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» Systemic risk has been studied widely.
» Homogeneous inter-bank lending and borrowing
» No control: FOUQUE & SUN (2013)
» Adding (delayed) controls: CARMONA ET AL. (2015),
CARMONA ET AL. (2018), ...

» More general reserve processes: FOUQUE & ICHIBA (2013), SUN
(2018), GARNIER ET AL. (2013, 2013, 2017), ...

» Heterogeneity among banks:

»> Reserve dynamics, costs: FANG ET AL. (2017), SUN (2022), ...

» Capital requirements: CAPPONI ET AL. (2020), ...

» Network locations: BIAGINI ET AL. (2019), FEINSTEIN &
SOJMARK (2019), ...

The underlying thesis:
Inter-bank transactions trigger systemic risk.
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Our Ideas:
1) Systemic risk should be more general than this...
2) Can other transactions trigger systemic risk?

» In this talk:
» Consider an optimal investment model for N investors.
> No inter-bank activity is involved.
» Present a new cause of systemic risk.
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THE MODEL

» N < Ninvestors (e.g., fund managers) trading

ds(u)
S(u)

= pdu + odW(u), S(t)=s >0, (1)

on a finite time horizon T > 0.

» Investor i’s wealth process:
dXi(u) = rXi(u) + mi(u)(un — r)du + m;j(u)ocdW(u),
Xi(t) =x; €R. (2

» Assume: o, > 0 are known;
(v is only partially known.
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> Relative performance criterion:
» Investor i considers

(1 =) Xi(T) + M(Xi(T) — X(T)). (©)
> X(T) := § 3L, Xi(T).
> ) eo1].

» The resulting mean-variance objective:

Ji (.2, {mj}zis i)
= B [XA(T) = \YX(T)] = JVar'™ [X(T) = W'X(T)], ()

> Allow for two ); values (i.e., A, \)).
» ~; > 0: risk aversion coefficient.
» ESPINOSA & TOUZI (2015), LACKER & ZARIPHOPOULOU (2019):

» Consider (3) under utility maximization.
» Obtain a Nash equilibrium for the N investors.
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THE MODEL

» Partial information:

(a) Investors observe the evolution of S.
(b) Don’t know p precisely (= can only infer it from (a)).

» Assume: Investors know p takes either 1 or py (g1 > o).

> ‘ Scenario 1: 1 € R is a fixed constant ‘

» Need to infer true value of u between 1 and pp
(e.g., a stock with unreported innovation)

> ‘ Scenario 2: y alternates between p1 and p; ‘

» Need to infer recurring changes of 1 between p; and p»
(e.g., changes between a bull and a bear market)
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» Our Goals:
» Find a Nash equilibrium (7;, 75, ..., 7%) for the N investors
» under full information;
» under partial information.
» Question:
How does investors” wealth change
from full to partial information?

As we will see:
Partial information triggers systemic risk.
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» What constitutes a Nash equilibrium (77, ..., 75)?

» Inter-personally, investor i selects ; in response to {m;};;.
» Intra-personally, m; needs to resolve time inconsistency among
investor i’s current and future selves...

Definition

*

7 = (i}, ..., %) is a Nash equilibrium for (4) if, forany i =1, ...,N,

i (taxa {Wf};‘;éi,ﬂf) —Ji <t7xa {77 Yisti, ™ @t ﬂ?‘)
hr;?&)nf 7 >0, (5

for all (t,x) € [0,T) x RN and .

» All investors achieve intra-personal equilibrium
simultaneously
» —“soft inter-personal equilibrium” (HUANG & ZHOU (2022)).
» “Sharp inter-personal equilibrium” hard to define here...
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Scenario 1: Constant p
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Consider
1 M
1 A\ M
k= —1—-L 1--—+-~]>0 i=1,--- N 6
1 ’YI N N ) ) ) ( )
1 —V 1
=.— . — v
R = N E ki and A = N g A (7)
i=1,...,N i=1,...,N

Theorem 1.1 (1 € R is known)

