∣∣ 0
HH

]
is diagonal in the low energy f 1 (HL) and the high energy f 2 or f 0 (HH) subspaces, whereas the hybridization
term

V = Hmix =
∑
kσ

[
Vk⃗c†kσ fσ + H.c.

]
=

[
0

V

∣∣∣∣∣∣V†0
]

provides the off-diagonal matrix elements between these two subspaces. The idea of the Schrieffer Wolff
transformation is to carry out a canonical transformation that returns the Hamiltonian to block-diagonal form:

U
[

HL

λV

∣∣∣∣∣∣λV†

HH

]
U† =

[
H∗

0

∣∣∣∣∣∣ 0
H′

]
. (17.89)

This is a “renormalized” Hamiltonian, and the block-diagonal part of this matrix H∗ = PLH′PL in the low
energy subspace provides an effective Hamiltonian for the low energy physics. We now setU = eS , refering
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to “S ” as the “action operator”. Now sinceU† = U−1 = e−S , this implies that the action operator S † = −S is
anti-hermitian. Writing S as a power series in λ,

S = λS 1 + λ
2S 2 + . . . ,

then by using the identity, eABe−A = B+ [A, B]+ 1
2! [A, [A, B]] . . . , (17.89) can also be expanded in powers of

λ as follows

eS (H1 + λV)e−S = H1 + λ
(
V + [S 1,H1]

)
+ λ2

(
1
2

[S 1, [S 1,H]] + [S 1,V] + [S 2,H1]
)
+ . . . .

SinceV is not diagonal, by requiring

[S 1,H1] = −V, (17.90)

we can eliminate all off-diagonal components to leading order in λ. To second order

eS (H1 + λV)e−S = H1 + λ
2
(

1
2

[S 1,V] + [S 2,H1]
)
+ . . . . (17.91)

Since [S 1,V] is block-diagonal, we can satisfy (17.89 ) to second order by requiring S 2 = 0, so that to this
order, the renormalized Hamiltonian has the form

H∗ = HL + λ
2∆H (17.92)

where

∆H =
1
2

PL[S 1,V]PL + . . . (17.93)

is an interaction term induced by virtual fluctuations into the high-energy manifold. Writing the action oper-
ator in matrix form,

S =
[
0

s

∣∣∣∣∣∣−s†

0

]
(17.94)

and substituting into (17.90), we obtain V = −sHL + HH s. Now since (HL)ab = EL
aδab and (HH)ab = EH

a δab

are diagonal, it follows that

sab =
Vab

EH
a − EL

b

, −s†ab =
V†ab

EL
a − EH

b

, , (17.95)

or more schematically

S =
∑
H,L

(
|H⟩ ⟨H|V |L⟩

EH − EL
⟨L| − H.c

)
+ O(V3) (17.96)

From (17.95), we obtain

∆HLL′ = −
1
2

(V†s + s†V)LL′ = −
1
2

∑
H

(V†LHVHL′ )
[

1
EH − EL

+
1

EH − EL′

]
(17.97)

Some important points about this result
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• We recognize (17.97) as a simple generalization of second-order perturbation theory, including off-diagonal
matrix elements by averaging over initial and final-state energy denominators.

• ∆H can also be written

∆HLL′ =
1
2

[T (EL) + T (EL′ )]

where

T̂ (E) = PLV
PH

E − H1
VPL,

TLL′(E) =
∑
|H⟩

[
V†LHVHL′

E − EH

]
(17.98)

is the leading order expression for the many-body scattering T-matrix induced by scattering off V. We
can thus relate ∆H to a scattering amplitude, and schematically represent it by a Feynman diagram,
illustrated in Fig. 17.13.

tFig. 17.13 T-matrix representation of interaction induced between states |b⟩ and |a⟩ by integrating
out the virtual fluctuations into the high-energy states |λ⟩.

• If the separation of the low and high energy subspaces is large, we can take EL ∼ EL′ , so that

∆H = T (EL) = − 1
∆EHL

(VPHV) (17.99)

where ∆EHL = EH − EL is the energy of excitation into the high energy subspace and PH =
∑
|H⟩ |H⟩⟨H|.

We now apply this method to the Anderson model for which the atomic ground-state is a local moment
f 1 configuration. In this case, there are two high-energy intermediate states corresponding to f 0 and f 2

configurations. When a conduction electron or hole is excited into the localized f-state to create these excited
state configurations, the corresponding excitation energies are ∆E( f 1 → f 0) = −E f and ∆E( f 1 → f 2) =
E f + U. The hybridization V = ∑

kσ
[
V(k)c†kσ fσ + H.c

]
generates virtual fluctuations into these excited

states. Using (17.99), the interaction induced by these fluctuations is given by

∆H = −VP[ f 2]V
E f + U

− VP[ f 0]V
−E f
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= −
∑

kα,k′β

V∗k′Vk

[ f 1+e−↔ f 2︷               ︸︸               ︷
(c†kα fα)( f †βck′β)

E f + U
+

f 1↔ f 0+e−︷               ︸︸               ︷
( f †βck′β)(c†kα fα)

−E f

]
Pn f=1 (17.100)

where Pn f=1 = (n f↑ − n f↓)2 projects into the subspace of unit occupancy. Using the Fierz identity8 2δαγδηβ =
δαβδηγ + σ⃗αβ · σ⃗ηγ we may recast the spin exchange terms in terms of Pauli matrices as follows

(c†kα fα)( f †βck′β) = (c†kα fγ)( f †ηck′β) ×

1
2 (δαβδηγ+σ⃗αβ·σ⃗ηγ)︷   ︸︸   ︷

(δαγδηβ)

=
1
2

c†kαck′α − (ckα
†σ⃗αβck′β) · S⃗ f , (17.101)

and similarly

( f †βck′β)(c†kα fα) = −1
2

c†kαck′α − (ckα
†σ⃗αβck′β) · S⃗ f . (17.102)

(where we have replaced n f = 1 and dropped residual constants in both cases). The operator

S⃗ f ≡ f †σ

(
σ⃗αβ

2

)
fβ, (n f = 1) (17.103)

describes the spin of the f-electron. The induced interaction is then

∆H =
∑

kα,k′β

Jk,k′c†kασ⃗ck′β · S⃗ f + H′ (17.104)

where

Jk,k′ = V∗k′Vk

[ f 1+e−↔ f 2︷   ︸︸   ︷
1

E f + U
+

f 1↔ f 0+e−︷︸︸︷
1
−E f

]
(17.105)

is the Kondo coupling constant.
Notice how, in the low energy subspace, the occupancy of the f-state is constrained to n f = 1. This

fermionic representation (17.103) of the spin operator proves to be very useful. Apart from a constant, the
second term

H′ = −1
2

∑
k,k′σ

V∗k′Vk

[
1

E f + U
+

1
E f

]
c†kσck′σ

is a residual potential scattering term. This term vanishes for the particle-hole symmetric case E f = −(E f +U)
and will be dropped, since it does not involve the internal dynamics of the local moment. Summarizing, the
effect of the high-frequency valence fluctuations is to induce an antiferromagnetic coupling between the local
spin density of the conduction electrons and the local moment:

8 This identity is obtained by expanding an arbitrary two dimensional matrix A in terms of Pauli matrices. If we write Aαβ =
1
2 Tr[A1]δαβ + 1

2 Tr[Aσ⃗] · σ⃗αβ and read off the coefficients of A inside the traces, we obtain the inequality.
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H =
∑
kσ

ϵkc†kσckσ +
∑
k,k′

Jk,k′c†kασ⃗ck′β · S⃗ f (17.106)

This is the famous “Kondo model”. For many purposes, the k dependence of the coupling constant can be
dropped, so that the Kondo model takes the deceptively simple form

H =
∑
kσ

ϵkc†kσckσ +

∆H︷      ︸︸      ︷
Jσ⃗(0) · S⃗ f . (17.107)

Kondo model

where ψα(0) =
∑

k ckα is the electron operator at the origin and σ⃗(0) = ψ†(0)σ⃗ψ(0) is the spin density at the
origin. In other words, there is a simple point-interaction between the spin density of the metal at the origin
and the local moment.

