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ABSTRACT
Topics in Stochastic Control with Applications to Finance

by
Yu-Jui Huang

Co-Chairs: Erhan Bayraktar and Haitao Li

This thesis is devoted to PDE characterization for stochastic control problems when

the classical methodology of dynamic programming does not work. Under the frame-
work of viscosity solutions, a dynamic programming principle serves as the tool to
associate a (nonlinear) PDE to a stochastic control problem. Furthermore, if the
associated PDE enjoys a comparison principle, then the stochastic control problem
is fully characterized as the unique viscosity solution to the PDE. Unfortunately, a
dynamic programming principle is in general difficult to prove, and may fail to be
true in some cases. In Chapters [[I [[TT, and [[V] we investigate different scenarios
where classical dynamic programming does not work, and propose various methods
to circumvent this obstacle.

In Chapter [[I} following the Stochastic Portfolio Theory, we consider quantile
hedging in a market which admits arbitrage. A classical dynamic programming prin-
ciple does not hold as this market allows for non-Lipschitz coefficients with super-
linear growth in the state dynamics. By employing a mixture of convex duality,
elliptic regularization, and stability of viscosity solutions, we characterize the quan-

tile hedging problem as the smallest nonnegative viscosity supersolution to a fully



nonlinear PDE.

In Chapter [[TI, we study robust growth-optimal trading: how to maximize the
growth rate of one’s wealth in a robust manner, when precise dynamics of the un-
derlying assets is not known? This problem falls under the umbrella of ergodic
control, for which the dynamic programming heuristic cannot be directly applied.
By resorting to the spectral theory for fully nonlinear elliptic operators, we identify
a robust trading strategy in terms of the principal eigenvalue of a fully nonlinear
elliptic operator and its associated eigenfunction.

In Chapter [[V], we investigate a zero-sum stochastic differential game of control
and stopping. While the stopper intends to minimize her expected cost by choosing
an optimal stopping strategy (a function mapping a control to a stopping time), the
controller manipulates the state process to frustrate the stopper’s effort. Since there
is no measurable selection result for stopping strategies, classical dynamic program-
ming does not work. We instead formulate two suitable weak dynamic programming
principles, and use them to characterize the value of this game as the unique viscosity

solution to an obstacle problem of a Hamilton-Jacobi-Bellman equation.

ix



CHAPTER I

Introduction

Stochastic control theory is known to be an essential building block of mathemat-
ical finance. Typically, we model the evolution of asset prices by some stochastic
process. Our wealth can then be formulated as another stochastic process, which
can be controlled by choosing different trading strategies. In most applications, our
goal is to optimize the expected value of some functional of the asset price process or
the wealth process, by choosing a suitable control (trading strategy). Following the
standard approach of dynamic programming originated in the theory of deterministic
control, we may derive the corresponding dynamic programming principle under our
stochastic context. With the aid of the theory of viscosity solutions developed by
Crandall, Ishii, & Lions [30], the above dynamic programming principle implies that
the optimal expected value we consider can be characterized as the viscosity solu-
tion to some (fully nonlinear) partial differential equation (PDE). While the above
methodology has now been well-understood (with detailed and readable accounts in
Fleming & Soner [48], Pham [91], and Touzi [107], among others), it is not always
applicable. The main limitation is that deriving a standard dynamic programming
principle requires (i) a priori regularity of the value function, and (ii) the technique

of measurable selection. In general, the regularity required may not be true, and



measurable selection could be very difficult to implement.

In each of the three chapters, Chapters [[I{IV] of this thesis, we intend to obtain
a PDE characterization for some optimal expected value, but are faced with the
situation where a standard dynamic programming principle does not hold, due to
some degeneracy inherent in the market we consider. To overcome this, we either
develop a weaker form of a standard dynamic programming principle, or construct

new tools and methods to tackle the problem from a different perspective.

1.1 Outline of this thesis

Chapter [[I] studies the quantile hedging problem in the presence of arbitrage
opportunity. The Stochastic Portfolio Theory (SPT), which began in Fernholz [44],
attempts to describe observable phenomena in equity markets, including the presence
of arbitrage. Following the SPT, we assume only the existence of a local martingale
deflator (instead of an equivalent local martingale measure) such that the market
may admit arbitrage. Moreover, we assume only the existence of a weak solution to
the state dynamics, which allows non-Lipschitz coefficients with super-linear growth.
Our goal is to characterize the smallest initial capital needed for quantile hedging.

First, we notice that the general PDE characterization for quantile hedging prob-
lems introduced in Bouchard, Elie & Touzi [21I] cannot be applied here, as their
main tool, the geometric dynamic programming principle, relies on the existence of
a unique strong solution. Instead of performing dynamic programming, we employ
a mixture of convex duality and elliptic regularization to characterize the quantile
hedging problem in our case as the smallest nonnegative viscosity supersolution to a
fully nonlinear PDE.

This chapter is based on Bayraktar, Huang & Song [9]. Parts of this work have



been presented in the 2010 World Congress of the Bachelier Finance Society (June 23,
2010), the Financial/Actuarial Mathematics Seminar at the University of Michigan
(September 16, 2010), Workshop on Stochastic Analysis in Finance and Insurance
at the University of Michigan (May 18, 2011).

Chapter [II]] considers the problem of robust growth-optimal trading: how to
maximize the growth rate of one’s wealth in a robust manner, when precise dynam-
ics of the underlying assets is not known? If the uncertainty lies only in the drift
coefficient of the underlying assets, this problem was covered in Kardaras & Robert-
son [73]. We intend to study the case where even the covariance structure is not
known precisely. Our goal is to determine a robust trading strategy under which the
corresponding wealth process always attains the robust maximal asymptotic growth
rate, no matter which admissible covariance structure materializes.

First, we observe that the associated differential operator under covariance un-
certainty, denoted by F', is a variant of Pucci’s extremal operator. We define the
“principal eigenvalue” of F', denoted by A*, in some appropriate sense. Thanks to
the spectral theory for fully nonlinear elliptic operators, we obtain a Harnack in-
equality for F. By using the Harnack inequality, the stability of viscosity solutions,
and a regularity result for fully nonlinear elliptic operators in Safonov [101], we es-
tablish the relation \* = inf, A*¢, where A*¢ is the principal eigenvalue in [73] (with
the covariance structure ¢ a priori given) and the infimum is taken over all the ad-
missible covariance structures. This implies that we can approximate the current
problem with covariance uncertainty by a sequence of problems in [73] with fixed
covariances. This approximation then enables us to characterize the robust maximal
asymptotic growth rate as A\*, and identify a robust trading strategy in terms of \*

and its corresponding eigenfunction.



This chapter is based on Bayraktar & Huang [§]. Parts of this work have been
presented in Probability, Control and Finance, a conference in honor of loannis
Karatzas at Columbia University (June 5, 2012), the 2012 SIAM Conference on
Financial Mathematics and Engineering (July 9, 2012), Department of Mathematics
at Imperial College London (February 6, 2013), Department of Mathematics and
Statistics at McMaster University (February 13, 2013), and School of Mathematical
Sciences at Dublin City University (February 18, 2013).

Chapter [IV] investigates a zero-sum stochastic differential game of control and
stopping. The controller affects the state process X by selecting the control «;
on the other hand, the stopper decides the duration of this game, but incurs both
running and terminal cost. While the stopper intends to stop optimally so that
her expected discounted cost can be minimized, the controller manipulates X“ to
frustrate the effort of the stopper. Although this type of game has been studied
under several different methods (see e.g. Karatzas & Zamfirescu [71], Hamadene &
Lepeltier [55], and Hamadene [54]), all of them require the diffusion coefficient of X
be non-degenerate and control-independent. Without imposing these restrictions, we
intend to determine under what conditions the game has a value, and derive a PDE
characterization for this value when it exists.

Our method is motivated by Bouchard & Touzi [24], where the weak dynamic
programming principle (WDPP) was introduced. First, we give appropriate defini-
tions of the upper (resp. lower) value function U (resp. V') for the controller-stopper
game. By generalizing [24] to current context, we derive two different WDPPs: one
for V and one for U* (here, U* is the upper semicontinuous envelope of U). The
WDPP for V implies that V' is a viscosity supersolution to an obstacle problem for a

Hamilton-Jacobi-Bellman equation; similarly, the WDPP for U* gives the viscosity



subsolution property of U* to the same obstacle problem. Next, by proving a com-
parison theorem for this obstacle problem, we obtain U* < V. Recalling that U >V
by definition, we conclude that U* = V . This in particular implies U = V| i.e.
the game has a value, and the value function is characterized as the unique viscosity
solution to the associated obstacle problem.

This chapter is based on Bayraktar & Huang [7]. Parts of this work have been
presented in the 2010 Mathematical Finance and Partial Differential Equations Con-
ference at Rutgers University (December 10, 2010), the 2011 International Congress
on Industrial and Applied Mathematics (July 21, 2011), the Financial/Actuarial
Mathematics Seminar at the University of Michigan (September 29, 2011), and the

2012 STAM Conference on Financial Mathematics and Engineering (July 10, 2012).



CHAPTER II

Outperforming the Market Portfolio with a Given
Probability

2.1 Introduction

In this chapter we consider the quantile hedging problem when the underlying
market may not have an equivalent martingale measure. Instead, we assume that
there exists a local martingale deflator (a strict local martingale which when multi-
plied by the asset prices yields a positive local martingale). We characterize the value
function as the smallest nonnegative viscosity supersolution of a fully non-linear par-
tial differential equation (PDE). This resolves an open problem proposed in the final
section of [40]; also see pages 61 and 62 of [99].

Our framework falls under the umbrella of the Stochastic Portfolio Theory of
Fernholz and Karatzas, see e.g. [45], [47], [40]; and the benchmark approach of Platen
[93]. Under this framework, the linear PDE satisfied by the superhedging price does
not have a unique solution; see e.g. [41], [46], [42], and [I00]. Similar phenomena
occur when the asset prices have bubbles: an equivalent local martingale measure
exists, but the asset prices under this measure are strict local martingales; see e.g.
[29], [58], [60], [61], [35], and [I3]. A related series of papers [1], [102], [79], [59], [78],
[36], and [12] addressed the issue of bubbles in the context of stochastic volatility

models. In particular, [12] gave necessary and sufficient conditions for linear PDEs



appearing in the context of stochastic volatility models to have a unique solution.

In contrast, we show that the quantile hedging problem, which is equivalent to a
stochastic control problem, is a viscosity supersolution to a fully non-linear PDE. As
in the linear case, this PDE may not have a unique solution. Therefore, a further
characterization for the value function is needed. Our main result shows that the
value function is not only a viscosity supersolution, but the smallest nonnegative one,
to the associated fully nonlinear PDE. Recently, [63], [I1], and [43] also considered
stochastic control problems in this framework. The first reference solves the classical
utility maximization problem, the second one solves the optimal stopping problem,
whereas the third one determines the optimal arbitrage under model uncertainty,
which is equivalent to solving a zero-sum stochastic game.

The structure of the chapter is simple: In Section we formulate the problem.
In this section we also discuss the implications of assuming the existence of a local
martingale deflator. In Section 2.3] we generalize the results of [50] on quantile
hedging, in particular the Neyman-Pearson Lemma. We also prove other properties
of the value function such as convexity. Section is where we give the PDE

characterization of the value function.

2.2 The model

We consider a financial market with a bond which is always equal to 1, and d

stocks X = (X, .-+, Xy) which satisfy

(221)  axi(t) = Xi(t) (X @)t + iy sa(X)AWi(t)) i = 1,+-d,

with the initial condition X(0) = = = (21, -+ ,24) € (0,00)% Here, W(-) =
(Wi(e),- -+, Wy(+)) is a d-dimensional Brownian motion.

Following the set up in [41], Section 8], we make the following assumption.



Assumption IL.1. Let b; : (0,00)4 — R and sy : (0,00) — R be continuous
functions. Set b(-) = (b1(-), -+ ,ba(-))" and s(-) = (si;(-))1<ij<da, which we assume to
be invertible for all z € (0,00)¢. We also assume that has a weak solution that
is unique in distribution for every initial value. Let (2, F,P) denote the probability

space specified by a weak solution. Another assumption we will impose is that
(2.2.2) Z/ (b:(X ()] + au(X (1)) + O2(X(2))) dit < o0, P-a.s,

where §() = 571 ()b("), a () = iy sn()sii().

We will denote by F = {F; }+>0 the right-continuous version of the natural filtra-
tion generated by X (), and by G the P-augmentation of the filtration F. Thanks to
Assumption [[L.1] the Brownian motion W(-) of (2.2.1) is adapted to G (see e.g. [41],
Section 2]), every local martingale of F has the martingale representation property,
i.e. it can be represented as a stochastic integral, with respect to W(-), of some
G-progressively measurable integrand (see e.g. the discussion on p.1185 in [41]), the
solution of takes values in the positive orthant, and the exponential local

martingale

(2.2.3)  Z(t) _exp{ /0 ) dW (s ——/\9 |d5} 0<t< oo,

the so-called deflator is well defined. We do not exclude the possibility that Z(-) is
a strict local martingale.
Let H be the set of G-progressively measurable processes 7 : [0,T) x  — R%,

which satisfies

/O () (X (®)] + 7t a(X () (t)) dt < 0o, P-as.,

in which g = (g1, ,pa) and o = (04)1<ij<a With pi(x) = bj(z)x;, ow(r) =

sik(z)zs, and a(x) = o(x)o(x)’.



At time ¢, an investor invests 7;(t) proportion of his wealth in the i*" stock. The

proportion 1 — Z?Zl m;i(t) gets invested in the bond. For each m € H and initial

wealth y > 0 the associated wealth process will be denoted by Y¥7(-). This process

solves
dX;(t)
Xi(t)’

dYVT(t) =YV (1) Y milt) Y¥T(0) = y.

1=

1
It can be easily seen that Z(-)Y¥7™(-) is a positive local martingale for any = € H.

Let g : (0,00)% — (0,00) be a measurable function satisfying
(2.2.4) E[Z(T)g(X(T))] < oo,
and define
V(T,z,1):==inf{y > 0:37(-) € Hst. Y™ (T) > g(X(T))}.

Thanks to Assumption [I[I.1} we have that V (T, z,1) = E[Z(T)g(X(T))]; see e.g. [40,
Section 10]. Note that if g has linear growth, then ([2.2.4)) is satisfied since the process

Z X is a positive supermartingale.

2.2.1 A Digression: What does the existence of a local martingale deflator entail?

Although, we do not assume the existence of equivalent local martingale measures,
we assume the existence of a local martingale deflator. This is equivalent to the No-
Unbounded-Profit-with- Bounded-Risk (NUPBR) condition; see [63, Theorem 4.12].
NUPBR is defined as follows: A sequence (7") of admissible portfolios is said to
generate a UPBR if lim,, . sup, P[Y'"™ (T) > m] > 0. If no such sequence exists,
then we say that NUPBR holds; see [63, Proposition 4.2]. In fact, the so-called No-
Free-Lunch-with- Vanishing- Risk (NFLVR) is equivalent to NUPBR plus the classical
no-arbitrage assumption. Thus, in our setting (since we assumed the existence of

local martingale deflators), although arbitrages exist they remain on the level of
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“cheap thrills”, which was coined by [80]. (Note that the results of Karatzas and
Kardaras [63] also imply that one does not need NFLVR for the portfolio optimization
problem of an individual to be well-defined. One merely needs the NUPBR, condition
to hold.) The failure of no-arbitrage means that the money market is not an optimal
investment and is dominated by other investments. It follows that a short position in
the money market and long position in the dominating assets leads one to arbitrage.
However, one can not scale the arbitrage and make an arbitrary profit because of the
admissibility constraint, which requires the wealth to be positive. This is what is
contained in NUPBR, which holds in our setting. Also, see [72], where these issues

are further discussed.

2.3 On quantile hedging

In this section, we develop new probabilistic tools to extend results of Follmer and
Leukert [50] on quantile hedging to settings where equivalent martingale measures
need not exist. This is not only mathematically intriguing, but also economically im-
portant because it admits arbitrage in the market, which opens the door to the notion
of optimal arbitrage, recently introduced in Fernholz and Karatzas [41]. The tools in
this section facilitate the discussion of quantile hedging under the context of optimal
arbitrage, leading us to generalize the results of [41] on this sort of probability-one
outperformance.

We intend to determine
(2.3.1) V(T,z,p) =inf{y > 0|37 € H s.t. P{Y»™(T) > g(X (1))} > p},

for p € [0,1]. Note that the set on which we take infimum in (2.3.1) is nonempty.
Indeed, under the condition (2.2.4]), there exists 7 € H such that Y¥™(T) = g(X(T))

a.s., where y := E[Z(T)g(X(T))]; see e.g. [40], Section 10]. It follows that for any
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p € [0,1],
P{YY™(T) > g(X(T))} =1>p.
Also observe that

~ V(T,x,p)

V(T,x,p) = e =inf{r > 0| 3w € H s.t. ]P’{Y’"g(z)’“(T) > g(X(T))} > p}.

When g(z) = Y%, z;, observe that V(T,z,1) is equal to equation (6.1) of [A1], the

smallest relative amount to beat the market capitalization Z?Zl Xi(T).

Remark 2.3.1. Clearly,
(2.3.2) 0=V(T,z,0) <V (T,z,p) V(T ,z,1) < g(x), asp— 1.

By analogy with [50], we shall present a probabilistic characterization of V(T z, p).
First, we will generalize the Neyman-Pearson lemma (see e.g. [51, Theorem A.28])

in the next result.

Lemma 2.3.2. Suppose Assumption holds and g satisfies (2.2.4). Let A € Fr

satisfy

(2.3.3) P(A) > p.

Then

(2.3.4) V(T,x,p) < B[Z(T)g(X(T))14].

Furthermore, if A € Fr satisfies (2.3.3) with equality and
(2.3.5) esssup{Z(T)g(X (1))} < essinf4{Z(T)g(X(T))},

then A satisfies (2.3.4) with equality.
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Proof. Under Assumption since g(X (T'))14 € Fr satisfies condition ([2.2.4), it is
replicable with initial capital y := E[Z(T)g(X(T))1a4]; see e.g. Section 10.1 of [46].
That is, there exists m € H such that Y¥™(T) = g(X(7))14 a.s. Now if P(A) > p,
we have P{Y¥™(T) > g(X(T))} =P{14 > 1} > p. Then it follows from that
VT, 2,p) <y = E[Z(T)g(X(T)14].

Now, take an arbitrary pair (yo, 7o) of initial capital and admissible portfolio that

replicates ¢(X(T')) with probability greater than or equal to p, i.e.
P{B} > p, where B := {Y"™(T) > g(X(T))}.

Let A € Fr satisfy p = P(A) < P(B) and (2.3.5)). To prove equality in (2.3.4)), it is

enough to show that

yo = E[Z(T)g(X(T))14],

which can be shown as follows:

where in the fourth inequality we use the following two observations: First, P(A¢ N
B)=P(AUB)—-P(A) >P(AUB) —P(B) =P(B°N A). Second,
essinfaenp{Z(T)g(X(T))} > essinfac{Z(T)g(X(T))}
> esssup{Z(T)g(X(T))}

> esssupp{Z(T)g(X(T))},

in which the second inequality follows from ([2.3.5)). O]
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Let F(-) be the cumulative distribution function of Z(T)g(X (7)) and for any

a € R, define
A= {w: Z(T)g(X(T)) < a}, DA, = {w: Z(T)g(X(T)) = a},
and let A, denote A, U 0A,; that is,
(2.3.6) o ={w: Z(T)g(X(T)) < a}.
Taking A = A, in Lemma , we see that is satisfied. It follows that

(2.3.7) V(T., F(a)) = E[Z(T)g(X(T))14].

On the other hand, taking A = A,, we see that (2.3.5) is again satisfied. We therefore

obtain

(2.3.8) V(T,z, F(a—)) = E[Z(T)g(X(T))1a,].

The last two equalities imply the following relationship

(2.3.9) V(T 2, F(a)) =V(T,z,F(a=)) + aP{9A.}

= V(T, 2, F(a—)) + a(F(a) — F(a—)).

Next, we will determine V (T, z,p) for p € (F(a—), F(a)) when F(a—) < F(a).

Proposition 2.3.3. Suppose Assumption holds. Fiz an (z,p) € (0,00)4 x [0,1].

(i) There exists A € Fr satisfying (2.3.3)) with equality and (2.3.5)). As a result,

(2.3.4) holds with equality.

(it) If F~Y(p) :={s € R, : F(s) = p} =0, then letting a := inf{s € Ry : F(s) > p}

we have

(2.3.10) V(T,z,p) =V(T,2,F(a=)) +alp - Fla—)).

= V(T,z,F(a)) — a(F(a) — p)
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Proof. (i) If there exists a € R such that either F'(a) = p or F(a—) = p, then we

can take A = A, or A = A,, thanks to and . In the rest of the proof
we will assume that F~(p) = 0.

Let W be a Brownian motion with respect to F and define B, = {w : % < b}.
Let us define f(-) by f(b) = P{OA, N By}. The function f satisfies lim,_,_, f(b) =0

and lim, , f(b) = P(0A,). Moreover, the function f(-) is continuous and nonde-

creasing. Right continuity can be shown as follows: For ¢ > 0
0< f(b+e)— f(b) =P(0A.N Byie) — P(OA. N By) < P(Byye N By).

The right continuity follows from observing that the last expression goes to zero as
e — 0. One can show left continuity of f(-) in a similar fashion.

Since 0 < p — P(4,) < P(0A,), thanks to the above properties of f there exists
b* € R satistying f(b*) = p — P(A,).

Define A := A, U (0A, N By). Observe that P(A) = P(A,) + P(OA, N By) = p

and that A satisfies (2.3.5)).

(ii) This follows immediately from (i):

V(T,z,p) =E[Z(T)g(X(T))14]
= E[Z(T)g(X(T))1a,] + E[Z(T)g(X(T))1oa.n5,.]
= V(T,z, Fla—)) + aP(dA, N By.)
=V(t,z,F(a—)) +alp — F(a—)).

]

Remark 2.3.4. Note that when Z is a martingale, using the Neyman-Pearson

Lemma, it was shown in [50] that

(2.3.11) V(T,z,p) = Jé‘AfA E[Z(T)g(X(T))p] = E[Z(T)g(X(T))¢"],
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where

(2.3.12) M= {gp Q0 —0,1]

Fr measurable, E[p] > p} :

The randomized test function ¢* is not necessarily an indicator function. Using

Lemma and the fine structure of the filtration Fr, we provide in Proposi-

tion another optimizer of (2.3.11]) which is an indicator function.

Proposition 2.3.5. Suppose Assumption holds. Then, the map p+— V(T z,p)
is convez and continuous on the closed interval [0,1]. Hence, V(T,z,p) < pV (T, x,1) <
pg(x) for all p € [0,1].

Proof. By Proposition [2.3.3] for any p € [0, 1] there exists A € Fr such that
V(T,z,p) = E[Z(T)g(X(T))1a] < E[Z(T)g(X(T))] < co.

Then thanks to a theorem by Ostroski (see [33, p.12]), to show the convexity it

suffices to demonstrate the midpoint convexity

V(T,2,p1) + V(T,z,ps) p1+ Do

(2.3.13) .

ZV<T,J:, >, forall 0 < p; <py <1.

Denote p := pl;m. It follows from Proposition that there exist 4; € A C A,
with P(A;) = p1 < P(A) = p < P(Ay) = ps satisfying (2.3.5),
and
V(T z,p) = E[Z(T)g(X(T))14].
By ([2.3.5)),
essinf{Z(T)g(X(T))1gnq-} = essinf{Z(T)g(X(T))14}
> esssup{Z(T)g(X(T))1}

> esssup{Z(T)g(X (1)1 zrac }
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which implies that E[Z(T')g(X(T))1 4,4 = E[Z(T)g(X(T))1 jrac]- As a result,

which is equivalent to (2.3.13).
Now thanks to convexity, we immediately have that p — V(T z,p) is continuous
on [0,1). It remains to show that it is continuous from the left at p = 1; but this is

indeed true because

lim V(T,z, F(a)) = lim E[Z(T)g(X(T)1zr)a(x(1))<a}]

a—00 a—00

— E[Z(T)g(X(T)) = V(T,z,1),
where the second equality is due to the dominated convergence theorem. O

Example 2.3.6. Consider a market with a single stock, whose dynamics follow a

three-dimensional Bessel process, i.e.

1

and let g(x) = z. In this case Z(t) = x/X(t), which is the classical example for a
strict local martingale; see [62]. On the other hand, Z(¢)X(¢) = z is a martingale.

Thanks to Proposition there exists a set A € Fr with P(A) = p such that
V(T,z,p) =E[Z(T)X(T)14] = pz.

In [50], the following result was proved when Z is a martingale. Here, we generalize

this result to the case where Z is only a local martingale.

Proposition 2.3.7. Under Assumption [II.]]

(23.14) V(T.2.p) = inf E[Z(T)g(X(T))e,

where M is defined in (2.3.12]).
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Proof. Thanks to Proposition there exists a set A € Fp satisfying P(A) = p

and (2.3.5)) such that V(T,z,p) = E[Z(T)g(X(T))14]. Since 14 € M, clearly
V(T %,p) = inf E[Z(T)g(X(T))e].
peM
For the other direction, it is enough to show that for any ¢ € M, we have
E[Z(T)g(X(T))14] < E[Z(T)g(X(T))¢]-

Indeed, since the left hand side is actually V (T, z, p), we get the desired result by tak-
ing infimum on both sides over ¢ € M. Now, taking M := esssup.,{ Z(T)g(X (T))},
we observe that
E[Z(T)g(X(T))e] = E[Z(T)g(X(T))14]

= E[Z(T)g(X(T))pla] + E[Z(T)g(X(T))plac] = E[Z(T)g(X(T))14]

= EB[Z(T)g(X(T))plac] — E[Z(T)g(X(T))1a(1 = ¢)]

> essinfac{Z(T)g(X(T))}E[plac] = ME[14(1 — )]

> ME[plac] — ME[14(1 — )] (by 23.))

— ME[g] — ME[1,] > 0.

2.3.1 A Digression: Representation of V' as a Stochastic Control Problem

For p € [0, 1], we introduce an additional controlled state variable
(2.3.15) PP(s)=p +/ a(r)dW(r), s€[0,T],
0

where a(-) is a G—progressively measurable R%valued process satisfying the inte-
grability condition fOT |a(s)]?ds < oo a.s. such that PP takes values in [0,1]. We
will denote the class of such processes by A. Note that A is nonempty, as the con-
stant control a(-) = (0,--- ,0) € R? obviously lies in .A. The next result obtains an

alternative representation for V' in terms of PZ.
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Proposition 2.3.8. Under Assumption [II.1],
(2.3.16) V(T,2,p) = inf EIZ(T)g(X(T))PAT)] < .
Proof. The finiteness follows from (2.2.4). Define

—~

M::{@:Q%[O,l]

Fr measurable, E[p] = p} :

Thanks to Proposition [2.3.3 there exists a set A € Fr satisfying P(A) = p and

(2.3.5]) such that

V(T,2,p) = E[Z(T)g(X(T))1a] = iélA%E[Z(T)g(X(T))sDI

Since the opposite inequality follows immediately from Proposition|2.3.7] we conclude

V(T,x,p) = iélﬂi"ZE[Z(T)g(X(T))sO]-

Therefore, it is enough to show that M satisfies M = {PO{’(T)|04 € A} . The
inclusion M {Pg (T) ‘oz € A} is clear. To show the other inclusion we will use the
Martingale representation theorem: For any ¢ € M there exists a G—progressively

measurable R%-valued process 9(+) satisfying fOT |9(s)|?ds < oo a.s. such that

Elp|F]=p+ /Otw(s)’dW(s), te€0,7T).

