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Fully nonlinear three-dimensional convection in a rapidly rotating layer
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Fully nonlinear three-dimensional convection in a rotating layer is studied for large Taylor numbers.
In this regime, the leading order nonlinearity arises from the distortion of the horizontally averaged
temperature profile. As a result, steady rolls, squares, hexagons, triangles, and a pattern called
patchwork quilt all have identical Nusselt numbers. A similar degeneracy is present in overstable
convection with six patterns having identical time-averaged Nusselt numbers and oscillation
frequencies. These results are obtained via an asymptotic expansion in the Taylor number that
determines, for each Rayleigh number, the time-averaged Nusselt number and oscillation frequency
from the solution of a nonlinear eigenvalue problem for the vertical temperature profile. A number
of other patterns are determined by a weakly nonlinear analysis that cannot be extended into the
fully nonlinear regime by the present methods, but these patterns are necessarily unstable. ©1999
American Institute of Physics.@S1070-6631~99!01606-2#
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I. INTRODUCTION

Square pattern convection in a rotating layer is featu
prominently on the cover of the Dover edition of Cha
drasekhar’s famous book.1 This figure, reproduced from
original work by Veronis,2 shows particle trajectories in
~steady! square pattern convection at onset, i.e., the stre
lines of the linear eigenfunction. At slightly supercritic
forcing (Ra5Rac1e2, where Ra is the Rayleigh number an
e!1), the velocity field resembles the linear eigenfuncti
and the particle paths might be expected to resemble th
depicted on the cover of the book.3 The computed streamlin
pattern is periodic in the plane and has a pronouncedZ4

symmetry, i.e., it is invariant under proper rotations byp/2
only. In this paper we show, following Bassom and Zhan4

that fully nonlinear velocity fields withZ4 symmetry can be
obtained in the limit of large rotation rates by combinin
asymptotic analysis of the governing partial different
equations with a numerical solution of a nonlinear eige
value problem for the heat flux. The resulting solutions
valid at Rayleigh numbers arbitrarily far above threshold,
contrast to the weakly nonlinear solutions obtainable via p
turbation theory when Ra5Rac1e2, e!1. However, despite
this fact, their horizontal structure remains simple: the n
linearity manifests itself only in their vertical structure. Fu
damentally, this is because in the rapid rotation limit t
dominant Coriolis term is balanced, at leading order, by
pressure gradient. As a result, the leading order descrip
involves nonlinearities from the temperature equation on
We describe here the asymptotic expansion leading to th
conclusions and generalize it to both overstable convec
with a square planform and to other planforms. A number
additional results are easily obtained in this limit. These
clude results on several other types of patterns which
only be found by perturbation methods valid near onset. T
1461070-6631/99/11(6)/1469/15/$15.00
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is the case, for example, for an oscillatory pattern cal
alternating rolls; this pattern bifurcates supercritically but
always unstable near onset. Although these results are
mally obtained for stress-free boundary conditions, in
rapid rotation limit they are identical to those for no-sl
boundary conditions.

This paper is organized as follows. In the next sect
we introduce the governing equations and summarize t
linear stability properties. In Sec. III we describe th
asymptotic expansion that leads to a new class of redu
equations describing fully nonlinear convection in the rap
rotation limit. These equations take the form of coupl
equations for the vertical velocity and vertical vorticit
driven by thermal buoyancy, and describe the dynamics o
side of the thin Ekman boundary layers at the top and b
tom. As a result they form a simplified set of equations go
erning the three-dimensional dynamics in a rapidly rotat
layer at arbitrary Rayleigh numbers. Although these eq
tions are of interest in their own right,5 we focus here on
spatially periodic solutions only. In Sec. IV we describ
steady and oscillatory solutions with a square planform, tu
ing in Sec. V to other types of steady and oscillatory p
terns. In Sec. VI we summarize the results of solving
nonlinear eigenvalue problems that arise at high Rayle
numbers. The paper ends with a discussion of the impl
tions of the fully nonlinear three-dimensional solutions co
structed here for ongoing simulations of turbulent rotati
convection.6

II. GOVERNING EQUATIONS

The dimensionless Boussinesq equations describing
vection in a horizontal fluid layer rotating uniformly abou
the vertical are1
9 © 1999 American Institute of Physics

IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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1

s

Du

Dt
1Ta1/2ẑ3u52¹p1RaTẑ1¹2u, ~1!

