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K・P Theory and Effective 
Mass 

Charles Kittel, Introduction to Solid State Physics, 8th edition, p 253



Quantum Geometry in Solids

Slide from: Raquel Queiroz

Quantum Geometric Tensor: measure of dipolar fluctuation in Bloch electrons



Experimentally Observable Quantum Geometric Effect 

For Landau levels for parabolic bands



AC Conductivity: Measure of Quantum Geometry

e, mek

The Lorentz Model for Dielectric Matter
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AC conductivity without damping 

Part I: Superconductors 
Kinetic Inductance measurement for 
superfluid stiffness

𝑤 ≫ 𝑤𝑐 ≈ 0

Part II: QH Insulators 
Capacitance measurement for quantized 
dielectric response

𝑤 ≪ 𝑤𝑐



Part I: 

Superfluid Stiffness Measurement of Twisted Graphene Superconductors
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Superfluid Stiffness of Superconductor

Perfect conducting

Perfect Diamagnetic

London Equation

𝜌𝑠 =
ℏ2

4

𝑛𝑠

𝑚

Zhao et al., PRL (2017)

Image from: Kiyoshi Takahase Segundo / Alamy Stock Photo 

“superfluid stiffness”

G-L free energy

Superconducting order parameter phase change



Superfluid Stiffness Measurement 

Superfluid stiffness measurements in twisted graphene
 Abhishek Banerjee1, Zeyu Hao1, Mary Kreidel1, Isabelle Y. Phinney1, Jeong Min Park2, Patrick 

Ledwith1, Andrew Zimmerman1, Robert M. Westervelt1, Pablo Jarillo-Herrero2, Pavel A. Volkov3, 

Ashvin Vishwanath1,  Kin Chung Fong4, Philip Kim1

1. Harvard University, 2. MIT 3. University of Connecticut 4. BBN Raytheon

Superfluid stiffness

Penetration depth Microwave conductance

3D cavity perturbation method

Macroscopic samples (several mm)

Mutual inductance 

method

Macroscopic samples 

(several mm)

Conventional Methods

Stiffness measurement technique 

for 2D materials

Resonance frequency:

Resonance depth:

CP=4 pF, 

L=110 nH, 
Rs=1.5 k!

CP=4 pF, 

L=110 nH, 

LK=50 nH

Rs=1.5k!  to 3k!

fr∼LK fr∼1/LK
0.5

LK=0 to 500 nH

VG=-30 V

VG=-45 V

Twisted trilayer graphene

VG=-45V
VG=-45V

Internal structure of superconducting domes

d= -2.25 to -2.75 = -2 to -1.75

= 2 - 2.5
= 2.5 - 3

Hole-like dome
Electron-like dome

=2.2

=2.6

Further evidence for internal structure

• Supercurrent tuned superfluid stiffness

• Base temperature measurement that distinguishes nodal and nodeless order

• Nonlinear Meissner effect

Yip and Sauls, Phys. Rev. Lett. 69, 

2264 (1992)

Second Twisted-3 layer Twisted-4 layer

Electron-like Electron-like

" F = 2.5 - 3

T= 300 mK

T= 25 mK

Microwave cavity Penetration Length Measurement

W. N. Hardy et. al., PRL 70 (1993)

YBCO cuprate 
single crystal

Magnetic Penetration length: 

𝜆 =
𝑚

𝜇0𝑛𝑠𝑒2

1
2

=
ℏ2

4𝜇0𝑒2𝜌𝑠

1
2

Superfluid stiffness can be measured by diamagnetic 
shielding response of superconductors

Mutual inductance Measurement

I. Bozovic et. al., Nature 536, 309 (2016)



Unusual Superconducting Phase Diagrams

B. Keimer et al. Nature (2015)

Cuprate superconductivity: 
dopped anti-ferromagnetic insulator

Y. Cao et al. Nature (2018)

Magic Angle Twist Bilayer Graphene Superconductivity: 
dopped correlated insulator



Graphene Moire Correlated Insulators: Broken Symmetry

Y. Saito et al, Nature Physics 17, 478 (2021) 

Unusual Fan Diagram: magnetic field induced Chern bands
Cascade Transition: broken flavour symmetry

U. Zondiner et al, Nature 582, 203 (2020) 
Scanning SET



Multi-layer Graphene Moire

Alternating twist multilayer graphene

12EK, Kruchkov, Tarnopolsky, Vishwanath PRB 2019

2n + 1 layers: single Dirac cone + n copies 
of TBG at different interlayer coupling