Note that since ¢ takes values in [0, 1], so does E[p|F;] for all t € [0,T]. Then we
see that E[p|F;] satisfies (2.3.15) with a(-) = ¢(-) € A. O

2.4 The PDE characterization

2.4.1 Notation

We denote by X%*(-) the solution of (2.2.1) starting from x at time ¢, and by

Z%%%(.) the solution of

(2.4.1) dZ(s) = —Z(s)0(X ()Y dW (s), Z(t) = =.
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Define the process Q%*4(-) by

1
(2.4.2) Q"(-) = Zi ()

, ¢ € (0,00).
Then we see from (2.4.1]) that Q(-) satisfies

dQ(s)
Q(s)

(2.4.3) = [0(X5 () [Pds + O(X5(s))dW (s), Q4™1(t) = q.

We then introduce the value function

Ult,a,p) = inf (21 (T)g(X (1)),

where M is defined in (2.3.12). Note that the original value function V' can be
written in terms of U as V(T z,p) = U(0, z, p).

We also consider the Legendre transform of U with respect to the p variable. To
make the discussion clear, let us first extend the domain of the map p — U(t, x, p)

from [0, 1] to the entire real line R by setting

(2.4.4) U(t,x,p) = 0forp<0,

(2.4.5) U(t,z,p) = oo forp>1.

Then the Legendre transform of U with respect to p is well-defined

0, if ¢ <O0;

(2.4.6) w(t,z,q) := suﬂ}g{pq —U(t,z,p)} =
pE SUP,e(o,1] {pq — U(t7 :L',p)}, if ¢ > 0.

From Proposition [2.3.5 we already know that p — U(t, z, p) is convex and continuous

n [0,1]. Since U(t,z,0) = 0, we see from (2.4.4)) and that p — U(t,z,p) is
continuous on (—oo, 1] and lower semicontinuous on R. Moreover, considering that
p — U(t,z,p) is increasing on [0, 1], we conclude that p — U(t, z,p) is also convex

on R. Now thanks to [108, §6.18], the convexity and the lower semicontinuity of
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p+— U(t,z,p) on R imply that the double transform of U is indeed equal to U itself.

That is, for any (¢,x,p) € [0,7T] x (0,00)¢ x R,

U(ta l‘,p) = Sup{pq - lU(t, x, Q)} = Sup{pq - w(t7 z, Q)}7
qeR q=>0

where the second equality is a consequence of (2.4.6)).
In this section, we also consider the function
(2.4.7)

w(t, z,q) = E[Z"H(THQ"(T) — g(X"(T)))"] = E[(¢ — 2" (T)g(X"*(T)))"],

for any (t,7,q) € [0,T] x (0,00)¢ x (0,00). We will show that w = w and derive

various properties of w.
Remark 2.4.1. From the definition of w in (2.4.7)), w is the upper hedging price

for the contingent claim (Q“*%(T) — g(X**(T')))", and potentially solves the linear

PDE
1 12y o L 2 e ~
(2.4.8) Oy + §Tr(0cr Diw) + 5]«9| q"Dyw + qTr(00Dyqw) = 0.

This is not, however, a traditional Black-Scholes type equation because it is degen-
erate on the entire space (z,q) € (0,00)? x (0,00). Consider the following function

v which takes values in the space of (d + 1) X d matrices:

3(')d><d

9()&xd

o() =

Degeneracy can be seen by observing that v(z)v(z)" is only positive semi-definite for
all z € (0,00)% Or, one may observe degeneracy by noting that there are d + 1
risky assets, Xi,---, Xy, and @), with only d independent sources of uncertainty,

Wi, -+, Wy As a result, the existence of classical solutions to (2.4.8) cannot be
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guaranteed by standard results for parabolic equations. Indeed, under the setting of

Example [2.3.6] we have
w(t,x,q) = E[(g — 2" (T)X"(T))*] = (¢ — 2)",

which is not smooth.

2.4.2 Elliptic Regularization

In this subsection, we will approximate w by a sequence of smooth functions w,,
constructed by elliptic regularization. We will then derive some properties of w. and
investigate the relation between w and w,. Finally, we will show that w = w, which
validates the construction of w,.

To perform elliptic regularization under our setting, we need to first introduce a
product probability space. Recall that we have been working on a probability space
(Q,F,P), given by a weak solution to the SDE . Now consider the sample
space QP := C([0,T];R) and the canonical process B(-). Let F? be the filtration
generated by B and P? be the Wiener measure on (27, F5). We then introduce the
product probability space (Q,F,P), with Q := Qx QP F :=F xFP and P := P x P5.
For any @ € Q, we write @ = (w, w?), where w € Q and w? € QF. Also, we denote
by E the expectation taken under (Q, F,P).

For any ¢ > 0, introduce the process Q5*4(-) which satisfies the following dynamics

dQ.(s)

(2.4.9) 005

= |0(XP(s))Pds + O(XP(s)) dW (s) + edB(s), Q47 = g € (0, 00).

Then under the probability space (Q,F,P), we have d + 1 risky assets, the d stocks
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X1, , Xy and Q.. Define

s11 -+ 5140 by
5:= , b= ,
Sq1 '+ Sdqa |0 bq
0, - By e 162
and
@11 -+ Q14 |
) s
a:= 38§ =
Qq1 -+ Qqd ’
0s — |02+

Since we assume that the matrix s has full rank (Assumption [[1.1]), § has full rank by
definition. It follows that a is positive definite. Now we can define the corresponding

market price of risk under (Q,F,P) as § := 5~ 'b, and the corresponding deflator Z(-)

under (Q,F,P) as the solution of

(2.4.10) dZ(s) = —Z(s)0(X"(s))dW (s), Z""*(t) = 2,
where W := (W,,--- , Wy, B) is a (d + 1)-dimensional Brownian motion. Observe
that
_ st Od><1 b ¢
0 - =
—%9’3*1 % 6] 0

This implies that (2.4.10]) coincides with (2.4.1)). Thus, we conclude that Z(-) = Z(-).

Finally, let us introduce the function
We(t,x, q) == E[Z"H(T)(QL™(T) — g(X"*(T)))7],

for any (t,x,q) € [0,T] x (0,00)% x (0,00). By (2.4.9) and (2.4.3]), we see that the

processes Q.(+) and Q(+) have the following relation

(2.4.11)  QY™1(s) = Q"™(s) exp {—%82(8 —t)+¢e(B(s) — B(t))} , s €[t,T].
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It then follows from (2.4.11]), the fact that Z(-) = Z(-), and the definition of w, that

(2.4.12)

We(t,z,q) =E

(100 {3 -0+ (B - B } - 2= gy )

Assumption II1.2. The functions 0; and s;; are locally Lipschitz, for all i,5 €
{1,--,d}.

Lemma 2.4.2. Under Assumption [[I.9, we have that w. € C***((0,T) x (0,00)? x

(0,00)) and satisfies the PDE

2.4.13 Oy, + + TH{oo' D2 + (18 + €22 D2, + ¢ TH{00D,,@.) = 0
(2.4.13) e + 5 oo xw5)+§(| |* +e%)q" Dyw. + qTr(00Dyw.) = 0,
(t,z,q) € (0,T) x (0,00)? x (0,00), with the boundary condition

(2.4.14) w(T,x,9) = (g — g(x))".

Proof. Since a is positive definite and continuous, it must satisfy the following ellip-
ticity condition: for every compact set K C (0,00)¢, there exists a positive constant

C'x such that

d+1 d+1
(2.4.15) Z Z aij(2)&:&; > Cklé|?,

i=1 j=1
for all £ € R¥! and z € K; see e.g. [57, Lemma 3]. Under Assumption and
(2.4.15)), the smoothness of w. and the PDE ([2.4.13)) follow immediately from [100,

Theorem 4.7]. Finally, w,. satisfies the boundary condition by definition. O

Proposition 2.4.3. For any (t,x) € [0,T] x (0,00)¢, the map q — w.(t,x,q) is
strictly convex on (0,00). More precisely, the map q — Dyw.(t,z,q) is strictly

increasing on (0,00) with

lim Dq’LEE(t,SE,(]) = O, and lim qua(taxaQ) =1L

ql0 q—00
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Proof. We will first compute D,w.(t, z, q), and then show that it is strictly increasing
in ¢ from 0 to 1. Let L.(t,T) := exp (—3e%(T — t) + e(B(T) — B(t))) and A, ={w:

ZH N T)g(X5(T)) < aL.(t,T)} for a > 0. Fix ¢ > 0. For any § > 0, define
B = (@1 qL.(,T) < Z'°H(T)g(X"*(T)) < (q +6)L.(t.T)}.
By construction, Xq and E° are disjoint, and /LJF(; = Zq U E°. Tt follows that

1 ~
g[we(t,x, q + 5) - we(tvxa Q>]

_ %{]E (a4 0)Le(t,T) = 22X (T)g(X"*(T)) 15, |

_E [(qLa(t, T) — Z""Y(T)g(X"*(T))) 1%] }

_ %{E (g4 0)Le(t,T) = 254 (T)g(X**(T)) 15|
+E[((q+0)L(t,T) — 25 (T)g(X™(T))) Lps]
~E [(qu(t, T) - Zt’z’l(T)g(Xt’z(T)))lgq] }

=E[L(t, )15, ] + %E [((q+6)L.(t,T) — Z""1(T)g(X"(T))) 1ps] -

By the definition of E?,

E[5L.(t, T)1 ]

S| =

0 < %I_E[((q+5)La(t,T)—Zt’x’l(T)g(Xt’x(T))) lps] <

= E[L.(t,T)1p] — 0, as d | 0,
where we use the dominated convergence theorem. We therefore conclude that
~ 1 . ~ -
D,w.(t,x,q) = lgilf)l g[wg(t, z,q+0) —w.(t,w,q)] = E[L(¢,T)15 ].

Thanks to the dominated convergence theorem again, we have

limE[L.(t, T)1; ] = 0 and lim E[L.(t, T)1; | = B[L.(t,T)] = 1.

ql0 q— 00
It remains to prove that D,w.(t,z,q) = E[L.(t, T)13 ] is strictly increasing in g.

Note that it is enough to show that the event E° has positive probability for all
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d > 0. Under the integrability condition (2.2.2)), the deflator Z(-) is strictly positive
with probability 1; see e.g. [4, Section 6]. It follows from our assumptions on g (see

(2.2.4) and the line before it) that 0 < Z4»!(T)g(X»*(T')) < oo P-a.s. This implies
(2.4.16) — 00 < log Z* 1 (T)g(X"*(T)) < oo P-a.s.

Now, from (2.4.16)) and the definitions E° and L., we see that P(E°) equals to the

probability of the event

2= (T)g(X*(1)

€ 1
o =(T—t)+ -1 < B(T)— B(t
{o:5m—n+ Do 2D < iy -
1 Zt,a:,l T Xt,:]c T
S L 2T}
2 € q
Thanks to Fubini’s theorem, this probability is strictly positive. O

We investigate the relation between w and w, in the following result.

Lemma 2.4.4. The functions w and w, satisfy the following relations:

(i) For any (t,,9) € [0,T] x (0, 00)" x (0, 00),
w(t,z,q) = li{(r)l we(t, x,q).

(i1) For any compact subset E C (0,00), w. converges to w uniformly on [0,T] X

(0,00)* x E. Moreover, for any (t,z,q) € [0,T] x (0,00)¢ x (0, 00)

(2.4.17) w(t,z,q) = lim we(t', ', q).

(e,t',2",q")—(0,t,2,q)
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Proof. (i) By (2.4.11]), we observe that

E | sup Z4T)QY™(T)| = E
e€(0,1]

sup qexp {—%82(T —t)+e(B(T) — B(t))}

e€(0,1]

< qE | sup exp{e(B(T) - B(t))}

_56(0,1}

< qE | sup exp{e(B(T)— B(t))} 1{B(T)_B(t)>0}]

_56(0,1}

+qE

sup exp {e(B(T) — B(t))} 1{B<T>—B<t><0}]

£€(0,1]
< B e {B(T) — BOY +a =4 (e {37 -0} +1) <o

Then it follows from the dominated convergence theorem that

lim w.(t
Eliglwa( ,T,q)

=limE

el0

(4o {32 =)+ mr) — B | - 2o (gl )

=E[(q— 2" (T)g(X""(T)))"] = El(q — Z2""(T)g(X"*(T)))"] = w(t, ,q),

where the third equality holds as Z»®1(T)g(X"*(T)) depends only on w € €.

(ii) From (2.4.7), (2.4.12), and the observation that |(a —b)" — (¢ —b)*| < |a — |

for any a, b, c € R,

|7:D€(t7 z, Q) - {D(t? x, Q>|

exp {—%g(T — ) 4 2(B(T) B(t))} - 1'

IN
=

q

(2.4.18)

IN
=

[exp {%Q(T —t)+¢|B(T) — B(t)]} - 1]
—q [(1 + (VT — 1) — @(—5\/ﬂ)) s Tt _ 1}
<q [(1 + O(eVT) — @(—5ﬁ)> T — 1] ,

q

where ®(-) is the cumulative distribution function of the standard normal distribu-

tion. Note that the second line of (2.4.18) follows from the inequality |e? —1| < el’l—1
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for v € R; this inequality holds because if v < 0, [’ — 1| =1—¢" = (¥ — 1)e" <
eV —1=cll—Tandifv>0,|e" -1 =e"—1=ell — 1. We then conclude from
that w. converges to @ uniformly on [0, T x (0, 00)¢x E, for any compact sub-
set E of (0,00). Now, by Lemma [2.4.2] @, is continuous on (0, T) x (0, 00)? x (0, 00).

Then as a result of uniform convergence, w must be continuous on the same domain.

Noting that
|@E<t/7 xla q/) - {D(t7 z, q)’ S |w€<t/7 xla q/) - w(tl7 56/7 q/>| + ’@(t/, .'17/, q/) - IIIJI(t? z, Q)lu

we see that ([2.4.17)) follows from the continuity of w and the uniform convergence of

w. to w on [0,T] x (0,00)? x E for any compact subset E of (0,00). O
Thanks to the stability of viscosity solutions, we have the next result immediately.

Proposition 2.4.5. Under Assumption[IL.3, w is a continuous viscosity solution to
2.4.19 O + ~Tr(00' D20) + 20PPD2T + gTr(00D,,T) = 0

(2.4.19) W+ r(oo xw)+§Hq s+ qTr(00D,qw) = 0,

for (t,z,q) € (0,T) x (0,00)% x (0,00), with the boundary condition

(2-4.20) w(T,x,q) = (¢ — g(x))"

Proof. By Lemmas and (ii), the viscosity solution property follows as
a direct application of [106, Proposition 2.3]. And the boundary condition holds

trivially from the definition of w. O

Now we want to relate w to w. Given (¢,z) € [0,T] x (0,00)¢, recall the notation
in Section for any a > 0, 4, := {w : Z"YT)g(X4*(T)) < a}; also, F(-) again
denotes the cumulative distribution function of Z%*!(T)g(X%*(T')). We first present

another representation for w as follows.
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Lemma 2.4.6. For any (t,z,q) € [0,7] x (0,00)% x (0,00), we have

maxE[(q — 2" (T)g(X"*(T))) 11,] = (¢, 2, ).

a>0

Proof. Let us first take a < q. Since A, C A, and ¢ — Z4*1(T)g(X"*(T)) > 0 on A,
E[(g — 251 (T)g(X**(T)14,] < El(g — 24 (T)g(X*(T))14) = @(t, 2,q).

Now consider a > q. Set F:= {w: ¢ < Z"*Y(T)g(X**(T)) < a}. Observing that A,

and F are disjoint, and A, = flq U F', we have

E(q — Z"1(T)g(X""(T)))14,]
= El(qg— 2" (T)g(X""(T))1a,] +El(q — Z""!(T)g(X""(T)))1r]
< E[(q— 2" (T)g(X"*(T)))14,] = @(t, 2, q),
where the inequality is due to the fact that ¢ — Zv®1(T)g(X**(T)) <O on F. [
Next, we argue that w and w are equal.
Proposition 2.4.7. w(t,x,q) = w(t,r,q), for all (t,z,q) € [0,T] x (0,00)¢ x (0, 00).

Proof. Given p € |0, 1], there exists a > 0 such that F(a—) < p < F(a). We can

take two nonnegative numbers A; and Ay with A; + Ay = 1 such that

Observe that p — F(a—) = A\ (F(a) — F(a—)). Plugging this into the first line of

(2.3.10)), we get
(2.4.22) Ut,z,p) =Ul(t,z, F(a—)) + Ma(F(a) — F(a—)).

Also note from (2.3.10]) that

a(F(a) — F(a—)) =U(t,z,F(a)) — U(t,z, F(a—)).
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Plugging this back into (2.4.22]), we obtain
(2.4.23) Ut,z,p) = MU (t,z, F(a)) + U (t,z, F(a—)).

It then follows from ([2.4.21]) and (2.4.23) that

pq—Ult,z,p) = M[F(a)g—U(t, 2, F(a))] + Xo[F(a=)q = U(t, z, F(a—))]
(2.4.24) < max{F(a)g —U(t,z, F(a)), Fla—)qg—U(t,z, F(a—))}.
Choose a sequence a,, € [a/2,a) such that a, — a from the left as n — co. Thanks

to Proposition [2.3.5, p — U(t, z, p) is continuous on [0, 1]. We can therefore select a

subsequence of a, (without relabelling) such that for any n € N,
1 1
F(a—)— F(an) < - and U(t,z, F(a,)) —U(t,z, F(a—)) < e

It follows that for any n € N

Fla—)q — Ut , F(a—)) < Flan)q — Ut 2, F(ay)) + —4,

n

which yields

F(a—)g—U(t,z,F(a—)) < limsup {F(an)q —U(t,z, F(a,)) + L+ q}

N—00 n

(2.4.25) < sup Fa,)qg — Ul(t,z, F(ay)).

neN

Combining (2.4.24)) and ([2.4.25|), we obtain

pqg—U(t,x,p) < sup F(6)q—U(t,z,F(9)) <sup F(d)g— Ul(t,z, F(9)).

0€la/2,a 6>0

This implies

w(t,z,q) = sup {pq — U(t,z,p)} < sup{F(a)q—U(t,z, F(a))}.

pef0,1] a>0

Since F'(a) € [0, 1] for all a > 0, the opposite inequality is trivial. As a result,

(2.4.26) w(t,x,q) = sup {pq — U(t,z,p)} = sup{F(a)g — U(t,z, F(a))}.

pef0.1] a0
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Now, thanks to (2.3.7]), we have

F(a)g—U(t,x,F(a)) = F(a)q—E[Z""(T)g(X"*(T))14,]

(2.4.27) = E[(q—Z"1(T)g(X""(T)))14,].

It follows from ([2.4.26)), (2.4.27) and Lemma that

w(t,,q) = maxEl(g — 2"} (T)g(X"(T))) L] = B(t, ).
]

Remark 2.4.8. Since w = w, we immediately have the following result from Propo-
sition [2.4.5; w is a continuous viscosity solution to ([2.4.19) on (0,7") x (0, 00)?x (0, 00)
with the boundary condition (2.4.20)).

2.4.3 Viscosity Supersolution Property of U

Let us extend the domain of the map g — w. (¢, x,q) from (0, c0) to the entire real
line R by setting w, (¢, x,0) = 0 and w.(t, z,q) = oo for ¢ < 0. In this subsection, we

consider the Legendre transform of w, with respect to the g variable

Us(t,z,p) == sup{pq — w.(t,z,q)} = sup{pg — w:(t,z,q)}.
gqeR q>0

We will first show that U, is a classical solution to a nonlinear PDE. Then we will

relate U, to U and derive the viscosity supersolution property of U.

Proposition 2.4.9. Under Assumption we have that U. € CH*2((0,T) x

(0,00)% x (0,1)) and satisfies the equation

1 1
0=08U.+ §TT[UJ’DMUE] + inf ((DWUE)/UCL - §|a|2DppU€ — Q’aDpUE)
a€R

(2.4.28) 1
+ inf <§\b|2pppUE - 5DPU€1’b) :

beR4
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where 1 := (1,---,1) € R, with the boundary condition

(2.4.29) U(T,z,p) = pg(x).

Moreover, U.(t,x,p) is strictly convex in the p variable for p € (0,1), with
(2.4.30) 1}%1 D,U.(t,z,p) =0, and 11%1 D,U.(t,x,p) = oo.

Proof. Since from Proposition the function g — D,w.(t, z, q) is strictly increas-

ing on (0, c0) with

lim Dyw.(t,z,q) =0 and lim D,w.(t,z,q) = 1,

ql0 q—00
its inverse function p — H(t,z,p) is well-defined on (0,1). Moreover, considering
that w. (¢, z, q) is smooth on (0,7") x (0, 00)% x (0, 00), U.(t, x,p) is smooth on (0, T") x

(0,00)¢ x (0,1) and can be expressed as

(24.31)  U(t,z,p) =sup{pq — w.(t,x,q)} = pH(t,x,p) — W:(t,z, H(t, z,p));

q>0

see e.g. [98]. By direct calculations, we have

DpUa(t,IE,p) = H(thvp)a

1

DppUa(tafﬂap) = DpH(t’x’p) - Dgwe(t,z, H(t,z p))’
qq e\t s 7

D,U.(t,x,p) = —D,w.(t,z, H(t,z,p)),
(2.4.32)

DIIUE(t7 x7p) = _DII@E<t7 m? H(t7 x7p)> (DpIUS)(DpIUE)/7

_l’_ -
D,,U.(t, x,p)

Dp:an(ta x,p) - _quw5<t’ x, H(t7 xap))DppUs(t7 x,p),
U (t,x,p) = —0yw.(t,z, H(t, x,p)).

In particular, we see that U.(t, x,p) is strictly convex in p for p € (0, 1) and satisfies
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(2.4.30). Now by setting ¢ := H(t,x,p), we deduce from (2.4.13)) that

1 1
0= -0, — iTr[aa'Dmfﬁa] - §(|«9|2 +€%)¢*Dyyw. — qTr[00D,, 0]

1
= 0,U, + §TT[UJ’DMU€] — Trloo’ (Dp.U.) (DU

2D,,U.
1 (D,U.)?  D,U.
~ L 4 2 \Pnle 22 PrloOD,,U.
2(| | +6 ) DppUg + DppUg T[O- pxU]

1 1
(2.4.33) =0U. + §TT[00/DMU€] + ((Dprs)’aa* + 5!6L*|2DppUE — Q’a*DpU€>
1
+ (5\6*\2DPPUE - erUel’b*)

1 1
= 0U, + §TT[UJ'DMU€] + inf ((Dpra)'aa + §|CL|2DppUE — Q'aDpUE)

acRd

1
+ inf (§|b|2DppU€ - 5DpU51’b> :

beRd

where the minimizers a* and b* are defined by

DyU:(t, z, p)
a*(t, z, Pt () — ———0'(2)D Us(t, z,p),
( p) DppUa(t’ZB,p) ( ) DppU(t,x,p) ( ) p: ( p)
D,U.(t,x,
b*(t, x,p) DyUe(t, z,p)

D, U.(t,z,p)

Finally, observe that for any p € (0, 1), the maximum of pg — (¢ — g(x))" is attained

at ¢ = g(z). Therefore, by ([2.4.14)
U(T,z,p) = sup{pq — w-(T, z,p)} = sup{pq — (¢ — g(x))"} = pg(x).
q>0 q=>0
O

Now we intend to use the stability of viscosity solutions to derive the supersolution

property of U. We first have the following observation.

Lemma 2.4.10. For any (t,z,p) € [0,T] x (0,00)% x R, we have

liminf  U.(t,%,p) = U(t,x,p).

(€7£7j7ﬁ)4)(07t’x7p)
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Proof. As a consequence of Lemma (i), we(t, z, q) is continuous at (e,t,x,q) €
[0,00) x [0,T] x (0,00)% x (0,00). This implies that U.(t,z,p) = sup,o{pg —
w.(t,x,q)} is lower semicontinuous at (e,t,x,p) € [0,00) x [0,T] x (0,00)% x R.

It follows that

liminf  U.(£,%,p) = sup{pq — w(t,z,q)} = sup{pq — w(t,z,q)} = U(t,z,p),
q>0

(&,t,%,p)—(0,t,z,p) q>0

where the second equality follows from Proposition O

Before we state the supersolution property for U, let us first introduce some

notation. For any (z, 3,7, ) € (0,00)% x R x R x R?, define

G(z, 8,7, A) := inf (Xa(x)a + %|a|27 — Be(x)'a) :

a€R

We also consider the lower semicontinuous envelope of G

G.(z, 8,7, A) ;= liminf  G(& 5,7, \).

(@857 = (@,8:7,\)

Observe that by definition,

G(x, 8,7, A), ify>0;

—00, it v <0.
Proposition 2.4.11. Under Assumption[II.3, U is a lower semicontinuous viscosity

supersolution to the equation

1
(2.4.35) 0>0U+ §TT[JU’DMU] + G.(z, DU, D,,U, D,,U),
for (t,z,p) € (0,T) x (0,00)% x (0,1), with the boundary condition

(2.4.36) U(T, z,p) = pg(x),
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Proof. Note that the lower semicontinuity of U is a consequence of Lemma|2.4.10] and
the boundary condition (2.4.36)) comes from the fact that w = w and the definition

of w, as the following calculation demonstrates:

U(T,z,p) =sup{pg — w(T,z,p)} = sup{pg — w(T,z,p)}
q=0 q=0

= su%){pq — (g —g(2)"} = pg(z).

q=

Let us now turn to the PDE characterization inside the domain of U. Set 7 :=
(t,x,p). Let ¢ be a smooth function such that U — ¢ attains a local minimum at
To = (to, x0,p0) € (0,T) x (0,00)% x (0,1) and U(Zy) = ©(Zy). Note from ([2.4.34)
that as D,,¢(Zo) < 0, we must have G, (zo, Dy, Dppp, Dypp) = —oo. Thus, the
viscosity supersolution property is trivially satisfied. We therefore assume
in the following that D,,¢(Zg) > 0.