DT

Dt
5¹2T, ~2!

¹•u50, ~3!

whereu5(u,v,w) is the velocity field in Cartesian coord
nates~x,y,z! with z vertically upward. The symbolsT andp
denote the temperature and pressure, respectively. The e
tions have been nondimensionalized with respect to the t
mal diffusion time in the vertical. The resulting dimensio
less parameters

Ta5
4V2d4

n2 , Ra5
gaDTd3

nk
, s5

n

k
, ~4!

are the Taylor, Rayleigh, and Prandtl numbers, and mea
the magnitude of the rotation rateV, the strength of the
applied buoyancy force, and the ratio of viscous and ther
diffusion times. Hered is the layer depth, andn andk are,
respectively, the kinematic viscosity and thermal diffusivi
Of the remaining symbols,DT is the temperature differenc
imposed across the layer whileg is the acceleration due t
gravity anda the coefficient of thermal expansion.

In the following we employ a stream function formula
tion in order to avoid difficulties in imposing the incompres
ibility requirement~3! on the velocity field at each order i
the asymptotic expansion. Specifically, we write

u5¹3f ẑ1¹3¹3c ẑ, ~5!

so that

u5S ]yf 1 ]x]zc

2]xf 1 ]y]zc

2 ¹'
2 c

D ,
be
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v5S ]x]zf 2 ¹2]yc

]y]zf 1 ¹2]xc

2 ¹'
2 f

D . ~6!

Here v[¹3u is the vorticity and the partials with sub
scripts denote differentiation:]x[]/]x, etc. The operator
¹'

2 []xx1]yy is the horizontal Laplacian.
In the following we shall find it convenient to introduc

the Ekman number,E5Ta21/2, as a measure of the impor
tance of dissipation compared with rotation, and rescale
equations witht;Et8, u;E21u8. Dropping primes, and
taking ẑ•¹3 and ẑ•¹3¹3 of the momentum equation
puts the governing equations into the form

1

s
] t¹'

2 f2]z¹'
2 c1

1

s
Nf~f,c!5E¹2¹'

2 f, ~7!

1

s
] t¹

2¹'
2 c1]z¹'

2 f1
1

s
Nc~f,c!

52RaE2¹'
2 T1E¹4¹'

2 c, ~8!

] tT1NT~f,c,T!5E¹2T, ~9!

where

Nf~f,c!5~v•¹!w2~u•¹!v3 ,

Nc~f,c!5 ẑ•¹3¹3~v3u!, ~10!

NT~f,c,T!5u•¹T.

In the streamfunction representation these terms take
form

Nf52J@f,¹'
2 f#2J@¹2c,¹'

2 c#1¹'~¹'
2 f!•¹'~]zc!

2¹'~]zf!•¹'~¹'
2 c!2¹'

2 c¹'
2 ~]zf!

1¹'
2 f¹'

2 ~]zc!,
Nc52¹2$J@f,¹2c#1J@]zf,]zc#2¹'f•¹'~]zf!2¹'~]zc!•¹'~¹2c!%2]z$J@]zc,¹2f#2J@f,¹2]zc#

22J@]zf,¹2c#1¹'f•¹'~¹2f!1¹'~]zc!•¹'~¹2]zc!1¹'
2 c¹2~¹'

2 c!1u¹'~]zf!u21u¹'~¹2c!u21~¹'
2 f!2%,

NT52J@f,T#1¹']zc•¹'T2¹'
2 c]zT, ~11!
ture
of

dy-
where J@•,•# denotes the horizontal Jacobian]x•]y•2]y

•]x•. These equations are solved for a fluid confined
tween boundaries at fixed temperatures,

T~0!51, T~1!50, ~12!

which are impenetrable and either stress-free or no-slip,

stress-free: c5]zzc5]zf50 at z50,1,

no-slip: c5]zc5f50 at z50,1. ~13!