A Nash equilibrium 7* = (77, ..., 7%;) for (4) is given by

— N
w*(t):e—r<T—f>{“azr<m+ lvﬁ)}, Vi=1,..,N. (8)

i
1-A

> If MM = \V =0, becomes 7} (t) = e T LT,
o7
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Theorem 1.1 (1 € R is known)—continued

The value function under the Nash equilibrium 7* is
pe
waw):a@ﬂ<m-ﬁﬁ)+(T—ﬂNi Vi=1,..,N. (9)

where

S/ 2\Y 2\ 2\Y 2
S N ey (1o 20),) )
2 1_>\V N N

v
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Under partial information, consider
ﬁj(”) =P (N = K ‘ {S(U)}tﬁvﬁu)a j=12 (10)

Lemma 1

Fix t > 0. Given S in (1), the process {T/A\/(u)}uzt given by

R = 7 g (0 ) ~(a—e) | u&(s)ds—(uz—”;) w-n] an

is a Brownian motion w.r.t. the filtration of S. Moreover, {p; () },>; is
the unique strong solution to

dP(u) = L P2p(u)(1 - P(u)dW (), P()=Pi(t) € (0,1), (12)

o A~AANL

which satisfies P(u) € (0,1) forall u > t a.s.

» By LIPTSER & SHIRYAEV (2013), WONHAM (1965), Feller’s test.
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» Consequences:
» By (11), the original dynamics

dS(u) = pS(u)du + oS(u)dW(u)

can be expressed equivalently as
dS(u) = ((M1 ~ 12)P(u) + MZ)S(u)du + oS(u)dW(u),

where P is the unique strong solution to (12).

» The dynamics is now observable!

> 0(P()) = (11 — 12)P(u) + i
= P(u) + pa(1 — P(u)),
i.e., an estimate of i based on observations of S.

» Wealth process (2) now becomes

dXi(u) = rX;(u)+mi(u) ((m — 1)P(u) + uz—r)du+ﬂi(u)adW(u).
(13)



INTRO THE MODEI SCENARIO 1 SCENARIO 2 DIsCcUSSION
00 00000 00000@000000000000000 00000000 0000000000000

» Mean-variance objective (under partial information):

Ji (t %, p, {mj} e, i)
= BPP [X(1) = NX(T)] = 5 Var'™ [X(T) = \/X(T)], - (14)

where X; satisfies (13).

Definition

*

7w = (nf,...,my) is a Nash equilibrium for (14) if, forany i = 1,...,N,

i (t, x,p, {771-*}]‘;&1',77?) —Ji (t, %, P, {7} }jstis ™ Dt 7T,-*)
lim inf >0,
hi0 h
(15)

for all (t,x,p) € [0,T) x RN x (0,1) and 7.
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» To find a Nash equilibrium 7* = (77, ..., 7%)),

» Derive and solve Extended H]B equation

»> BJORK ET AL. (2016): a system of 2 coupled PDEs.
» Our case: a system of 2N coupled PDEs.

» Foreachi=1,...,N, write (14) as
Jiltx,p (i) = EV [EA(X(T))] + SE/[Hi(X(T))P,

where

Hi(x) = x— A&, Fi(x) = x; — A\Mx — %Hi(x)z.

» Define 6,5 :[0,1] — Rby

6(p) == (= p)p+ 2, Blp) = 2p(1—p). (16)
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» Extended HJB equation for #* = (7], ..., my): Vi=1,..,N,

Vi + sup { > (rxi 4 (0(p) = 1)) 0y Vi + (rxi + (0(p) — 1)) OV

K

Vel
2
+%ZZ7T] Wkarxkv + 7r18x1x,V +o 71',27(] 8,%
Lk j#i
6(;7) ‘
+up)opVi+ GwVi+aB(p Zﬂ'/ OxpVi+ omiB(p)OxpVi
J;éz
%wZOx,gfé)xkg,-_ g 72(0:81)* — vio WIZTF/ :8i0x g
[ergyer oy
7iB(p)*
- 2(p) (al”gi)z _’ViUWi/B(P)ax,giapg, 710'5 Zﬂ'] pgl X i} = 0’

j#i

with Vi(T,x,p) = x; — A'x = (1 = AM/N)xi — AMx ).
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> oi(t,x,p) = EXP[H;(X™ (T))] fulfills