Let F. (z,0.U.(%), DpU:(Z), DppUc(Z), DypUc(Z), D3y U (7)) denote the right hand

side of (2.4.28]). Observe from the calculation in (2.4.33)) that as v > 0,

FuF 0 B9 0 A) = a4+ %TT[J(JC)U(J;)’A]

1 ARV 52 2 2 ﬁ
— %Tr[a(x)a(z) AN — 5(‘9(1‘)’ +e&%) + ;TT[U(JZ)Q(.Q?))\].

This shows that F. is continuous at every (e,Z,a, 3,7, A, A) as long as v > 0. It

follows that for any z = (z, «, 5,7, A\, A) with v > 0, we have

F.(z) := liminf F.(2') = Fy(2)

(2.4.37) (E’Zl)?(o’z) 1
=a+ §TT[U(ZE)U($>,A] + infd (/\’a(x)a + §|a|27 - Q(x)'aﬁ) :
a€R

Since we have U(Z) = liminf 7)) U-(Z') from Lemma [2.4.10, we may use the

same argument in [106, Proposition 2.3] and obtain that

F, (Zo, 0rp(Z0), Dp(Z0), Dpp(Z0), Dep@(Zo), Dewp(ZTo)) < 0.
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Considering that D,,p(Zg) > 0, we see from (2.4.37) and (2.4.34) that this is the

desired supersolution property. O

A few remarks are in order:

Remark 2.4.12. Results similar to Proposition were proved by [22], with
stronger assumptions (such as the existence of an equivalent martingale measure
and the existence of a unique strong solution to (2.2.1))), using the stochastic target
formulation. Here, we first observe that the Legendre transform of U is equal to w
and that w can be approximated by w,, which is a classical solution to a linear PDE
and is strictly convex in ¢; then, we apply the Legendre duality argument, as carried
out in [65], to show that U., the Legendre transform of w, is a classical solution to
a nonlinear PDE. Finally, the stability of viscosity solutions leads to the viscosity

supersolution property of U.

Remark 2.4.13. Instead of relying on the Legendre duality we could directly apply
the dynamic programming principle of [56] for weak solutions to the formulation in
Section [2.3.1] The problem with this approach is that it requires some growth condi-
tions on the coefficients of , which would rule out the possibility of arbitrage,

the thing we are interested in and want to keep in the scope of our discussion.

Remark 2.4.14. Under our assumptions, the solution of (2.4.35) may not be unique

as pointed out below.

(i) Let us consider the PDE satisfied by the superhedging price U(t,x,1):
1
(2.4.38) 0=v;+ 5Tlr(ao—’D;iv), on (0,7 x (0,00)%,
(2.4.39) v(T—,z) = g(z), on (0,00)".

Unless additional boundary conditions are specified, this PDE may have multi-

ple solutions. The role of additional boundary conditions in identifying (¢, z) —
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U(t,z,1) as the unique solution of the above Cauchy problem is discussed in
Section 4 of [12]. Also see [94] for a similar discussion on boundary conditions
for degenerate parabolic problems on bounded domains.

Even when additional boundary conditions are specified, the growth of o might
lead to the loss of uniqueness; see for example [I3] and Theorem 4.8 of [12]
which give necessary and sufficient conditions on the uniqueness of Cauchy
problems in one and two dimensional setting in terms of the growth rate of its
coefficients. We also note that [41] develops necessary and sufficient conditions
for uniqueness, in terms of the attainability of the boundary of the positive

orthant by an auxiliary diffusion (or, more generally, an auxiliary 1t6) process.

(ii) Let AU(t,z, 1) be the difference of two solutions of ([2.4.38)-(2.4.39). Then both

U(t,z,p) and U(t,z,p) + AU(t,x,1) are solutions of (2.4.35)) (along with its

boundary conditions). As a result, whenever (2.4.38)) and (2.4.39)) has multiple
solutions, so does the PDE (2.4.35|) for the value function U.

2.4.4 Characterizing the value function U

We intend to characterize U, as the smallest solution among a particular class of

functions, as specified below in Proposition [2.4.15 Then, considering that

liminf  U.(t,7,p) = U(t,z,p)

(,4,%,p)—(0,t,2,p)
from Lemma [2.4.10], this gives a characterization for U. In determining U numeri-
cally, one could use U, as a proxy for U for small enough €.

Additionally, we will also characterize U as the smallest nonnegative supersolution

of (2.4.35)) in Proposition [2.4.16]

Proposition 2.4.15. Suppose that Assumption holds. Let u : [0,T] x (0,00)¢ x

[0,1] = [0, 00) be of class C1*2((0,T) x (0,00)% x (0,1)) such that u(t,z,0) =0 and
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u(t, x,p) is strictly convex in p for p € (0,1) with
(2.4.40) lim Dyu(t, z,p) = 0 and lim Dyu(t, x,p) = oco.
pd0 pTl

If u satisfies the following partial differential inequality

acRd

1 1
0> du+ §Tr[aa'Dwu] + inf ((Dwu)'aa + §|a|2Dppu - Q’aDpu)
(2.4.41) .
+ inf (§|b|2Dppu — 6Dpu1'b) :

beER4

where 1 := (1,---,1) € R, with the boundary condition

(2.4.42) u(T,z,p) = py(z),
then u > U..

Proof. Let us extend the domain of the map p — u(t,z,p) from [0, 1] to the entire
real line R by setting u(t, z,p) = 0 for p < 0 and u(t, z, p) = oo for p > 1. Then, we

can define the Legendre transform of u with respect to the p variable

(2.4.43) w"(t,z,q) := sup{pq — u(t,z,p)} = sup {pq — u(t,z,p)} >0, for ¢ >0,
peER p€[0,1]

where the positivity comes from the condition u(t, z,0) = 0. First, observe that since

u is nonnegative, we must have

(2.4.44) w"(t,z,q) < sup pg = q, for any g > 0.
p€l0,1]

Next, we derive the boundary condition of w" from (2.4.42)) as

(2.4.45) w"(T,x,q) = sup {pq — u(T,z,p)} = sup {pq — pg(x)} = (¢ — g(x))™.
p€l0,1] p€e(0,1]

Now, since u(t, z, p) is strictly convex in p for p € (0,1) and satisfies (2.4.40]), we can

express w* as

wu<t7 :L" q) = J(t7 x? q)q - u<t7 :L" J(t7 x’ q))7 fOI' q E (07 OO)?
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where ¢ — J(+, q) is the inverse function of p — D,u(-,p). We can therefore compute
the derivatives of w"(t,z,q) in terms of those of u(t,x, J(t,z,q)), as carried out in
(2.4.32)). We can then perform the same calculation in (2.4.33)) (but going backward),

and deduce from that for any (¢,z,q) € (0,7) x (0,00)% x (0, 00),
(2.4.46) 0 < Juw" + %T’/‘[O’U’szwu] + %(W\Q +%)¢* Dygw" + qTr[o0 D, w"].
Define the process Y (s) := Z4%1(s)Q49(s) for s € [t,T]. Observing that
Y () = gexpf—52%(s 1) + £(B(s) - BO)},
we conclude Y (-) is a martingale with E[Y (s)] = ¢ and Var(Y (s)) = ¢?(e=" ¢~ — 1)
for all s € [t,T], and satisfies the following SDE
dY (s) =eY(s)dB(s) for s € [t,T], and Y (t) = q.

Thanks to the Burkholder-Davis-Gundy inequality, there is some C' > 0 such that

T
E {max ’Y(S)|2:| <CE [/ 52Y2(s)ds]
t<s<T .

(2.4.47) -
= 052/ e — 1) + ¢* ds < 0.

t

For all n € N, define the stopping time 7, := inf{s > ¢ : | X**(s)| > n or |Q-*4(s)| >
n}. By applying the product rule to the process ZH®(-)w®(-, X4*(-), Q49(-)) and

using ([2.4.46)), we obtain that for all n € N,
(2448)  w'(t,x,q) S E[Z"YT Ar)w"(T A7, X5(T A 1), QT A7),

Now, observe from (2.4.44)) that Z%®!(s)w"(s, X**(s), Q4™9(s)) < Y (s) for any s €
[t,T]. Then from (2.4.47), we may apply the dominated convergence theorem to

(2.4.48) and obtain

w'(t,z, q) < E[Z"H(T)w™(T, X"(T),Qz™(T))]

E[Z"HT)(Q"(T) — g(X"*(T)))"] = we(t, 2, q).
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where the first equality is due to (2.4.45|). It follows that

u(t,z,p) = Sglg{pq —w"(t,z,q)} > sgroa{pq —w.(t,z,q)} = Us(t, x,p).
q= qz

]

Proposition 2.4.16. Suppose Assumption holds. Let u : [0,T] x (0,00)? x
[0,1] = [0,00) be such that u(t,z,0) = 0, u(t,z,p) is convex in p, and the Legendre
transform of u with respect to the p wvariable, as defined in the proof of Proposi-
tion is continuous on [0,T] x (0,00)¢x (0,00). Ifu is a lower semicontinuous
viscosity supersolution to on (0,T) x (0,00)¢ x (0,1) with the boundary con-
dition , then u > U.

Proof. Let us denote by w" the Legendre transform of u with respect to p. By
the same argument in the proof of Proposition we can show that ,
(2.4.44) and are true. Moreover, as demonstrated in [22], Section 4], by using
the supersolution property of © we may show that w" is an upper semicontinuous

viscosity subsolution on (0,7") x (0,00)% x (0, 00) to the equation
2.4.49 O + L Tr(00' D2um) + L1622 D2w + ¢Tr(00D, ) = 0
(2.4.49) W'+ 5 r(oo xw)+§Hq qw" 4 qTr(00Dyqu") = 0.

Let p(t, x, q) be a nonnegative C* function supported in { (¢, z,q) : t € [0,1],|(x,q)| <
1} with unit mass. Without loss of generality, set w"(t,z,q) = 0 for (¢,z,q) €

R*2 1 ([0, 7] x (0,00)¢ x (0,00))". Then for any (t,z,q) € R*"2, define

w(t, x,q) = p° xw" where p°(t,z,q) := sl <ﬁ’ 3 5) .
By definition, w§ is C*°. Moreover, it can be shown that wj is a subsolution to

[2.4.49) on (0,T) x (0,00)? x (0,00); see e.g. (3.23)-(3.24) in [39, Section 3.3.2] and

[5, Lemma 2.7]. Set = = (¢, z,q). By (2.4.44)), we see from the definition of w} that

(2.4.50) w(z) = /RM P’ (Y)w™(z — y)dy < (¢ +6) / P’ (y)dy = q + 6.

Rd+2
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Also, the continuity of w* implies that w¢ — w* for every (¢, z,q) € [0, T] x (0, 00)% x

(0,00). Since w§ is a classical subsolution to (2.4.49)), we have for all n € NO that
(2.4.51)  wi(t,z,q) <E[ZYNT A1 )wi(T A 7o, XP5(T A1), QYT A1),

where 7, := inf{s > t : | X"*(s)| > n or |Q"™(s)| > n}. For each fixed n € N,
thanks to (2.4.50) we may apply the dominated convergence theorem as we take the

limit 0 — 0 in (2.4.51]). We thus get
(2.4.52)  w(t,z,q) < E[Z"NT A 1)w (T A 1o, XP5(T A1), QV5UT A )]
Now by applying the Reverse Fatou’s Lemma (see e.g. [110, p.53]) to (2.4.52)),

w'(t,z,q) < E[Z"Y(T)limsupw"(T A 7, X" (T AT,), Q""YT A 7,))]
n—oo

< E[ZMYT)w™(T, X4*(T), Q">(T))]

< E[Z"HTHQ"™(T) — g(X"(T)))"] = w(t, ,q),

where the second inequality follows from the upper semicontinuity of w" and the

third inequality is due to (2.4.45)). Finally, we conclude that

u(t,z,p) = Sgg{pq —w'(t,z,q)} > Sgg{pq —w(t,z,q)} = U(t,z,p),
q= q=

where the first equality is due to the convexity and the lower semicontinuity of u. [

One should note that U, and U satisfy the assumptions stated in Propositions|2.4.15
and respectively. Therefore, one can indeed see these results as PDE charac-
terizations of the functions U, and U.

In this chapter, under the context where equivalent martingale measures need not
exist, we discuss the quantile hedging problem and focus on the PDE characteriza-
tion for the minimum amount of initial capital required for quantile hedging. An
interesting problem following this is the construction of the corresponding quantile

hedging portfolio. We leave this problem open for future research.



CHAPTER III

Robust Maximization of Asymptotic Growth under
Covariance Uncertainty

3.1 Introduction

In this chapter, we consider the problem of how to trade optimally in a market
when the investing horizon is long and the dynamics of the underlying assets are
uncertain. For the case where the uncertainty lies only in the instantaneous ex-
pected return of the underlying assets, this problem has been studied by Kardaras
& Robertson [73]. They identify the optimal trading strategy using a generalized
version of the principle eigenfunction for a linear elliptic operator which depends
on the given covariance structure of the underlying assets. We intend to generalize
their results to the case where even the covariance structure of the underlying as-
sets is not known precisely, which is suggested in [73], Discussion]|. More precisely, we
would like to determine a robust trading strategy under which the asymptotic growth
rate of one’s wealth, defined below, can be maximized no matter which admissible
covariance structure materializes.

Uncertainty in variance (or, equivalently, in covariance) has been drawing in-
creasing attention. The main difficulty lies in the absence of one single dominating
probability measure among II, the collection of all probability measures induced by

variance uncertainty. In their pioneering works, Avellaneda, Levy & Paras [3] and

41
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Lyons [81] introduced the uncertain volatility model (UVM), where the volatility pro-
cess is only known to lie in a fixed interval [g,7]. Under the Markovian framework,
they obtained a duality formula for the superhedging price of (non-path-dependent)
European contingent claims. Under a generalized version of the UVM, Denis &
Martini [32] extended the above duality formula, by using the capacity theory, to
incorporate path-dependent European contingent claims. For the capacity theory to
work, they required some continuity of the random variables being hedged. Taking
a different approach based on the underlying partial differential equations, Peng [89]
derived results very similar to [32]. The connection between [32] and [89] was then
elaborated and extended in Denis, Hu & Peng [3I]. On the other hand, instead
of imposing some continuity assumptions on the random variables being hedged,
Soner, Touzi & Zhang [103] chose to restrict slightly the collection of non-dominated
probability measures, and derived under this setting a duality formulation for the
superhedging problem. With all these developments, superhedging under volatility
uncertainty has then been further studied in Nutz & Soner [88] and Nutz [87], among
others. Also notice that Fernholz & Karatzas [43] characterized the highest return
relative to the market portfolio under covariance uncertainty. Moreover, a controller-
and-stopper game with controlled drift and volatility is considered in Chapter [[V]
which can be viewed as an optimal stopping problem under volatility uncertainty.
While we also take covariance uncertainty into account, we focus on robust growth-
optimal trading, which is different by nature from the superhedging problem. Here,
an investor intends to find a trading strategy such that her wealth process can achieve
maximal growth rate, in certain sense, uniformly over all possible probability mea-
sures in II, or at least in a large enough subset I1* of II. Previous research on this

problem can be found in [73] and the references therein. It is worth noting that this
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problem falls under the umbrella of ergodic control, for which the dynamic program-
ming heuristic cannot be directly applied; see e.g. Arapostathis, Borkar & Ghosh [2]
and Borkar [19], where they consider ergodic control problems with controlled drift.

Following the framework in [73], we first observe that the associated differential
operator under covariance uncertainty is a variant of Pucci’s extremal operator. We
define the “principal eigenvalue” for this fully nonlinear operator, denoted by \*,
in some appropriate sense, and then investigate the connection between \* and the
generalized principal eigenvalue in [73] where the covariance structure is a priori
given. This connection is first established on smooth bounded domains, thanks to
the theory of continuous selection in Michael [85] and Brown [25]. Next, observing
that a Harnack inequality holds under current context, we extend the result to un-
bounded domains. Finally, as a consequence of this connection, we generalize [73),
Theorem 2.1] to the case with covariance uncertainty: we characterize the largest
possible asymptotic growth rate as A* (which is robust among probabilities in a large
enough subset IT* of IT) and identify a robust trading strategy in terms of \* and the
corresponding eigenfunction; see Theorem [3.3.14]

The structure of this chapter is as follows. In Section [3.2] we introduce the frame-
work of our study and formulate the problem of robust maximization of asymptotic
growth under covariance uncertainty. In Section |3.3] we first introduce several differ-
ent notions of the generalized principal eigenvalue, and then investigate the relation
between them. The main technical result we obtain is Theorem 3.3.12] using which we

resolve the problem of robust maximization of asymptotic growth in Theorem [3.3.14!

3.1.1 Notation

We collect some notation and definitions here for readers’ convenience.

e | - | denotes the Euclidean norm in R™, and Leb denotes Lebesgue measure in
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R™.

e B;(z) denotes the open ball in R™ centered at x € R™ with radius § > 0.

e D denotes the closure of D and 9D denotes the boundary of D.

e Given x € R™ and Dy,Dy C R", d(z,Dy) := inf{|lz —y| | vy € Dy} and
d(Dy, Do) :=inf{|z —y| | * € D1,y € Do}.

e Given D C R", C(D) = C°(D) denotes the set of continuous functions on D.
If D is open, C*(D) denotes the set of functions having derivatives of order

< k continuous in D, and C*(D) denotes the set of functions in C*(D) whose

derivatives of order < k have continuous extension on D.

e Given D C R", C*#(D) denotes the set of functions in C*(D) whose derivatives
of order < k are Holder continuous on D with exponent 8 € (0,1]. Moreover,
CFP(D) denotes the set of functions belonging to C*#(K) for every compact
subset K of D.

e Wesay D C R" is a domain if it is an open connected set. We say D is a smooth

domain if it is a domain whose boundary is of C*? for some 3 € (0, 1].

e Given D C R" and w: D — R, osc := sup{|u(z) — u(y)| | =,y € D}.
D
3.2 The Set-Up

Fix d € N. Consider an open connected set £ C R? and two functions 6,0 :

E +— (0,00). The following assumption will be in force throughout this chapter.

Assumption IIL1. (i) 6 and © are of C2%(E) for some a € (0,1], and 6 < © in

loc

E.

(11) There is a sequence { E, }nen of bounded open convex subsets of E such that OE,

is of C**" for some o/ € (0,1], E, C Epq1 foralln €N, and E =J°, E,
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Let S denote the space of d x d symmetric matrices, equipped with the norm
(3.2.1) | M| = Erllaxd|ei(M)|, M € s,

where ¢;(M)’s are the eigenvalues of M. In some cases, we will also consider the
norm || M||max := max |my;|, for M = {m;;};; € S®. These two norms are equivalent

with H : Hmax < H : H < dH : ”maX'

Definition 3.2.1. Let C be the collection of functions ¢ : E — S% such that
(i) for any = € E, 6(z)[£[* < c(x)€ < O(x)[E]?, V € € R\ {0};

(i) cij(2) is of CLY(E), 1 <i,j < d.

loc

Let £ := EUA be the one-point compactification of E, where A is identified with
OF if E is bounded with OF plus the point at infinity if £ is unbounded. Following
the set-up in [73, Section 1] or [92, p.40], we consider the space C([0,00), E) of
continuous functions w : [0, 00) — E, and define for each w € C ([0, 00), E) the exit

times

Gw):=inf{t >0 |w; ¢ E,}, ((w):= lim ¢, (w).

n—00
Then, we introduce €2 := {w € C([0,00), E) weer = A forall t >0, if ((w) < oo}.
Let X = {X;}+>0 be the coordinate mapping process for w € §2. Set {B;}+>0 to be the
natural filtration generated by X, and denote by B the smallest o-algebra generated
by Utzo B;. Similarly, set (F;);>0 to be the right-continuous enlargement of (B;):>0,

and denote by F the smallest o-algebra generated by |J >0t

Remark 3.2.2. For financial applications, X = {X;};>0 represents the (relative)
price process of certain underlying assets, and each ¢ € C represents a possible
covariance structure that might eventually materialize. In view of Definition [3.2.1

(i), the extent of the uncertainty in covariance is captured by the functions ¢ and



46

O: they act as the pointwise lower and upper bounds uniformly over all possible

covariance structures ¢ € C.

3.2.1 The generalized martingale problem

For any M = {m;;};; € S, define the operator L™ which acts on f € C?(F) by
d

(LM f)(z) := 1 > m~62—f(x) = lTr[MDQf(x)] € E.
2 i1 " 8$Za$J 2 ’

For each ¢ € C, we define similarly the operator L°0) as

(LY f)(z) = % Z Cij<x>%éfl’j($) = %Tr[c(m)sz(ﬂf)]a ek

Given ¢ € C, a solution to the generalized martingale problem on E for the operator
LV is a family of probability measures (Q5), .z on (2, B) such that Q5[X = 2] =1
and
SA\Cn
Foe) = [ @ONX)du
0

is a (Q, (Bt)i>0, Q%)-martingale for all n € N and f € C?*(E).

The following result, taken from [92, Theorem 1.13.1], states that Assumption|I11.1
guarantees the existence and uniqueness of the solutions to the generalized martingale

problem on E for the operator L(), for each fixed ¢ € C.

Proposition 3.2.3. Under Assumption [[II.1], for each ¢ € C, there is a unique

solution (Q5),.p to the generalized martingale problem on E for the operator LeO),

Remark 3.2.4. For each ¢ € C, as mentioned in [73] Section 1],

f(Xonc,) — /OSMH(LC(')f)(Xu)dU
is also a (2, (F)i>0, Q%)-martingale for all n € N and f € C?(E), as f and L) f are
bounded in each E,. Now, by taking f(z) = 2%, i =1,--- ,d and f(x) = 227 with
i,j,=1---d, we get Xirc, is a (2, (F)i>0, QF)-martingale with quadratic covariation

process [ Lii<c,yc(Xy)dt, for each n € N and z € E.
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3.2.2 Asymptotic growth rate

For any fixed xo € E, we will simply write Q° = Qg  for all ¢ € C, when there
is no confusion on the initial value xy of X. Let us denote by II the collection of
probability measures on (€2, F) which are locally absolutely continuous with respect
to Q° (written P <. Q°) for some ¢ € C, and for which the process X does not

explode. That is,
IM:={PeP(Q,F)|IFcelst Plr < Qg forall t >0, and P[¢ < oo] = 0},

where P(£2, F) denotes the collection of all probability measures on (2, F). As
observed in [73, Section 1], for each P € II, X is a (92, (F)i>0, P)-semimartingale
such that P[X € C([0,00), E')] = 1. Moreover, if we take ¢ € C such that P <, Q°,

then X admits the representation

X.:x0+/ bf’dt+/ o(Xy)dw/,
0 0

where W¥ is a standard d-dimensional Brownian motion on (2, (F;)s>0,P), o is the
unique symmetric strictly positive definite square root of ¢, and b* is a d-dimensional
{F}}+>0-progressively measurable process.

Let (Z;)i>0 be an adapted process. For P € I1, define

lim P[Z, > y] = 1}.

P-lim inf Z, := ess sup® { X is F-measurable
t—o00 t—00

For any d-dimensional predictable process m which is X-integrable under Q¢ for all
¢ € C, we can define the process V™ := 1+ fo mdX; under Q° for all ¢ € C. Let V
denote the collection of all such processes m which in addition satisfy the following:
for each c € C, Q°[V;" > 0] = 1V ¢ > 0. Here, 7 € V represents an admissible trading

strategy and V™ represents the corresponding wealth process. Now, for any 7 € V,
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we define the asymptotic growth rate of V™ under P € II as

g(m;P) := sup {7 eR | P- litm inf(t~'log V") > 7, P—a.s.} :
—00
3.2.3 The problem

The problem we consider in this chapter is how to choose a trading strategy 7* € V
such that the wealth process V™ attains the robust maximal asymptotic growth rate
under all possible probabilities in I, or at least, in a large enough subset of II which
readily contains all “non-pathological” cases. More precisely, in Theorem

below, we will construct a large enough suitable subset II* of II, and determine

inf g(m;P
frlelgplenn*g(m ),

the robust maximal asymptotic growth rate (robust in II*). Moreover, we will find
7 € V such that V™ attains (or surpasses) the maximal growth rate no matter
which P € II* materializes. This generalizes [73, Theorem 2.1] to the case with

covariance uncertainty.

3.3 The Min-Max Result

In this section, we will first introduce generalized versions of the principal eigen-
value for the linear operator L) and a fully nonlinear operator F defined below.
Then, we will investigate the relation between them on smooth bounded domains,
and eventually extend the result to the entire domain F. The main technical result
we obtain is Theorem [3.3.12, Finally, by using Theorem |3.3.12 we are able to resolve
in Theorem the problem proposed in Subsection [3.2.3]

Let us first recall the definition of Pucci’s extremal operators. Given 0 < A < A,
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we define for any M € S? the following matrix operators

M _AzjeZ )+)\Z€z‘(M

(331) e; (M)>0 e;(M)<0
M A(M) == A Z e;(M)+ A Z ei(M)
e; (M)>0 e; (M)<0

From [28, p.15], we see that these operators can be expressed as

M7 (M)= sup Tr(AM), M, (M)= inf Tr(AM),
A,A( ) AeA(IiA) ( ) A,A( ) A AN ( )

where A(a,b) denotes the set of matrices in S¢ with eigenvalues lying in [a, b] for

some real numbers a < b. For general properties of Pucci’s extremal operators, see

e.g. [96] and [28, Section 2.2]. Now, let us define the operator F' : E' x S% — R by

1
(3.3.2) F(z, M) := 5./\/1;(@’@@)(1\4) = sup  Tr(AM).

A€ A(0(z),0(x))

N | =

Let D be an open connected subset of E. Fixing ¢ € C, we consider, for any given

) € R, the cone of positive harmonic functions with respect to L¢) + X as

(3.3.3) HS(D) :={n e C*D)| L9+ I =0and n > 0 in D},
and set
(3.3.4) N¢(D) :=sup{\ € R | H{(D) # (}.

Note that if D is a smooth bounded domain, A\*¢(D) coincides with the principal
eigenvalue for L) on D; see e.g. [92, Theorem 4.3.2]. In our case, since we do
not require the boundedness of D, A*¢(D) is a generalized version of the principal
eigenvalue for L") on D, which is also used in [74]. On the other hand, for any

A € R, we define

(3.3.5) H\(D) :={ne C*D) | F(x,D?n) + ) <0and n>0in D},
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and set
(3.3.6) N(D) :=sup{\ € R | H\(D) # 0},

which is a generalized version of the principal eigenvalue for the fully nonlinear

operator F' on D. For auxiliary purposes, we also consider, for any A € R, the set
(3.3.7) H}(D):={ne C(D)| F(z,D*p)+ X <0and n > 0in D},
where the inequality holds in viscosity sense. From this, we define

(3.3.8) MH(D) :=sup{\ € R | Hy (D) # 0}.

For the special case where D is a smooth bounded domain, A*(D) is the principal
half-eigenvalue of the operator F' on D that corresponds to positive eigenfunctions;

see e.g. [97].

Lemma 3.3.1. Given a smooth bounded domain D C E, there exists n, € C(D)

such that np, > 0 i D and satisfies in viscosily sense the equation

F(x,D*y,) + AT (D), =0 in D,
(3.3.9)
Np =10 on OD.