The stability properties of the conduction state

c5f50, T512z, ~14!
-
are summarized in Ref. 1~see also Ref. 7!. In the rapid
rotation limit these results become independent of the na
of the velocity boundary conditions at the top and bottom
the layer.8 In this limit one finds that for s.s*
'0.676 605 the conduction state loses stability at a stea
state bifurcation at

Rac
~s!53Fp2

2 G2/3

E24/3, kc
~s!5Fp2

2 G1/6

E21/3, ~15!

while for s,s* ~see Fig. 1! it loses stability to overstable
oscillations~Hopf bifurcation! at
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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Rac
~o!53F 2

11sG1/3

~sp!4/3E24/3, ~16!

with

kc
~o!5F s2p2

2~11s!2G1/6

E21/3,

~17!

vc
~o!5F s2p2

2~11s!2G1/3

~223s2!1/2E1/3.

Herevc
(o) is the Hopf frequency in the new time variable.

III. THE SCALED EQUATIONS

In the following we focus on horizontal scales of ord
E1/3d; as indicated above, scales of this order are the o
selected by linear stability theory. We therefore introdu
fast horizontal variablesx8[E21/3x, y8[E21/3y and use the
notation D[]z to denote derivatives with respect to th
~slow! variablez. Since the motion on the horizontal scal
will be in geostrophic balance we also introduce a slow ti
t8[E1/3t,

]x ,]y5E21/3~]x8 ,]y8!, ] t5E1/3] t8 . ~18!

Similar anisotropic scalings have been observed both in
merical simulations and laboratory experiments.6,9,10Next, to
introduce nonlinearity in the leading order balance we sc
the streamfunctions as

f5Ef8, c5E4/3c8, ~19!

and write

FIG. 1. ~a! Neutral stability curves Rac(k) for steady~solid line! and oscil-
latory ~dashed line! convection whens50.4574; the minimum of the
dashed curve defineskc

(o)50.8867, Rac
(o)55.4059. The Takens–Bogdano

point occurs atkTB51.2422, RaTB58.7771.~b! The corresponding oscilla-
tion frequencyvc vanishes atkTB .
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T~x,y,z,t !5T̄~z!1E1/3u~x,y,z,t !1O~E2/3!. ~20!

Here the overbar indicates averaging over both the horizo
variablesx,y and over timet. In the following we shall only
be interested in solutions that are periodic with respec
these three variables. Finally, according to~15! and~16!, we
also scale the Rayleigh number, Ra5E24/3Ra8.

The scalings~18! and ~19! imply that on the scales o
interest the vertical and horizontal velocities are of the sa
order, bothO(E2/3)Vd in dimensional units. The loca
Rossby number is thusO(E1/3) and hence is small, i.e., eve
though the scales of interest are small the flow is s
rotation-dominated. Moreover, as can be verified from E
~6!, the horizontal velocity components are in geostrop
balance at leading order. Applying these scalings to Eqs.~7!
and ~8! ~and dropping all primes! leads to the following re-
duced system:

1

s
@] t¹'

2 f2J~f,¹'
2 f!#2D¹'

2 c5¹'
4 f1O~E1/3!, ~21!

1

s
@] t¹'

2 c2J~f,¹'
2 c!#1Df52Rau1¹'

4 c1O~E1/3!.

~22!

These equations represent a pair of coupled, thermally for
equations for the vertical velocityw[2¹'

2 c and the verti-
cal vorticity z[2¹'

2 f. The thermal forcing follows from
the temperature equation, which yields a pair of equatio
one describing the evolution of the fluctuating temperaturu
and the other a steady-state equation for the mean temp
ture profileT̄,

] tu2J~f,u!2¹'
2 cDT̄5¹'

2 u1O~E1/3!, ~23!

D2T̄1D¹'
2 cu5O~E1/3!. ~24!

To obtain these equations we have employed integration
parts assuming thatu, v, and u are periodic in space an
time. Equation~24! can be readily integrated to obtain

DT̄1¹'
2 cu52K, ~25!

whereK is a constant determined by the temperature bou
ary conditions~12!. Physically,K is the time-averaged Nus
selt number, i.e., the total dimensionless heat flux~conduc-
tive and convective! across the layer. Equations~21!–~24!
form a closed system of equations describing nonlinear c
vection in the rapid rotation limit.

It is important to observe that Eqs.~21!–~24! have an
extra symmetry that is not present in the original Eqs.~1!–
~3!. This is the reflection

~x,y!→~x,2y!, ~c,f,u,T̄!→~2c,2f,2u,T̄!. ~26!