Example 17.4: Details of the Schrieffer Wolff Transformation
Show that the “action operator” S for the canonical transformation transformation H → H∗ = eS He−S

that effects the Schrieffer Wolff transformation from the Anderson model (17.2) to the Kondo model
(17.107), is given by [36, 37]

S =
∑
k,σ

[
Vkc†kσ fσ

(
1 − n f −σ

ϵk − E f
+

n fσ

ϵk − (E f + U)

)
− H.c

]
+ O(V3) (17.108)

Solution:
Using (17.95), we may write the “action operator” S as

S =
∑
H,L

[
|H⟩ ⟨H|V |L⟩

EH − EL
⟨L| − H.c

]
+ O(V3) (17.109)

where, “L” and “H” denote the low and high energy subspaces respectively. For the Anderson model,
V̂ =

∑
k,σ(Vkc†kσ fσ + H.c) is the hybridization, while the low-energy Hilbert space are the states with

n f = 1. The projector into the low energy subspace H is PL = (n f↑ − n f↓)2, so we may write ⟨H|V |L⟩ =
⟨H|VPL|L⟩, so that

S =
∑

H,L, kσ

(
|H⟩⟨H|

(
Vkc†kσ fσ + V∗k f †σckσ)(n f↑ − n f↓)2

EH − EL
|L⟩⟨L| − H.c

)
+ O(V3). (17.110)

Now the initial state has energy E f while the excited state is either a state with one conduction electron,
no f-electrons, energy ϵk, or a state with two f-electrons, one conduction hole, energy 2E f + U − ϵk, so
we may write

S =
∑
kσ

[
Vk

c†kσ fσ(1 − n f −σ)
ϵk − E f

+ V∗k
f †σckσn f −σ

E f + U − ϵk
− H.c

]
+ O(V3) (17.111)

where we have replaced fσ(n f ↑ − n f↓)2 = fσ(1 − n f −σ)2 = fσ(1 − n f −σ) and f †σ(n f ↑ − n f↓)2 =
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f †σn2
f −σ = f †σn f −σ. Rearranging this a little, we obtain

S =
∑
k,σ

[
Vk

(
(1 − n f −σ)

c†kσ fσ
ϵk − E f

+ n f −σ
c†kσ fσ

ϵk − (E f + U)

)
− H.c

]
+ O(V3), (17.112)

Example 17.5: Composite nature of the f-electron
The Kondo model only involves the spin of the f-electron, and the f-creation and annihilation operators
have apparently, completely disappeared. To find out what has happened to them, consider adding a
source term for the f-electrons

HS =
∑
σ

( f †σησ + η̄σ f )σ) (17.113)

into the Anderson impurity model, so that now H → H[η̄, η] = H+HS , so that the functional derivatives
of the partition function

Z[ησ, ησ] = Z0⟨T exp
[
−

∫ β

0
dτ f †σ(τ)ησ(τ) + η̄σ(τ) f )σ(τ))

]
(17.114)

generate correlation functions of the fermion operators,

δ

δη̄σ
→ fσ(τ),

δ

δησ
→ f †σ(τ), (17.115)

(a) Repeat the a Schrieffer Wolff transformation the case of constant hybridization Vk = V and particle-
hole symmetry to show that the Kondo model with source terms now becoems

HK[η̄, η] =
∑
kσ

ϵkc†kσcσ + J
(
ψ†(0) + V−1η̄

)
σ⃗

(
ψ(0) + V−1η

)
· S (17.116)

(b) By differentiating this expression with respect to η̄σ, show that in the Kondo model, the original
f-electron operator has now become a “composite operator” involving a combined conduction
electron and a spin-flip as follows

fα ≡
δHK[η̄, η]
δη̄α

=
J
V

(
σαβ · S⃗

)
ψ(0)β. (17.117)

When a Fermi liqudi develops, it is this object that behaves like a resonant bound-state fermion.
Solution:

(a) In the Anderson model, we can absorb the source term into the hybridization, writing it in the form

V =
∑

(Vψ†σ(0) + η̄σ) fσ + H.c (17.118)

so that in the hybridization, we have replaced ψσ(0)→ ψσ(0)+ 1
V ησ. If we now repeat the Schrieffer

Wolff transformation, the spin exchange term in the Kondo model takes the form

HK[η̄, η] =
∑
kσ

ϵkc†kσcσ + J
(
ψ†(0) + V−1η̄

)
σ⃗

(
ψ(0) + V−1η

)
· S (17.119)

(b) If we now differentiate HK with respect to η̄, we obtain

fσ ≡
δHK[η̄, η]
δησ

∣∣∣∣∣
η,η̄=0
=

J
V

[
(σ⃗ · S )ψ(0)

]
σ . (17.120)
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17.7 “Poor Man” Scaling

We now apply the scaling concept to the Kondo model. This was originally carried out by Anderson and
Yuval[31, 38, 39] using a method formulated in the time, rather than energy domain. The method presented
here follows Anderson’s “ Poor Man’s” scaling approach[32, 40], in which the evolution of the coupling
constant is followed as the band-width of the conduction sea is reduced. The Kondo model is written

H =
∑
|ϵk |<D

ϵkc†kσckσ + H(I)

H(I) = J(D)
∑

|ϵk |,|ϵk′ |<D

c†kασ⃗αβck′β · S⃗ f (17.121)

where the density of conduction electron states ρ(ϵ) is taken to be constant. The Poor Man’s renormalization
procedure follows the evolution of J(D) that results from reducing D by progressively integrating out the
electron states at the edge of the conduction band. In the Poor Man’s procedure, the band-width is not rescaled
to its original size after each renormalization, which avoids the need to renormalize the electron operators so
that instead of Eq. (17.81), H(D′) = H̃L.

To carry out the renormalization procedure, we integrate out the high-energy spin fluctuations using the
t-matrix formulation for the induced interaction ∆H, derived in the last section. Formally, the induced inter-
action is given by

∆Hab =
1
2

[Tab(Ea) + Tab(Eb)]

where

Tab(E) =
∑
λ∈|H⟩

H(I)
aλH(I)

λb

E − EH
λ


where the energy of state |λ⟩ lies in the range [D′,D]. There are two possible intermediate states that can be
produced by the action of H(I) on a one-electron state: (I) either the electron state is scattered directly, or (II)
a virtual electron hole-pair is created in the intermediate state. In process (I), the T-matrix can be represented
by the Feynman diagram

k′β

b

kα

σ σ′σ′′

a

k′′λ

for which the T-matrix for scattering into a high energy electron state is

T (I)(E)k′βσ′;kασ =
∑

ϵk′′∈[D−δD,D]

[
1

E − ϵk′′

]
J2(σaσb)βα(S aS b)σ′σ

≈ J2ρδD
[

1
E − D

]
(σaσb)βα(S aS b)σ′σ (17.122)

In process (II),
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σ′
σ′′

b a

k′β

k′′λ

kα

σ

the formation of a particle-hole pair involves a conduction electron line that crosses itself, leading to a negative
sign. Notice how the spin operators of the conduction sea and antiferromagnet reverse their relative order in
process II, so that the T-matrix for scattering into a high-energy hole-state is given by

T (II)(E)k′βσ′;kασ = −
∑

ϵk′′∈[−D,−D+δD]

[
1

E − (ϵk + ϵk′ − ϵk′′)

]
J2(σbσa)βα(S aS b)σ′σ

= −J2ρδD
[

1
E − D

]
(σbσa)βα(S aS b)σ′σ (17.123)

where we have assumed that the energies ϵk and ϵk′ are negligible compared with D. Adding (Eq. 17.122) and
(Eq. 17.123) gives

δHint
k′βσ′;kασ = T̂ I + T̂ II = − J2ρ|δD|

D
[σa, σb]βαS aS b

=
J2ρ|δD|

D
σ⃗βα · S⃗ σ′σ. (17.124)

In this way we see that the virtual emission of a high energy electron and hole generates an antiferromagnetic
correction to the original Kondo coupling constant

J(D − |δD|) = J(D) + 2J2ρ
|δD|
D
= J(D) − 2J2ρ

δD
D
, (17.125)

since we have reduced the band-width, δD = −|δD|. In other words,

∂Jρ
∂ ln D

= −2(Jρ)2 (17.126)

or in terms of the dimensionless coupling constant g = ρJ,

∂g
∂ ln D

= β(g) = −2g2 + O(g3). (17.127)

Now since β(g = 0) = 0 at g = 0 scaling comes to halt: we say that g = 0 is a “fixed point”. It is instructive
to rewrite the scaling equation in the form

∂ ln g
∂ ln(D0/D)

= 2g + O(g2) (17.128)

where D0 is the initial band-width. From this form, we see that as the cutoff is reduced, (see Fig. 17.14.),

• for antiferromagnetic J > 0, the magnitude of g grows. We say that the fixed point is repulsive. In other
words, spin fluctuations antiscreen the antiferrromagnetic interaction causing it to grow at low energies.

• for ferromagnetic (J < 0), scaling reduces the magnitude of g, driving one ever closer to the weak coupling
fixed point at g = 0. In this case, the fixed point is attractive and nteraction weakens at low energies,
causing J to scale slowly to zero.
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To examine these two cases in more detail, we integrate the scaling equation between the initial band-width
D0 and D′, writing ∫ g(D)

g0

dg′

g′2
= −2

∫ ln D′

ln D0

d ln D′′ (17.129)

or (
1
g0
− 1

g(D′)

)
= −2 ln(D′/D0) (17.130)

where g0 = Jρ = g(D0) is the unrenormalized coupling constant at the original band-width D0. In this case,

g(D′) =
g0

1 − 2g0 ln D0
D′

(17.131)

Let us look at the ferromagnetic and antiferromagnetic cases separtely.