Moreover, for any pair (\,n) € R x C(D) with n > 0 in D which solves

F(z,D?*n)+ M =0 n D,
(3.3.10)
n=>0 on 0D,

(A, n) must be of the form (A\T(D), uny) for some p > 0.
Proof. Let us introduce some properties of F'. By definition, we see that

(3.3.11) F(z,uM) = pF(x, M), for any x € E and pu > 0;

(3.3.12) F'is convex in M.
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Also, by [28, Lemma 2.10 (5)], for any x € E and M, N € S%, we have
1 1
(3.3.13) éMG(x),@(x)(M - N)< F(z,M) - F(z,N) < QM;_(x),@(ac)(M —N).

Finally, we observe from (3.3.1)) that F' can be expressed as

Flo. M) = M o) (1) = 3{660) 3 e +66) 3 e0n].

e; (M)>0 e; (M)<0

From the continuity of # and © in z, and the continuity of e;(M) in M for each i

(see e.g. [84, p.497]), we conclude that

(3.3.14) F is continuous in £ x S7.

Now, thanks to (3.3.11)-(3.3.14) and [97, Lemma 1.1], this lemma follows from [97,

Theorems 1.1, 1.2]. O

3.3.1 Regularity of 7,

In this subsection, we will show that, for any smooth bounded domain D C FE,

the continuous viscosity solution 7, given in Lemma is actually smooth up to
the boundary 9D.

Let us consider the operator J : D x S¢ — R defined by
J(x, M) := F(xz, M)+ A" (D)np(z).
Lemma 3.3.2. 1, belongs to C%?(D), for any B € (0,1).

Proof. For any x € D and M, N € S? with M > N, we deduce from (3.3.13)) and

(B31) tha

0 0(x 1
LT (M - N) < (TTr(M = N) = 5 My 0 (M = N)
1
(3.3.15) < F(z,M)— F(z,N) < 5/\/1;@) o (M —N)
- @(x)Tr(M —N) < @DTr(M — N),
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where 0p := min,cp 0(z) and Op := max,cp O(z). On the other hand, recall that

under Assumption [[IL.1]}, #,0 € C%*(D). Let K be a Holder constant for both 6 and

© on D. By (3.3.2) and (3.3.1), for any z,y € D and M € S

|F' (2, M) — F(y, M)]

Bats) < 5{16E@ =00 X atn+) -0l X (0]}

e;(M)>0 e;(M)<0

< Kd||[ M|z —y[*.

Under (3.3.11)), (3.3.15)), and ([3.3.16), [I7, Proposition 6] states that every bounded

nonnegative viscosity solution to
(3.3.17) J(x,D*n) =0 in D, n=0 ondD

is of the class C%#(D) for all 8 € (0,1). Thanks to Lemma [3.3.1) 7, is indeed a
bounded nonnegative viscosity solution to the above equation, and thus the lemma

follows. O
Lemma 3.3.3. 1, is the unique continuous viscosity solution to (3.3.17)).

Proof. By Lemma [3.3.1] we immediately have the viscosity solution property. To
prove the uniqueness, it suffices to show that a comparison principle holds for
J(x,D?p) = 0. For any * € D and M, N € S? with M > N, we see from the

definition of J and (3.3.15)) that

(3.3.18) %DTr(M — N) < J(z, M) — J(z,N) < %Tr(M — N).

Thanks to this inequality, we conclude from [75, Theorem 2.6] that a comparison

principle holds for J(z, D*n) = 0. O
The following regularity result is taken from [I01, Theorem 1.2].

Lemma 3.3.4. Suppose H : D x S? — R satisfies the following conditions:
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(a) H is lower convex in M € S¢;

(b) there is a v € (0,1] s.t. v|E]*> < H(z, M + £€') — H(z, M) < v €2 for all
£ € R

(c) there is a Ky > 0 s.t. |H(z,0)| < Ky for allz € D;

(d) there are Ky, K3 > 0 and 8 € (0,1) s.t. (H(-, M))¥) < K, > Imij| + K3 for
all M = {m;;};; € S¢, where (u>§f) = sup p? osc u, foranyu:D— R.

zED,p>0 DNBp(x)

Then the equation
H(z,D*n)=0 inD, n=0ondD,

has a unique solution in the class C*?(D) if B € (0, &), where the constant & € (0,1)

depends only on d and v.
Proposition 3.3.5. 1, belongs to C*#(D) for any B € (0,a A &), where & is given
in Lemma|3.5.4. This in particular implies \T (D) = X*(D), and thus we have

F(z,D*np) + X(D)p =0 in D,
(3.3.19)

Np =0 on 0D.

Proof. Let us show that the operator J satisfies conditions (a)-(d) in Lemma [3.3.4]
It is obvious from that J satisfies (a). Since £&' > 0 and Tr(£¢') = [€]? for all
¢ € R? we see from that J satisfies (b). By the continuity of n, on D, (c) is
also satisfied as [J(x,0)] = 04+ AT(D)np(z) < Ky := AT(D)maxp n,. To prove (d),
let us first observe that: for any 3 € (0,1) and u € C%#(D) with a Hélder constant

K, we have osc u < Kp?, which yields <u>§35) < K. Recall that 0,0 € C%%(D)

DNBp(x)

(Assumption [[IL1)) and 7, € C%#(D) for all 3 € (0,1) (Lemma [3.3.2). Now, for

any 3 € (0,a A @), we have 0,0, n, € CO%(D). Let K’ be a Holder constant for all

the three functions. Then, from the definition of J, the calculation (3.3.16)), and the
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fact that [[M]| < d[|M|lmax < dY2, ; Imy| for any M = {my;};; € S, we conclude
that J(-, M) € C%(D) with a Hélder constant d? (Z” |m,j|> K' + X\ (D)K'. Tt
follows that (J(-, M)} < & (zm \mijy) K' + A (D)K’. Thus, (d) is satisfied
for all 8 € (0,a A @), with Ky := K’ and K3 := AT(D)K’. Now, we conclude
from Lemma m that there is a unique solution in C%#(D) to for all
B € (0,a A @). However, in view of Lemma [3.3.3] this unique C*#(D) solution can
only be np,.

The fact that 7, is of the class C?#(D) and solves implies that A\T(D) <

A*(D). Since we have the opposite inequality just from the definitions of A™ (D) and

A*(D), we conclude that AT (D) = A*(D). Then (3.3.9)) becomes (3.3.19). O

3.3.2 Relation between \*(D) and \*°(D)

In this subsection, we will show that A\*(D) = inf.cc A*¢(D) for any smooth
bounded domain D.

Let us first state a maximum principle on small domains for the operator Gs :

E x R x S% — R defined by
., _
Gs(z,u, M) :== —F(z,—M) — d|u| = §Ma(g;),@(x)(M) — Olul,
where § can be any nonnegative real number.

Lemma 3.3.6. For any smooth bounded domain D C E, there exists ¢ > 0, de-

pending on D, such that if a smooth bounded domain U C D satisfies Leb(U) < ey,

then every n € C(U) which is a viscosity solution to

Gs(x,nm,D*n) <0  inU,
n=0 on U,

satisfiesn >0 in U.
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Proof. Consider the operator F' : ExRxS?% +— R defined by F(z,u, M) := F(x, M)+
Slul. For any z € E, u,v € R and M, N € S¢, we see from (3.3.13)) that

1 _ _
éMG_(:v),@(z)(M_N) _5|U_U‘ < F(ZL’,’LL,M) —F(QZ,U,N)

(3.3.20)

IN
DO |

M;_(J:),G)(x)(M — N) + 6lu—v].

Moreover, by (3.3.14]), we immediately have

(3.3.21) F(x,0,M) = F(x, M) is continuous in £ x S%.

Noting that Gs(z,u, M) = —F(z, —u,—M), we have Gs(xz,u, M) — Gs(x,v, N) =

F(z,—v,—N) — F(x,—u,—M). Then, by using (3.3.20]), we get

Gs(z,u —v,M — N)
1

(3322) = My (M — N) = dlu— o] < Gy(e,u, M) = Gs(a, 0, N)
1 _
< 5./\/[;(95)79(36)(]\4 — N)+0lu—v|=F(z,u—v,M — N),

which implies that the operator Gy satisfies the (Dp) condition in [97, p.107] (with

F replaced by F'). Now, thanks to (3.3.20))-(3.3.22)), this lemma follows from [97,

Theorem 3.5]. O
Proposition 3.3.7. For any smooth bounded domain D C E, \*(D) < inf.cc A\*¢(D).

Proof. Assume the contrary that \*(D) > inf.cc A*°(D). Then there exists ¢ € C

such that \*(D) > A\*¢(D). Take 7 € C*(D) with 77 > 0 in D such that

L5+ X¢(D)p =0 in D,
n=0 on 0D.

From the definition of F', we see that 7 is a viscosity subsolution to

(3.3.23) F(z,D?n) + \*(D)n =0 in D.
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On the other hand, the function 7,, given in Lemma|3.3.1], is a viscosity supersolution
to as it solves and A*(D) > A\*¢(D). We claim that there exists £ > 0
such that 7 < fn, in D. We will show this by following an argument used in the proof
of [97, Theorem 4.1]. Take a compact subset K of D such that Leb(D \ K) < &,
where ¢ is given in Lemma [3.3.6] By the continuity of 1 and 7, there exists ¢ > 0

such that ¢n, — 7 > 0 on K. Consider the function f, := {n, — 1. By (3.3.13) and

(3.3.10),

Gowe(p) (2, fo, D*fo) = —F (2, =D*f;) = X**(D)| fol < =F(x, =D fo) + X*°(D) f,
< (F(z,D*np) — F(z, D*7) + X\*“(D)({ny, — 1) <0 in D,
where the last inequality follows from the supersolution property of 7, and the
subsolution property of 77 to (3.3.23). Since f, > 0 on d(D \ K), we obtain from
Lemma that fy > 0 on D\ K. Thus, we conclude that 7 < ¢n, in D. Now,
by Perron’s method we can construct a continuous viscosity solution v to (|3.3.23))
on D such that n < v < fn,. This in particular implies v > 0 in D and the pair

(A*¢(D),v) solves (§3.3.10)). Recalling that A*(D) = \*(D) from Proposition [3.3.5]
we see that this is a contradiction to Lemma as \*°(D) < X*(D) = A"(D). O

To prove the opposite inequality A*(D) > inf.cc A*¢(D) for any smooth bounded
domain D C E, we will make use of the theory of continuous selection pioneered by
[85], and follow particularly the formulation in [25]. For a brief introduction to this

theory and its adaptation to the current context, see Subsection [C]

Proposition 3.3.8. Let D C E be a smooth bounded domain. If D is convex, then

X*(D) > infee A(D).

Proof. We will construct a sequence {,, }men C C such that limsup,, ., A% (D) <

A*(D), which gives the desired result.
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Step 1: Constructing {€/, }men. Recall that n, € C?(D) by Proposition m

Then, we deduce from ({3.3.1)) that there exists £ > 0 such that

max{|A = XN|,|JA = A|} <k
(3.3.24)

= |M;\“’A(D2nD(a:)) - M;’A,(DQUD(Q:)H <2/m, forall x € D.

Also, since ||+ ||lmax < || ||, the map (M, z) — LMn,(x) is continuous in M, uniformly

in x € D. It follows that there exists 5 > 0 such that
(3.3.25) IN-M| <8 = |L"np(x) — LMnp(z)| < 1/m for all x € D.

Set & := min,p(0 — 0)(z) > 0 (recall that © > 6 in E under Assumption [[II.1)).
Now, by taking v := 6 + ”TM and I' :== © — "‘TM in Proposition , we obtain that

there is a continuous function ¢,, : D +— S% such that

(3.3.26) cm(z) € A(y(z),T(2)) and E, p(z, D*np) < LU, (z) + —, Va € D,

1
m
where F, p(x, M) is defined in (A.0.2)). By mollifying the function ¢,,, we can con-
struct a function ¢,, : D +— S¢ such that ¢,, € C®°(D) and ||G,n(2) — () |lmax <
(BA ”T/\g) /d for all z € D (More precisely, ¢,, € C(D) implies that for any open set
D’ containing D, there is a function ¢,, € C(D’) such that ¢, = c,, on D; see e.g.
[53, Lemma 6.37]. Then by mollifying é,,, we get a sequence of smooth functions

converging uniformly to ¢, on D). It follows that

KA

(3.3.27) |G (2) — e (@) || < d||Em(z) = () |lmax < BA ¢ for all x € D.

Combining (3.3.24)-(3.3.27), for each x € D, we see that ¢,,(z) € A(0(x),O(r)) and

1 1
(3.3.28) Fle, Do) = éM;(x)’@(z)(Dan(x)) < EM;r(m),r(x)(DQWD(x)) +

3=
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Now, take some &, € C such that &, and &, coincide on D. Then (3.3.28)) and the
fact that F(z, D*np) + A*(D)np = 0 in D (Proposition [3.3.5)) imply
(3.3.29) |hm| < 3/m in D, where h,, :== L5, + \*(D)1p.

Step 2: Showing lim sup,,,_,., A*®= (D) < A*(D). In the following, we will
use the argument in [52, Section 3 (starting from (3.3))]. Let 7, be the eigenfunction
associated with the eigenvalue problem

LomOpy 4 X5 (D)yp =0  in D
n=0 on 0D.

Pick xy € D. We define the normalized eigenfunction 7,, = %nm. By [95],

Lemma on p.789], there exist ki, ks > 0, independent of m, such that

(3.3.30) kid(x,0D) < f(x) < ked(x,0D), for all z € D.

Also, thanks to (3.3.11)) and (3.3.15)), we may apply [17, Proposition 1] and obtain

some 0 > 0 and C' > 0 such that n,(x) < Cd(z,0D) if d(x,0D) < 6. Thus, we

conclude that

(3.3.31) 1 <t :=sup ?D(x)

z€D Tlm (-T)

< 0Q.

Setting s, := tyA*(D)/ X% (D), we deduce from the definitions of t,, and s, that
(3.3.32) LemO ($00Tm — 15) + P = =t N (D)7 + X (D), < 0 in D.

Let w,, be the unique solution of the class C**(D) N C(D) to the equation
(3.3.33) LoOw,, =hy in D, wy, =0 ondD.

Note that by [52, Remark 3.1], the convexity of D and (3.3.29) guarantee the exis-

tence of a constant M > 0, independent of m, such that

(3.3.34) o ()] < MA@9D) s e D,

m
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Combining (3.3.32) and ([3.3.33)), we get

Lo (Spfim — Np + W) <0 in D
Smﬁm_nD+wm:0 on 8D

We then conclude from the maximum principle that s,,7,, — 7p + w,, > 0 in D.

From the definition of s,,, this inequality gives

(D)
A% (D)

Mol@)  wala)

7713(35) — M for all x € D,
tmnm(x) tmnm(m)

>
B tmnm(x) 1m

where the last inequality follows from (3.3.34]), (3.3.31)), and (3.3.30). Now, take

t np(zk)

ey 7 tme By plugging ), into the above

a sequence {z}reny in D such tha

inequality and taking limit in k, we get

A*(D) M
EviE el Bl e
Nt (D) -
which implies A*(D) > limsup,, ,. A\*% (D). O

Combining Propositions [3.3.7 and [3.3.8], we have the following result:

Theorem 3.3.9. Let D C E be a smooth bounded domain. If D is convex, \*(D) =
inf.cc A4(D).

3.3.3 Relation between \*(E) and \*“(E)

In this subsection, we will first characterize \*(E) in terms of A*(E,), and then
generalize Theorem from bounded domains to the entire space E.

Let us first consider some Harnack-type inequalities. Note that for any D C
R? and p € [1,00), we will denote by LP(D) the space of measurable functions f

satisfying ([, |f(z)|Pdx)"/? < <.
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Lemma 3.3.10. Let D C E be a smooth bounded domain. Let H : E x S® — R be

such that

(3.3.35) 30<A<A st M (M) <H(z, M) < MJ, (M) V (z,M)eD xS
If {un }nen is sequence of continuous nonnegative viscosity solutions to

(3.3.36) H(z, D*u,) + 6ty = fo in D,

where {8, }nen is a bounded sequence in [0,00) and f, € LY(D), then we have:

(1) for any compact set K C D, there is a constant C > 0, depending only on D,

K, d, \, A, sup,, d,, such that
(3.3.37) supu, < C {inf Uy, + ||fn||£d(D)} .
K K

(11) Suppose H satisfies (3.3.11). Given o € D and Ry > 0 such that Bg,(zo) C D,

there exists a constant C' > 0, depending only on Ry, d, \, A, sup,, 6, such that

for any 0 < R < Ry,

(3.3.38) sup u, < C { Jinf w, + BE| full cagsy m»}
Br(wo) Br(zo) 0

As a consequence, if we assume further that {u, }nen is uniformly bounded and
{fa}nen is bounded in L4(D), then for any compact connected set K C D and

B € (0,1), u, € C¥P(K) for all n € N, with one fixred Holder constant.
Proof. (i) Set ¢* := sup,, §,, < co. By (13.3.35]), we have
MIA(DQU,L) + 8 up, > H(z, D*uy) + Sty > M;A(DQun) —0"u, in D.

In view of ([3.3.36]), we obtain Mj\LvA(Dzun) + 0% u, > fn > M;A(Dzun) —0*u, in D.

Thanks to this inequality, the estimate (3.3.37)) follows from [97, Theorem 3.6].
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(ii) Thanks to the estimate (3.3.37) and [53, Lemma 8.23], we can prove part (ii)
by following the argument in the proof of [I8, Corollary 3.2]. For a detailed proof,

see Appendix [B] O

Proposition 3.3.11. A*(E) = | lim,,_,o A*(E,,) and there exists somen* € Hy«g) (L)

such that
(3.3.39) F(x, D*n*) + X(E)n* =0 in E.

Proof. 1t is obvious from the definition that \*(E,,) is decreasing in n and A*(F) <
N (E,) for all n € N. It follows that A\*(E) < A\g := | lim, 0 A*(E,). To prove the
opposite inequality, it suffices to show that H,,(E) # (). To this end, we take 7, as
the eigenfunction given in Lemma [3.3.1] with D = E,,. Pick an arbitrary zy € Fy,
and define 7, (z) := % such that 7,(z¢) = 1 for all n € N.

Fix n € N. In view of Proposition|3.3.5 {7 }m>n is a sequence of positive smooth

solutions to
(3.3.40) F(z, D*Hp) + XN (Ep)fim = 0 in E, 4.

From the definition of F', we see that F satisfies (3.3.35)) in E, with A = min .5 6(z)
and A = max,cp ©O(x). Thus, by Lemma [3.3.10| (i), there is a constant C' > 0,

independent of m, such that

sup 7, < C'inf 5, < C,
En En

which implies {7, }m>n is uniformly bounded in E,. On the other hand, given
B € (0,1), Lemma [3.3.10| (ii) guarantees that 7j,, € C%?(E,) for all m > n, with a
fixed Holder constant. Therefore, by using the Arzela-Ascoli theorem, we conclude

that 7j,, converges uniformly, up to some subsequence, to some function n* on E,,.
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Thanks to the stability result of viscosity solutions (see e.g. [48, Lemma I1.6.2]), we

obtain from (3.3.40)) that n* is a nonnegative continuous viscosity solution in £, to
(3.3.41) F(z,D*y*) + \on* = 0.

Furthermore, since n*(z¢) = lim,, o0 Nm(x0) = 1, we conclude from [I7, Theorem 2],
a strict maximum principle for eigenvalue problems of fully nonlinear operators, that
n* > 0 in E,. Finally, noting that for any 8 € (0,1), n* € C%#(E,) with its Holder
constant same as 7,,’s, we may use Lemma|3.3.4] as in the proof of Proposition [3.3.5|
to show that n* € C%(E,).

Since the results above hold for each n € N, we conclude that n* belongs to C*(E),
takes positive values in E, and satisfies in E. It follows that n* € H,,(E),
which yields Ay < A*(F). Therefore, we get A*(E) = Ao, and then becomes

(13.3.39). O
Now, we are ready to present the main technical result of this chapter.

Theorem 3.3.12. \*(E) = inf.cc \"°(E).

Proof. Thanks to [92, Theorem 4.4.1 (i)], Theorem [3.3.9} and Propositions [3.3.11]

inf \*“(E) = inf inf \*°(E,) = inf inf \*°(E,) = inf \"(E,) = \*(E).

ceC ceC neN neN ceC neN

]

Remark 3.3.13. For the special case where 6 and © are merely two positive con-
stants, the derivation of Theorem [3.3.12| can be much simpler. Since the operator
F(x,M) = %M;Q(M) is now Pucci’s operator with elliptic constants § and O, we
may apply [I8, Theorem 3.5] and obtain a positive Holder continuous viscosity solu-
tion n* to

F(x, D*n*) + A(E)n* =0 in E,
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where A\(E) := inf{\*(D) | D C Eis a smooth bounded domain}. Then, Lemmal3.3.4]
implies 7* is actually smooth, and thus A(E) < A\*(E). Since A\(E) > \*(E) by def-
inition, we conclude that A(E) = M\*(E). Now, thanks to [92, Theorem 4.4.1 (i)]
and the standard result \™(E,,) = inf.cc A*“(E,,) for Pucci’s operator (see e.g. [27,

Proposition 1.1 (ii)] and [95] Theorem 1)), we get

inf \*“(E) = inf inf A\*“(E,,) = inf inf \**(E,) = inf AT(E,) = A(E) = \*(E).

ceC ceC neN neN ceC neN

However, as pointed out in [74, Discussion], it is not reasonable for financial
applications to assume that each ¢ € C is both continuous and uniformly elliptic in
E. Therefore, we consider in this chapter the more general setting where 6 and ©

are functions defined on E, which includes the case without uniform ellipticity.

3.3.4 Application

By Theorem [3.3.12] and mimicking the proof of [74, Theorem 2.1], we have the

following result. Note that, for simplicity, we will write A* = \*(E).

Theorem 3.3.14. Take n* € Hy«(E) and normalize it so that n*(xz¢) = 1. Define

= eNIVn*(Xy) for all t >0, and set
m={Pem ( P-liminf(¢~ log (X)) = 0, P-as.|.
—00
Then, we have 7 € V and g(7*;P) > \* for all P € II*. Moreover,

(3.3.42) A" =sup inf g(m;P) = inf sup g(m; P).

rey P PEIl* rey
Proof. Set V;* := V™ = 1+f0t e sVn*(X,)dX,, t > 0. By applying It6’s rule to the
process e 'n*(X;) we see that V;* > e* 'n*(X;) > 0 P-a.s. for all P € II. This already
implies 7" € V. Also, by the construction of IT*, we have P-lim inf; (¢! log(V;*)) >

A* P-a.s. for all P € IT*. It follows that g(7*;P) > A\* for all P € II*, which in turn

implies \* < sup,.¢y infper+ g(m; P).
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Now, for any ¢ € C and n € N, set A3 = A“(E,), take i, € Hf..(E,) with
nte(zg) = 1, and define the process X77f(t) = M pte(X,). Note that under any
P € II such that P <. Q°, we have VE(t) = 1+ [ (n5).dX, with (77¢), =
M tVnse(X,). This, however, may not be true for general P € II. As shown
in the proof of [74, Theorem 2.1], for any fixed ¢ € C and n € N, we have the

following: 1. there exists a solution (P%¢

¢ )eck, to the generalized martingale problem

for the operator L .= L) 4 ¢V log ny¢- Vi 2. the coordinate process X under
(P55 )zem, is recurrent in E,; 3. Prf <. Q° (note that we conclude from the
previous two conditions that P} € I1%); 4. the process V™ / ‘Zf is a nonnegative ;7 -
supermartingale for all 7 € V. We therefore have the analogous result g(m;P5¢) <

g(mpe; Poe) < Ao¢ for all m € V, which yields infpep« sup,cy g(m;P) < A5°. Now,

thanks to [02, Theorem 4.4.1 (i)] and Theorem [3.3.12] we have

inf ;P) <inf lim A¢ = A"
2. S 9lm ) < Jaf A

]

Remark 3.3.15. Note that the normalized eigenfunction n* in the statement of
Theorem [3.3.14] may not be unique. It follows that the set of measures II* and the
min-max problem in (3.3.42)) may differ with our choice of n*. In spite of this, we

would like to emphasize the following:

(i) No matter which n* we choose, the robust maximal asymptotic growth rate A*

stays the same.

(ii) At the first glance, it may seem restrictive to work with IT*. However, by the
same calculation in [74, Remark 2.2], we see that: no matter which n* we choose,
IT* is large enough to contain all the probabilities in II under which X is tight

in &/, and thus corresponds to those PP € Il such that X is stable.



CHAPTER IV

On the Multidimensional Controller-and-Stopper Games

4.1 Introduction

We consider a zero-sum stochastic differential game of control and stopping under
a fixed time horizon T' > 0. There are two players, the “controller” and the “stopper,”
and a state process X* which can be manipulated by the controller through the
selection of the control «. Suppose the game starts at time ¢ € [0,7]. While the
stopper has the right to choose the duration of this game (in the form of a random
time 7), she incurs the running cost f(s, X2, a;) at every moment ¢t < s < 7, and the
terminal cost g(X%) at the time the game stops. Given the instantaneous discount

rate c(s, X&), the stopper would like to minimize her expected discounted cost

(411) E |:/ e~ IZ C(“’Xg)duf(S,X?,as)ds +e I C(U’Xg)dug(Xf)

t
over all choices of 7. At the same time, however, the controller plays against her by
maximizing (4.1.1)) over all choices of a.

Ever since the game of control and stopping was introduced by Maitra & Sudderth
[82], it has been known to be closely related to some common problems in mathemat-
ical finance, such as pricing American contingent claims (see e.g. [64], [69] [70]) and
minimizing the probability of lifetime ruin (see [16]). The game itself, however, has

not been studied to a great extent except certain particular cases. Karatzas and Sud-

65
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derth [68] study a zero-sum controller-and-stopper game in which the state process
X® is a one-dimensional diffusion along a given interval on R. Under appropriate
conditions they prove that this game has a value and describe fairly explicitly a sad-
dle point of optimal choices. It turns out, however, difficult to extend their results
to multidimensional cases, as their techniques rely heavily on theorems of optimal
stopping for one-dimensional diffusions. To deal with zero-sum multidimensional
games of control and stopping, Karatzas and Zamfirescu [71] develop a martingale
approach; also see [10], [14] and [I5]. Again, it is shown that the game has a value,
and a saddle point of optimal choices is constructed. However, it is assumed to be
that the controller can affect only the drift term of X<.

There is yet another subtle discrepancy between the one-dimensional game in [6§]
and the multidimensional game in [71]: the use of “strategies”. Typically, in a two-
player game, the player who acts first would not choose a fixed static action. Instead,
she prefers to employ a strategy, which will give different responses to different future
actions the other player will take. This additional flexibility enables the player to
further decrease (increase) the expected cost, if she is the minimizer (maximizer).
For example, in a game with two controllers (see e.g. [38, 37, 49, 26l 23]), the
controller who acts first employs a strategy, which is a function that takes the other
controller’s latter decision as input and generates a control. Note that the use of
strategies is preserved in the one-dimensional controller-and-stopper game in [68]:
what the stopper employs is not simply a stopping time, but a strategy in the form
of a random time which depends on the controller’s decision. This kind of dynamic
interaction is missing, however, in the multidimensional case: in [71], the stopper
is restricted to use stopping times, which give the same response to any choice the

controller makes.
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Multidimensional controller-and-stopper games are also covered in Hamadene &
Lepeltier [55] and Hamadene [54], as a special case of mixed games introduced there.
The main tool used in these papers is the theory of backward differential equations
with two reflecting barriers. Interestingly, even though the method in [55] [54] differs
largely from that in [71], these two papers also require a diffusion coefficient which
is not affected by the controller, and do not allow the use of strategies. This is
in contrast with the one-dimensional case in [68], where everything works out fine
without any of the above restrictions. It is therefore of interest to see whether we can
construct a new methodology under which multidimensional controller-and-stopper
games can be analyzed even when the conditions required in [7T], 55] 54] fail to hold.