L Bw?, s o
+0(p)Ogi + =5 Opgi +oB(p) D Dgpgi =0, (17)

j=1,...,N
Wlthgl(Ta xvp) =Xi — )‘IVJ_C = (1 - Atv/]\])x’ - AYE(—U'
» Take the ansatz
Vi(t, X, p) = Ai(t)xi + Bi(t)f(,i) + Ci(t,p),

-~ (18)
gi(t,x,p) = a;(t)x; + bi(t)x ;) + ci(t, p),
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» (17) becomes

8tal-xl- + Btbi%(,i) + ra;x; + a,(&(p) — 1’)71’1ik + Tbl'f(,i)
+ bi(8(p) — )7y + Ohci o+ PP oo
i(0(p) = )Ty + Orci + n(p)Gpci + 5 Oppti =

with a;(T) =1 — %V bi(T) = =)/, and ¢;(T,y) = 0.
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» Extended HJB equation becomes

B(p)?

OiAix; + rAix; + OtBl‘f(,,') + VBI‘Y(,,) + 0:C; + n(p)apCi + TappCi
Nio? (b
+Bi(0(p) — )7 (s — - (N) Z ZW]'*WE
#i kA

F}/iﬂ %

7%«1&,)2 — 'yaﬂ(p)bﬁpcm(_i)
%‘0'2 22 2 —

+ sup Ai(8(p) — nm; — 5T a; — o Llibiﬂ'l’ﬂ'(_i) — yiomiB(p)aidyci

with A(T) =1 — 2, B,(T) = —\M, and Gi(T, ) = 0.
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1sT CAUCHY PROBLEM

» Domain Q :=[0,T) x (0,1).
» Giveni=1,...,N, consider for any 7 : [0,1] — R the
Cauchy problem
are+ (n(p) = B(p) (“2) ) e
2 2
+28 0+ 1 (121) =0 for (t.p) € Q. (19)
o(T,p) =0, forp € (0,1),

where k; > 0 is from (6).

» Scenario 1: 7(p) =0
» Scenario 2: 7(p) = —(q1 + q2)p + G2
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Lemma 2
Assume: forany t > 0and p € (0,1),

dP(u) = n(P(u))du + B—L2P(u) (1 — P(u))dW(w), P() =p, (20)

has a unique strong solution with P(u) € (0,1) forallu > t a.s.

Consider: Probability Q on (€2, Fr) defined by
Q(A) :=E[1,Z2(T)] VA€ Fr, (21)

where

Z(u) := exp <—;/t (9(P<2>_r>2ds+/tu Q(P(?_rdw(s)> (22)

is a P-martingale. Also consider the Q-Brownian motion

W (1) := W(u) — /t FIRE) — g 23)
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Lemma 2 (continued)

Then, foranyi=1,...,N,

(i) (19) has a unique solution ¢ € C*2([0,T) x (0,1)) continuous up
to {T} x (0,1). Moreover, c is bounded and satisfies

i) = n,-]Eg’UtT (%)ZW], V(t,p) € [0,T] x (0,1),
(24)

» By elliptic reqularization and Feynman-Kac-type arquments.
» Note: Under Q, P in (20) becomes

PG = (2(w) - e ("L ) Jau

g

+ B(P(u))dWq(u), P(t) =p. (25)
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Lemma 2 (continued)
(ii) Oyc is bounded and satisfies
= T 0 (P(u)) —r
Opelt,p) = 2 2B | [ Cl) (F2— )dul | 26)
t

where ( is the unique strong solution to

dC(u) = C(w)T(P(u))du + ¢ (u) A(P(u))dWo(u),

with P given by (25) and I, A :

o,
L(p) ¢=i<ﬂ(P) ﬁ(P)( (()7 >) Ap) = %ﬁ(p)

dp

1) — R defined as

(=1, (27)
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» Observe: forall u > ¢,

Pt,p+h<u) _ Pt’p(u)

C(u) = }1113% 7 in L*(Q, Fr, Q) (28)
t, _ pt
_ }Zi—%P P(u +T(I]11)) PP (u) in LZ(QJ:T,Q), 29)

with 7(h) := inf{t’ > 0: POP(t') = p + h}.
» “=":Dby Theorem 5.3 in FRIEDMAN (1975).
» “=": by time-homogeneity, strong uniqueness of P in (25).
» ((u) measures the rate of change of P"(-) at time u.