Ferromagnetic Interaction g0 < 0
In this case

g(D′) = − |go|
1 + 2|go| ln(D0/D′)

(17.132)

which corresponds to a very gradual decoupling of the local moment from the surrounding conduction sea.
The interaction is said to marginally irrelevant, because it scales logarithmically to zero, and at all scales, the
problem remains perturbative.

Antiferromagnetic Interaction g > 0
For the antiferromagnetic case (g > 0), the the solution to the scaling equation is

g(D′) =
go

1 − 2go ln(D/D′)
=

1
2

1
ln(D′/D0) + 1

2g0

=
1
2

1

ln
[

D′
D0 exp(−1/(2g0)

] (17.133)

where we have divided numerator and denominator by 2g0. It follows that

2g(D′) =
1

ln(D′/TK)
,

where we have introduced the Kondo temperature

TK = D0 exp
[
− 1

2go

]
(17.134)

The “Kondo temperature” TK is an example of a dynamically generated scale.
Were we to take this equation literally, we would say that g diverges at the scale D′ = TK . This interpreta-

tion is too literal, because the scaling has only been calculated to order g2, nevertheless it does show that the
Kondo interaction can only be treated perturbatively at energies large compared with the Kondo temperature.
We also see that once we have written the coupling constant in terms of the Kondo temperature, all reference
to the original cut-off energy scale vanishes from the expression. This cut-off independence of the problem is
an indication that the physics of the Kondo problem does not depend on the high energy details of the model:
there is only one relevant energy scale, the Kondo temperature.
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tFig. 17.14 Schematic illustration of renormalization group flow in the Kondo model. For J < 0
(ferromagnetic) the coupling constant scales to an attractive fixed point at J = 0,
forming a decoupled local moment. For J > 0 (antiferromagnetic), scaling proceeds
from a repulsive “weak coupling” fixed point, via a crossover to an attractive strong
coupling fixed point in which the local moment is screened by the conduction
electrons, removing its internal degrees of freedom to form a Fermi liquid.

tFig. 17.15 Diagrams contributing to the third-order term in the beta function. See Ex. 17.8.

By calculating the higher order diagrams shown in fig 17.15 , it is straightforward, though somewhat
technical(see Ex. 17.8) , to show that the beta-function to order g3 is given by

∂g
∂ ln D

= β(g) = −2g2 + 2g3 + O(g4) (17.135)

One can integrate this equation to obtain

ln
(

D′

D

)
=

∫ g

go

dg′

β(g′)
= −1

2

∫ g

go

dg′
[

1
g′2
+

1
g′
+ O(1)

]
(17.136)

where we have expanded the numerator in 1
β(g) ≈ −

1
g2(1−g) −

1
g2 (1 + g) + O(1). A better estimate of the

temperature TK where the system scales to strong coupling is obtained by setting D′ = TK and g = 1 in this
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equation, which gives

ln
(TK

D

)
= −1

2

∫ 1

g0

dg′
[

1
g′2
+

1
g′

]
= − 1

2go
+

1
2

ln 2go + O(1), (17.137)

where we have dropped the terms of order unity on the right hand side. Thus, up to a pre-factor, the depen-
dence of the Kondo temperature on the bare coupling constant is given by

TK = D0
√

2goe−
1

2go . (17.138)

The square-root
√

g0 dependence on the coupling constant is often dropped in qualitative discussion, but it is
important for more quantitative comparison.

17.7.1 Abrikosov Pseudo Fermions and the Popov Fedatov method

One tool that is particularly useful for detailed Kondo model calculations, is the Abrikosov pseudo-fermion
representation[23], in which the spin operator, is factorized in terms of a spin 1/2 fermion field f †σ, as follows

S⃗ = f †α

(
σ⃗

2

)
αβ

fβ. (17.139)

This has the advantage that one can now take advantage of Wick’s theorem. In Abriksov’s representation, the
up and down states of the spin are now represented by the states

|σ⟩ = f †σ|0⟩, (σ =↑, ↓). (17.140)

However, by using the f-electron, one has inadvertently expanded the Hilbert space, introducing two unphys-
ical states- the empty state |0⟩ and the doubly occupied state | ↑↓⟩ = f †↓ f †↑|0⟩ which need to be eliminated
by requiring that

n f = 1. (17.141)

One way to impose this constraint, is to use the “Popov-Fedotov trick”[41], which introduces a complex
chemical potential for the f-electrons

µ = −iπ
T
2

The partition function of the Hamiltonian is written as an unconstrained trace over the conduction and pseud-
ofermion Fock spaces,

Z = Tr
[
e−β(H+iπ T

2 (n f−1))
]

(17.142)

Now since the Hamiltonian conserves n f , we can divide this trace up into contributions from the d0, d1 and
d2 subspaces, as follows:

Z = eiπ/2Z( f 0) + Z( f 1) + e−iπ/2Z( f 2)

But since S f = 0 in the f 2and d0 subspaces, Z( f 0) = Z( f 2) so that the contributions to the partition function
from these two unwanted subspaces exactly cancel. You can test this method by applying it to a free spin in
a magnetic field. (see example 17.6)
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Example 17.6: Test the Popov-Fedotov trick[41]. Consider the magnetization of a free electron with
Hamiltonian

H = ϵσ f †σ fσ. (17.143)

Show that with ϵσ = −σB you obtain the wrong field dependence of the magnetization M = tanh
(

B
2T

)
,

but that with the Popov-Fedotov form ϵσ = −σB+ iπT
2 , you recover the Brillouin formula for a free spin,

M = tanh
( B

T

)
. (17.144)

Solution: If we write

F = −T
∑
σ=±

ln
[
1 + e−βϵσ

]
(17.145)

then the magnetization is given by

M = −∂F
∂B
=

∑
σ

σ f (ϵσ) (17.146)

If we evaluate this expression with ϵσ = −σB we obtain the wrong form for the magnetization

M =
1

e−βB + 1
− 1

eβB + 1
=

(eβB − e−βB)
2 + 2 cosh βB

(17.147)

We can see the problem: the extra contribution to the partition function from the empty and doubly
occupied sites gives Z = 2 + 2 cosh βB rather than Z = 2 cosh βB. If we simplify this expression, we
obtain

M =
sinh βB

1 + cosh βB
=

2 sinh(βB/2) cosh(βB/2)
2 cosh2(βB/2)

= tanh
( B

2T

)
which has the wrong field dependence. By contrast, if we use ϵσ = −σB + iπT

2 , we obtain

M =
1

ie−βB + 1
− 1

ieβB + 1
=

(eβB − e−βB)
2 cosh βB

= tanh
( B

T

)
(17.148)

recovering the Brillouin function.

Example 17.7: Consider the symmetric Anderson model. At energy scales greater than U/2 the im-
purity is mixed valent. However, once the cut-off D ∼ U/2 one must carry out a Schrieffer Wolff
transformation.

(i) Show that the Kondo coupling constant of the symmetric Anderson model is g0 = Jρ = 4∆/(πU),
where ∆ = πρV2 is the bare resonant level width of the Anderson model

(ii) Using expression (17.138), with a cut-off D = U/2. derive the following form (17.69) for the Kondo
temperature of the symmetric Anderson model

TK =

√
2U∆
π

exp
(
−πU

8∆

)
.

Solution:
(i) In the symmetric Anderson model, E f = −U/2. Assuming that the hybridization Vk = V is constant,

then from (17.105), the Kondo coupling constant is given by

g0 = Jρ = V2ρ

[
1

E f + U/2
+

1
−E f

]
= 4

V2ρ

U
=

4∆
πU

(17.149)

where ∆ = πρV2.
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(ii) Using (17.138) TK = D
√

2goe−
1

2go . with D = U/2, we obtain

TK =
U
2

√
8∆
πU

exp
(
− 8∆
πU

)
=

√
2U∆
π

exp
(
−πU

8∆

)
. (17.150)

Example 17.8: Explicitly calculate the Kondo scattering amplitude

−Γ = + +

to second order in J, using the Popov-Fedotov scheme. By examining the scattering amplitude on the
Fermi surface, show that the Kondo coupling constant is logarithmically enhanced according to the
formula

Jρ→ Jρ + 2(Jρ)2 ln

 Deπ/2−ψ( 1
2 )

2πT

 (17.151)

where ψ(x) is the digamma function.
Solution:
We represent the conduction electron and f-electron propagators by the diagrams

= Gc(iωn, k) =
1

iωn − ϵk

= G f (iωn) =
1

iωn − λ f
(17.152)

where λ f ≡ i πT
2 is the imaginary chemical potential that cancels the doubly occupied and empty states.