In this chapter, such a methodology is built, under a Markovian framework. On
the one hand, we allow both the drift and diffusion terms of the state process X to
be controlled. On the other hand, we allow the players to use strategies. Specifically,
we first define non-anticipating strategies in Definition [£.3.1] Then, in contrast to
two-controller games where both players use strategies, only the stopper chooses to
use strategies in our case (which coincides with the set-up in [68]). This is because
by the nature of a controller-and-stopper game, the controller cannot benefit from
using non-anticipating strategies; see Remark [4.3.5] With this observation in mind,
we give appropriate definitions of the upper value function U and the lower value
function V' in and respectively. Under this set-up, one presumably
could construct a saddle point of optimal choices by imposing suitable assumptions
on the cost functions, the dynamics of X, the associated Hamiltonian, or the control
set (as is done in [68, [71, 54, 55]; see Remark [4.3.7). However, we have no plan to
impose assumptions for constructing a saddle point. Instead, we intend to work

under a rather general framework, and determine under what conditions the game
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has a value (i.e. U = V) and how we can derive a PDE characterization for this
value when it exists.

Our method is motivated by Bouchard & Touzi [24], where the weak dynamic
programming principle for stochastic control problems was first introduced. By gen-
eralizing the weak dynamic programming principle in [24] to the context of controller-
and-stopper games, we show that V' is a viscosity supersolution and U* is a viscosity
subsolution to an obstacle problem for a Hamilton-Jacobi-Bellman equation, where
U* denotes the upper semicontinuous envelope of U defined as in . More specif-
ically, we first prove a continuity result for an optimal stopping problem embedded in
V (Lemmal[d.4.1)), which enables us to follow the arguments in [24, Theorem 3.5] even
under the current context of controller-and-stopper games. We obtain, accordingly,
a weak dynamic programming principle for V' (Proposition , which is the key
to proving the supersolution property of V' (Propositions . On the other hand,
by generalizing the arguments in Chapter 3 of Krylov [77], we derive a continuity
result for an optimal control problem embedded in U (Lemma . This leads to
a weak dynamic programming principle for U (Proposition , from which the
subsolution property of U* follows (Proposition . Finally, under appropriate
conditions, we prove a comparison result for the associated obstacle problem. Since
V' is a viscosity supersolution and U* is a viscosity subsolution, the comparison re-
sult implies U* < V. Recalling that U* is actually larger than V' by definition, we
conclude that U* = V. This in particular implies U = V| i.e. the game has a value,
and the value function is the unique viscosity solution to the associated obstacle
problem. This is the main result of this chapter; see Theorem Note that once
we have this PDE characterization, we can compute the value of the game using a

stochastic numerical scheme proposed in Bayraktar & Fahim [0].



69

Another important advantage of our method is that it does not require any non-
degeneracy condition on the diffusion term of X . For the multidimensional case in
[7T], 55, 54], Girsanov’s theorem plays a crucial role, which entails non-degeneracy of
the diffusion term. Even for the one-dimensional case in [68], this non-degeneracy is
needed to ensure the existence of the state process (in the weak sense). Note that
Weerasinghe [109] actually follows the one-dimensional model in [68] and extends
it to the case with degenerate diffusion term; but at the same time, she assumes
boundedness of the diffusion term, and some specific conditions including twice dif-
ferentiability of the drift term and concavity of the cost function.

It is worth noting that while [71, 55, 54] do not allow the use of strategies and
require the diffusion coefficient be control-independent and non-degenerate, they al-
low for non-Markovian dynamics and cost structures, as well as for non-Lipschitz
drift coefficients. As a first step to allowing the use of strategies and incorporating
controlled, and possibly degenerate, diffusion coefficients in a zero-sum multidimen-
sional controller-and-stopper game, this chapter focuses on proving the existence and
characterization of the value of the game under a Markovian framework with Lip-
schitz coefficients. We leave the general non-Markovian and non-Lipschitz case for
future research.

The structure of this chapter is as follows: in Section 4.2} we set up the framework
of our study. In Section 4.3 we define strategies, and give appropriate definitions
of the upper value function U and the lower value function V. In Sections and
[4.5] the supersolution property of V' and the subsolution property U* are derived,
respectively. In Section [1.6], we prove a comparison theorem, which leads to the
existence of the value of the game and the viscosity solution property of the value

function.



70
4.1.1 Notation

We collect some notation and definitions here for readers’ convenience.

e Given a probability space (E,Z, P), we denote by L°(E, T) the set of real-valued
random variables on (E,Z); for p € [1,00), let L2 (E,Z, P) denote the set of R"™-
valued random variables R on (F,Z) s.t. Ep[|R|P] < co. For the “n = 1" case,
we simply write L} as LP.

e R, :=[0,00) and S :=R¢ x R, x R,.

e M? denotes the set of d x d real matrices.

e Given F C R", LSC(F) denotes the set of lower semicontinuous functions de-
fined on E, and USC(E) denotes the set of upper semicontinuous functions

defined on F.

e Let F be a normed space. For any (¢,z) € [0,7] x E, we define two types of

balls centered at (¢, x) with radius r > 0 as follows

B.(t,z) :={({t",2") € [0, T|x E||t' —t| <r, |2 —x| <r};
(4.1.2)

B(t,z;r) ={{t',2) € [0,T] x E |t € (t —r,t], |2 — x| <7}

We denote by B,(t,xz) and B(t,z,;r) the closures of B,.(t,z) and B(t,;r),
respectively. Moreover, given w : [0, 7] X E +— R, we define the upper and lower
semicontinuous envelopes of w, respectively, by

w(t,x) = lgiglsup{w(t’,x’) | (t',2") € ([0,T) x E)N Bs(t,z)};

(4.1.3)

wy(t, ) == lgﬁ[)linf{w(t',x/) | (t',2") € ([0,T) x E)N Bs(t,z)}.
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4.2 Preliminaries

4.2.1 The Set-up

Fix T > 0 and d € N. For any t € [0,7], let Q! := C([t, T];R%) be the canonical
space of continuous paths equipped with the uniform norm ||&||;7 == sup,ep 7y 195/,
w € Q' Let W' denote the canonical process on ¥, and G' = {G!},c 1) denote
the natural filtration generated by W*. Let P* be the Wiener measure on (2, G%),
and consider the collection of Pf-null sets N* := {N € G% | P{(N) = 0} and its
completion N := {AC Q| AC N for some N € N*}. Now, define G = {Ei}se[t,T]
as the augmentation of G' by the sets in N, i.e. G, = o(GtUN"), s € [t,T]. For
any z € R? we also consider G4* := GI N {W} = z}, Vs € [t,T]. For Q', W N,
Nt, g;, Ei, and Qﬁ’x, we drop the superscript ¢t whenever t = 0.

Given x € R%, we define for any @ € Q! the shifted path (& + ). := @. + z, and
for any A C QF the shifted set A+ x := {0 € Q' | @ — x € A}. Then, we define the
shifted Wiener measure P“* by P“*(F) := PY(F — z), F € Gk, and let P"* denote
the extension of P on (0, GtT) For P** and @m, we drop the superscripts ¢ and x
whenever ¢t = 0 and 2 = 0. We let E denote the expectation taken under P.

Fix t € [0,T] and w € Q. For any @ € Q', we define the concatenation of w and

w at t as
(w & (:))T = wrl[oﬂ (T') + ((Z)r — (:)t + wt)l(uT} (7"), re [0, T]

Note that w ®; @ lies in €. Consider the shift operator in space 1, : Qf — QF
defined by ¥;(®) := @ — @, and the shift operator in time ¢; : Q — Q' defined
by ¢i(w) := w|p1, the restriction of w € Q on [¢t,T]. For any r € [t,T], since v
and ¢; are by definition continuous under the norms || - [|;,, and || - ||o,- respectively,

o (QL,GE) — (Q1,GE) and ¢y : (Q,G,) — (Q,G) are Borel measurable. Then, for
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any & : Q — R, we define the shifted functions " : Q — R by
E9(W) 1= E(w ® ¢y (W) for W' € Q.

Given a random time 7 : Q — [0, 00], whenever w € Q is fixed, we simplify our

notation as

WO, D =W @, =Y o =6, Y =)

Definition 4.2.1. On the space 2, we define, for each ¢ € [0,7], the filtration

F* = {Fi}scpo.r) by

0,9}, if s € (0,1,
¢ ¢
Fi= T, where J! :=

s

o (o7 b GO UN), if s € [t, T).
We drop the superscript ¢ whenever t = 0.

Remark 4.2.2. Given ¢ € [0, 7], note that F! is a collection of subsets of € for each

s € [0, T], whereas G, ?Z and G4* are collections of subsets of Q' for each s € [t, T].

Remark 4.2.3. By definition, J, = G, Vs € [0,7]; then the right continuity of
G implies F, = G, Vs € [0,T] i.e. F = G. Moreover, from Lemma (iii) in
Appendix and the right continuity of G, we see that 7! C G, = F, Vs € [0,T], i.e.

F* CF.

Remark 4.2.4. Intuitively, F* represents the information structure one would have
if one starts observing at time ¢t € [0,7]. More precisely, for any s € [t,T], G\°
represents the information structure one obtains after making observations on W*
in the period [t,s]. One could then deduce from G“° the information structure

¢y b 1GEY for W oon the interval [0, s).
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We define T as the set of all Fi-stopping times which take values in [0, T] P-a.s.,
and A; as the set of all F-progressively measurable M-valued processes, where M is
a separable metric space. Also, for any F-stopping times 7,7 with 71 < 7 P-a.s.,

we denote by T

4, the set of all 7 € T* which take values in |71, 7] P-a.s. Again, we

drop the sub- or superscript ¢ whenever ¢ = 0.
4.2.2 The State Process

Given (t,z) € [0,7] x R* and a € A, let X*»* denote a R%-valued process

satisfying the following SDE:
(4.2.1) dX0 =b(s, X0™, ag)ds + o (s, X05 ag)dW,, s € [t,T],

with the initial condition X}** = z. Let M? be the set of d x d real matrices. We
assume that b : [0, 7] x R x M +— R? and o : [0, T] x R? x M + M? are deterministic
Borel functions, and b(¢, z,u) and o(¢,x,u) are continuous in (z,u); moreover, there

exists K > 0 such that for any ¢ € [0,7], z,y € R% and u € M,

(422) |b(t7 Z, U) - b<t7 Y, U)’ + ’U(ta L, U) - U<t7 Y, U)’ < K|I‘ - y|7
(4.2.3) |b(t, z,u)| + |o(t, z,u)| < K(1+ |z]).
The conditions above imply that: for any initial condition (t,z) € [0,T] x R? and

control @ € A, (4.2.1) admits a unique strong solution X**<. Moreover, without

loss of generality, we define
(4.2.4) Xbme=gx  for s <t.

Remark 4.2.5. Fix o € A. Under (4.2.2)) and (4.2.3), the same calculations in [90,

Appendix] and [20, Proposition 1.2.1] yield the following estimates: for each p > 1,
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there exists C,(a) > 0 such that for any (¢, z), (¢,2") € [0, T] x R, and h € [0, T — ],

(4.2.5) E [sup | X2 P < Cp(1 + |zfP);
0<s<T
(4.2.6) E [ sup | X55 — zP| < CohE (1 4 |zfP);
0<s<t+h ]
(4.2.7) E {iug | xtahe _ xteapl < O |2 — P + [t —t]2(1 + |x|p)] :
0<s< B

Remark 4.2.6 (flow property). By pathwise uniqueness of the solution to (4.2.1)),

forany 0 <t <s<T,z€R? and a € A, we have the following two properties:

(i) Xbo(w) = Xf’X?z’a’a(w) Y r e [s,T], for P-a.e. w € Q; see [20, Chapter 2] and

[OT), p.41].

(ii) By (1.16) in [49] and the discussion below it, for P-a.e. w € €2, we have
XE20 (4 @, py(w)) = XX @0 () €[5, T), for P-ae w' € Q;

see also [87, Lemma 3.3].

4.2.3 Properties of Shifted Objects

Let us first derive some properties of Fl-measurable random variables.
Proposition 4.2.7. Fizt € [0,T] and & € L°(Q, FL).
(i) Ft and F; are independent. In particular, £ is independent of JF.
(i) There exist N, M € N such that: for any fizedw € Q\ N, £49(w') = £(W') Vo' €
Q\ 7.
Proof. See Appendix [C.1] O

Fix § € T. Given o € A, we can define, for P-a.e. w € ©, a control a’* € Ag(w)
by

0 () = {0 (W) = {00 (© @0 G0} oy & €



(0]

see [24, proof of Proposition 5.4]. Here, we state a similar result for stopping times

in7T.

Proposition 4.2.8. Fiz 0 € T. For any 7 € Tor, we have %% € 7';(((3)T for P-a.e.

w e 0.

Proof. See Appendix [C.2] O

Let p: M x M — R be any given metric on M. By [(7, p.142], p/(u,v) :=

2

™

arctan p(u,v) < 1 for u,v € M is a metric equivalent to p, from which we can

construct a metric on A by

T
(4.2.8) pla, B) :=E [/ p’(at,ﬁt)dt] for o, B € A.
0
Now, we state a generalized version of Proposition [1.2.7] (ii) for controls a € A.

Proposition 4.2.9. Fiz t € [0,T] and o € A;. There exists N € N such that:
for any w € Q\ N, p(a'*,a) = 0. Furthermore, for any (s,x) € [0,T] x R?,

Xome (W) = Xpm (W), r € [5,T), for P-a.e. o' € Q.

Proof. See Appendix [C.3] O

4.3 Problem Formulation

We consider a controller-and-stopper game under the finite time horizon T >
0. While the controller has the ability to affect the state process X< through the
selection of the control «, the stopper has the right to choose the duration of this
game, in the form of a random time 7. Suppose the game starts at time ¢ € [0, 7.
The stopper incurs the running cost f(s, X, a;) at every moment ¢t < s < 7, and
the terminal cost g(X?) at the time the game stops, where f and g are some given

deterministic functions. According to the instantaneous discount rate c¢(s, X&) for
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some given deterministic function ¢, the two players interact as follows: the stopper
would like to stop optimally so that her expected discounted cost could be minimized,
whereas the controller intends to act adversely against her by manipulating the state
process X“ in a way that frustrates the effort of the stopper.

For any ¢t € [0,T], there are two possible scenarios for this game. In the first
scenario, the stopper acts first. At time ¢, while the stopper is allowed to use the
information of the path of W up to time ¢ for her decision making, the controller has
advantage: she has access to not only the path of W up to ¢ but also the stopper’s
decision. Choosing one single stopping time, as a result, might not be optimal for
the stopper. Instead, she would like to employ a stopping strategy which will give

different responses to different future actions the controller will take.
Definition 4.3.1. Given ¢ € [0, 7], we say a function 7 : A+ T;r is an admissible
stopping strategy on the horizon [t, T if it satisfies the following conditions:

(i) for any a, 8 € A, it holds for P-a.e. w € Q that

if min{r{a](w), 7[3](w)} < inf { >4 \ [ Hante). prw)ar # o} |
(4.3.1) t

then 7[a(w) = 7 [B](w).
Recall that p' is a metric on M defined right above .

(ii) for any s € [0,1], if a € A, then 7[a] € 7%

(iii) for any o € A and 6 € T with 6 < ¢, it holds for P-a.e. w € © that
7o)’ (W) = 7[a®](W), for P-a.e. W' € Q.

We denote by II; r the set of all admissible stopping strategies on the horizon [t, T'.

Remark 4.3.2. Definition [£.3.1] (i) serves as the non-anticipativity condition for

the stopping strategies. The intuition behind it should be clear: Suppose we begin
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our observation at time ¢, and employ a strategy = € II; 7. By taking the control
a and following the path w, we decide to stop at the moment 7[a](w). If, up to
this moment, we actually cannot distinguish between the controls o and 5 , then we

should stop at the same moment if we were taking the control 5.

Moreover, as shown in Proposition below, (4.3.1)) is equivalent to:

For any a, 8 € A and s € [t,T],
(4.3.2)

Lirfaj<s) = Liz[g<sy for P-ae. w € {a =4 B},
where {o =5 B} == {w € Q| oy (w) = B, (w) for a.e. r € [t,s)}. This shows that
Definition (i) extends the non-anticipativity of strategies from two-controller
games (see e.g. [20]) to current context of controller-and-stopper games.
Also notice that is similar to, yet a bit weaker than, Assumption (C5) in
[23]. This is because in the definition of {a =4 B}, [23] requires o, = 3, for all,

instead of almost every, r € [t, s).

Proposition 4.3.3. Fiz t € [0,T]. For any function m : A w— Tir, (4.3.1)) holds iff

(4.3.2) holds.

Proof. For any a, 8 € A, we set O(w) :=inf{s >t | [ p/(a(w), B,(w))dr # 0}.

Step 1: Suppose 7 satisfies . For any «, 8 € A, take some N € N such
that holds for w € Q\ N. Fix s € [t,T]. Given w € {a =4 B} \ N, we
have s < f(w). If 7[a](w) < O(w), then implies 7[a](w) = 7[B](w), and thus
Lirla<s} (W) = Lizpgizsy(w). If mla](w) > O(w), then (4.3.1) implies m[5](w) > O(w)
too. It follows that 1ixjaj<sj(w) = 0 = lzg<s}(w), since s < O(w). This already
proves (4.3.2)).

Step 2: Suppose holds. Fix a,8 € A. By , there exists some
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N € N such that
(433)  forany s € QN [, T], Yrloj<s) = Lnipi<sy for w € {a =g SF\N.
Fix w e Q\ N. For s € QN [t,0(w)], we have w € {a =) f}. Then (4.3.3) yields
(4.3.4) Lira<st (W) = Lizgi<sy (w), for all s € QN [t, O(w)].

If mlo](w) < 6(w), take an increasing sequence {s,}neny C Q N [t,0(w)] such that
sp T 7mla](w). Then implies 7[f](w) > s, for all n, and thus 7[f](w) >
m[a](w). Similarly, by taking a decreasing sequence {r, }nen C QN [t, 8(w)] such that
rn 4 mla](w), we see from that w[8] < r, for all n, and thus 7[f](w) < 7[a](w).
We therefore conclude 7[f5](w) = m[a](w). Now, if 7[5](w) < #(w), we may argue as

above to show that 7[a|(w) = 7[f](w). This proves (4.3.1). O

Next, we give concrete examples of strategies under Definition 4.3.1

Example 4.3.4. Given t € [0,7], define \; : Q — Q by (M(w)). := w.ns. Recall the
space C([t, T]; R?) of continuous functions mapping [t, T] into RY. For any x € R?,

we define m: A~ T;p by

(4.3.5) mla](w) = S ({XP"* (@) }repn) »

for some function S : C([t,T];R?) — [t,T] satisfying {¢ | S(€) < s} € A\JTAL
Vs € [t,T], where X% denotes the Borel o-algebra generated by C([t, T];RY). Note
that the formulation corresponds to the stopping rules introduced in the
one-dimensional controller-and-stopper game in [68], and it covers concrete exam-
ples such as exit strategies of a Borel set (see e.g. below). We claim that
Definition readily includes the formulation (4.3.5]).

Let the function 7 : A — 7T, be given as in . First, for any «, 8 € A,

set 0 :=inf{s >t | [ p/(o,(w), Br(w))dr # 0}. Observing that the strong solutions
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Xt and X%»# coincide on the interval [t,6) P-a.s., we conclude that 7 satisfies
Definition [4.3.1] (i). Next, for any s € [0, ], since X*** depends on F; only through
the control «, Definition [£.3.1] (ii) also holds for 7. To check Definition [4.3.1] (iii),
let us introduce, for any 6 € T with {# < t} ¢ N, the strong solution X to
the SDE with the drift coefficient B(S,m,u) = Lsenn0 + 1> 0(s, z,u) and
the diffusion coefficient & (s, z,u) = 1{zen0 + 1> 0(s, z,u). Then, by using the

pathwise uniqueness of strong solutions and Remark (i), for P-a.e. w € {6 < t},

O(w), X" (w),a

X100 09 do(w)) = K07 (w0 @y d0()) = K¢ )
— ROt (o) = it (o),
Vr € [t,T), for P-a.e. ' € Q. This implies

mla]”(w') = SHXE(w @0 $o(w) brenmy) = SUXI (@) hrepm) = 7[a”](W),
for P-a.e. w' € €, which is Definition m (iii).

Let us now look at the second scenario in which the controller acts first. In
this case, the stopper has access to not only the path of W up to time ¢ but also
the controller’s decision. The controller, however, does not use strategies as an
attempt to offset the advantage held by the stopper. As the next remark explains,
the controller merely chooses one single control because she would not benefit from

using non-anticipating strategies.

Remark 4.3.5. Fixt € [0,T]. Let vy : T — A, satisfy the following non-anticipativity

condition: for any 7,7 € T and s € [t,T], it holds for P-a.e. w € Q that
if min{n (w), m(w)} > s, then (y[m]).(w) = (y[r])(w) for r € [t, s).

Then, observe that v[7](w) = Y[T])(w) on [t, 7(w)) P-a.s. for any 7 € T. This implies
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that employing the strategy v has the same effect as employing the control «[T]. In

other words, the controller would not benefit from using non-anticipating strategies.

Now, we are ready to introduce the upper and lower value functions of the game of
control and stopping. For (t,z) € [0,T] x R, if the stopper acts first, the associated

value function is

n€llyr qe A,

77'[06] s t,z,
U(t, I) = inf sup E|:/ e—ft c(u, Xy )de(s’ X;’x’a’ Oés)dS
(4.3.6) t
+ e ftﬂ[a] C(U:Xfa7x’a)dug<Xt,x,a):| '

o]

On the other hand, if the controller acts first, the associated value function is

V(t,z) = sup inf E{ / e I X p (g xtre o) ds
ac AL TC t

(4.3.7)
+ e~ I C(u,Xﬁ’x’a)dug(X:,x,a)} ‘
By definition, we have U > V. We therefore call U the upper value function, and V

the lower value function. We say the game has a value if these two functions coincide.

Remark 4.3.6. In a game with two controllers (see e.g. [38, 87, 49, 26]), upper
and lower value functions are also introduced. However, since both of the controllers
use strategies, it is difficult to tell, just from the definitions, whether one of the
value functions is larger than the other (despite their names). In contrast, in a
controller-stopper game, only the stopper uses strategies, thanks to Remark [4.3.5]
We therefore get U > V for free, which turns out to be a crucial relation in the PDE

characterization for the value of the game.

We assume that the cost functions f, g and the discount rate c satisfy the following
conditions: f : [0, 7] xR¢x M s R, is Borel measurable, and f (¢, ,u) is continuous
in (z,u), and continuous in z uniformly in u € M for each ¢; g : RY — R, is

continuous; ¢ : [0,7] x R? — R, is continuous and bounded above by some real
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number ¢ > 0. Moreover, we impose the following polynomial growth condition on

fand g
(4.3.8) |f(t,z,u)| + |g(z)] < K(1 + |z[P) for some p > 1.

Remark 4.3.7. Presumably, by imposing additional assumptions, one could con-
struct a saddle point of optimal choices for a controller-and-stopper game. For ex-
ample, in the one-dimensional game in [68], a saddle point is constructed under
additional assumptions on the cost function and the dynamics of the state process
(see (6.1)-(6.3) in [68]). For the multidimensional case, in order to find a saddle
point, [7I] assumes that the cost function and the drift coefficient are continuous
with respect to the control variable, and the associated Hamiltonian always attains
its infimum (see (71)-(73) in [71]); whereas [54] and [55] require compactness of the
control set.

In this chapter, we have no plan to impose additional assumptions for constructing
saddle points. Instead, we intend to investigate, under a rather general set-up,

whether the game has a value and how we can characterize this value if it exists.

Remark 4.3.8. For any (t,z) € [0,7] x R? and a € A, the polynomial growth
condition (4.3.8) and (4.2.5)) imply that
(4.3.9)

E{ sup (/ - N c(u,Xfﬂ"")duf(s7 X;ﬁ,m,a’ as)ds +e” I C(u,Xi’””a)dug(Xi,a:,%) ] < 0.
t

t<r<T
Lemma 4.3.9. Fiz o € A and (s,z) € [0,T] x R%. For any {(sn, ¥n) fnen C [0,T] X

R? such that (s,,z,) — (s, ), we have

(4.3.10) JE{ sup_|g(X;m ) — g(X2")[| = 0;

0<r<T

T
(4.3.11) E/ L,y (1) f(r, X7 0 ) — 1y (r) f (r, X275, ) [dr — 0.
0
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Proof. In view of (4.2.7)), we have, for any p > 1,

(4312) E sup ’Xﬁn,xn,a o X;,:ﬂ,a|p N 0

0<r<T

Thanks to the above convergence and the polynomial growth condition (4.3.8]) on f,
we observe that (4.3.11)) is a consequence of [77, Lemma 2.7.6].

It remains to prove (4.3.10). Fix ¢, n > 0. Take a > 0 large enough such that

2C1T(2+4|z|)

o < 2, where C} > 0 is given as in Remark |4.2.5. Since g is continuous, it

is uniformly continuous on B,(7) := {y € R? | |y — 2| < a}. Thus, there exists some

§ > 0 such that |g(z) — g(y)| < ¢ for all z,y € B,(x) with |x — y| < §. Define

A= { sup | X% — x| > a}, B, = { sup | Xt — x| > a},

0<r<T 0<r<T

a
B?”L = { sup |an,xn,cx _$n| > _}’ Dn - { sup |Xﬁn7$n70é _Xj,:v,a > 5}‘
0<r<T

o<r<T 2

By the Markov inequality and (4.2.6]),

B(A) < CWT(1 + |a])

B(A) < 20 VT (1 + |z,])

a

< g, P(B)) < g for n large enough.

On the other hand, (#.3.12) implies that P(D,,) < 2 for n large enough. Noting that

(B!)¢ C B¢ for n large enough, we obtain

ﬁ( sup |g(XFmmm) — g(X5™)| > 5) <1-PA°NBSNDS) =P(AUB,UD,)

0<r<T

<P(AU B, UD,) <n, for nlarge enough.