Physically, this extra symmetry manifests itself in the a
sence of pseudoscalar terms in~21!–~24!. In fact, we have
the remarkable result that the symmetry properties of ro
ing convection in the rapid rotation limit are identical
those characteristic of nonrotating convection! It is not s
prising, therefore, that the presence of this ‘‘unexpecte
symmetry has important consequences for the types of s
tions admitted by these equations and for their stability
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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should be noted, however, that the~scaled! horizontal veloc-
ity components,

~u,v !5~]yf1E1/3]x]zc,2]xf1E1/3]y]zc!, ~27!

do not share this symmetry. In fact, the velocity compone
are symmetric with respect to~26! only at leading order in
the Taylor number, i.e., (u,v)→(u,2v) only if the sub-
dominantc terms in~27! are omitted. Such terms are, how
ever, essential in order to satisfy the incompressibility c
dition ~3!. Thus at any finite~but nonzero! Taylor number the
flow will manifest the handedness expected of rotating flo
and the symmetries of the Navier–Stokes equation in
primitive variable representation.

In the following we focus on solutions of Eqs.~21!–~24!
that are periodic in space and time. It turns out that many
these have horizontal structure that remains simple for
values of Ra. In the next section we describe solutions wi
square planform that have this property and then genera
the results to other planforms. Turbulent solutions of~21!–
~24! are discussed elsewhere.5

IV. SOLUTIONS WITH A SQUARE PLANFORM

A. Weakly nonlinear theory

For patterns with a square planform the gene
theory11,12 is conveniently formulated on a rotating squa
lattice. In the steady case, the resulting weakly nonlin
theory identifies two competing patterns that are periodic
this lattice and bifurcate simultaneously from the conduct
state:11 rolls ~R! and squares~S!. Because of the rotation th
square pattern hasZ4 symmetry, i.e., it is invariant unde
proper rotations byp/2 only, cf. Ref. 1. In the case of over
stability, four solutions with the symmetry of a rotatin
square lattice bifurcate simultaneously from the conduct
state:12 traveling rolls ~TR!, standing rolls~SR!, standing
squares~SS!, and alternating rolls~AR!. In each case the
stability of these solutions with respect to perturbations
the form of the competing solutions can be calculated.
steady rotating convection such calculations are describe
Ref. 11. Analogous calculations for the overstable probl
have not been done, although the abstract results are giv
Ref. 12. In the following we show that with the exception
AR, fully nonlinear solutions of the above types can
found in the limit of large Taylor numbers, and calculate t
AR state at small amplitude. We also find an unexpec
solution, traveling squares~TS!, and trace its presence to th
unexpected symmetry~26!.

To indicate the nature of these solutions we briefly re
pitulate the abstract theory. In the case of steady onse
look for solutions of the form

c~x,y,z!5 1
2$A1eikx1A2eiky% f ~z!1¯1c.c., ~28!

where f (z) is the vertical eigenfunction and the dots deno
higher order terms in the bifurcation parameterl
[(Ra2Rac

(s))/Rac
(s) whose amplitudes are slaved to the ev

lution of the amplitudesA1 ,A2 . In equilibrium these ampli-
tudes satisfy the equations
Downloaded 28 Nov 2001 to 128.138.249.10. Redistribution subject to A
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~m~l!1auA1u21buA2u2!A150,
~29!

~m~l!1auA2u21buA1u2!A250,

where m8(0).0 and a,b are real coefficients. Genericall
these equations have two types of solutions, rolls a
squares, given by (A1 ,A2)5(A,0), and (A1 ,A2)5(A,A),
respectively. In the case of overstability we look analogou
for solutions of the form

c~x,y,z,t !5 1
2$A1~ t !eikx1A2~ t !eiky1A3~ t !e2 ikx

1A4~ t !e2 iky% f ~z!1¯1c.c., ~30!

and assume that the linear stability problem takes
form Ȧ5m(l)A, where A[(A1 ,A2 ,A3 ,A4), l
[(Ra2Rac

(o))/Rac
(o) andm(0)5 ivc

(o) , Re(m8(0)).0. It fol-
lows that the quantities (uA1u,uA3u) and (uA2u,uA4u) represent
amplitudes of left- and right-traveling waves in thex,y direc-
tions, respectively. In the genericZ43T2-symmetric prob-
lem the amplitudesAj , j 51,...,4, satisfy the truncate
equations12,13

Ȧ15m~l!A11~auA1u21buA3u21cuA2u21duA4u2!A1

1eA2A4Ā3 ,

Ȧ25m~l!A21~auA2u21buA4u21cuA3u21duA1u2!A2

1eA1A3Ā4 ,
~31!