The first order Kondo scattering amplitude is given by

Γ0 =

α

σ σ′

β

= −J
(
σ⃗βα · S⃗ σ′σ

)
(S⃗ σ′σ ≡

(
σ⃗

2

)
σ′σ

). (17.153)

Here the minus sign derives from the Feynman rules for an interaction vertex and we have used the
shorthand S⃗ ≡ σ⃗

2 for the f-electron spin matrix elements.
The second-order scattering processes are given by

ΓI =

b

β

σ σ′

α

a

= J2
(
σbσa

)
βα

(
S bS a

)
σ′σ

π1(iνn) (17.154)

ΓII =

b

α β

σ′σ a

= −J2
(
σaσb

)
βα

(
S bS a

)
σ′σ

π2(iνn) (17.155)

where iνn is the total energy in the particle-particle and particle-hole channels respectively. Note the
−1 prefactor in ΓII and the inversion of the order of the conduction electron Pauli matrices which both
derive from the crossing of the incoming and outgoing conduction electron lines Here

iωr

iνn − iωr

= π1(iνn) = T
∑
iωr ,k

1
iωr − ϵk

1
iνn − iωr − λ f

, (17.156)
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and
iωr

iνn + iωr

= π2(iνn) = −T
∑
iωr ,k

1
iωr − ϵk

1
iνn + iωr − λ f

, (17.157)

are the Kondo polarization bubbles in the particle-particle and particle-hole channels, respectively

Now let us calculate the polarization bubbles (17.156) and (17.157). If we reverse the sign of iωr →
−iωr in the internal summation in (17.156) we obtain

π1(iνn) = −T
∑
iωr ,k

1
iωr + ϵk

1
iνn + iωr − λ f

, (17.158)

and assuming a particle-hole symmetric conduction electron density of states, we can replace ϵk → −ϵk,
so that

π1(iνn) = π2(iνn) = −T
∑
iωr ,k

1
iωr − ϵk

1
iνn + iωr − λ f

, (17.159)

Now this is a well-known fermion bubble, and we can use our standard method of contour integration
to carry out the summation over the internal Matsubara frequency iωr, to obtain

π2(iνn) =
∑

k

f (λ) − f (ϵk)
iνn − (λ f − ϵk)

=

∫
dϵρ(ϵ)

f (λ) − f (ϵ)
iνn − (λ f − ϵ)

, (17.160)

where ρ(ϵ) is the density of states per spin. The summation over energy in this integral is a bit tricky. If
we use a flat density of states, then at zero temperature

π2(iνn) =
ρ

2

∫ D

−D

sgn(ϵ)
iνn + ϵ

= ρ ln
(

D
|νn|

)
so the frequency provides the lower logarithmic cut-off. When we do the calculation at a finite tem-
perature, we expect that if T >> |νn|, then the temperture becomes the cutoff, so that our back-of-the
envelope estimate of this integral is

π2(iνn) ∼ ρ ln
(

D
max(|νn|, T )

)
To calculate the precise form of the integral takes more work, but can be done for a Lorentzian density
of states, ρ(ϵ) = ρΦ(ϵ) where Φ(x) = D2/(ϵ2 + D2). Here we quote the result, giving the derivation at
the end of this solution,∫

dϵΦ(ϵ)
(

f (λ f ) − f (ϵ)
ϵ − ξ

)
= ln

D
2πT

− ψ
(

1
2
+
ξβ

2πi

)
− i

π

2
tanh(βλ f /2) (17.161)

provided Im(ξ) > 0 (for the opposite sign, one takes the complex conjugate of the above). Putting in
λ f = iπT/2, ξ = i(πT/2 − νn) we then obtain

π2(iνn) = ρ
∫

dϵΦ(ϵ)
[

f (λ f ) − f (ϵ)
ϵ − (λ f − iνn)

]
= ρ

[
ln

D
2πT

− ψ
(

1
2
+
πT/2 − νn

2πT

)
+
π

2

]
= ρ

[
ln

Deπ/2

2πT
− ψ

(
1
2
+
πT/2 − νn

2πT

)]
, (πT/2 − νn > 0) (17.162)

Strictly speaking, our result only holds for Imξ > 0, i.e when π/2 − νn = |A| > 0. The other sign where
π/2−νn = −|A| < 0 is obtained by taking the complex conjugate of the result for positive π/2−νn = |A|.
But since the right-hand side is real, taking the complex conjugate has no effect, so we see that the result
only depends on the magnitude |πT/2 − νn|, enabling us to write

π2(iνn) = ρ
[
ln

Deπ/2

2πT
− ψ

(
1
2
+
|νn − πT/2|

2πT

)]
. (17.163)
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Notice that the analytic continuation of this expression contains a branch cut along the line Im[z] =
iπT/2, a a consequence of using a non-Hermitian Hamiltonian (this can be fixed by using a shifted
Matsubara frequency for the f-lines). It follows that

π2(z) =

 ρ
[
ln Deπ/2

2πT − ψ
(

1
2 +

z−iπT/2
2πiT

)]
, (Im(z) > πT/2)

ρ
[
ln Deπ/2

2πT − ψ
(

1
2 −

z∗+iπT/2
2πiT

)]
, (Im(z) < πT/2)

(17.164)

Adding up the second-order amplitudes we obtain

−Γ(zpp, zph)βσ′ ;ασ = −J
(
σ⃗βα · S⃗ σ′σ

)
+ J2ρ[π2(zpp)(σbσa)βα − π2(zph)(σbσa)βα]

(
S bS a

)
σ′σ

(17.165)

Notice that the logarithmically divergent parts of the particle hole and particle-particle scattering are the
same, while the low energy parts differ by finite amounts. However, if we examine the onshell scattering
on the Fermi surface, i.e with zph = zpp = iπT/2, then we obtain

−Γ = −J
(
σ⃗βα · S⃗ σ′σ

)
+ J2ρ ln

Deπ/2−ψ(1/2)

2πT
[σb, σa]βα(S bS a)σ′σ

= −J
(
σ⃗βα · S⃗ σ′σ

)
+ J2ρ ln

Deπ/2−ψ(1/2)

2πT
2iσc

βα

iS c︷          ︸︸          ︷
ϵbac(S bS a)σ′σ

= −
[
J + 2J2ρ ln

Deπ/2−ψ(1/2)

2πT

] (
σ⃗βα · S⃗ σ′σ

)
(17.166)

explicitly demonstrating the logarithmic renormalization of the coupling constant.

Derivation of integral: We wish to derive the result

I =
∫

dϵΦ(ϵ)
(

f (λ f ) − f (ϵ)
ϵ − ξ

)
= ln

D
2πT

− ψ
(

1
2
+
ξβ

2πi

)
− i

π

2
tanh(βλ f /2) (17.167)

where Φ(ϵ) = D2/(D2 + ϵ2) imposes the high-energy cut-off and Imξ > 0. First, let us separate the
integral into two, I = I1 − I2 where

I1 =

∫
dϵΦ(ϵ)

f (λ f )
ϵ − ξ

I2 =

∫
dϵΦ(ϵ)

f (ϵ)
ϵ − ξ (17.168)

These integrals can be carried out using contour integration. Now Φ(z) = D2/((z + iD)(z − iD)), so if
we complete the first integral with a contour in the lower-half plane, there there is only a single pole at
z = −iD, which gives

I1 = −2πi(
iD
2

)
fλ

−iD − ξ → iπ fλ (17.169)

in the large D limit. To do the second term, We begin by writing

D2

D2 + z2

1
z − ξ =

1
2

( −iD
z − iD

+ {D→ −D}
) 1

z − ξ
=

1
2

(
1

z − ξ −
1

z − iD

)
+ {D→ −Dei0+ }, (17.170)

so we can calculate the answer for positive D, change the sign of D and average over the two results.
(In practice, we need to give D an infinitesimal phase D → Dei0+ so that the pole at z = −iDeiδ

is f (−iD + D0+) → 0.) If we now integrate the first term of this expression with f (z), closing the
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contour in the lower half plane, then the only poles we pick up are the poles in f (z) of strength −T at
z = −iωn = −i(2n + 1)2πT , leading to

I2 =

∮
dz

1
2

(
1

z − ξ −
1

z − iD

)
f (z) +

{
D→ −Dei0+

}
=

1
2

(−2πi)(−T )
∞∑

n=0

(
− 1

iωn + ξ
+

1
iωn + iD

)
+

{
D→ −Dei0+

}
(17.171)