2n layers: n copies of TBG at 
different interlayer coupling

E. Khalaf, A. Kruchkov, G. Tarnopolsky, and A. Vishwanath, PRB  100, 085109 (2020)

Mulitlayer twisted stacked graphene with alternative angles

Trilayer with alternating twist

13EK, Kruchkov, Tarnopolsky, Vishwanath PRB 2019

n=3

Twisted bilayer Twisted trilayer Twisted quadruple layer

• 2n+1 layers:   single Dirac cone + n copies of TGB at different interlayer coupling
• 2n     layers:   n copies of TGB at different interlayer coupling



Twisted Quadruple Layer Graphene Normal State and Superconducting State

H=B/exyns

Subtracted 
Normalized 
Hall Data

f = |H – flat |

Resistance

Phinney et al., in preparation

4

|H –flat | |H –flat |

• Symmetry broken state of =±2 exactly coincides with the superconducting regime. 

• Connection between SU(4) magnetism and potentially unconventional superconductivity!



Unusual Superconductivity in Twisted Graphene?

• Correlation with symmetry breaking in 
the superconducting state 

 

• Unusual behavior of superfluid stiffness

H. Tian et al., Nature (2023); Lau & Bockrath group

Indirect estimation of superfluid stiffness

• Critical current nematicity 
   Cao et al., Science 372(6539), 264–271 (2021) 

• Pauli limit violation
  Cao et al., Nature 595(7868), 526–531 (2021)

• STS gap measurement
   Oh et al., Nature 600(7888), 240–245 (2021); 

    Kim et al., Nature 606(7914), 494–500 (2022)



Unconventional Superconductivity

• Unconventional superconductivity : Gap k breaks symmetry of underlying 
lattice or goes to zero at some parts of Fermi surface (nodes)

• S-wave: original BCS • p-wave: superfluid 3He • d-wave: cuprates

+ +

-

-

+-+

px dx2-y2

Superconducting 
order parameter 
symmetry

Superfluid stiffness measurements in twisted graphene
 Abhishek Banerjee1, Zeyu Hao1, Mary Kreidel1, Isabelle Y. Phinney1, Jeong Min Park2, Patrick 

Ledwith1, Andrew Zimmerman1, Robert M. Westervelt1, Pablo Jarillo-Herrero2, Pavel A. Volkov3, 

Ashvin Vishwanath1,  Kin Chung Fong4, Philip Kim1

1. Harvard University, 2. MIT 3. University of Connecticut 4. BBN Raytheon

Superfluid stiffness

Penetration depth Microwave conductance

3D cavity perturbation method

Macroscopic samples (several mm)

Mutual inductance 

method

Macroscopic samples 

(several mm)

Conventional Methods

Stiffness measurement technique 

for 2D materials

Resonance frequency:

Resonance depth:

CP=4 pF, 

L=110 nH, 
Rs=1.5 k!

CP=4 pF, 

L=110 nH, 

LK=50 nH

Rs=1.5k!  to 3k!

fr∼LK fr∼1/LK
0.5

LK=0 to 500 nH

VG=-30 V

VG=-45 V

Twisted trilayer graphene

VG=-45V
VG=-45V

Internal structure of superconducting domes

d= -2.25 to -2.75 = -2 to -1.75

= 2 - 2.5
= 2.5 - 3

Hole-like dome
Electron-like dome

=2.2

=2.6

Further evidence for internal structure

• Supercurrent tuned superfluid stiffness

• Base temperature measurement that distinguishes nodal and nodeless order

• Nonlinear Meissner effect

Yip and Sauls, Phys. Rev. Lett. 69, 

2264 (1992)

Second Twisted-3 layer Twisted-4 layer

Electron-like Electron-like

" F = 2.5 - 3

T= 300 mK

T= 25 mK

Hardy et al PRL (1990)



Superconductivity in the strong-coupling limit

Cao et al., Nature 556, 43 (2018)

The Uemura plot

Uemura et al., PRL 68, 2712 (1992)



Kinetic Inductance of Superconductors

P. K. Day et. al., Nature 425, 817 (2003)

Broadband Superconducting KI Detector for Arrays

Kinetic energy of charge carrier

𝐸𝑘𝑖𝑛𝑒𝑡𝑖𝑐 =
1

2
𝑚𝑒𝑣2 𝑛𝑒 ℓ𝑤𝑑

Kinetic Inductance:

𝐿𝑘 =
 𝑚𝑒

𝑛𝑠𝑒2

ℓ

𝑤

𝐼 = 𝑒𝑛𝑒𝑣 𝑤𝑑

ℓ

𝑤
𝑑

=
1

2
𝐿𝑘𝐼2

https://www.naoj.org/Projects/SCEXAO/scexaoWEB/

Microwave Kinetic Inductance Detector Array
for exoplanet camera

can be detected when there is small dissipation…  



Sheet Kinetic Inductance:
Superfluid stiffness of 2D Superconductors

𝜌𝑠 =
ℏ2

4

𝑛𝑠

𝑚
  = 

ℏ2

4𝑒2

1

𝐿𝐾
 

E. F. Talantsev et. al., Scientific Research 9, 14245 (2019) 

Nodal versus 
Nodeless
Superconductors

Nodal versus Nodeless 
SOP determines
T -> 0 behaviors

Kinetic Inductance and Superfluid Stiffness of 2D Superconductors

𝐿𝑘 ≡ 𝐿𝑘
𝑤

ℓ
=

 𝑚𝑒

𝑛𝑠𝑒2

𝜌𝑠/kB  (Kelvin) 
units

4𝑒2

ℏ2 𝜌𝑠 (Henry-1) 

Thermal Excitation Across Nodal Superconducting Gaps



RF Reflectometry for thermodynamic measurement of correlated systems

• Radio frequency (100 MHz- 1 GHz) reflectometry 
measurement for kinetic inductance and quantum 
capacitance measurement with high energy resolution (< 
meV)

• Superfluid stiffness (ns/m), vibrational mode strength, and 
electron compressibility can be measured

Inductive Load Capacitive Load



Resonance frequency:

Kinetic Inductance of TTG Superconductors

T=25 mK

DC
Resistance

SC SC

sc

normal

sc

normal

RF
Reflectance
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Estimation of Kinetic Inductance from Resonance Frequency Shift
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4
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𝑚
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ℏ2

4𝑒2

1

𝐿𝐾
 

Superfluid stiffness
• Both amplitude and phase fit for all frequency

• LK and Rs are fitting parameter

• Rs= Rcontact  ~ 2 k in superconducting state



Gate and Temperature Dependent Superfluid Stiffness

s(T) ~ T behaviors suggest nodal superconductivity!

Superfluid stiffness


s (

H
-1

)

Slope

s (T=0)

s(0) and ds /dT are strongly correlated to Tc.

Transport Tc



Gate and Temperature Dependent Superfluid Stiffness

TBG 
Hartree-Fock Band for  = -2 

h-like

e-like

P. A. Lee and X.-G. Wen, Phys. Rev. Lett. 78, 4111 (1997)

Superfluid stiffness for nodal superconductors at a finite temperature

Bultinck et al. , Phys. Rev. X 10, 031034 (2020)

kmini_BZ

E

 =-2

 =-3

= 0

𝑣𝐹
𝑒 < 𝑣𝐹

ℎ

> 0 < 0

> 0

< 0



High Temperature Dependent Superfluid Stiffness

TBKT

𝜌s(TBKT)= (2/) TBKT

TBKT << Tc  ??

Tc

Tc /TBKT  ~ 3.0

w* = w/3

ℓ

w

Percolation paths

𝜌𝑠 =
ℏ2

4

𝑛𝑠

𝑚
  = 

ℏ2

4𝑒2

1

𝐿𝐾
(

ℓ

𝑤
) 

Experimental s

Inhomogeneity across the sample created percolation superconducting path.

Berezinskii–Kosterlitz–Thouless (BKT) transition



The Uemura Plot for Twisted Superconductors

𝑇𝑐

𝐸𝐹
=

𝑇𝑐

4𝜋𝜌𝑠
=

𝑤∗

𝑤

𝑇𝑐

4𝜋𝜌𝑠
𝑒𝑥 ≈ 0.08 

Many samples both e- and h- SC domesFollowing Uemura, Y. J. et al., Phys. Rev. Lett. 62, 2317–2320 (1989).

Note that inhomogeneity percolation may 
underestimate s in the disordered samples.