Ȧ35m~l!A31~auA3u21buA1u21cuA4u21duA2u2!A3

1eA2A4Ā1 ,

Ȧ45m~l!A41~auA4u21buA2u21cuA1u21duA3u2!A4

1eA1A3Ā2 .

However, in the present case the reflection symmetry~26!
forces the coefficientsc andd to be identical. This is becaus
it acts on the complex amplitudes (A1 ,A2 ,A3 ,A4) by

~A1 ,A2 ,A3 ,A4!→~A1 ,2A4 ,A3 ,2A2!. ~32!

As a result, in the rapid rotation limit, the symmetry grou
becomesD43T2 instead of the expected symmetryZ4

3T2. The behavior of the resulting equations is analyzed
Ref. 14 and differs substantially from the generic case st
ied in Ref. 15.

It follows that the small amplitude temporally period
solutions created at the Hopf bifurcation satisfy the equat
Ȧ5 i (v2vc

(o))A, where

nA11~auA1u21buA3u21cuA2u21cuA4u2!A11eA2A4Ā350,

nA21~auA2u21buA4u21cuA3u21cuA1u2!A21eA1A3Ā450,
~33!

nA31~auA3u21buA1u21cuA4u21cuA2u2!A31eA2A4Ā150,

nA41~auA4u21buA2u21cuA1u21cuA3u2!A41eA1A3Ā250,
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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wheren5m(l)2 i (v2vc
(o)), and the frequencyv'vc

(o) is
to be determined. The coefficientsm, a, b, c and e are in
general all complex.

The following five solutions are guaranteed to be pres
near onset of overstability.14

Traveling Rolls ~TR!: ~A,0,0,0!,

Standing Rolls~SR!: ~A,0,A,0!,

Standing Squares~SS!: ~A,A,A,A!, ~34!

Alternating Rolls ~AR!: ~A,iA,A,iA !,

Traveling Squares~TS!: ~A,A,0,0!.

A sixth pattern, called standing cross-rolls~SCR!, exists in
open regions in coefficient space, but is always unstable
will not be considered here. Note that in the genericZ4

3T2-symmetric case in whichcÞd, traveling squares ceas
to be a primary solution branch;12 instead, the analog of TS
bifurcates in a secondary bifurcation from one of the ot
branches which persist as primary branches even whec
Þd.

The predictions of the weakly nonlinear theory are e
pected to hold even for fully nonlinear convection. Howev
as shown below, we can find fully nonlinear solutions in t
form of TR, SR, and SS only; the remaining two sets
solutions can be determined analytically in the weakly n
linear regime only. For the fully nonlinear solutions we fin
by continuation arguments, that if the solution frequency
mains bounded away from zero the branches exist globa
Moreover, if such a branch is stable near onset it can l
stability only at a secondary saddle-node bifurcation, a
secondary Hopf bifurcation, or at a parity-breaking bifurc
tion. If the amplitude increases monotonically with Ra,
saddle-node bifurcations are present. A secondary Hop
furcation from the TR branch generates a branch of tw
frequency modulated waves which may terminate on one
the other branches in a parity-breaking bifurcation.16 Hopf
bifurcations from SR and SS may take the form of tw
frequency standing waves or three-frequency standing wa
that drift back and forth.17 Parity-breaking bifurcations ar
steady-state bifurcations from a group orbit of nondrifti
solutions that result in a drift. Such drifting standing wav
are two-frequency states and often connect with the t
frequency waves generated by secondary Hopf bifurcat
from traveling states. None of these bifurcations can
found without an explicit stability calculation. Additiona
wavelength changing instabilities are also possible, but
quire the use of periodic boundary conditions based on m
tiple wavelengths of the basic state. We do not pursue th
possibilities here.