(where the −2πi line derives from the left-handed contour in the lower-half plane and the −T from the
pole strength of f (z) at z = −iωn). Simplifying this result,

I2 =
1
2

∞∑
n=0

 1
n + 1

2 +
D

2πT

− 1

n + 1
2 +

ξ

2πiT

 + {
D→ −Dei0+

}
. (17.172)

Now at this point, we use the series form of the digamma function ψ(z) = d lnΓ(z)/dz,

ψ(z) =
∞∑

n=0

(
1

n + 1
− 1

n + z

)
− ζ (17.173)

where ζ = 0.577216 = −ψ(1) is Euler’s constant. From this relation, we deduce that

ψ(z) − ψ(a) =
∞∑

n=0

(
1

n + a
− 1

n + z

)
(17.174)

so that

I2 =
1
2

[
ψ

(
1
2
+

ξ

2πiT

)
− ψ

(
1
2
+

D
2πT

)]
+

{
D→ −Dei0+

}
(17.175)

Now for large z, ψ(z)→ ln z, so that for a large cut-off,

I2 =
1
2

[
ψ

(
1
2
+

ξ

2πiT

)
− ln

( D
2πT

)]
+

{
D→ −Dei0+

}
= ψ

(
1
2
+

ξ

2πiT

)
− ln

( D
2πT

)
+ i

π

2
(17.176)

where the remainder term derives from − 1
2 ln−ei0+ = i π2 . Adding I1 (17.169) and −I2 (17.176) together

then gives

I = I1 − I2 = ln
( D

2πT

)
− ψ

(
1
2
+

ξ

2πiT

)
− i

π

2
(1 − 2 fλ)

= ln
( D

2πT

)
− ψ

(
1
2
+

ξ

2πiT

)
− i

π

2
tanh

[
βλ f

2T

]
(17.177)

17.7.2 Universality and the resistance minimum

Provided the Kondo temperature is far smaller than the cut-off, then at low energies it is the only scale
governing the physics of the Kondo effect. For this reason, we expect all physical quantities to be expressed
in terms of universal functions involving the ratio of the temperature or field to the Kondo scale. For example,
the susceptibility

χ(T ) =
1
T

F(
T
TK

), (17.178)
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and the quasiparticle scattering rate
1

τ(T )
=

1
τo
G(

T
TK

) (17.179)

both display universal behavior. If we change the cut-off of the model, adjusting the bare coupling constant g0

so that TK is fixed, the physical quantities will be unchanged. If we replace g0 → g(D) in equation (17.137),
then all models with J(D)ρ = g(D), where

ln
(TK

D

)
= − 1

2g(D)
+

1
2

ln 2g(D) (17.180)

will have the same Kondo temperature and thus the same low temperature behavior. However, we can view
this another way: as the temperature is lowered, quantum processes become coherent at increasingly lower
energies, and the effective cutoff for quantum processes is T . Thus, as the temperature is lowered, the coupling
constant g0 is renormalized to a new value,

g0 → g(T ) (17.181)

where

ln
(TK

T

)
= − 1

2g(T )
+

1
2

ln 2g(T ) (17.182)

In this way, lowering the temperature drives the system along the renormalization trajectory from weak to
strong coupling.

We can check the existence of universality by examining these properties in the weak coupling limit, where
T >> TK . Here, we find

1
τ(T )

= 2πJ2ρS (S + 1)ni =
2π
ρ

S (S + 1)nig2
0 (S =

1
2

) (17.183)

χ(T ) =
ni

T
[
1 − 2Jρ

]
=

ni

T
[
1 − 2g0

]
(17.184)

where ni is the density of impurities.
Now scaling, it its correct, implies that at lower temperatures Jρ→ Jρ+2(Jρ)2 ln D

T , so that to next leading
order we expect

1
τ
= ni

2π
ρ

S (S + 1)[Jρ + 2(Jρ)2 ln
D
T

]2 (17.185)

χ(T ) =
ni

T

[
1 − 2Jρ − 4(Jρ)2 ln

D
T
+ O((Jρ)3)

]
. (17.186)

These results are readily confirmed in second-order perturbation theory as the result of adding in the one-
loop corrections to the scattering vertices. The first result was obtained by Jun Kondo. Kondo was looking
for a consequence of the antiferromagnetic interaction predicted by the Anderson model, so he computed the
electron scattering rate to third order in the magnetic coupling. The logarithm which appears in the electron
scattering rate means that as the temperature is lowered, the rate at which electrons scatter off magnetic
impurities rises. It is this phenomenon that gives rise to the famous Kondo “resistance minimum” .

But we can use universality to go much further, and actually deduce the form of the universal functions
F[x] and G[x] in (17.178) and (17.179), at least in weak coupling when the temperature is large compared
with the Kondo temperature T/TK >> 1. Let us rearrange (17.182) into

g(T ) =
1

2 ln
(

T
TK

)
+ ln 2g(T )

. (17.187)
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which we may iterate to obtain

2g(T ) =
1

ln
(

T
TK

)
+ 1

2 ln
(

1
ln T

TK
+ln 2g

) = 1

ln
(

T
TK

) + ln(ln(T/TK))

2 ln2
(

T
TK

) + . . . (17.188)

where the expansion has been made assuming ln T/TK >> ln g. At high temperature, by substituting TK =

De−1/2Jρ we can check that the leading order term is simply

2g(T ) =
1

ln
(

T
TK

) = 1
1

2Jρ + ln T/D
=

2Jρ
1 + 2Jρ ln T/D

= 2
[
Jρ + 2(Jρ)2 ln

(D
T

)]
+ O[(Jρ)3] (17.189)

the leading logarithmic correction to g(T ). By using scaling we are thus able to resum diagrams far beyond
leading perturbation theory. Using this expression to make the replacement Jρ→ g(T ) in the leading pertur-
bation theory (17.183), we obtain

χ(T ) =
ni

T

[
1 − 1

ln(T/TK)
− 1

2
ln(ln(T/TK))

ln2(T/TK)
+ . . .

]
(17.190)

1
τ(T )

= ni
πS (S + 1)

2ρ

[
1

ln2(T/TK)
+

ln(ln(T/TK))
ln3(T/TK)

+ . . .

]
(17.191)

From the second result, we see that the electron scattering rate has the scale-invariant form in (??)

1
τ(T )

=
1
τ0
G(T/TK). (17.192)

where 1
τ0
∝ ni

ρ
represents the intrinsic scattering rate off the Kondo impurity. The quantity 1/ρ is essentially

the Fermi energy of the electron gas: and 1/τ0 ∼ ni
ρ

is the “unitary scattering” rate, the maximum possible
scattering rate that is obtained when an electron experiences a resonant π/2 scattering phase shift. From
this result, we see that at absolute zero, the electron scattering rate will rise to the value 1

τ(T ) |T=0 =
ni
ρ
G(0),

indicating that at strong coupling, the scattering rate is of the same order as the unitary scattering limit. We
shall now see how this same result comes naturally out of a strong coupling analysis.

Example 17.9:
a) Use the Popov-Fedotov scheme to compute the leading correction to the impurity magnetic suscep-

tibility, given by the diagrams

χ = + +

=
µ2

B

T

[
1 − 2Jρ + O(J2)

]
(17.193)

b) Based on scaling arguments, what is the form of the J2 correction to the susceptibility?
c) What diagrams are responsible for the logarithmic correction to the susceptibility?
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Solution:
a) For these calculations, let us set µB = 1 temporarily. We need to calculate the f-electron susceptibility,

given by

χ f δ
ab = σa σb = −T

∑
iωn

Tr[σaG f (iωn)σbG f (iωn) = χ f δ
ab. (17.194)

So

χ f = −2T
∑
iωn

1
(iωn − λ f )2 =

∂

∂λ f

− f (λ f )︷              ︸︸              ︷
2T

∑
iωn

1
iωn − λ f

= 2
(
−
∂ f (λ f )
∂λ f

)
=

2 fλ(1 − fλ)
T

=
1
T

(17.195)

where the factor of two derives from the trace over the spin degrees of freedom and we have used
fλ(1 − fλ) = 1/[(i + 1)(−i + 1)] = 1/2. Similarly, the conduction electron susceptibility given by

χcδ
ab = σa σb = −T

∑
k,iωn

Tr
[
σaGk(iωn)σbGk(iωn)

]

= −2δabT
∑
k,iωn

1
(iωn − ϵk)2 = 2δab

∑
k

∂

∂ϵk

− f (ϵk)︷            ︸︸            ︷
T

∑
iωn

1
iωn − ϵk

= 2δab
∑

k

(
−∂ f (ϵk)

∂ϵk

)
= 2ρδab. (17.196)