MATTG: Our data/theory

4
𝑒

2

ℏ
2

𝜌
𝑠
 

B. Abhishek et al., Nature (2025)

Superfluid Stiffness and Quantum Geometry

a b

c d

Figure 3: Cr i t ical t emper at ur e and superfluid st i↵ness of super conduct ing M AT B G. a,b Backgate

dependence of crit ical temperatures T
(onset )
C , T

(0.5)
C , and T

(zero)
C as obtained from DC resistance measure-

ments; and T
(M W )

C as obtained from microwave measurements (see main text for definit ions of crit ical tem-

peratures) in the hole-doped (a) and the elect ron-doped (b) regimes. c, Superfluid st i↵ness D s at base tem-

perature Tbase as a funct ion of e↵ect ive carrier density ñ, measured with respect to |⌫| = 2. The black dashed

curve est imates the convent ional contribut ion to the superfluid st i↵ness from single-band Fermi liquid theory:

D
(conv)
s = e2ñvF / ~kF . d, Crit ical temperature TC and corresponding superfluid st i↵ness D s at base temper-

ature Tbase as tuned by VBG . The black dashed line represents the BKT limit TC = ⇡~2D s(Tbase)/ 8e2kB .

Temperat ure D ependence of t he M AT BG Superfluid St i↵ness

The temperature dependence of the superfluid st i↵ness and the associated quasipart icle spect rum has been

widely used to probe the gap anisot ropy in unconvent ional superconductors.29,30 At low temperatures

(T < 0.3TC ), the convent ional superfluid st i↵ness D
(conv)
s in superconductors with isot ropic superconduct ing

gaps exhibits an exponent ial temperature dependence δD
(conv)
s (T )/ D

(conv)
s (0) /

q
2⇡ ∆ 0

kB T
exp(− ∆ 0

kB T
), where

δD
(conv)
s (T ) = D

(conv)
s (0) − D

(conv)
s (T ) is the change in st i↵ness with temperature T , and ∆ 0 is the super-

conduct ing gap at zero temperature [20, 29]. In cont rast , superconductors with an anisot ropic gap or nodes

exhibit a power-law temperature dependence δD
(conv)
s (T )/ D

(conv)
s (0) / Tn .29 In 2D momentum space, nodal

gaps exhibit an exponent of n = 1 in the clean limit , where the coherence length is shorter than the scat tering

11

MATBG: MIT
MATBG: OSU

H. Tian et al., Nature (2023)M. Tanaka et al., Nature (2025)

𝜌𝑠 =
ℏ2

4

𝑛𝑠

𝑚∗ k

Superfluid stiffness in a parabolic band

For a flat band 

Quantum geometry consideration is needed!

a b

c d e

0.2

T(K)

0.6

0.1

0.2

-2.6

s
(K
) 0.3

-2.4 1

0.4

-2.2

w

l

Hartree-Fock Band for 
Symmetry Broken State 
-3<<-2



Summary I: Superfluid Stiffness of TTG

• The kinetic inductance measurement in 2D superconductor 
probes temperature dependent superfluid stiffness

• Hartree-Fock flavor symmetry broken band can explain the low 
temperature behaviors of superfluid stiffness qualitatively

• Strong nonlinear Meissner effect suggested nodal superconductivty. 

• Strongly coupled superconducting limit, Tc/EF ~ 10%, was estimated.

• Quantum metric consideration for superfluid stiffness with 
flavor polarization is required.
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Landau level filling

𝐶𝐸𝐹

=2

=6

=10

=14

=18

2.3 M agnet ic field dependence

We now plug the components of the metric (13), and the spectrum (8) into (4), which gives, after

mult iplying by 4 to account for the sub-lat t ice and spin degeneracy,

cg = 4
1

2⇡ l2B
2e2 ~

8eB

1

vF

p
2~eB

X

n< EF ,m> EF

↵mn

(sgn (m)
p

|m| − sgn (n)
p

|n|)3
δ||m|− |n||= 1 . (18)

The above simplifies to

cg =
e2

2⇡vF

p
2~eB

CEF
, (19)

where CEF
represents the sum over m and n, which can be numerically evaluated to

0 < ⌫< 2 0 < EF <
p

2~eBvF : 2.48 ,

2 < ⌫< 6
p

2~eBvF < EF < 2
p

~eBvF : 14.5 ,

6 < ⌫< 10 2
p

~eBvF < EF <
p

6~eBvF : 31.4 ,

10 < ⌫< 14
p

6~eBvF < EF < 2
p

2~eBvF : 52.2 .