B. Fully nonlinear solutions

The preceding section tells us what patterns we sho
expect in the fully nonlinear regime. We begin by lookin
for solutions with a square planform,

~c,f,u!5 1
2~A~z!,B~z!,C~z!!eivt$eikx1eiky

1e2 ikx1e2 iky%1c.c.1O~E1/3!. ~35!
Downloaded 28 Nov 2001 to 128.138.249.10. Redistribution subject to A
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Both steady~v50! and oscillatory~vÞ0! patterns take this
form. In the following we refer touAu as the amplitude of the
solution. For this planform the JacobiansJ(f,¹'

2 f),
J(f,¹'

2 c), and J(f,u) all vanish. It follows from Eqs.
~21!–~23! that

S iv

s
1k2DB5DA, k2S iv

s
1k2DA2RaC5DB,

~36!
~ iv1k2!C52k2ADT̄.

The mean temperature Eq.~25! now yields

DT̄S 11
2k6uAu2

v21k4 D52K, ~37!

with K obtained from the relation*0
1DT̄dz521,

K215E
0

1 v21k4

v21k412k6uAu2 dz. ~38!

It follows that A(z) satisfies the nonlinear eigenvalue pro
lem

D2A2k2S iv

s
1k2D 2

A1

S iv

s
1k2D ~k22 iv!

k41v212k6uAu2 k2 RaKA50.

~39!

This problem is to be solved for the~complex! eigenfunction
A(z) and the eigenvalues RaK andv; sinceK is then deter-
mined through~38!, an amplitude-Rayleigh number diagra
is readily constructed~see below!. The corresponding result
for steady convection are obtained on settingv50.

It is easy to check that traveling rolls~TR! and standing
rolls ~SR! satisfy an identical eigenvalue problem. Thus
the overstable case there are three patterns with iden
time-averaged Nusselt numbersK and frequenciesv in the
large Taylor number limit. In fact we know7,8,13 that in this
limit the TR are stable with respect to counter-propagat
disturbances while the SR are unstable, an effect that oc
on the slowest of three disparate time scales and henc
absent from the present discussion. Likewise, in the ste
case, rolls~R! and squares~S! also satisfy identical eigen
value problems. This degeneracy between several type
solutions is a consequence of the fact that in the rapid r
tion limit the leading nonlinearity is provided by the horizo
tally averaged temperature profile. As a result, in the wea
nonlinear regime described by~29!, the coefficientsa andb
are equal, and a whole circle of steady solutions (A1 ,A2)
5(1,c)A, 0<c<1, bifurcates simultaneously. Likewise, i
Eqs.~33!, a5b, e52a22c ~see below!.

Equation ~39! is to be solved subject to the bounda
conditions,

A~0!5A~1!50, ~40!

imposing impermeability of the boundaries. These bound
conditions thus correspond to the stress-free case. Howe
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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as already discussed, the effect of boundary layers requ
in the rigid case can be shown to be negligible in the h
Taylor number limit. Thus, both sets of boundary conditio
give rise to the same nonlinear eigenvalue problem.
solve this problem on a discretized one-dimensional m
using an iterative Newton–Raphson–Kantorovich~NRK!
scheme18,19 with O(10210) accuracy in theL2 norm ofA(z)
and comparable accuracy in the corresponding eigenvaluK
andv.

In Fig. 2 we show~a! a horizontal cross section atz
51/4 and~b! a vertical section taken along the planex50 of
the steady square solution at~scaled! Rayleigh number Ra
5100. For comparison, the critical Rayleigh number
Rac

(s)58.695 632 0. Figure 2 is computed using express
~27! for the horizontal velocity field (u,v) and retaining the
nongeostrophicO(E1/3) terms required to satisfy incom
pressibility and to capture the handedness of the patter
finite Ekman number (E51023). Comparable corrections t
f arising from higher order corrections in Eqs.~21!–~24!
have no effect on the solution symmetry and are omitted
Fig. 3~a! we show the corresponding streamlines for co
parison with the linear eigenfunction streamlines plotted
Veronis2 and Chandrasekhar.1 The Z4 symmetry of the pat-
tern is evident. For contrast, Fig. 3~b! shows the streamline
for a nonrotating square planform (E→`). In Fig. 4 we