Now the first order diagrams are given by

χAδ
ab = σa σb = (χ f δ

ac)
(
− J

2

)
(χcδ

cb) = − Jρ
T

(17.197)

and

χBδ
ab = σa σb = (χcδ

ac)
(
− J

2

)
(χ f δ

cb) = − Jρ
T

(17.198)

Adding the results together, the first order correction to the impurity susceptibility is given by

χ =
µ2

B

T
(1 − 2Jρ) + O((Jρ)2) (17.199)

where we have reinstated µB
b) We expect the second order corrections to the susceptibility to be obtained by renormalizing the

coupling constant. Following the results of example 17.7, the renormalization is given by

Jρ→ Jρ + 2(Jρ)2 ln
[D

T

]
(17.200)

Since the renormalization group only provides leading logarithmic accuracy, we have dropped the
dimensionless constants inside the logarithm. We therefore expect that the second-order corrections
to the susceptibility will take the form

χ(T ) =
µ2

B

T

[
1 − 2

(
Jρ + 2(Jρ)2 ln

[ D
T

])]
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=
µ2

B

T

[
1 − 2Jρ + 4(Jρ)2 ln

[ D
T

]]
+ O[(Jρ)3] (17.201)

c) The logarithmic corrections to the susceptibility derive from the vertex insertions into the first order
diagrams, given by

+

++

+

+

(17.202)

There are other contributions to the susceptibility, such as self-energy corrections and corrections to
the external magnetic vertex, but none of these will contribute logarithmically divergent corrections.
Moreover, the conservation of spin will mean that many self-energy and vertex corrections will
cancel one-another.

17.8 Nozières Fermi Liquid Theory

The weak-coupling analysis tells us that somewhere around the Kondo temperature, the running Kondo cou-
pling constant g becomes of order one, O(1). Although perturbative renormalization group methods can not
go past this point, Anderson and Yuval[31, 38, 39] argued that it is not unreasonable to suppose that the
coupling constant continues scaling to infinity. This is the simplest possibility and if true, it means that the
strong-coupling limit is an attractive fixed point, a fixed point that is stable under the renormalization group.
Anderson and Yuval conjectured that the Kondo singlet would be paramagnetic, with a temperature indepen-
dent magnetic susceptibility and a universal linear specific heat given by CV = γK

T
TK

at low temperatures.
The first controlled treatment of this cross-over regime was carried out by Wilson using the numerical

renormalization group method that he invented[33]. Wilson’s numerical renormalization method was able to
confirm the conjectured renormalization of the Kondo coupling constant to infinity. This limit is called the
“strong coupling” limit of the Kondo problem. Wilson carried out an analysis of the strong-coupling limit,
and was able to show that the specific heat would be a linear function of temperature, like a Fermi liquid.
Wilson showed that the linear specific heat could be written in a universal form

CV = γT,

γ =
π2

3
0.4128 ± 0.002

8TK
(17.203)

Wilson also compared the ratio between the magnetic susceptibility and the linear specific heat with the
corresponding value in a non-interacting system, computing

W =
χ/χ0

γ/γ0 =
χ

γ

 π2k2
B

3(µB)2

 = 2 (17.204)

within the accuracy of the numerical calculation.
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17.8.1 Strong Coupling Expansion

Remarkably, the second result of Wilson’s can be re-derived using an exceptionally elegant set of arguments
due to Nozières[34] that leads to an explicit form for the strong coupling fixed point Hamiltonian. Nozières
began by considering a local moment coupled via a strong antiferromagnetic Kondo coupling to an electron
sea. Wilson had previously shown that the local moment only couples to the s-wave scattering channel so that
the Kondo model can be mapped onto a spin coupled to one-dimensional a one-dimensional tight-binding
chain, as illustrated in Fig. 17.16.

tFig. 17.16 Illustrating the strong-coupling limit of the Kondo model. (a) Singlet with bound-state
energy −3J/2 interacts with narrow band of width 2t. (b) Kondo singlet formed at
origin because the addition or removal of electrons costs energy. (c) Virtual
fluctuations of charge in and out of the Kondo singlet induces interactions between
electrons at site 1.

The Hamiltonian for the one-dimensional Kondo model is is

Hlattice = −t
∑
j=0,∞

[c†σ( j + 1)cσ( j) + H.c] + Jc†α(0)σ⃗αβcβ(0) · S⃗ f . (17.205)

Since the renormalization trajectories link the weak-coupling, model where J/t << 1, to the strong coupling,
model where J/t >> 1, Nozières reasoned that the strong coupling physics of this model could used to
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understand the low temperature physics of the Kondo model. When J >> t, in the ground-state, the local
moment couples to an electron at the origin, forming a “Kondo singlet” denoted by

|GS ⟩ = 1
√

2
(| ⇑↓⟩ − | ⇓↑⟩) , (17.206)

where the thick arrow refers to the spin state of the local moment and the thin arrow refers to the spin state of
the electron at site 0. The ground-state energy of the Kondo singlet is

Eg = J[S (S + 1) − 3/2] = −3
2

J. (17.207)

The kinetic energy of the electrons in the one-dimensional band now becomes a perturbation to the Kondo
singlet. Any electron which hops from site 1 to site 0 will automatically break the Kondo singlet, raising its
energy by 3J/2. This will have the effect of excluding electrons (or holes) from the origin. The fixed point
Hamiltonian must then take the form

Hlattice = −t
∑
j=1,∞

[c†σ( j + 1)cσ( j) + H.c] + weak interaction (17.208)

where the second-term refers to the weak-interactions induced by virtual fluctuations onto site 0. If the wave-
function of electrons far from the impurity has the form ψ(x) ∼ sin(kF x), where kF is the Fermi momentum,
then the exclusion of electrons from site 1 has the effect of phase-shifting the electron wavefunctions by one
the lattice spacing a, so that now ψ(x) ∼ sin(kF x − δ) where δ = kFa. But if there is one electron per site,
then 2(2kFa/(2π)) = 1 by the Luttinger sum rule, so that kF = π/(2a) and hence the Kondo singlet acts as a
spinless, elastic scattering center with scattering phase shift

δ = π/2. (17.209)

The appearance of δ = π/2 can also be deduced by appeal to the Friedel sum rule, which determines the
number of bound-electrons at the magnetic impurity site in terms of the phase shift

∑
σ=↑,↓

δ
π
= 2δ/π, so

that δ = π/2. By considering virtual fluctuations of electrons between site 1 and 0, Nozières argued that the
induced interaction at site 1 must take the form

∆H = Un1↑n1↓, U ∼ t4

J3 (17.210)

because fourth order hopping processes lower the energy of the singly occupied state relative to the doubly
occupied state. This repulsive interaction amongst the conduction electrons is actually a marginal operator
under the renormalization group, leading to the conclusion that the effective Hamiltonian describes a weakly
interacting “local” Landau Fermi liquid.

17.8.2 Phase shift formulation of the Local Fermi liquid

Nozières then used the results of the strong coupling expansion to formulate a local Fermi liquid description
of the strong coupling fixed point of the Kond o model. He formulated this theory in terms of an occupancy-
dependent phase shift as follows. In a non-interacting impurity problem, the asymptotic wavefunction’s ex-
perience a scattering phase shift, with a radial wavefunction that takes the form

ψ(r) ∼ sin(kr + δ(Ek))
r

. (17.211)
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If we put the system inside a sphere of radius R, and the boundary condition ψ(R) = 0, then kR + δ(Ek) = nπ
determines the allowed momenta of the quasiparticles, given by kn = n π

R −
δ(Ek)

R . The level spacing in the
absence of scattering is ∆ϵ = ∂E

∂k
π
R . Now in the presence of the scattering phase shift, momenta are reduced

by an amount ∆k = − δ[Ek]
R , so the corresponding energy levels are shifted downwards by an amount

Ek → Ek −
∂E
∂k

δ(Ek)
R

= Ek − ∆ϵ
δ(Ek)
π

. (17.212)

Now in the impurity Landau Fermi liquid, the ground-state energy will be a functional of quasiparticle oc-
cupancies {nkσ}. As in bulk Landau Fermi liquid theory, the differential of the total energy with respect to
occupancies defines a renormalized quasiparticle energy as follows

δE[{nk′σ}]
δnkσ

= Ek −
∆ϵ

π
δσ({nk′σ′ }, Ek). (17.213)

Now, interactions cause the phase shift, and the downward shift of the quasiparticle energies to depend on the
quasiparticle occupancies nkσ. Expanding to linear order in the deviation of quasiparticle occupancies about
the ground state, δnkσ = nkσ − n(0)

kσ, then

δσ({nk′σ′ }, E) =
π

2
+ α(E − µ) + Φ

∑
k′
δnk′,−σ. (17.214)

The term with coefficient Φ is the impurity analog of the Landau Fermi liquid interaction fkσ,k′σ′ . This term
describes the onsite interaction between opposite spin states of the Fermi liquid. Nozières argued that when
the chemical potential of the conduction sea is changed, the occupancy of the localized d state will not change,
and because the Friedel sum rule links the π/2 phase shift to the occupancy, this implies implies that phase
shift is invariant under changes in µ, i.e the Kondo resonance is pinned to the Fermi energy. Now under a shift
∆µ, the change in the occupancy of the quasiparticle states

∑
k δnk−σ → ρ∆µ, so that changing the chemical

potential modifies the phase shift at the Fermi surface by an amount

∆δ↑ = δ({nk′σ′ }, µ + ∆µ) − δ({n(0)
k′σ′ }, µ)

= α∆µ + Φ

ρ∆µ︷            ︸︸            ︷∑
k′

(nk′↓ − n(0)
k′↓)

= (α + Φρ)∆µ = 0 (17.215)

In other words, the interaction term must compensate for the energy dependence of the phase shift, so that
magnitude Φ = −α/ρ is set by the density of states α.