(20)

The growth of the sequence CEF
is init ially super-linear but eventually saturates on a line a⌫+ b

with a ' 13 (⌫changes in increments of 4 if interact ions are omit ted). This dependence is found

in the figure below.

0 20 40 60
0

100

200

300

400

500

600

700

ν

C
E

F

Figure 2: Change of the coefficient CEF
with occupat ion

Every t ime the magnet ic field is reduced by

∆ B = 4
h

e

N

A
, (21)

a discrete jump in cg occurs. This discont inuous behavior in B overlaps with the smooth B − 1/ 2

dependence. Taking the charge carrier density N/ A = 1011 cm− 2, and the Fermi velocity vF =

106 m/ s, we sketch below the T = 0 behavior of Cg (r = 250) with the magnet ic field.

For reference, the spectrum with these parameters and for B = 5T is also shown below.

5

Dielectric Response of Quantum Hall Insulator

For quantum Hall states of massive electrons:

Chern number 

For graphene LLs:

Inter Landau level transitions

Effective Chern number

capacitive response

Komisarrov et al. 



Microwave conductance in Quantum Hall Insulators

Y.P. Li , D.C. Tsui,.., M. Shayegan, 

Solid State Communications, 95, 9(1995)

Mainly focus on quasiparticle Wigner crystal

Drichko,… Galperin" PRB 92.20 (2015) Zhao, Lili, et al, PRL, 130.24 (2023): 246401.



Microwave conductance in Graphene Quantum Hall Insulators

RF 

in

RF ground

Separation= 100 nm

𝐶ℎ𝐵𝑁
𝑡𝑜𝑝

RF ground

RF 

out

Top-BN ~ 10 nm

Bot-BN ~30-40 nm

Graphite center gate

𝜎𝑔𝑟 = 𝜎1 +𝑖𝜎2

𝐶ℎ𝐵𝑁
𝑠𝑖𝑑𝑒

Vcg + VrfVsg Vsg

Vcg + Vrf

Vsg

Vsg

Lollipop device geometry, Diameter = 8 𝜇m

Ohmic

Ohmic

Graphite back gate

Capacitively coupled 
Corbino device Geometry

Measuring ෤𝜎 𝑤



b >> 

s



Matching Circuit and Microwave Reflectometry for AC Conductivity Measurement 

Microwave reflectometry to measure 
the reflection co-efficient S21

   =  1 +  2

  =      
   

   

 p

   

       

 e i e

 ara i i  

 apa i an e

 n   ip i pedan e 

 a   in   ir ui 

  nd

Zcircuit ( 1,  2)

𝑆12(𝜔) = 
Zcircuit (𝜔) – Z0

Zcircuit (𝜔) + Z0

|S12|

S12

 1

 2

|S
1
2
|



1 T0 T

4 T 6 T

AC Microwave Conductance versus Gate Voltage

෤𝜎 𝑤 = 𝜎1 + 𝑖𝜎2



Emergence of Plateau features in 𝞂2

෤𝜎 𝑤 = 𝜎1 + 𝑖𝜎2

𝜎 1
(𝑒

2
/ℎ

)

𝜎
2 (𝑒

2/ℎ
)

10 2 6 10 14 18 22-1-2-6-10-14-18-22




−2
6

10
14−14

−6
−10

−18

2

18 22−22

0

B = 9T

Dielectric Response of Quantum Hall Insulator and Quantum Metric

• Increasing 2 with increasing . 

  nd u le el  llin 

   

   

   

    

    

    

• Consistent with quantum metric calculation 
at a fixed magnetic fields qualitatively .

• Further quantitative analysis is required.



0 1−1−2 2

Dielectric Response of Wigner Crystals and Fractional Quantum Hall States

B = 9T
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Wigner crystals?
FQHE



Summary II: Quantized Dielectric Response in Graphene QH Insulators

• Graphene quantum Hall insulator exhibits quantized 
response of dielectric response following quantum 
geometric calculation 

• AC conductivity of quantum Hall insulator can be probed by 
microwave reflectometry in graphene capacitively coupled 
Corbino device geometry

• Rich features found in capacitive response in the edge of QHE 
plateaus and fractional quantum Hall regime.

 2
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14 14
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18 22 22
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