Thus, we have h, := sup,.,_, [g(X;"%) — g(X>%)| — 0 in probability. Finally,

observing that the polynomial growth condition (4.3.8]) on g and (4.2.5) imply that

{hn}nen is L?-bounded, we conclude that h, — 0 in L', which gives (4.3.10)). ]
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4.3.1 The Associated Hamiltonian

For (t,z,p,A) € [0,T] x R x R? x M?, we associate the following Hamiltonian

with our mixed control/stopping problem:
(4.3.13) H(t,x,p,A) := inj\’[;[ He(t,z,p, A),
ac

where

1
He(t,x,p, A) := =b(t,z,a) - p — iTT[aa’(t,x,a)A] — f(t,z,a).

Since b, o, and f are assumed to be continuous only in (z,a), and M is a separable
metric space without any compactness assumption, the operator H may be neither
upper nor lower semicontinuous. As a result, we will need to consider an upper

semicontinuous version of H defined by

(4.3.14) H(t,x,p,A) = inj\f/{(H“)*(t,x,p, A),
ac

where (H?)* is the upper semicontinuous envelope of H®, defined as in (1.1.3)); see
Proposition On the other hand, we will need to consider the lower semicon-
tinuous envelope H,, defined as in (4.1.3), in Proposition . Notice that H is
different from the upper semicontinuous envelope H*, defined as in (4.1.3)) (in fact,

H > H*). See Remark for our choice of H over H*.

4.3.2 Reduction to the Mayer Form
Given t € [0,7] and a € Ay, let us increase the state process to (X,Y, Z), where

dybeve — _ybeveac(s Xb50ds s € [t,T], with Y,»"¥* =4 > 0;

S
ZLova® = 5 4 / Yieve fr X5 q,)dr, for some z > 0.
t
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Set S :=RYx R, x R,. For any x := (,y,2) € S, we define

Xt,:]c,a
s
tx,a .,
XY = Yoy ,
Zt7x7y7z7a
s

and consider the function F': S — R, defined by

F(z,y,2) =z +yg(x).

Now, we introduce the functions U,V : [0,T] x S + R defined by

U(t,z,y,z) ;= inf sup E [F(Xt’x’a yhove Zt’x’y’z’a)] = inf sup E [F(Xt’x’o‘)} ,

7€l T qe A, 7la] ? ~ 7la] 7la] 7€l T e A, 7la]

V(t,z,y,z) :=sup inf E[F(XL" YEove Z6202] = gup inf E[F(X2*)).
ac A 7_67?,7“ acAy 7‘67??71

Given 7 € T, r, consider the function

(4.3.15) J(t,x;a,7) == E[F(XL5)].

Observing that F/(X.*) = 2z + yF(X5L%109) " we have

(4.3.16) J(t,x;0,7) =2z 4+ yJ(t,(x,1,0);a,7),

which in particular implies

(4.3.17) Ut,z,y,2) =z +yU(t,z) V(t,z,y,2) =2+ yV(t,z).

Thus, we can express the value functions U and V' as

U(t,z) = inf sup J(t, (v,1,0);,7[a]), V(t,z)=sup inf J(¢,(z,1,0);a,7).
€l T e A, acAs TGﬁfT
The following result will be useful throughout this chapter.
Lemma 4.3.10. Fiz (t,x) € [0,T] x S and o € A. For any 0 € Tyr and 7 € Ty,

E[F(XE5) | Fol(w) = J (0(w), X5 (w); o, 7%¢) | for P-a.c. w € Q.

Proof. See Appendix [C.4] O
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4.4 Supersolution Property of V

In this section, we will first study the following two functions

(4.4.1) G(s,x) := inf J(s,x;q,7), éa(s,x) = inf J(s,x;a,7),

TET T€Tor
for (s,x) € [0,7] x S, where o € A is being fixed. A continuity result of G* enables
us to adapt the arguments in [24] to current context. We therefore obtain a weak
dynamic programming principle (WDPP) for the function V' (Proposition ,

which in turn leads to the supersolution property of V' (Proposition .
Lemma 4.4.1. Fiza € A.
(i) G* is continuous on [0,T] x S.
(ii) Suppose o € A, for some t € [0,T]. Then G* = G on [0,t] x S. As a result,
G“ is continuous on [0,t] X S.
Proof. (i) For any s € [0,7] and x = (x,y,2) € S, observe from that
éo‘(s,x) =z+ yéo‘(s, (,1,0)). Thus, it is enough to prove that éa(s, (x,1,0)) is

continuous on [0, 7] x R%. Also note that under (4.2.4)), we have

o — . — .
G (s,x)—Té%fTJ(s,X,a,T) —Tér%TJ(S,X,a,T).

Now, for any (s, z) € [0,T] x R?, take an arbitrary sequence {(sy, Zn)}nen C [0, T] x
R® such that (s,,z,) — (s,2). Then the continuity of G®(s, (z,1,0)) can be scen

from the following estimation

’éa(sn, (2, 1,0)) — G(s, (, 1,0))‘

inf E[F(Xin,xn,l,o,a)} — inf E[F(Xf_’x’l’o’a)]‘

TETO,T TETO,T

< sup B[O 0% — X0

TE'T(LT

< IE[ sup |F(Xgmomt0e)y — p(Xemtoe)] ] — 0,

o<r<T
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where the convergence follows from Lemma [4.3.9]
(ii) Suppose a € A; for some ¢t € [0,T]. For any (s,x) € [0,t] x S and 7 € T r,
by taking 6 = s in Lemma [4.3.10, we have

J(s,x;0,7) = E[E[F(X5Y) | FJ(w)] = E[J(s,x; a, 75%)]
(4.4.2)

Z Té%fi,r J(S7 X; a? 7—)’

where in the second equality we replace a®* by «, thanks to Proposition We

then conclude

4.4.3 inf J ; = inf J ;
( ) Tér’};,T (s,%x;,T) Tér%:T (s,x;0,7),
as the “<” relation is trivial. That is, G*(s,x) = G*(s, x). O

Now, we want to modify the arguments in the proof of [24, Theorem 3.5] to get a
weak dynamic programming principle for V. Given w : [0,7] x R? — R, we mimic
the relation between V and V in (4.3.17) and define w : [0,T] x S — R by
(4.4.4) w(t,x,y,2) =z +yw(t,z), (t,z,y,2) € [0,T] x S.

Proposition 4.4.2. Fiz (t,x) € [0,7] x S and € > 0. Take arbitrary a € A,
0 € Ty and ¢ € USC([0,T] x R?) with o < V. We have the following:

(i) E[p* (0, X5™%)] < oo;
(i) If, moreover, E[@~(0,X;™%)] < oo, then there exists a* € A, with o = ay for
s €[0,0) such that
E[F(X7)] = B[Y5" 0 (r A0, X200 + 25507 — de, V7 € Tl
Proof. (i) First, observe that for any x = (z,y,2) € S, @(t,x) = yp(t,z) + z <
yV(t,x) + z < yg(x) 4+ z, which implies g*(¢,x) < yg(x) + 2. It follows that
FHOXG) < YmIg(XEE) 4 2

0
< ypmeeg(XIey 4oy / Yresa (s X600 0 )ds,
t
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the right-hand-side is integrable as a result of (4.3.9)).
(ii) For each (s,n) € [0,7] x S, by the definition of V, there exists a7 € A,

such that

(4.4.5) inf J(s,m;a®"e, 1) > V(s,n) — e

TETSS:T
Note that ¢ € USC([0,7] x R?) implies ¢ € USC([0,7] x §). Then by the upper
semicontinuity of @ on [0,7] x S and the lower semicontinuity of G*" on [0, s] x S

(from Lemma (ii)), there must exist 7*" > 0 such that
o(t', 2" )—p(s,n) < eand Ga(s’n)’s(s,n)—Go‘(s’n)’s (t',2') <e, for (t',2') € B(s,n; r(s’”)),

where B(s,m;r) = {(t',2') € [0,T] xS | t' € (s —r,s],|2’ —n| < r}, defined as in

[@.1.2). It follows that if (¢',2") € B(s,n;7*"), we have
G2 2 G (s,m) — e 2 V(s,m) — 26 > @ls,m) — 22 2 @l a) - 3,

where the second inequality is due to (4.4.5)). Here, we do not use the usual topology
induced by balls of the form B, (s,n) = {(t,2') € [0,T]| x S| |t/ —s| <r |2’ —n| <
r}; instead, for the time variable, we consider the topology induced by half-closed
intervals on [0,77], i.e. the so-called upper limit topology (see e.g. [34, Ex.4 on
p.66]). Note from [34, Ex.3 on p.174] and [86, Ex.3 on p.192] that (0,77 is a Lindel6f
space under this topology. It follows that, under this setting, {B(s,n;r) | (s,n) €
[0,7] x S,0 < r < M} forms an open covering of (0,7] x S, and there exists
a countable subcovering {B(t;, x;;7;) }ien of (0,7] x S. Now set Ay := {T'} x S,

C_1 := () and define for all : € NU {0}

Ai+1 = B(ti+17 Lit1s Ti—i—l) \ Ci, where Cz = Ci—l U Al
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Under this construction, we have

(Q,ng@) € UiENU{O}Ai P—a.s., Az N Aj = () for 4 7é j,
(4.4.6)
Gt 2") > @t 2') — 3¢ for (f',2) € A;, where o := ot1)e,

For any n € N, set A" := Up<;<,A4; and define

a®" = Ozl[oﬂ) + (Ozl(An)c (9, Xg’x’a) + Z Ozi’alAz.(@, Xg’x’a)> 1[0,T] € A,.

i=0
Note that a5™ = a, for s € [0,0). Whenever w € {(0,X;%) € A;}, observe that
(a®™)P(W') = a®" (w ®p Pp(W')) = ' (w Ry Pp(w')) = ()" (w'); also, we have
= Ag(wr), as a* € Ay, and O(w) < t; on A;. We then deduce from Lemma [4.3.10)

Proposition 4.2.9, and (#.4.6) that for P-a.e. w € Q
E[F (X" ) Lirsoy | Fol 1an (6, X5™%)

= Lizay ) (0, X5 b, 7%4) 14, (6, X577
(4.4.7) we
> Ly 3 G20, X5 14, (0, X57)

=0

> ooy [@(0, X57%) — 3¢]1an (0, X57%).

Hence, we have

(4.4.8)
E[F (X2 = E[F (XY rapy] + E[F(XE5) 1 r20)]
= E[F (XY 1 rapy] + E [E[F(XE) 120y | Fol Lan (6, X))
+E [E[F(XP) 1 20y | FolLanye (6, X5™)]
> E[F (XY reoy] + B[l 2090, X57%) Lan (6, X5™)] — 3¢
> B[l <0y p(7, X2 + E[L (20,0 (6, X5 ) Lan (6, X5™)] = 3¢,

where the first inequality comes from (4.4.7]), and the second inequality is due to the
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observation that

F(xix,a) — }/:,m,y,ag(th—,r,a) 4 Z};,r,y,z,a 2 Y:,z,y,av(7_7 X;E,m,oz) + Zf_,x,y,z,oz

tﬂ?,y:a tz,o t’z7y’z7a
> S/;' (p<7—7 XT ) + ZT °

Since E[p" (0, X;™*)] < oo (by part (i)), there exists n* € N such that
E[p* (6, Xg™)] — E[p* (6, Xg™) Lane (0, X5™)] <e.
We observe the following holds for any 7 € 7,/

Ells0 @ (0,X5)] = E[l oy @™ (0, X5) 1400 (0, X5%)
(4.4.9)
< E[p* (6. X)) — Elp* (6, X, Luoe (6.X5™)] < .

Suppose E[¢~ (0, ng,a)] < 00, then we can conclude from (4.4.9)) that for any 7 € T
E[Lir203(60, X)) = ElLiry " (0, X5)] = Ell 2037 (6, X5)]

< B[y & (0, X5 Ly (6, X5)] + € — B[L 2@ (6, X5 Lo (6, X5

= E[1 {5000, X570 1 ne (0, X57)] + €.
Taking a* = o™, we now conclude from ([4.4.§)) and the above inequality that

E[F(X2*)] > E[l{<p (7, X525 + E[l {50, 0(0, X5Y)] — 4¢
=Elp(1 A0, X75")] — 4e

= B[V (7 A0, X050) + 20300 — de.

TNO
O
We still need the following property of V' to obtain the supersolution property.

Proposition 4.4.3. For any (t,z) € [0,T] x RY, V(t,2) = sup,c4 Go(t, (z,1,0)).
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Proof. Thanks to Lemma [4.4.1] (ii), we immediately have

V(t,z) = sup G°(¢, (z,1,0)) = sup G°(t, (z,1,0)) < sup G°(t, (z,1,0)).

acAy acAy acA
For the reverse inequality, fix a € A and x € S. By a calculation similar to
(@.4.2), we have J(t,x;a,7) = E[J(t,x;, 7¢)], for any 7 € Tyr. Observing
that 7+ € Ty for all 7 € T, (by Proposition , and that E[J (¢, x; o', 70¢)] =

E[J(t,x; ", 7)] for all T € T% (by Proposition 4.2.7)), we obtain

inf J(t,x;a,7) = inf E[J(t,x;a", 7"%)] = inf E[J(t,x;a", 7))
T€Te, T TET, T TEﬁT

< sup inf E[J(t,x;a,7)] = sup inf J(t,x;a,7),

ac A TG’U,T acA; 7'672T
where the inequality is due to the fact that a'* € A;. By setting x := (x,1,0) and
taking supremum over o € A, we get sup,. 4 G*(t, (z,1,0)) < V (¢, z). O

Corollary 4.4.4. V € LSC([0,7] x R9).

Proof. By Proposition and Lemma (i), V is a supremum of a collection of
continuous functions defined on [0, 7] x R, and thus has to be lower semicontinuous

on the same space. O

Now, we are ready to present the main result of this section. Recall that the

operator H is defined in (4.3.14]).

Proposition 4.4.5. The function V is a lower semicontinuous viscosity supersolu-

tion to the obstacle problem of a Hamilton-Jacobi-Bellman equation

0 —
(4.4.10) max {c(t,x)w - 6_1;) + H(t,r, Dyw, D*w), w — g(x)} =0 on [0,T) x RY,
and satisfies the polynomial growth condition: there exists N > 0 such that

(4.4.11) V(t,z)| < N1+ |z|P), Y(t,z) €0,T] x R
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Proof. The lower semicontinuity of V' was shown in Corollary Observe that
0 < V(t,x) < supyeq, E[F(XE50N)] < supueq E[F(XE50)] =: u(t,z). Since v
satisfies (4.4.11)) as a result of [77, Theorem 3.1.5], so does V.

To prove the supersolution property, let h € C12([0,T) x R?) be such that
(4.412) 0= (V = h)(to,z0) < (V = h)(t,z), ¥ (t,z) € ([0,T) x R)\ {(to,z0)},

for some (tg, z9) € [0,T) x RL If V(tg,79) = g(), then there is nothing to prove.
We, therefore, assume that V(tg, zo) < g(x¢). For such (o, x¢) it is enough to prove

the following inequality:

oh =
0 S C(to, l‘g)h(to, l’o) — E(to, .T()) + H(, D$h, Dih) (to, I(]).

Assume the contrary. Then, by the definition of H in (4.3.14)), there must exist

(o € M such that

Oh
0> C(to,ﬂ?o)h(to, l’o) — a(to, l’o) + (HCO)*(', th, Dih)(to, LC()).

Moreover, from the upper semicontinuity of (H%)* and the fact that (H%)* > H%,

we can choose some r > 0 with ¢y + r < T such that

(4.4.13) 0> c(t,x)h(t,x) — %(t, x) 4+ H®(-, Dyh, D?h)(t,z), ¥ (t,2) € B,(to, x0).

Define ¢ € A by setting (; = (, for all £ > 0, and introduce the stopping time
0 :=inf {s > to | (s, X[") & B,(to,z0)} € T,

Note that we have 6 € 7;°T as the control ¢ is by definition independent of F,.

Now, by applying the product rule of stochastic calculus to Y o:®0:1¢p(s, Xl0:%0:¢) and
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recalling (4.4.13)) and ¢ < ¢, we obtain that for any 7 € 7;2%,
V(to, w0) = h(to, o)

— B[V kO A 7 X

ONT
h
+/ ool C (Ch _ % + H%(, Dyh, D*h) + f) (s,X;O’IO’C,Co)dS]
to

ONT
(44.14) <E [}@tgfml‘h(em, X5y + / ylomo ¢ f(s,XgomvC,go)ds}.

to

In the following, we will work towards a contradiction to (4.4.14)). First, define

0
B(Q’XZOJO,LO,C) — Y(?toyxo,vahw’X;ovme) +/ YZO’xO’LCf(S,X;tO’xO’C,Co)ds.

to

Note from that E[h(6, X" is bounded from below. It follows from
this fact that E[h~ (0, X201 %%)] < 00, as we already have E[hT (0, X2"1%9)] < o0
from Proposition [4.4.2] (i). For each n € N, we can therefore apply Proposition [4.4.2]
(ii) and conclude that there exists a™™ € A, with o™ = (; for all s < 6, such that

for any 7 € 7;2%,

E[F(Xi0i0a™)
(4.4.15) orr
> B Vi h(o A X ) [ Vi p(s, X0 G|

to

S |-

Next, thanks to the definition of V' and the classical theory of Snell envelopes (see

—~

e.g. Appendix D, and especially Theorem D.12, in [67]), we have
(4.4.16) V(to,z0) > G (to, (20, 1,0)) = E[F (X107
where

7" ;= inf {S >ty ‘ G (s, X om0, 10077y — g(XﬁO’zO’a*’n)} € 7;2°T

Note that we may apply [67, Theorem D.12] because (4.3.9) holds. Combining
(4.4.16]) and (4.4.15)), we obtain

ONT™
1
V(ty,z0) > E YtO’JCO’l’Ch(@ A 7_n7Xt071‘07€) _|_/ Y.Sto’xo’l’Cf(S,XﬁO’xo’C,Co)ds _ =
n

ONT™ ONT™
to
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By sending n to infinity and using Fatou’s Lemma, we conclude that
oONnT*
Vit an) = B|YR2 00 A7 XY [ ¥t (s, X0%0€ G|,
to
where 7 := liminf,,_,,, 7" is a stopping time in 7?8%, thanks to the right continuity

of the filtration F'. The above inequality, however, contradicts (4.4.14)). n

Remark 4.4.6. The lower semicontinuity of V' is needed for the proof of Proposi-
tion [£.4.5] To see this, suppose V is not lower semicontinuous. Then V' should be

replaced by V, in (4.4.12) and (4.4.14)). The last inequality in the proof and (4.4.14])

would then yield Vi(ty, xo) < V(to,xo), which is not a contradiction.

Remark 4.4.7. Due to the lack of continuity in ¢ of the functions b, o, and f, we
use H, instead of H*, in (4.4.10). If we were using H*, we in general would not be
able to find a (o € M such that (4.4.13]) holds (due to the lack of continuity in t). If

b, o, and f are actually continuous in ¢, then we see from (4.3.13) and (4.3.14) that

H=H=H"

4.5 Subsolution Property of U*

As in Section , we will first prove a continuity result (Lemma, which leads
to a weak dynamic programming principle for U (Proposition . Then, we will
show that the subsolution property of U* follows from this weak dynamic program-
ming principle (Proposition . Remember that U* is the upper semicontinuous
envelope of U defined as in (4.1.3)).

Fix s € [0,T] and ¢ € LE(Q,F;) for some p € [1,00). For any o« € A and

71,7 € Hyr with m[8] < my[B] P-a.s. for all B € A, we define

m1[a] .
(4.5.1) Bfr’f’a = {B cA ‘ / 0 (Buy a)du =0 P—a.s.},
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and introduce the random variable

(4.5.2)

Ks,{,a(ﬂ_l, 72) =

m [a],XS"E’B 1,8

mpla]?™? g(XS,f,B)

™8l [l x68 18

o] m2[B]

ess SupﬁeB,ﬁ’f‘“E
Observe from the definition of B2&* and Definition [4.3.1] (i) that
(4.5.3) m[8) = ma] P-as. V3 e B

This in particular implies m[3] > m[3] = m[a] P-a.s. VB € B>$*, which shows

1

that K*&%(my, my) is well-defined. Given any constant strategies m[-] = 1 € T
and m[-] = 7 € TSy, we will simply write K*&%(my, mp) as K*%*(7y, 7). For the

particular case where ¢ = z € R?, we also consider

m1[a]

m1[a]
Fs,m,a(ﬂ_h 7T2) — / Yus,w,l,af(u’ Xi,m,a’ au)du + Ys,m,l,aKs,a:,a(ﬂ_h 7.(.2)'
s

Remark 4.5.1. Let us write K*"%(my, m2) = ess supgepss«B[Ry"5 (B) | Fryfal] for

1,72

simplicity. Note that the set of random variables {E[R:2(8) | Frifol}sensee

1,72

is closed under pairwise maximization. Indeed, given (3,8, € By»*, set A :=

{E[R0 (B1) | Frioll = B[Ry (B2) | Frija)]} € Frja) and define B3 := Bilj r(a)) +

1,72 1,72

(B11a + B2lac)lir (o)) € By®®. Then, observe that

BB (Bs) | Frijog] = BIRZTE (B1) | FryjalLa + BIRZTE (B2) | Fryjog]Lac

1,72 1,72 1,72

= E[R&La (51) | Fm[a]] \ E[Rs’x@ (52) | ]:m[a}]-

T2 1,72

Thus, we conclude from Theorem A.3 in [67, Appendix A] that there exists a sequence

{6 }nen in B> such that Ko (my, o) =1 limy o0 [R5 (B") | Fry[al P-a.s.

1,72

Lemma 4.5.2. Fiz (s,x) € [0,7] x R? and o € A. For anyr € [s,T] and 7 € 11,1,

Ksm(r, 1) = K™ (r, 1) P-a.s.
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Proof. For any 3 € B5™“, we see from Remark (i) that X3f = X7-X7"%8 for

u € [r,T] P-a.s. It follows from (4.5.2)) that
K>®%(r,m) =
(8]

(6]
s,z S,x,a 7X7‘f’m’a, , X,
s SupﬁeBi’I’aE{/ YJ,XT ,1,,8]0(”, XZyX'r ,67 Bu)du +Y" 1 Bg<X;[5] 5) ’ Fr} .
T

Observing from ([@5.1) that Bs®® C A = BrX7"" we conclude K*%(r,1) <
KmX7"%a(p ). On the other hand, for any 8 € A, define 3 := alp,y + Bl €
B:®*. Then, by Remark (i) again, we have X*%8 = XnX7""F for u € [r, T

P-a.s. Also, we have 7[3] = 7[#], thanks to Definition m (). Therefore,
Tl'[ﬁ} 8,T, s,xT,x Xs,l',a 1 B 8,T, 5
B [ T I | 7]

7[A] (5]
7.

In view of (4.5.2)), this implies K™% (r 1) < K*%%(r, 7). O

11c I - 2e8 13 5
_ E{ / YIRS, X8 B+ YT g (X0

Lemma 4.5.3. Fir (s,z) € [0,T] x RY. Given o € A and 7,7, 73 € U7 with

m1[B8) < mo[B] < m3[B] P-a.s. for all B € A, it holds P-a.s. that

m2la]
]E|:/ Yj’x’l’af(u, ij,ac,a’ Oéu)du T Ys,x,l,aKs,x,a(W27 71,3) ’ -le[a]:|

o] m2[a]

< Ys’m’l’aKs’x’a(Wl, 7T3).

— T milq]

Moreover, we have the following supermartingale property:

E[L*Y(1g, m3) | Fryjag] < T (my, 73) P-a.s.
Proof. By Remark |4.5.1] there exists a sequence {"},en in B such that

K55 (my, m) =t Tim B[RS (8") | Fryp] Pas.

2,73
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From the definition of B5>* in ({.5.1)), B = «, for a.e. u € [s, m[a]) P-a.s. We can

then compute as follows:

B [Ys,x,l,aKs,x,a (71.27 77-3) me [a]}

m2[a]

73[B"] o o ,Xs’w’ﬁn,l,ﬁ" n
:E{Y”’LO‘ lim EU y, o Flu, X558 By du

T2 [Oé} n—oo 5 [Ot]

s,x,8™ n
+ Y7T2 [a]’XWZ (o] LB

m3[B"] g(XSJ”B )

m3[8™]

Frila] }

7T3[Bn} n n
—~ E{ lim E[ / Yoo B® f (u, Xp=P", B )du + Y g (X200 ’ fmm} ‘ fm[a]}

n—0o0 9 [a]

Frs [a]‘|

m3[B"]
: S,x m s,x,B™ n s,z,1,8™ 5,2,8™
= o E{/w Yo fu, Xo™ Bu)du+ Y g (X200 ‘ F’”[a]}’

n—o0 5 [a]

where the last line follows from the monotone convergence theorem and the tower

property for conditional expectations. We therefore conclude that

-F7r1 [oa]:|

7r2[04]
E [/ Y 3L (4, X35 o, )du - YS’$’1’QKS’QE’“(7T2, 3)

1[a] relel

n

m3[B"]
. s,x,1,8™ s,z,8"  an $,z,1,8™ 5,T,
= ol E{/w Yy o fu, X3 7 ’ﬂu)du—i_yﬂs[ﬁ"}ﬁ g(Xﬁs[ﬂﬁ;]) ‘ }—M[a]:|

n—oo 1[0&]
3[8"] 1 [o ,XS’E’Bn,l,ﬁn "
=Y Jim EU y R X B du
n—oo 771[&]
71'1[04,X:_’x[f]n,1,ﬁn s,z,B"
¥ 9(Xgm) [ Frael

< YHILO RS (g s3),

m1[a]

where the inequality follows from the fact that 5" € By C By**. It follows that

B[ (7, m3) | -’rm[a]]
1]
= [ e e 0

maa]
+ ]E[/ Y ETLaf (g, X35 q )du + YUY K5 (g, ) ’ fm[a]}

o] m2lal]

[

1 [
< / Yooha (X500 ) du + YEINO [CR ( n) — D90 () ).
s
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Lemma 4.5.4. For any (t,x) € [0,T] x S and w € I, 1,

sup J(t,x; o, w[a]) = sup J(t,x; o, 7[a]).
acA acA;

Proof. Fix « € A and x € S. For any 7 € I, p, by taking § = ¢ in Lemma [4.3.10}

(]

J(t,;x;,7la]) = B [B[F(X55) | Fl@)]

B[t 0%, wla)] < sup J(t,x;a, o).
acA;

Note that in the second equality we replace w[a]" by 7w[a’*], thanks to Defini-
tionm (iii). Then, the last inequality holds as o** € A, for P-a.e. w € Q. Now, by
taking supremum over a € A, we have sup,¢ 4 J(t,%; a, 7[a]) < supyeq, J(E, X5 o, w[ar]).

Since the reverse inequality is trivial, this lemma follows. O]

Now, we are ready to state a continuity result for an optimal control problem.