We are now in a position to calculate the impurity contribution to the magnetic susceptibility and specific
heat. First note that the density of quasiparticle states is given by

ρ =
dN
dE
= ρo +

1
π

∂δ

∂ϵ
= ρo +

α

π
(17.216)

so that the low temperature specific heat is given by CV = (γbulk + γ)T where

γ = 2
π2k2

B

3

 α
π
, (17.217)

where the prefactor “2” is derived from the spin up and spin-down bands. It is convenient to write this in the
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form

γ =

π2k2
B

3

 γ̃,
where γ̃ = 2α/π. Now in a magnetic field, the impurity magnetization is given by

M =
δ↑
π
− δ↓
π

(17.218)

Since the Fermi energies of the up and down quasiparticles are shifted to ϵFσ → ϵF −σB, we have
∑

k δnkσ =

σρB, so that the phase shift at the Fermi surface in the up and down scattering channels becomes

δσ =
π

2
+ αδϵFσ + Φ

∑
k

δnkσ


=
π

2
+ ασB − ΦρσB

=
π

2
+ 2ασB (17.219)

so that the presence of the interaction term doubles the size of the change in the phase shift due to a magnetic
field. The impurity magnetization then becomes

Mi = χsB =
δ↑
π
− δ↓
π
= 2

(
2α
π

)
B. (17.220)

If we reinstate the magnetic moment µB of the electron, this becomes

χs = µ
2
Bχ̃s = µ

2
B

(
4α
π

)
(17.221)

This is twice the value expected for a “rigid” resonance, and it means that the Wilson ratio is

W =
χs

γ

 π2k2
B

3(µB)2

 = χ̃s

γ̃
= 2 (17.222)

Example 17.10: Consider what happens to the Fermi liquid ground-state of the Anderson impurity
model in which the change of the phase shifts ∆δ↑ = ∆δ↓ = ∆δ due to a shift ∆µ in the chemical
potential is now finite, due to the finite charge susceptibility χc so that

∆(δ↑ + δ↓)
π

=
2∆δ
π
= χc∆µ (17.223)

where ∆µ is the change in the chemical potential.
(a) By generalizing the Nozières Fermi liquid theory to the Anderson model, using the above result to

show that equation (??) becomes

∆δ =
π

2
χc∆µ = (α + Φρ)∆µ, (17.224)

in the Anderson impurity model, so that the charge susceptibility is given by

χc =
2
π

(α + Φρ).
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(b) By generalizing the calculation of the susceptibility to the Anderson impurity model show that the
specific heat, charge and spin susceptibility are related by the Yamada Yosida identity

2γ̃ = χ̃s + χc (17.225)

where

γ =

(
π2k2

B

3

)
γ̃, χs = µ

2
Bχ̃s. (17.226)

(c) What happens to the charge susceptibility when U is large and negative? (This is the “charge” Kondo
model ).

Solution:
(a) In the impurity Anderson model, we write

δσ({nk′σ′ }, ϵk) = δ0 + α(ϵk − µ) + Φ

∑
k

δnk,−σ

 , (17.227)

where, by the Friedel sum rule 2δ0/π = ∆ne, the number of electrons bound by the impurity. If we
add extra quasiparticles to the Fermi sea, shifting the Fermi energy up by an amount ∆µ, the change
in the phase shift at the Fermi energy is given by

∆δσ = δσ({nk′σ′ },∆µ + µ) − δσ({n(0)
k′σ′ }, µ) = α∆µ + Φ

∑
k′
δnk′−σ)

 = (α + Φρ)∆µ (17.228)

But the change in the impurity charge is then given by

χc∆µ =
2∆δ
π
=

2
π

(α + Φρ)∆µ

so that

χc =
2
π

(α + Φρ). (17.229)

Now the linear specific heat is determined by the impurity density of states (17.217)

γ =

(
π2k2

B

3

)
2
π

∂δ

∂ϵ
=

(
π2k2

B

3

) =γ̃︷︸︸︷
2α
π

(17.230)

so we may write

χc = γ̃ +

(
2Φρ
π

)
,(

2Φρ
π

)
= χc − γ̃. (17.231)

(b) Now setting µB = 1, the magnetization of the impurity is given by

M = χsB =
(
δ↑

π
− δ↓
π

)
(17.232)

where, in a field, the Fermi surface splits into two, with the shift in the Fermi energy given by σB,
so that the changes in the phase shifts are given by

δσ = δ0 + ασB + Φ

−ρσB︷        ︸︸        ︷∑
k′
δnk′−σ


= δ0 + (α − Φρ)σB (17.233)
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Using (17.231), it follows that

M = χ̃s =
δ↑

π
− δ↓
π
= 2

α − Φρ
π

= γ̃ − (χc − γ̃) = 2γ̃ − χc (17.234)

from which the Yamada Yoshida identity

2γ̃ = χc + χs (17.235)

follows. Notice that if we restore µB, then χs → χs/µ
2
B = χ̃s.

(c) Notice that in the non-interaction impurity (U = 0), χc = χ̃s = γ. In the limit that U < 0 is large and
negative, the spin susceptibilty is suppressed to zero, so that the charge Wilson ratio

χc

γ̃
= 2. (17.236)

This is a result of the charge Kondo effect.

17.8.3 Experimental observation of Kondo effect

Experimentally, there is now a wealth of observations that confirm our understanding of the single impurity
Kondo effect. Here is a brief itemization of some of the most important observations. (Fig. 17.17.)

• A resistance minimum appears when local moments develop in a material. For example, in Nb1−xMox

alloys, a local moment develops for x > 0.4, and the resistance is seen to develop a minimum beyond
this point.[42, 2]

• Universality seen in the specific heat CV =
ni
T F(T/TK) of metals doped with dilute concentrations of

impurities. Thus the specific heat of Cu − Fe (iron impurities in copper) can be superimposed on the
specific heat of Cu −Cr, with a suitable rescaling of the temperature scale. [43]

• Universality is observed in the differential conductance of quantum dots[44, 45] and spin-fluctuation resis-
tivity of metals with a dilute concentration of impurities.[46] Actually, both properties are dependent on
the same thermal average of the imaginary part of the scattering T-matrix

ρi = ni
ne2

m

∫
dω

(
− ∂ f
∂ω

)
2Im[T (ω)]

G =
2e2

ℏ

∫
dω

(
− ∂ f
∂ω

)
πρIm[T (ω)]. (17.237)

Putting πρ
∫

dω
(
− ∂ f
∂ω

)
ImT (ω) = t(ω/TK , T/TK), we see that both properties have the form

ρi = ni
2ne2

πmρ
t(T/TK)

G =
2e2

ℏ
t(T/TK) (17.238)

where t(T/TK) is a universal function. This result is born out by experiment.
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17.9 Multi-channel Kondo physics and Non-Fermi liquids

In a now famous Review Article, “Kondo effect in Real Metals”, Nozières and Blandin[?] pointed out that the
are many variants of the original Kondo model: some of these are important because they describe the real-
world behavior of multi-orbital and spin-orbit coupled magnetic moments in metals; others are of particular
interest because they lead to new kinds of fixed point associated with “underscreening” and “overscreen-
ing” that were not realized in the original model. Remarkably, almost all of these cases can be understood
qualitatively from a strong-coupling expansion of the Kondo model.
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Exercises

Exercise 17.1 (a) Using the identity n2
fσ = n fσ, show that the atomic part of the Anderson model can be

written in the form

Hatomic = (E f +
U
2

)n f +
U
2

[
(n f − 1)2 − 1

]
, (17.239)

What happens when E f + U/2 = 0?
(b) Using the completeness relation

| f 0⟩⟨ f 0 |+| f 2⟩⟨ f 2 |︷   ︸︸   ︷
(n f − 1)2 +

|↑⟩⟨↑|+|↓⟩⟨↓|︷     ︸︸     ︷
S2

S (S + 1)
= 1. (S = 1/2)

show that the interaction can also be written in the form

Hatomic = (E f +
U
2

)n f −
2U
3

S2 (17.240)

which makes it clear that the repulsive U term induces a “magnetic attraction” that favors formation of
a local moment.