Takeaway:

{Pt’P(-) volatile under Q@ <= ((-) large <= 0Jyc(t,p) large.

30
P'#(.) stable under Q@ <= ((-) small <= 9yc(t,p) small. (30)
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2ND CAUCHY PROBLEM

» Given solution ¢; to (19) fori =1, ..., N, consider the
Cauchy problem

8C +n(p)d,C + 22%9,,C
+Ri(t,p, Oper(t,p), -+, Open(t,p)) =0 for (t,p) € Q, (31)
C(T,p) =0, forp € (0,1),
where
Ri(t,p, Bper(t,p), - -+, Bpen(t,p))

g o

NG NN\ (_0p)—r Bp)~—
"2 hw(“ﬁ)(“T ‘Ta'”)

or 000,

. 2
— fyl/Bz(p) (8;701')2 _ 'yiU/B(p)apCi (K/i
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Corollary
Let conditions in Lemma 2 hold. Then, (31) has a unique solution

C € CH%([0,T) x (0,1)) continuous up to {T} x (0, 1). Moreover, C is
bounded and satisfies

i
C(t,p) :Et’p[/t Ri(u, P(u), dycr (u, P(u)), - -+, Bpen (u, P(u)))du|,

where P is the unique strong solution to (20).
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Theorem 1.2 (1 € R is unknown)

A Nash equilibrium 7* = (], ..., ) for (14) is given by

0(p) — A
ﬂ_;k(t’ p): e—r(T—t){ (P)Z r (Hi + ZVK’>

g

v
i

(oo ) o e

where ¢; is the unique solution to 1st Cauchy (19) (with = 0) and
e = % Zil dyci. Moreover, the value function under 7* is

M
Vi(t, x, p) = '(T1) (xi = %x) + Ci(t, p), i=1,...,N, (33)

where C; is the unique solution to 2nd Cauchy (31) (with 7 = 0).
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» 1st term of (32):
» Identical with (8), except that...

L is replaced by the estimate 0(p) = pu1 + (1 — p) 12

» based on current judgement “p = P(t).”

» 2nd term of (32):
» Adjusts 1st term, based on

stability of judgements P(-) over time.

» P(-)is stable under Q (i.e., stays near p = P(t)):
» p = P(t)is “reliable”;
» ((-)small = 9,ci(t,p) small = 2nd term of (32) small

» P(.)is volatile under Q (i.e., moves away from p = P(t)):

» p = P(t)is “unreliable”;
» ((-)large = 0O,ci(t,p) large = 2nd term of (32) large
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» By (6) and (26), rewrite 7} in (32) as

mi (tp)
O(p)—r 2 T 0(Pw) -
_ e—r(T—t){ (P)z ro 5(19) (1 — H2)Ef@p [/ C(u) ( (ug) T’du:| }
o o ¢ o
(++257)
Ki + L—F% .
-3
> k= (1- ’\W"V)*l(l - %), A/ € [0,1]: specific to investor i.

<V . .
» %, A :influence from other investors.

» Observe:
» )/ =0 = 77 independent of other investors.
» A conservative investor may take large risky positions!

» ~; > 0large = k; > O small,
» but & > 0 can still be large.
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Scenario 2: Alternating
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» The stock:
dS(u) = p(M(u))S(u)du + oS(u)dW(u), S(t)=s, (34)

» M is a two-state continuous-time Markov chain with
generator

(T T
G= ( 72 —q2 )7 41;q2>0-
> (1) = and p(2) = po.
» Investor i’s wealth process:
dXi(u) = rXi(u) + mi(u) (p(M(u)) — r)du + m;(1)odW(u),
Xi(t) =x; € R. (35)
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Under full Information (M observable),
» Mean-variance objective:

Ji (&, 26, 1m0, {m}josi, i)
= BN [X(T) — AMX(T)] - %Vart’x’m [X:(T) = \/X(T)], (36)
where X; satisfies (35).
Definition

7 = (nf, ..., %) is a Nash equilibrium for (36) if, forany i = 1, ...,N,

]i (ta X, m, {ﬂ-]fk }]';éia ﬂ';*) - ]i <t7x7 m, {ﬂ-;k }j;éiv ™ ®t+h 7T1*)
lir;rllﬁ)nf P >0,

for all (t,x,m) € [0,T) x RN x {1,2} and 7.
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Theorem 2.1 (M observable)

A Nash equilibrium 7* = (], ..., ) for (36) is given by

_ N4
Wf(t,m):e_r(T_t){u(m)zr<m+ ’Vm>},i:1,...,N. (37)

g
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Theorem 2.1 (M observable)—continued

Moreover, the value function under the Nash equilibrium 7* is

Vi(ta X, Tl’l) = er(Tit) <xi - )\WE) + Ci(t7m)7 i= [

M

where C;(t,m), m € {1,2}, is defined as

Ci(f, 1) :

Ci(l’, 2) :

Q-

(

_eQ+al . . w5 _&

= (T t)+(q1+42)2 (Ql Qi

Qe . e (5

= (T —1t) CPESE (Q, Qi
2 174 M

SR (CEE )

_l< 2\ (1
2\1-3

) (1 _ e(q1+qz)(T—t))
) (1 _ e<q1+q2)<T—t>)

,N.  (38)
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Under partial information (M unobservable), consider

pj(u) =P (u(M(u)) = pj [ {S(0)}i<o<u), j=1,2.  (39)

Lemma 3
Fix t > 0. Given S in (34), the process {W(u)}uzt given by

i = 7 [10g (5 ) ~(a ) tuﬁl(S)dS—(uz—(;)(u—t)] (40)

A~nAA~L

is a Brownian motion w.r.t. the filtration of S. Moreover, {p1(u)},>; is
the unique strong solution to

dP(u) = ( = (@1 +q2)P(@) + 2 ) du+E—L2P(u)(1 — Pw))dW(w),

P(t) = pl(t) € (0’ 1)7 (41)

which satisfies P(u) € (0,1) forall u > t a.s.
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» Consequences:
» By (40), the original dynamics

dS(u) = pu(M(u))S(u)du + oS(u)dW(u)
can be expressed equivalently as
as(u) = ((ul — p2)P(u) + uz)S(u)du + oS(u)dW(u),

where P is the unique strong solution to (41).

» Wealth process (35) now becomes
AXi(u) = rX;(u)+mi(u) ((u1 — 112)P(u) + uz—r)du+7r,-(u)adlf~\/(u).

» Note: The dynamics is now observable!
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Theorem 2.2 (M unobservable)

A Nash equilibrium 7* = (], ..., ) for (14) is given by

e N -
* _ r(T—t) g L
; (t,p) e { o2 (Hl‘Fl_)\vﬁ
174
20 g+ A ) i1N @)
1-—A

a

where ¢; is the unique solution to 1st Cauchy (19) with

np) == —(n +92)p+4q2, pe€lo1] (43)

Moreover, the value function under 7* is given by (33), where C; is

the unique solution to 2nd Cauchy (31) with 7 as in (43).

» Same formula as in Scenario 1, with different Cauchy problems.



INTRO THE MODEI SCENARIO 1 SCENARIO 2 DiscussioN
00 00000 000000000000000000000 00000000 ©000000000000

Numerical Results
& Discussions



INTRO THE MODEI SCENARIO 1 SCENARIO 2 DiscussioN

00 00000 000000000000 000000000 00000000 O®00000000000
:

SCENARIO 1: CONSTANT p

T =10,N =10, 7 = 0.05, st = j11 = 0.2, jiz = 0.02, & = 0.1,
M=) =05and~ =8+0.1ifori=1,...,10

> Wealth processes {X;(t)}1%,

— Left: under 7/ (t) in (32) [partial information]
— Middle: under 1st term of (32)
— Right: under 7/ (t) in (8) [full information]