Lemma 4.5.5. Fiz t € [0,T]. For any 7 € Il 1, the function L™ : [0,t] X S defined
by

(4.5.4) L™(s,x) := sup J(s,x;a,m[a])

aEAs
1S continuous.
Proof. Observing from that L™(s,x) = yL™(s, (z,1,0)) + z, it is enough to
show the continuity of L™ (s, (x,1,0)) in (s,z) on [0,¢] x R%. By [77, Theorem 3.2.2],
we know that J (s, (x,1,0); , 7) is continuous in x uniformly with respect to s € [0, ¢],
a € A, and 7 € Ty p. This shows that the map (s, z,a) — J(s,(x,1,0); a, 7[a]) is
continuous in  uniformly with respect to s € [0,¢] and o € A. Then, we see from

the following estimation

sup |L7(s, (z,1,0)) — L™ (s, (', 1,0))]

s€[0,t]

< sup sup [J(s, (z,1,0); 0, 7[a]) — J(s, (, 1,0); @, mla])|
s€[0,t] a€As
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that L7 (s, (z,1,0)) is continuous in z uniformly with respect to s € [0,¢]. Thus,
it suffices to prove that L™(s, (z,1,0)) is continuous in s for each fixed x. To this
end, we will first derive a dynamic programming principle for L™ (s, (x,1,0)), which
corresponds to [77, Theorem 3.3.6]; the rest of the proof will then follow from the
same argument in [77, Lemma 3.3.7].

Fix (s,z) € [0,#] x R%. Observe from that B>®* = A for all « € A. In

view of (4.5.2), this implies that K*%%(s, ) = ess supge JE[F(X OBy | F,], which

8]
is independent of o € A. We will therefore drop the superscript « in the rest of the

proof. Now, we claim that K*%(s,7) is deterministic and equal to L™(s, (z,1,0)).

First, since 7la] € T;% for all @ € A, (by Definition m (ii)), we observe from

Lemma [4.3.10] Proposition [4.2.7] (ii), and Proposition that

K>%(s,m) > ess supaeAsE[F(Xs’x’l’o’a) | F5l(+)

(o]

(4.5.5) = ess sup,eq,J (s, (2,1,0); 0™, wal™)

= sup J(s,(z,1,0); o, w[a]) = L™ (s, (2, 1,0)).

a€As

On the other hand, in view of Remark |4.5.1] there exists a sequence {a"},en in

A such that K*%(s,w) =7 limnﬁoo]E[F(Xfr’x’l’o’o‘n) | F,] P-a.s. By the monotone

[a™]

convergence theorem,

B[R (s,m)] = E | lim B[P | F)| = lim B[P
n—00 n—0o0

(4.5.6)
< sup E[F(X55M0)] = L™ (s, (2,1,0)),

[
acA
where the last equality is due to Lemma [4.5.4 From (4.5.5) and (4.5.6), we get

K**(s,m) = L™(s,(z,1,0)). Then, for any a € A, thanks to the supermartingale
property introduced in Lemma [4.5.3] we have for all r € [s, | that
L™ (s, (z,1,0)) = K>*(s,m) = ['*®%(s,m) > E[['"(r, m)]

> B[l (m,m)] > E[F (X35,

(o]
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where the last equality follows from the fact that

Ks’x’a('ﬂ, 7T) — ess supﬁesi,z,ag(X;izjﬁ) > g(Xjr’[“z’]a) @—a.s.;

see (4.5.2)). By taking supremum over o € A and using Lemma [4.5.4] we obtain the

following dynamic programming principle for L7 (s, (z,1,0)): for all r € [s, ],

L™(s,(x,1,0)) = sup E[['**®%(r, )]

acA

— supE { / Yol f(y, X309 o )du + YOI (v, (X350 1,0))]

acA s

S,T,0

where the second equality follows from the fact K5%%(r,7) = K™% " (r ) =
L7(r, (X3® 1,0)) P-a.s., as a consequence of Lemma{4.5.2, Now, we may apply the

same argument in [77, Lemma 3.3.7] to show that L™(s, (z,1,0)) is continuous in s

on [0, ]. O

Proposition 4.5.6. Fiz (t,x) € [0,T7] x S and ¢ > 0. For any m € I, and

¢ € LSC([0, T] x RY) with ¢ > U, there exists m* € 1,7 such that

o] ol

E [F(Xfr’f[fj])} <E [Y;Ej;jy% (W[a], XW’“> n Z“”Wv“] +3¢, VaeA

Proof. For each (s,n) € [0,T] x S, by the definition of U, there exists 7(*"¢ € II,

such that

(4.5.7) sup J (s,7; a,w(s’”)’e[a]) <U(s,n) +e.

acAs
Recall the definition of ¢ in and note that ¢ € LSC([0,7T] x R?) implies
@ € LSC([0,T] x 8). Then, by the lower semicontinuity of @ on [0,7] x S and the
upper semicontinuity of L™ on [0,s] x S (from Lemma , there must exist

r(&m > ( such that

o(t',2') — @(s,m) > —e and L™ (¢, ) — L™ (s,1) <,
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for any (¢, 2') contained in the ball B(s,n;r(®"), defined as in (#.1.2). It follows

that if (¢',2") € B(s,n;7*"), we have

L™ 2y < L7 (s,m) 4+ & < U(s,n) + 28 < @(s,n) + 2& < @, ') + 3¢,

where the second inequality is due to . By the same construction in the proof
of Proposition , there exists a countable covering { B(t;, z;;7;) }ien of (0,7] X S,
from which we can take a countable disjoint covering {4;}ienugoy of (0,7] x S such
that

(m[a], XL € UL, A; P-a.s. Va € A,

(4.5.8) el
L™ (', 2") < g(t',2') + 3¢ for (t',2') € A;, where 7 := gltozie,

Now, define 7* € II, p by

=Y 7]l (na], X250, Va € A

i>1

Fix a € A,. Observe that for P-a.e. w € {(W[@],XZEZ]O‘) € Ai} C {rla] < t;},

Definition [4.3.1] (iii) gives
(4.5.9) (r"€[a])™ (W) = 7€ [ (W) for P-ace. ' € Q.

We then deduce from Lemma [4.3.10, (#5.9), [#.5.4), and ([@.5.8) that for P-a.c.

w € €,

E [P0 | Forw] (@) 1a,(rla)(w), X257 (@)
— 7 (la](w), X250 (@); a7, w< e} 1, (el (w), X255 (@)
< 27 (wla] (@), X5 (@) ) L, (rla] (), X257 (@)
< [ (7la] (@), X155 (@) ) + 3¢] L, (wla) (@), X155 ().

It follows from the monotone convergence theorem that
t,x a t,x a t,x,0
E[ Xﬂ'*a]:| ZE[ [ Xw*a] )fw[a]lfl( o ]Xﬂ[a])

<E [p(rla], X050 + 32,

(]
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which is the desired result by recalling again the definition of ¢ in (4.4.4)). m

The following is the main result of this section. Recall that the operator H is
defined in (4.3.13)), and H, denotes the lower semicontinuous envelope of H defined

as in (4.1.3).

Proposition 4.5.7. The function U* is a viscosity subsolution to the obstacle prob-

lem of a Hamilton-Jacobi-Bellman equation

0
max {c(t, T)w — a—ﬁt; + H,(t,7, Dyw, D?w), w — g(w)} =0 on[0,T) x RY,

and satisfies the polynomial growth condition (4.4.11)).

Proof. We may argue as in the proof of Proposition to show that U* satisfies
(4.4.11)). To prove the subsolution property, we assume the contrary that there exist

h € CH2([0,T) x RY) and (tg, 7o) € [0,T) x R? satisfying
0= (U* - h)(t(]vx()) > (U* - h)<t7 Z'), for any (t,ﬂ?) € [OvT) X Rda (t,l’) # (to,l’o),

such that

oh
max {C(to, mo)h(to, CL’()) — E(to, l’o) + H*(, Dzh, Dih)(to, 1’0), ]’L(to, ZL'()) — g(l’o)} > 0.

Since U*(to,xo) = h(ty,z9) and U < g by definition, continuity of ¢ implies that

h(to, zo) = U*(to, x0) < g(zo). Therefore, the above inequality yields

oh
(4510) C(to, l’g)h(to, 513'0) — a(to, .1'0) + H*(, th, Dih) (to, xo) > 0.

Define the function / by

h(t,z) = h(t,z) + (|t — to]* + |7 — zo[*).
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Note that (h, d;h, Dyh, D2h)(to, o) = (h, 8k, Dyh, D*h)(to, zo). Then, by the lower
semicontinuity of H,, there exists r > 0 with ¢y + r < T such that
(4.5.11)

. h - _
c(t,x)h(t,z) — %(t,a:) + H(-, D h, D2h)(t,x) > 0, ¥V a € M and (t,7) € B,(t, 7o)

Now, define n > 0 by
4.5.12 e’ .= min (h—h)>0.
( ) n o (to’mo)( )

Take (£,2) € B, (to, x0) such that |(U — h)(f,#)| < /2, and define 7 € IT; 7 by

(4.5.13) m[a] ;= inf {s >t

(s, X i) ¢ Br(to,xo)}  Vae A

For any a € A;, applying the product rule of stochastic calculus to Ys’g”%’l’aﬁ(s, Xf"i’a),

we get

h(t, i) =E [Y;ﬁjl’aﬁ(ﬂ[a] X

mla] 5 aﬁ 5 5 o
+ szt’nl,a (Ch - ot + Has('7Dmh7 D?ch) _'_f) (37X§7m7a7058)d8:|
i

o]

. . wlao] .
> B[l hialal X5 + [ v X s 4o
t

where the inequality follows from (4.5.12), (4.5.11) and ¢ < ¢é. Moreover, by our

choice of (£,2), we have U(f,2) + n/2 > h(f, ). Tt follows that
(4.5.14)

. ; s : . mlod -
U(t, &) > E | Y25V h(x[a], X500 + / yhdbe f(s X8 o Vds
i

(] (o]

+g,VOéE.A£.

Finally, we conclude from the definition of U and Proposition that there exist

7" € Il; 7 and & € A; such that

U(i,2) = 0(,#1,0) < sup E | F (X250%) | <E [P (X25504) | + "

1 ~
a€A; “ m[al
<E [Yjﬁéil7dh(ﬁ[@],Xi’j’d) 4 Zi,:z,l,o,d] X g7

(4] (&)

which contradicts (4.5.14)). O]
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4.6 Comparison

In this section, to state an appropriate comparison result, we assume a stronger
version of (4.2.2)) as follows: there exists K > 0 such that for any t,s € [0,7], z,y €

R? and v € M,
(461) |b(t,x,u) - b(S,y, 'LL)| + |O-<t71:7 'LL) o 0(87 Y, U)| < K(lt - S| + ’.11 - y’)
Moreover, we impose an additional condition on f:

(4.6.2) f(t, z,u) is uniformly continuous in (¢, ), uniformly in u € M.

Note that the conditions (4.6.1]) and (4.6.2), together with the linear growth condition

(4.2.3) on b and o, imply that the operator H defined in (4.3.13)) is continuous, and

H=H-=H,.

Proposition 4.6.1. Assume (4.6.1) and (4.6.2). Let u (resp. v) be an upper semi-

continuous viscosity subsolution (resp. a lower semicontinuous viscosity supersolu-

tion), with polynomial growth in x, to

(4.6.3) max {c(t,x)w - %—Z} + H(t,r, Dyw, D?w), w — g(x)} =0 on [0,T) x R,

and u(T,x) < v(T,x) for all x € R Then u < v on [0,T) x RY.

Proof. For A > 0, define u* := eMu(t, z), v* := e*Mv(t, ), and
1
Hy(t,x,p, A) = inj‘f4 {—b(t, z,a)-p— §Tr[aa’(t,a;, a)A] — eMf(t, x, a)} .
ac

Note that the conditions (4.6.1]) and (4.6.2), together with the linear growth condition

(4.2.3) on b and o and the polynomial growth condition (4.3.8) on f, imply that

H) is continuous. By definition, u (resp. v) is upper semicontinuous (resp. lower

semicontinuous) and has polynomial growth. Moreover, by direct calculations, the
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subsolution property of u (resp. supersolution property of v) implies that u* (resp.
)\ . . . . . . .
v™*) is a viscosity subsolution (resp. viscosiy supersolution) to

(4.6.4)
ow

max {(c(t, )+ A)w— 5

+ Hy(t, 2, Dyw, D2w), w — e)‘tg(x)} =0on[0,T) x R
For any (t,z,7,q,p, A) € [0,T] x R x R x R x R? x M4, define
Fl(ta z,T,4q,p, A) = (C(t7 l’) + )\) r—q-+ H)\<t,$,p, A) and FQ(tha T) =T e/\tg<x)‘

Since F} and F; are by definition continuous, so is F3 := max{Fi, F5}. We can then

write (£.6.4) as F3(t,z,w, %2, D,w, D?w) = 0.
From the polynomial growth condition on «* and v?*, there is a p > 0 such that

At At
wp PED )]
[0,T]xRd 1+ |z|P

Define y(x) := 1 + |z|?* and set ¢(t,z) := e My(x). From the linear growth
condition (4.2.3) on b and o, a direct calculation shows that |b(t,z,a) - D,y +

iTr(oo’ (t, x,a)D27]| < Cy(z) for some C > 0. It follows that

830 . 1 ’ 2
(C(t,l’) + /\)(70 - E + alél]\f;[ {—b(t,l‘, a>DaJ(zD - iTr[O-O- (t,ZE, a)DmSO]}

=e N ([c(t7 x)+ 2]y + in]\f/[ {—b(t, z,a)Dyy — %TT[O‘O'/(t, T, a)Div]})
ac
(4.6.5)  >e Me(t, )+ 20— Cly >0, if A > g

Now, take A > ¢ and define v} := v* + g for all ¢ > 0. By definition, v is

Sl

lower semicontinuous. Given any h € CY2([0,T) x R?) and (to,x0) € [0,T) x R?
such that v} — h attains a local minimum, which equals 0, at (fo, zo), the superso-
lution property of v* implies either Fy (-, A(-), 2(-), Dyh(:), D2h(-)) (to, 7o) > 0 or
Fy (-, h(+)) (to, z9) > 0. If the former holds true, we see from that

i (10200, 0. D200, D220 ) (t0) 2 0
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if the latter holds true, then

Fy (-,02(4)) (to, z0) = v2(to, m0) — €X°g(w) = Fy (-, v*(+)) (to, zo) + (to, o)

= FQ (', h()) (to,&?o) + EQO(to, Io) > 0.

A
€

Therefore, v2 is a lower semicontinuous viscosity supersolution to (4.6.4)).
We would like to show u* < v2 on [0,T) x R? for all € > 0; then by sending ¢ to
0, we can conclude u < v on [0,7) x R?, as desired. We will argue by contradiction,

and thus assume that

N:= sup (v —vM)(t,z) >0
[0,T)xR4

From the polynomial growth condition on u* and v* and the definition of ¢, we have

lim sup(u” — v2)(t, ) = —oo0.
|z|—00 [0,7]

It follows that there exists some bounded open set @ C R? such that the maximum

N is attained at some point contained in [0,7] x O. For each ¢ > 0, define

(I)(S(taSax)y) = u’\(t,x) - U?(S,y) - 776(75,5,37>y)a

. 1
with s(t, 5, 2,9) = o1t = s + 2 — yI?].

Since @4 is upper semicontinuous, it attains its maximum, denoted by Ns, on the
compact set [0, T]? x O’ at some point (s, S5, s,ys). Then, the upper semiconti-
nuity of u*(¢,z) — vX(s,y) implies that (u*(ts,zs) — v2(ss, y(;))(S is bounded above;

moreover, it is also bounded below as
(4.6.6) N < Ns=u’(ts,z5) — v2(5s,ys) — ns(ts, s, 5, Ys) < u(ts, x5) — v2 (55, Ys)-

Then we deduce from (4.6.6) and the boundedness of (u*(ts,2zs5) — v2(ss5,ys)), the

boundedness of (1s(ts, 55,25, vs5))s- Note that the bounded sequence (ts, S5, s, Ys)
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converges, up to a subsequence, to some point (£, 3,7,9) € [0,T]% x O°. Then the
definition of 7; and the boundedness of (1;(ts,ss, s, ¥s))s imply that ¢ = 5 and
Z = y. Then, by sending ¢ to 0 in (4.6.6)), we see that the last expression becomes

(u* — v)(t,%) < N, which implies that
(467) N5 — N and 775(t5, Ss, $5,y5) — 0.

In view of Ishii’s Lemma (see e.g. [91, Lemma 4.4.6]) and [91, Remark 4.4.9], for

each 6 > 0, there exist Az, Bs € M? such that
(4.6.8) Tr(CC'As — DD'B;) < g\c — D|? for all C, D € M,
and

1 1 _
(‘(ta — 55)s 5(% —Ys), Ad) € P2’+UA(t5, zs),
1
)

(%(ta — $5),

where P>t w(t, z) (resp. P>~ w(t,x)) denotes the superjet (resp. subjet) of an upper

—(zs — ys), B&) € P> v2(ss,Ys),

semicontinuous (resp. a lower semicontinuous) function w at (t,z) € [0,7] x R%;
for the definition of these notions, see e.g. [30] and [91]. Since the function Fj =

max{ F}, Fy} is continuous, we may apply [91, Lemma 4.4.5] and obtain that

1 1
max { (c(ts, z5) + X ut(ts, x5) — 5(ts = s5) + Hats, 25, 5 (25 — ys), As),

u(ts, z5) — 6’\t‘59($5)} <0,

1 1
max{ (c(s5,y5) + N) v (55, y5) — g(t(s — ss) + Hx(ss,Ys, 5(% —Yys), Bs),

02 (85, Ys) — €As‘sg(y5)} > 0.
Noting that max{a, b} — max{c,d} > min{a — ¢,b — d} for any a,b,c,d € R, we get

. 1
min { (c(ts, ws) + N u(ts, z5) — (c(55,ys) + N) v2 (55, ys5) + Halts, s, 5(905 —¥s), As)

1
- H,\(S&%;

5(‘7;5 - y5)7 B5)7 UA(t(s, 1’5) - ’U?(ch,y(g) + e>\569<y5> - eAtég(x(s)} < 0.
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Since ur(t5, 25) — v (s, ys) + € g(ys) —eMog(as) = Ns+ns(ts, S5, s, ys) +e*5g(ys) —

eMsg(xs) — N > 0, we conclude from the previous inequality that as § small enough,

(clts, ms) + A) uM(ts, 5) — (c(s5,ys) + A) v2 (55, s)

1 1
< Hy(ss,¥s, 5(905 —¥s), Bs) — Hx(t5, s, 5(905 —¥s5), As)

3
< pullts = ssl + |5 =yl + =lws = ysl”);
for some function p such that p(z) — 0 as z — 0; note that the second inequality

follows from (4.6.1)), (4.6.2), and (4.6.8)). Finally, by sending ¢ to 0 and using (4.6.7)),

we get (c(t,%) + A\)N < 0, a contradiction. O

Now, we turn to the behavior of V,, the lower semicontinuous envelope of V

defined as in (4.1.3), at terminal time 7.
Lemma 4.6.2. For all z € RY, V.(T,z) > g(z).

Proof. Fix aw € A. Take an arbitrary sequence (t,,,x,) — (T, x) with ¢, < T for
all m € N. By the definition of V', we can choose for each m € N a stopping time

Tm € 7?1:‘T such that

V(tm,zm) > inf E [/ Yt’”’x’"’l’af(s,Xtm’”m’a,as)ds + ﬁm’xm’l’o‘g(Xim’xm’a)]

1
TEIET’,T,T tm

Tm 1
> E {/ th,xm,l,af(s,Xtm7xm,a’ as)ds 4 Y:;n,xm,l,ag(X‘iZ,xm,a)} _
tm m

Note that 7,,, = T as 7,,, € 7?7;"T and t,, — 1. Then it follows from Fatou’s lemma

that iminf,, o V (¢, 2m) > g(x). Since (t,,, z,,) is arbitrarily chosen, we conclude

Vi(T,z) > g(x). ]

Theorem 4.6.3. Assume (4.6.1) and (#.6.2). Then U* =V on [0,T] x R%. In
particular, U =V on [0,T] x RY, i.e. the game has a value, which is the unique

viscosity solution to (4.4.10)) with terminal condition w(T,x) = g(x) for x € R?,
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Proof. Since by definition U(t,z) < g(z) on [0,T] x RY, we have U*(t,z) < g(z)
on [0,7] x R? by the continuity of g. Then by Lemma and the fact that
U*>U >V, we have U(T,z) = V(T,z) = g(z) for all x € R Recall that under

(4.6.1) and (4.6.2), the function H is continuous, and H = H = H,. Now, in view of

Propositions 4.4.5{ and [4.5.7, and the fact that U*(T,-) = V(T,-) and H = H = H,,

we conclude from Proposition that U* =V on [0, T] x R, which in particular

implies U = V on [0,7T] x R<. O
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APPENDIX A

Continuous Selection Results for Proposition [3.3.8

The goal of this subsection is to state and prove Proposition which is used
in the proof of Proposition [3.3.8 Before we do that, we need some preparations

concerning the theory of continuous selection in [85] and [25].

Definition A.4. Let X be a topological space.

(i) We say X is a T} space if for any distinct points z,y € X, there exist open sets
U, and U, such that U, contains x but not y, and U, contains y but not x.
(ii) We say X is a Ty(Hausdorff) space if for any distinct points x,y € X, there

exist open sets U, and U, such that z € U,, y € Uy, and U, N U, = 0.

(iii) We say X is a paracompact space if for any collection { X, }aea of open sets in
X such that | J,. 4 Xo = X, there exists a collection {X3}gep of open sets in X

satisfying
(1) each Xj is a subset of some X,;

(2) UﬁeB Xp = X;

(3) given z € X, there exists an open neighborhood of x which intersects only

finitely many elements in {Xg}ses.

Definition A.5. Let X,Y be topological spaces. A set-valued map ¢ : X +— 2Y is
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lower semicontinuous if, whenever V' C Y isopenin Y, theset {x € X | ¢(z)NV # 0}

is open in X.

The main theorem in [85], Theorem 3.2", gives the following result for continuous

selection.

Proposition A.6. Let X be a 1) paracompact space, Y be a Banach space, and
¢ X — 2Y be a set-valued map such that ¢(z) is a closed convex subset of Y for

each x € X. Then, if ¢ is lower semicontinuous, there exists a continuous function

f: X =Y such that f(x) € ¢(x) for allz € X.

Since the lower semicontinuity of ¢ can be difficult to prove in general, one may
wonder whether there is a weaker condition sufficient for continuous selection. Brown
[25] worked towards this direction, and characterized the weakest possible condition
(it is therefore sufficient and necessary). For the special case where X is a Hausdorff
paracompact space and Y is a real linear space with finite dimension n*, given a
set-valued map ¢ : X — 2¥, a sequence {¢™}, ey of set-valued maps was introduced

in [25] via the following iteration:

oW (z) == {y € ¢(z) | Given V open in Y s.t. y € V, there is a
(A.0.1) neighborhood U of x s.t. V&' € U, 3¢ € ¢p(2') NV};
o™ (z) = ("D (), forn > 2.

The following result, taken from [25, Theorem 4.3], characterizes the possibility of

continuous selection using ¢,

Proposition A.7. Let X be a Hausdorff paracompact space, Y be a real linear space
with finite dimension n*, and ¢ : X — 2¥ be a set-valued map such that ¢(z) is a

closed convex subset of Y for each x € X. Then, there exists a continuous function
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f:X =Y such that f(x) € ¢(x) for all x € X if and only if ¢ (x) # O for all

rze X.

For the application in Chapter , we would like to take X = D and Y = S?, where
D C FE is a smooth bounded domain. Note that D is Hausdorff and paracompact as
it is a metric space in R? (see e.g. [76, Corollary 5.35]), and S? is a real linear space
with dimension n* := d(d + 1)/2. Fix two continuous functions v,I' : E — (0, 00)

with v < T, we consider the operator F,r : E x S* — R defined by

(A.0.2) For(x, M) = %M* (M) =

(@) I(@) sup Tr(AM).

Observe that F. 1 also satisfies (3.3.11))-(3.3.14)), and in particular Fy g = F. Given

m € N, we intend to show that there exists a continuous function ¢,, : D — S? such
that for all z € D, ¢, (x) € A(y(x),T(z)) and F,r(z, D*np) < LOnpy(z) + 1/m,
with 7, given in Lemma . Note that since 7, € C?(D) by Proposition ,
D?n,, is well-defined on 0D. Also, see Proposition for the purpose of finding

such a function c,,. We then define the set-valued map ¢ : D — S¢ by
p(x):={M €S’ | M € A(y(z),I'(z)) and F, r(z, D*np) < LMnp(x) +1/m} .

For any z € D, we see from the definition of F,r that p(z) # (). Moreover, p(z)
is by definition a closed convex subset of S?. Then, we define ¢™ inductively as
in for all n € N. In view of Proposition [A.7, such a function ¢, exists if
@) (z) # 0 for all € D. We claim that this is true. Actually, we will prove a
stronger result in the next lemma: given z € D, o™ (z) # ) for all n € N.

Recall that Bs;(r) denotes the open ball in R? centered at z € R? with radius
0 > 0. In the following, we will denote by BéD (z) the corresponding open ball in D

under the relative topology, i.e. BP(z) := Bs(z) N D. Similarly, we will denote by
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B?d(M ) the corresponding open ball in S? under the topology induced by | - || in

3.21).

Lemma A.8. Fiz a smooth bounded domain D C E, two continuous functions
v, T 1 E— (0,00) withy < T, and m € N. Let n, be given as in Lemma m

Then, given € D, if M € p(x) satisfies
(A.0.3) E,r(z,D*np) < LMy, (z) +1/m,
then M € o™ (z) for all n € N.

Proof. Fix M € ¢(x) such that holds. We will first show that M € o™ (x),
and then complete the proof by an induction argument. Take 0 < ¢ < 1/m such that
F,r(z,D*np) = LMy, (z) + ¢. Set v :=1/m — ¢ > 0. Recall that n, € C*(D) from
Proposition [3.3.5 By the continuity of the maps @ — F, r(z, D*,(z)) (thanks to
(3.3.14) and x — LMn,(x), we can take §; > 0 small enough such that the following

holds for any 2’ € Bg(as):

2
(A.04) Fyr(2, D*p) < Eyr(a, DQ%H% —~ LM??D(:C)+C+% < LMnD(a:’)+C+§V.
Since ||« ||max < || - ||, the map (M,y) — LMn,(y) is continuous in M, uniformly in

y € D. It follows that there exists 5 > 0 such that
(A.0.5) IN—M|<B = |LVp(y) — LMno(y)| < g for all y € D.

Now, by the continuity of v and I on D, we can take d, > 0 such that max{|y(z') —
y(z)],|T(2") = T'(z)|} < B for all 2’ € Bafz)(x). For each 2 € Bg(:c), we pick M’ € §¢

satisfying
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By construction, M’ € A(y(z'),I'(z)) and ||M' — M || < max{|y(z") —~(z)|, |I'(z) —

['(z)|} < /8, which implies
(A.0.6) LM 0o (y) — LM (y)| < % for all y € D.

Finally, set U := BP(z) with § := &; A d,. Then by (A.0.4) and (A.0.6), for any

x' € U there exists M’ € Bgd(M) such that M’ € A(y(2'),T'(2")) and
(A.0.7) Eyr(a', D*np) < LMy (a') +1/m,

which shows that M’ € ¢(z2'). Given any open set V in S¢ such that M € V, since
we may take > 0 in small enough such that Bgd(]\/[ ) C V, we conclude
that M’ € V also. It follows that M € oM (z).