(c) Derive the Hubbard Stratonovich decoupling for (17.240).
Exercise 17.2 By expanding a plane wave state in terms of spherical harmonics:

⟨r|k⟩ = eik·r = 4π
∑
l,m

il jl(kr)Y∗lm(k̂)Ylm(r̂)

show that the overlap between a state |ψ⟩ with wavefunction ⟨x⃗|ψ⟩ = R(r)Ylm(r̂) with a plane wave is
given by V (⃗k) = ⟨⃗k|V |ψ⟩ = V(k)Ylm(k̂) where

V(k) = 4πi−l
∫

drr2V(r)R(r) jl(kr) (17.241)

Exercise 17.3(i) Show that δ = cot−1
(

Ed
∆

)
is the scattering phase shift for scattering off a resonant level at

position Ed.
(ii) Show that the energy of states in the continuum is shifted by an amount −∆ϵδ(ϵ)/π, where ∆ϵ is the

separation of states in the continuum.
(iii) Show that the increase in density of states is given by ∂δ/∂E = ρd(E). (See chapter 3.)

Exercise 17.4 Generalize the scaling equations to the anisotropic Kondo model with an anisotropic inter-
action

HI = Jxσx(0)S x + Jyσy(0)S y + Jzσz(0)S z (17.242)

where σa(0) =
∑

k,k′ c†kσ
ack′ is the local spin density of the conduction sea and S x,y,z are the three

components of the localized magnetic moment. Show that the scaling equations take the form

∂Ja

∂ ln D
= −2JbJcρ + O(J3),

where and (a, b, c) are a cyclic permutation of (x, y, z). Show that in the special case where Jx = Jy = J⊥,
the scaling equations become

∂J⊥
∂ ln D

= −2JzJ⊥ρ + O(J3),
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∂Jz

∂ ln D
= −2(Jz)2ρ + O(J3), (17.243)

so that J2
z − J2

⊥ = constant. Draw the corresponding scaling diagram.
Exercise 17.5 Consider the symmetric Anderson model, with a symmetric band-structure at half filling,

given by

H =
∑

k

ϵkc†kσckσ +
∑

k

(Vc†kσ fσ + H.c) +
U
2

(n f − 1)2. (17.244)

where the density of states satisfies ρ(ϵ) = ρ(−ϵ). In this model, the d0 and d2 states are degenerate and
there is the possibility of a “charged Kondo effect” when the interaction U is negative. Show that under
the “particle-hole” transformation

ck↑ → ck↑, d↑ → d↑
ck↓ → −c†k↓, d↓ → −d†↓ (17.245)

the sign of U reverses, so that the positive U model is transformed to the negative U model. Show
that under this transformation, spin operators of the local moment are transformed into Nambu “isospin
operators” which describe the charge and pair degrees of freedom of the d-state, i.e

S⃗ = f †
(
σ⃗

2

)
f ↔ T⃗ = f̃ †

(
τ⃗

2

)
f̃ (17.246)

where f̃ † = ( f †↑, f↓) is the Nambu spinor for the f-electrons and τ⃗ is used to denote the Pauli (“Nambu”)
matrices, acting in particle-hole space. Use this transformation to prove that when U is negative, a
charged Kondo effect will occur at exactly half-filling involving quantum fluctuations between the
degenerate d0 and d2 configurations. If the spin susceptibilty is enhanced in the spin Kondo effect, what
susceptibilities are enhanced in the charge Kondo effect? This negative U physics is believed to occur
at Tl ions, in the doped semiconductor PbTe. If magnetic impurities like to magnetic order, what kind
of order is expected for negative U impurities?

Exercise 17.6 Consider the “infinite U” Anderson model, in which U is taken to infinity, eliminating
double occupancy. The Hamiltonian for this limit is given by

H =
∑

k

ϵkc†kσckσ +
∑

k

V(c†kσX0σ + Xσ0ckσ) + E f

∑
σ

Xσσ (17.247)

where X0σ = P0 fσ and Xσ0 = f †σP0 where P0 = (1 − n↑)(1 − n↓) projects into the empty state, are the
“Hubbard” operators linking the singly occupied f-state and the empty state, while Xσσ′ = f †σP0 fσ′ =
| f 1 : σ⟩⟨ f 1 : σ′| is the generalized spin operator, acting on the singley occupied states.

(i) What happens to the Schrieffer-Wolff transformation in this infinite U limit?
(ii) Generalize the Schrieffer-Wolff transformation in the infinite U limit to the case where the electrons

have N spin components, i.e in every equation, the spin summation runs from σ ∈ [1,N]?

Exercise 17.7 The Kondo model, relevant to spin-orbit coupled ions with total angular momentum j,
where N = 2 j + 1 is the number of spin components, is called the “Coqblin Schrieffer model”, and
takes the

H =
∑

kσ∈[− j, j]

ϵkc†kσckσ + J
∑

α,β∈[− j, j]

c†αcβS βα

where S βα = |β⟩⟨α| is the spin operator linking the Jz = α and the Jz = β states of the local moment.
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This model has an SU (N) symmetry, rather than the usual SU (2) symmetry of the S = 1/2 Kondo
model. Generalize the Nozières Fermi liquid picture is now generalized to describe the SU (N) Fermi
liquid that develops at low temperatures.

(i) Begin by generalizing 17.248 to N components to obtain

δσ({nk′σ′ }, E) =
π

N
+ α(E − µ) + Φ

∑
k′,σ′,σ

δnk′,σ′ (17.248)

Why is the phase shift π/N for an SU (N) Kondo model?
(b) If the charge susceptibility of theWhat is zero, show that α and Φ must satisfy the relation α + (N −

1)Φρ = 0.
(c) Show that the Wilson ratio now becomes W = N/(N − 1).

Exercise 17.8 This question takes you through the calculation of the two-loop corrections to the Kondo
beta function. In this calculation, work at zero temperature, replacing Matsubara summations by their
continuum version, T

∑
iαn

F(iαn)→
∫

dα
2π F[iα].

(a) As a preliminary to the calculation, calculate the f-electron self-energy and show that

= Σ(z) =
3
2
σ(z) (17.249)

where (for Im[z] > 0),

σ(z) = −(Jρ)2z ln
[De

iz

]
. (17.250)

Hint: you may find it useful to use the resulf of Example 17.7, which calculated the Kondo polar-
ization bubble

= Π(z) = ρ ln
( D
−iz

)
, (Im(z) > 0) (17.251)

Using this result, one can rewrite the f-electron self-energy as

Σ(iω) = −
(

3
2

) ∫
dω′

2π
Π(iω + iω′)(−iπρsgn(ω′)). (17.252)

(b) Show that at low energies, the f-electron propagator acquires a wavefunction renormalization G f (iω) =
Z(iω)/iω, where

Z(iω) = (1 − ∂Σ(iω)
∂iω

)−1 =

[
1 − 3

2
(Jρ)2 ln

[ D
−iω

]]
(17.253)

and the that the leading order corrections to the Kondo coupling coming from the f-electron self
energies are then

= (Z − 1)
[
−Jσ⃗ · S⃗

]
=

[
−3

2
(Jρ)2 ln

D
−iω

] (
−JS⃗ · σ⃗

)
(17.254)
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(c) Now consider the vertex correction to the Kondo interaction, and show that this can be re-written as
a derivative of the same diagram appearing in the f-electron self energy, so that

=

(
∂σ(iω)
∂(iω)

) (
1
2

) (
−JS⃗ · σ⃗

)
=

[
−1

2
(Jρ)2 ln

D
−iω

] (
−JS⃗ · σ⃗

)
(17.255)

(d) Summing the two results of the last section and combining them with the results of excercise 17.8,
show that the leading logarithmic corrections to the Kondo interaction up to two loop order are

−Γ =
++ ++

=
(
−JS⃗ · σ⃗

)
×

(
1 + 2(Jρ) ln

D
−iω
− 2(Jρ)2 ln

D
−iω

)
(17.256)

so that if we reduce the band-width from D to D′, the renormalization of J(D) required to keep
the low energy scattering amplitudes and physics fixed, is given by

Jρ(D′) = Jρ + [2(Jρ)2 − 2(Jρ)3] ln
( D

D′

)
(17.257)

leading to the scaling equation for g = Jρ,

∂g
∂ ln D′

= β(g) = −2g2 + 2g3 + . . . (17.258)
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