20 20 T 20

&>

=

o
3y

X(t) (full information)

X'(t) (filtering)
X() (filtering-first term only)
b3

"'\4\‘_ '
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SCENARIO 1: CONSTANT p

> Trading strategies {m7(t)}1°,:
— Left: m; (t) in (32) [partial information]
— Middle: 1st term of (32)
- Right: m(t) in (8) [full information]

7"(v (filtering)

7(1) (filtering-first term only)
7 (1) (full information)
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SCENARIO 1: CONSTANT p
» Posterior probability P(t) = p;(t) satisfies SDE (12):

dP(u) = F—F2P(u)(1 - P(u))dW(w), P(t) =p € (0,1),
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~
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» Observe:

1) P(-) oscillates forcefully
2) P(-) moves in the right direction (i.e., towards 1) quickly
= 6(P(-)) moves near ;1 = p1 quickly

Lemma 4
For SDE P(:) in (12), it holds P-a.s. that

lim P(u) = L %fﬂ:'ul’
U—00 0, ifp= pp.

» It also holds Q-a.s., for Q in (21).
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SCENARIO 1: CONSTANT p

SCENARIO 2 DiscussioN
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» Look at 7} in (32) more closely:
» Behaves most radically in ¢ € [1.6,2.3].
» Financial interpretation:

» Overt € [0,1.6], investors tend to believe u = 1 from P(-).
» Overt € [1.6,2.3], we have

p=P(t) €[09,1) and yci(t,p)largeVi=1,...,N.

= P(-) is volatile under Q [by (30)]

= more likely P(-) will move away from 1 under Q

= more likely px = p1 is a misbelief [by Lemma 4]

= more severe change from long to short positions
(to make up previous misbelief).
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SCENARIO 1: CONSTANT p

» Empirical loss distributions:

» Computed via 100 simulations of wealth processes.

partial information v.s. full information
1

= = =
= > >

prob of # of defaults

o=
i~

0 2 4 6 8

# of defaults




INTRO THE MODEI SCENARIO 1 SCENARIO 2 DiscussioN

00 00000 000000000000 000000000 00000000 0000000 e00000
:

SCENARIO 2: ALTERNATING p

=10, N =10, r = 0.05, p alternates between ;1 = 0.2 and pp = 0.02
w1thq1—q2—10 c=01,M=)'=09and~; =0.lifori=1,...,10

> Wealth processes {X;(t)}1,
— Left: under 7/ () in (42) [partial information]
— Middle: under 1st term of (42)
— Right: under 7 () in (37) [full information]

30 30 30
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) 2100 5100 Ay
% i : e /W “w
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SCENARIO 2: ALTERNATING p

> Trading strategies {m7(t)}1°,:

— Left: m; (t) in (42) [partial information]
— Middle: 1st term of (42)
- Right: 7 (t) in (37) [full information]
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SCENARIO 2: ALTERNATING p
» Posterior probability P(t) = p;(t) satisfies SDE (41):

dP(u) = (= (g1 + 92)P(u) + g2 ) du+E—2P(u) (1 = P(u))dW (w),
P() = p € (0,1).
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> Observe:
1) P(-) is mean-reverting!
= P(-) never gets close to 1 or 0
= 0O(P(-)) is never close to 1 = 11

2) Under Q in (21), the drift of P becomes

(—(lh +qz)P(u)+qz) - @P(u)(l—P(u)) (9(1’(”0_))”) .

» “Mean-reverting” feature remains!
= P(-) under Q is more stable
= Op¢i(t,p) issmallerVi=1,...,.N [by (30)]
= 2nd term of 7/ in (32) has less influence



INTRO THE MODEI SCENARIO 1 SCENARIO 2 DiscussioN
00 00000 000000000000000000000 00000000 0000000000080

SCENARIO 2: ALTERNATING p

» Empirical loss distributions:
» Computed via 100 simulations of wealth processes.

partial information v.s. full information

1

= =
> >

prob of # of defaults
=
F ~

# of defaults
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THANK YOU!!

Q&A
Preprint available @ arXiv: 2312.04045
“Partial Information Breeds Systemic Risk”
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