Notice that what we have proved is the following result: for any = € D, if M €

o(z) satisfies (A.0.3)), then M € oW (z). Since M’ € o(z') satisfies (A.0.7), the

above result immediately gives M’ € ¢ (2'). We then obtain a stronger result:
for any x € D, if M € ¢(x) satisfies (A.0.3), then M € ©?) (). But this stronger
result, when applied again to M’ € ¢(2’) satisfying (A.0.7), gives M’ € o3 (z').
We, therefore, obtain that: for any x € D, if M € o(z) satisfies , then
M € p®(z). We can then argue inductively to conclude that M € o™ (x) for all

n € N. O

Proposition A.9. Fiz a smooth bounded domain D C E and two continuous func-
tions v,I' : B+ (0,00) with v < T'. Let n, be given as in Lemma m For any

m € N, there exists a continuous function ¢, : D — S% such that
em(2) € A(y(2),T(x)) and F,r(x, D*pp) < LUy (x) +1/m, for all x € D.

Proof. Fix m € N. As explained before Lemma , D is a Hausdorff paracompact

space, S? is a real linear space with dimension n* := d(d +1)/2, and ¢(z) is a closed
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convex subset of S? for all z € D. For each z € D, by the definition of F,r in

(A.0.2)), we can always find some M € ¢(z) satisfying (A.0.3)). By Lemma this
implies ©™ (x) # 0 for all n € N. In particular, we have ™) (z) # () for all z € D.

Then the desired result follows from Proposition [A.7] O
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APPENDIX B

Proof of Lemma [3.3.10] (ii)

B.1 Proof of (3.3.38)

Pick g € D and Ry > 0 such that Bg,(z¢) C D. For any 0 < R < Ry, define
v () == up (vo + Rx) and H(z, M) := H (zo + Rz, M).
Then we deduce from (3.3.11)) and that for any « € Bg,/r(0),
H(z, D*v,()) + R*0,v,(2) = H (z9 + Rz, D*v,(2)) + R*6,0,(2) = R? fu(xo + Rz).

Since H(z, M) satisfies (3.3.35) in Bg,/r(0), we can apply the estimate (3.3.37) to

v, and get

sup U, = sup v, < C { inf v, + R2||fn||£d(BR0($0))}
Br(zo) B (0) B1(0)

=C { _inf )un + R2||fn||£d(BRO(J»‘O))} ’

Br(zo

where C' > 0 depends only on Ry, d, A\, A, sup,, 6,.

B.2 Proof of the Holder continuity

Now, fix a compact connected set K C D. Set Ry := %d(E)K, 0D) > 0. By [83,

Lemma 2], there exists some k* € N such that the set K’ := {x € R? | d(z,K) <
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Ry} C D has the following property: any two points in K’ can be joined by a
polygonal line of at most k* segments which lie entirely in K’. Fix x5 € K'. By
the definition of Ry, we have Bg,(z¢) C D. For each n € N, we consider the

nondecreasing function w” : (0, Ro] — R defined by

w"(R) := Mp —m', where Mp = max u,, mp:= min u,.
Br(=o) Br(zo)

For each R € (0, Ry], we obtain from (3.3.36) that {u, — m}}nen is sequence of

nonnegative continuous viscosity solution to
H(z, D*(up — m’p)) + 0p(un — mfp) = fo — dum’y in Br(xg).

By the estimate (3.3.38)), there is some C' > 0, independent of n and x(, such that

g/z; —mh = sup (un(x) —mp) <C inf (u,(z)—mp)+ AR?
(B.Z.l) BRra(wo) Bprya(zo)

= C(ml), — mp) + AR,
where A > 0 is a constant depends on C' and Ry, but not n (thanks to the uni-
form boundedness of {u, }n,en and the boundedness of {f,}nen in £4(D)). Define
H(x,M) := —H(z,—M). Then we deduce again from that {Mp — up tnen

is a sequence of nonnegative continuous viscosity solutions to
H(z,D*(Mp — uy,)) + 6u(Mp — uy) = —H(x, D*uy,) + 6, (M} — u,,)
= —fu +0,Mp in Bg(x).

Observe that H also satisfies (3.3.11)) and ([3.3.35]). Thus, we can apply the estimate

(13.3.38) and get

Mp —mp, = sup (Mp—uy(z)) <C _inf (Mp—u,(z)) 4+ AR
(B.2.2) Brya(zo) Brya(zo)

= C(Mp, — My,) + AR,
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where C' and A are as above. Summing (B.2.1)) and (B.2.2)), we get

C—-1

C
Miya < C+1(

—1
Mp —mp)+ AR = ——w"(R) + AR?,

w"(R/4) = My, - o

where A" > 0 depends on C' and Ry, and is independent of R and n. By applying
[53, Lemma 8.23] to the above inequality, for any 3 € (0,1), we can find some C' > 0
(depending on C, Ry and A’, but not n) such that w”(R) < CR?, for all R < Ry.
This implies the following result: for any z,y € K’ with |z — y| < Ry, we can take
zo = x in the above analysis and obtain |u,(z) — u,(y)| < w™(|z —y|) < Clz — y|?
for all n € N. For the case where |z — y| > Ry, recall that z and y can be joined by
a polygonal line of k£ segments which lie entirely in K’ for some k < k*. On the j-th
segment, pick points x{, :c;', e ,xzj along the segment such that w{, :L’Zj are the two
endpoints, |2} — 2] | = Ro fori=1,--- ,¢; — 2, and ]xzj_l — x§J| < Ry. Since K’ is
bounded, there must be a uniform bound ¢* > 0 such that ¢; < ¢* for all j. Then,

for all n € N, we have

k £;—1 ;-1

|un( ’ < Z Z |un Un z+1 ‘ < Z Z Clx _xz—i-l‘ﬂ < k* Q*C’l’ y|5

7j=1 =1 7=1 =1

B
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APPENDIX C

Properties of Shifted Objects in the Space C([0,7T]; R?)

This appendix is devoted to rigorous proofs for the properties of shifted objects

stated in Propositions [£.2.7, £.2.8 [£.2.9], and Lemma [£.3.10] To this end, we will

first derive several auxiliary results.
Recall the definitions introduced in Subsection 1.2.1] Fix ¢t € [0,7]. For any

ACQ, ACQ, and z € R?, we set

and define
A = o e wewe A}, A =(A"), weAd={we,d]|oeAl

Given a random time 7 : Q — [0,00], whenever w € Q is fixed, we simplify our

notation as A™ = A7@w We also consider
(C.0.1) HE =G0 C Gt Vs € [t,T).

Note that the inclusion follows from the Borel measurability of v;. Finally, while E
denotes the expectation taken under P, in this appendix we also consider Ep, the

expectation taken under P.

Lemma C.1. Fiz t € [0,T] and w € Q. For anyr € [t,T], A€ G,, A€ G, and

£e L%, 6,),
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(i) AL = AW + x and ALY € G4, Vo € RY,

(ii) A = P ARY € HE C GE and PHAM) = PLe(AL) = Ph(AM), Vo € RY.
(i) 7' A% € 67HE C Gy and B(gy A1) = PH(AL).
(1v) w @y flwt € G,. Hence, w®; Al € G,.

(v) For any Borel subset & of R, (£4%)Y(E) € ¢; "H! C G,. Hence, £ € L°(Q,G,).

Proof. (i) Fix x € R%. Since @ € Af¥ @ w@, 0 € Aand @ =0 (W, (0 +1)). =
wlpg() + (@ +2) = (@ +2) +w)len() = (W@ w). € Aand (@ +2), =z &
O+ x € A4, we conclude ALY = AR + .

Set A:={AC Q| A € Gi"}. Note that Q € A since Q¥ ={w e V' |w,w €
Q0 =2} = (), € G*. Given A € A, we have (A°)L% = ("), \{0 € Q' |we,w €
Aoy =z} = (QY, \ ALY € G4 which shows A° € A. Given {A;}ien C A, we have
(Uien 40)2 = Usend@ € @ | w @, @ € Ajy@y = 2} = Ujen(A)5 € G4*, which
shows | J;cy Ai € A. Thus, we conclude A is a o-algebra of 2. For any x € Q94 and
A € Qy, the set of positive rationals, let Oy (z) denote the open ball in R¢ centered
at = with radius A\. Note from [66, p.307] that for each s € [0,T], GZ is countably
generated by

(C.0.2)

C: .= {ﬂ(Wt‘j)l(OM(a:z)) meN, t,€Q, s<t;<---<tym<r, z;€Q% )\ € Q+}.

i=1
Given C' = N2, (Wy,) 1Oz, (z:)) in C, = C2, if &, > ¢, set k = min{i = 1, ,m |
t; > t}; otherwise, set k = m + 1. Then, if w;, ¢ O,,(z;) for some i =1,--- ,k — 1,
we have C%* = () € Gi*: if k = m+ 1 and wy, € Oy, (z;) Vi = 1,--- ,m, we have

T

CLe = (QY), € G, for all other cases,

(C.0.3) CLe = {W} =2} n (YW (O, (2 — w + 7)) € GV

i=k
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Thus, C, C A, which implies G, = 0(C,) € A. Now, for any A € G,, AL¥ € Ggb* C G

(ii) Observe from part (i) that @ € A & @ € A & 0 — @ € Ap” ie
hi(@) € A & @ € 1 (AgY). Thus, A = ¢ Y(AG”) € ¥, '(G°) = HL C G,
thanks to part (i) and (C.0.I). Then, using part (i) again, P{(A") = PHAY) =
PLe(AGY + ) = Pho(ALY) = P2 (AR), Vo € RY.

(iii) By part (ii) and the Borel measurability of ¢; : (22,G,) — (Q, G!), we imme-
diately have ¢, A" € ¢, 'H! C G,. Now, by property (e”) in [66, p.84] and part
(i), Plo; A% | G ](w') = Pht(AM) = PYAY) for P-a.e. o' € €, which implies
Ply ! A%] = PH(A%)

(iv) Set A == {A C Q' | w®, A,, € G.}. Let C! be given as in (C.0.2). For any

C =2 (W) (O () in Cf, we deduce from the continuity of paths in Q that

w® Cp, ={w' € Q| w, =w; Vs € QN [0,t) and wj € Oy, (x;) fori=1,--- ,m}

(N ) n () 0neD) €6

s€eQN[0,t) i=1

Thus, we have C! C A. Given {A;}ien C A, we have w ®; (Usen Ay, = Uien(w @y

(Ai)w,) € G, which shows |J,.y A; € A; this in particular implies

Given A € A, we have w ®; (A%, = (W ®; ()w,) \ (w @ Au,) € G, which shows
A¢ € A. Hence, A is a o-algebra of Qf, which implies Gt = o(C) € A. Now, by part
(i), we must have w ®; A € G,.
(v) Since £7() € Gy, (€)1 (E) = {u € O | E(w @, Gu()) € E} = (' € Q|
w @ dr(W) € ETHE)} = ¢ H(ETHE)) € ¢ "HL C G, thanks to part (iii). O
In light of Theorem 1.3.4 and equation (1.3.15) in [105], for any G-stopping time

T, there exists a family {Q%},cq of probability measures on (2, Gr), called a regular

conditional probability distribution (r.c.p.d.) of P given G,, such that
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(i) for each A € Gr, the mapping w — @Q¥(A) is G,-measurable.
(ii) for each A € Gr, it holds for P-a.e. w € Q that P[A | G,|(w) = Q¥(A).
(iii) for each w € Q, Q¥ (w ®, (@), ) = 1.

By property (iii) above and Lemma (iv), for any fixed w € 2, we can define a

probability measure Q™% on (QT(W)7 g;(w)> by
Q(A) = Q*(w ®, A,.), VA € g1

Then, combining properties (i) and (iii) above, we have: for A € Gr, it holds for

P-a.e. w € Q2 that
(C.04) PA]G,]w) = Q% ((w @, (7)) N A) = Q2w @, AT) = Q(A™),

Note that the r.c.p.d. {Q%},cq is generally not unique. For each (¢,z) € [0,T] x R,
observe that the shifted Wiener measure P%* can be characterized as the unique
solution to the martingale problem for the operator L := %Zf i1 #ng starting
from time ¢ with initial value = (see [104, Remark 7.1.23] and [105, Exercise 6.7.3]).
Then, thanks to the strong Markov property of solutions to the martingale problem

(see e.g. [105, Theorem 6.2.2]), there exists a particular r.c.p.d. {Q“},ecq such that

Q™ = P"@wrw  Now, by (C.0.4) and Lemma (ii), we have: for A € Gr,
(C.0.5) P[A | G,](w) = PT@wr@ (A™) = PT@)(A™)| P-as.

So far, we have restricted ourselves to G-stopping times. We say a random variable
7: Q2 [0,00] is a G-optional time if {7 <t} € G, for all t € [0, T]. In the following,

we obtain a generalized version of (C.0.5)) for G-optional times.

Lemma C.2. Fiz a G-optional time 7 < T. For any A € Gr,

P[A | G.y](w) = P (A™) for P-a.e. w € Q.
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Proof. Step 1: By [66l Problem 1.2.24], we can take a sequence {7,},en of G-

stopping times such that 7, (w) | 7(w) for all w € Q. Fix A € Gr. For each n € N,

(C.0.5) implies that for any B € G, ,
(006) Ep[lAlB] = EP[PT"(W)(ATn’w)lB].

Then, for any B € G, we must have (C.0.6) for all n € N, since G, = (,cn G-

Now, by taking the limit in n and assuming that for each w € §2

(C.0.7) lim P (A = Pr@) (A7),

n—oo

we obtain from the dominated convergence theorem that Ep[1415] = Ep[P™®) (A™)15].
Since B € G,, is arbitrary, we conclude P[A | G.,](w) = PT@)(A™) for P-a.e. w € Q.
Step 2: It remains to prove (C.0.7). Fix w € Q and set A := {A C Q |
holds}. Since Q% = Q° Vs € [0,T], holds for € and thus Q € A.
Given A € A, we have Pn@[(A¢)™w] = Pn@[(A™@)] = 1 — P@)(A™@) — 1 —
P@(A™w) = PT@[(A™)] = PT@)[(A°)™*] which shows A° € A. Given a sequence
{A;}ien of disjoint sets in A, observe that {A“},cy is a sequence of disjoint sets

in Q* for any s € [0,7]. Then we have P [(|J, .y Ai)™] = P,y AT =

ieN
Dien P (ATY) = 3oy PTO(ATY) = PTO Uiy AT°] = P [(Uen Ai)™], which
shows | J;cy Ai € A. Thus, we conclude that A is a o-algebra of (0.

As mentioned in the proof of Lemma (i), Gr is countably generated by Cr =
CY given in (C.0.2). Given C' = ", (W) 1 (Ox(x:)) in Cr, if t,, > 7T(w) we set
k:=min{i =1,--- ;m | t; > 7(w)}; otherwise, set k := m + 1. We see that: 1. If
w, ¢ Oy, (x;) forsomei=1,---  k—1, then C** = () Vs € [r(w), T] and thus
holds for C. 2. If k =m+1 and wy, € O(x;) for all i = 1,--- ,m, we have C** = ()°
Vs € [t(w), T] and thus still holds for C'. 3. For all other cases, C3“ is of the

form in (C.0.3) Vs € [r(w),T]. Let B be a d-dimensional Brownian motion defined
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on any given filtered probability space (E,Z,{Zs}s>0, P). Then by Lemma (ii),

PO = P (O] = P{By -y € On (8 — )i = koo
— P[Bt,-—T(w) S O)\i (xz - WT(UJ))77; =k--- 7m] - PT(M)MT(M) [C;tu] - ]P)T(W) [CT’M]‘

Hence, we conclude that Cr C A and therefore Gr = o(Cr) C A. O
Now, we want to generalize Lemma to incorporate F-stopping times.

Lemma C.3. Fix 6 € T. We have

0(w)

(i) For any N € N, N e N and gb@_lﬁg’w e N for P-a.e. we Q.

(ii) For any r € [0,T) and A € F,, it holds for P-a.e. w € ) that
ifow) <r, A" e @UN" G and 47 A% € FI).
(iii) For any r € [0,T] and & € L°(Q, F,), it holds for P-a.e. w € Q that
ifO(w) <r, & e L)Q,FI).

Proof. (i) Take N € N such that N C N. By [66, Exercise 2.7.11], there exists
a G-optional time 7 such that N, := {# # 7} € N. By Lemma , there exists
Ny € N C N such that 0 = P[N | G, ](w) = PT@)(N™), for w € Q\ Ny. Thus, for
w € Q\ (N UNy), we have 0 = PT@)(N™«) = PIW(NO«) e N € NO@. Since
N C N we have N e /T/Q(“’) P-a.s.

On the other hand, from Lemma (i), P(¢, ' N?) = PIW(NO) = 0 for
w € Q\ (N; U Ny), which shows ¢, ' N € N P-a.s. Since ¢;1N9’“ C ¢, 'NO we
conclude gb@_lﬁe’w € N P-as.

(ii) By [66, Problem 2.7.3], there exist A € G, and N € N such that A= AUN
and ANN = (). From Lemma (i), we know that for any w € Q, if (w) < r

then A% € I C gl Also, from part (i) we have N e N Pas. We
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therefore conclude that for P-a.e. w € Q, if A(w) < r, then A% = A% U N €

9(0.) U Ne(w g

—0(w)

. Then, thanks to part (i) and Definition 4.2.1} it holds P-a.s.

that ¢; A% = ¢t A% U ¢, "N € ¢ " HIW UN € FI) if O(w) < r
(iii) Let £ be a Borel subset of R. Since £71(€) € F,., we see from part (ii) that, for
P-ae. w €, (59’”)_1 (&) ={w €| E(wRgdp(w)) €E}={w €Q|wRyds(w) €

HE = ¢ (E71(E)) € F@ it O(w) < O

Now, we generalize Lemma to incorporate F-stopping times.

=0 (w)

Lemma C.4. Fir § € T. For any A € Fr, P[A | Fl(w) = P 7 (A%), for

P-a.e. w e 9.

Proof. Thanks again to [66, Exercise 2.7.11], we may take a G-optional time 7 such
that Ny := {# # 7} € N and F, = Fy. Moreover, we have A = AU N for some
AeGrand N € N with ANN = 0, by using [66, Exercise 2.7.3]. Then, in view of
Lemma (ii), Lemma (i), and Lemma , we can take some N, € A such

that for w € Q\ (N, U Ny),

(w

~

@9(‘*’) (Ae,w) _ @T(W) (AT,W) _ ﬁT(w) (AT,W) + @T (NT"’J) _ IP)T(UJ) (AT,w)

(C.0.8)
— P[4 ]G, (w) = PIA| G,+](w) = BlA| G,4](w).

For any B € F,, B = BUN for some B € G, € G, and N' € N with Bn
= (), thanks again to [66, Exercise 2.7.3]. We then deduce from (C.0.8) that

E[1415] = E[1;15] = E [Fe(w)(Aa’w)lé] =E [Fg(w)(Aevw)lB} . Hence, we conclude

B (A%) = BlA | Fl(w) = PIA | Fyl(w), for w € Q\ (N, UN,). O

Finally, we are able to generalize Lemma (iii) to incorporate F-stopping times.

Proposition C.5. Fiz 0 € T. We have

(i) for any A € Fr, P[A | Fol(w) = P[g, ' A%], for P-a.e. w € (.



126

(ii) for any & € LY(, Fr,P), E[¢ | Fol(w) = E [%] for P-a.e. w € Q.
Proof. (i) By Lemma (i) and Lemma (iii), it holds P-a.s. that
Plg;'A%] = Plgy" A%+ Ploy N ] = Ploy' A%] = P47
_ @O(w) [Ae,w] _ @G(w) [Ae,w]‘

The desired result then follows from the above equality and Lemma [C.4]

(ii) Given A € Fr, observe that for any fixed w € ,
(14)"(w') = La (w @g Po(w') = L1 400 (W)

Then we see immediately from part (i) that part (ii) is true for & = 14. It follows
that part (ii) also holds true for any Fr-measurable simple function £. For any
positive & € L'(Q, Fr,P), we can take a sequence {&, }nen of Fr-measurable simple
functions such that &,(w) 1 {(w) Yw € €. By the monotone convergence theorem,
there exists N € N such that E[¢, | Fp](w) 1 E[¢ | Fo](w), for w € Q\ N. For
each n € N, since &, is an Fp-measurable simple function, there exists N, € N
such that E[¢, | Fol(w) = E[(&)"], for w € @\ N,. Finally, noting that there
exists N' € N such that €9 is Fp-measurable for w € '\ N (from Lemma
(iii)) and that (&,)%“(w') 1 €99(W') Vw' € Q (from the everywhere convergence

& T &), we obtain from the monotone convergence theorem again that for w €
O\ ((Uyen N) UNUN).

Ef¢ | Fil(w) = lim E[¢, | Fl(w) = lim E[(¢,)"] = B[]
The same result holds true for any general £ € L'(€, Fr,P)as & =€ — €. O
C.1 Proof of Proposition 4.2.

Proof. (i) Set A := {A C Q| P(AN B) = P(A)P(B) VB € F;}. It can be checked

that A is a o-algebra of Q. Take A € ¢, '"H,-UN. If A € NV, it is trivial that A € A;
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if A= ¢;'C with C € H%, then for any B € F,,
B(ANB) = B(BN6;'C) =E [B(B¢;'C | 7)) = E [B(BN6;'C| F)w)lalw).

By Proposition (i), for P-a.e. w € Q, P(BN ¢;'C | F)(w) = Plg; (BN
¢, 1C)] = P[g; 'C] = P(A) if w € B. We therefore have P(A N B) = P(A)P(B),
and conclude A € A. Tt follows that ¢; 'H%-UN C A, which implies Ff = o(¢; 'H45U
N) C A. Thus, Fi and F; are independent.

(ii) Let A denote the set operation of symmetric difference. Set A := {A C Q |
(0, PAY)AA € N for P-ae. w € Q). It can be checked that A is a o-algebra of
Q. Take A € ¢, '"HL UN. If A € N, we see from Lemma (i) that A € A; if
A = ¢;'C with C € HE., then ¢, ' A" = ¢,'C = A for all w € 2, and thus A € A.
We then conclude that Ff. = o(¢; "HL UN) C A.

Take a sequence {&,} of random variables in L°(Q, F%) taking countably many
values {r;};en such that &,(w) — &(w) for all w € Q. This everywhere convergence
implies that for any fixed w € Q, ()" (W) — (W) for all ' € Q. Now, fix
n € N. For each i € N, since (£,)"'{r;} € F& C A, there exists N, € A such that

for w € Q\ N,
(&™) " {ri}) Ag) i}
= [0 (€)™ | Alg) i} = I €N,

where the first equality follows from the calculation in the proof of Lemma (ii).

(C.1.1)

Then, we deduce from (C.1.1) that: for any fixed w € Q\ Uy Ny, (£)5(w) =

n

En(W') for all W' € Q\ U,y M M. Tt follows that: for any fixed w € Q\ |,

% nEN

—n
i nGN

(&n)t (W) = fn(w') for all W' € Q\ UmeNM and n € N. Setting N = |J,

and M = |J, , we obtain that for any w € Q\ N,

7 nEN

(W) = ILm (W) = le (&) (W) = (W), for ' € Q\ M.
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C.2 Proof of Proposition 4.2.8

Proof. Take a sequence of stopping times {7;};en C 7T such that 7; takes values in
{m/2" | m € N} for each i € N and 7;(w) | 7(w) for all w €  (thanks to [66, Problem
1.2.24]). Set N := {7 < 0} € N. Since 7;(w) | 7(w) for all w € €2, we have 7; > 0 on
Q\ N for all i € N. For each i € N, let r¥, := m/2", m € N. Since {r; <r%,} € F,i.
for all m € N, we deduce from Lemma (ii) and the countability of {r? },.en that

there exists N' € N such that for w € Q \Ni,
(C.2.1) if O(w) <7l oyt {m <l Y0 e Ffi(w) for all m € N.

Fix r € [0,T]. For any w € Q\ (Nuﬁi), if O(w) > r, then 7;,(w) > O(w) > r and
thus ¢, {r; < r}f« = ¢,'0 = 0 € FL9. if (w) < r, there are two cases: 1. 3
m* € Nst. ri. € [f(w),r] and ri.,; > r. Then, by (C.2.1), ¢, {r; <r}’ =
oy < ri Y0 e ff:-:’:) c FF¥:. 2. 3m* e Nst. i, < f(w) and Ty > T
Since 73(w) > O(w) > i ¢y {m < P} = ¢ < ri V0w = g0 =0 e FW.

Thus, for w € Q\ (N U Ni), we have ¢, ' {r; < r}¥« € F2 and therefore
{7 <r}={n Wy op(w) <r} =0, {n <} e FIW, vrelo,T].

This shows that 7% € 7’:}&;% forw € Q\(WUF) Hence, for w € Q\ <N U (UieNNi)>,
we have Tf’w € 729(55)’)T Vi € N. Finally, since the filtration F?“) is right-continuous,
0w

99w =] lim; 0o 7;“(w') (this is true since 7; | 7 everywhere) must also be a

stopping time in ’Tf(g‘;)T. 0

C.3 Proof of Proposition |4.2.9

Recall the metric p on A defined in (4.2.8). We say 8 € A is a step control if

there exists a subdivision 0 = tg < t; < -+ < t,, =T, m € N, of the interval [0, T]
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such that 5, = g, for t € [t;,t;41) for i =0,1,--+ ,m — 1.

Proof. By [{7, Lemma 3.2.6], there exist a sequence {a"} of step controls such that
o™ — «. For each n € N, in view of Proposition m (i), there exist N, M, € N
such that: for any fixed w € Q\N,,, (@) (') = a?(w') for (r,w’) € [0, T]x (Q\M,,).
It follows that: for any fixed w € Q\ U, ey Nn» (@) (') = a(w') for all (r,u') €

[0,7] x (2\ U,,exy M») and n € N. With the aid of Proposition (ii), we obtain

0= lim j(a”,a) = lim E UTp(a aT)d]

- (B[ sz | 7] )
:JLIEO//(/TpI(a?’ )dr>t (W) dP(w") dP(w)

=t [ [ [ (i) e dv

= lim [ §((«")",a") dP(w) = lim [ p(a”,a")dP(w)

n—o0 n—oo

:/ lim p(a™, a™)dP(w),

n—o0

where the last equality is due to the dominated convergence theorem. This implies
that 0 = lim,,_,. p(a”, o), for P-a.e. w € Q. Recalling that o™ — «, we conclude
that p(a’¥, a) = 0 for P-a.e. w € 2. The second assertion follows immediately from

[77, Exercise 3.2.4]. O

C.4 Proof of Lemma [4.3.10]
Proof. By taking £ = F(X%*%) in Proposition (ii) and using Remark (ii),
BIP(X) | Filw) = B [FXE)] = [ F (X0 (0 60 gu(u') dP()

= /F (ngﬁvxe (w),aov“’(w,)) dP(w') = J (H(w),Xé’x’a(w);049"”,7'9’”) ,

for P-a.e. w € Q. O]
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