FIG. 2. The velocity field (u,v,w) for a steady solution with a squar
planform obtained from the nonlinear eigenvalue problem~39! with
RaE4/35100([11.5 Rac

(s)) and kc
(s)E1/351.3048. The Nusselt numberK

583.126. ~a! Horizontal cross section atz51/4 and ~b! vertical cross-
section atx50. The solutions are plotted using~6! with E51023. Note that
w(x,y) has the symmetry of anonrotatingpattern.
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show in an analogous way horizontal and vertical cro
sections for a standing square solution at four equally spa
times within half an oscillation period. Figure 4 also show
the corresponding vertical slices taken parallel to a side
all cases the cell boundaries are straight. However, as in
SR state,7 there is no instant in time at which the fluid
wholly at rest. This is illustrated in Fig. 5, where we sho
the kinetic energy per unit mass,E[(1/2)*u2dxdydz, inte-
grated over a cell, as a function of time for several values
Ra. SinceE[*Edz, where

E5
s2k2uDAu2

v21s2k4 1
k4

2
uAu2

1H 1

2 F s2k2~DA!2

~sk21 iv!2 1
k4

2
A2Ge2ivt1c.c.J 1O~E1/3!, ~41!

we see that the kinetic energy is strictly positive at all tim
Figure 6 shows the time-averaged Nusselt numberK, the
scaled oscillation frequencyv, and the time-averaged kineti
energy Ē as functions of the Rayleigh number fors
50.4574. The corresponding results for steady convect
such as the kinetic energy for a steady square solution,

E5
1

k2 uDAu21
1

2
k4uAu21O~E1/3!, ~42!

are included for comparison. The figures use the prefer
wave number in either case,k5kc

(o) and kc
(s) , respectively.

For the value of the Prandtl number used (s50.4574), os-
cillatory convection sets in first~Fig. 1! and hence has a
larger amplitude than the corresponding steady state with
same wave number at each value of Ra. However, when
preferred wave numbers are used this relationship need
hold, as seen in the Nusselt number plot in Fig. 6~a!. Note
that K and Ē increase monotonically with Ra, while the o

FIG. 3. Streamlines in the planez51/4 when RaE4/35100, for comparison
with the linear theory streamlines of Refs. 1 and 2 at RaE4/358.6956.~a!
E51023 and ~b! the nonrotating caseE→`.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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cillation frequencyv appears to saturate at a finite value.
course the instantaneous Nusselt numberN(z,t) for SR and
SS oscillates in time with frequency 2v and depends onz,7

while the instantaneous Nusselt number for TR is both tim
independent andz-independent~and hence equalsK!, as re-
quired by translation invariance.20

In Fig. 7 we showuA(z)u and the corresponding mea
temperature profileT̄(z) for both steady and oscillator

FIG. 4. The velocity field (u,v,w) at z51/4 for a standing square patter
obtained from the nonlinear eigenvalue problem~39! at RaE4/35100
([18.5Rac

(o)) andkc
(o)50.8867. The Prandtl numbers50.4574. The time-

averaged Nusselt numberK593.443 and the~scaled! oscillation frequency
v50.9547. The solution is plotted forE51023 at four equally spaced times
during half an oscillation period. The cross sections forv may be obtained
by a 90° counterclockwise rotation ofu. ~c! The corresponding section a
x50.

FIG. 5. Total kinetic energy per unit massE(t) of standing square solution
for kc

(o)50.8867,s50.4574 and several different values of RaE4/3.
Downloaded 28 Nov 2001 to 128.138.249.10. Redistribution subject to A
f

-
convection at several different values of Ra, again
s50.4574. The nonlinear interaction betweenT̄ and the con-
vective motion is responsible for theO~1! adjustments inT̄
which result in the development of thermal boundary lay
with increasing Ra. Recent numerical simulations and la
ratory experiments on rapidly rotating turbulent convection6,9

have found, at large Rayleigh numbers, sustained unst
thermal stratification (DT̄,0) in the interior of the layer.
This profile is set up as a result of boundary layer instab
ties leading to plume formation and subsequent lateral m
ing due to mutual plume interactions. The organized cellu
structure in the present problem necessarily omits this p
ticular aspect and an asymptotically isothermal interior
obtained instead~Fig. 7!. We analyze the large Ra solution
to the nonlinear eigenvalue problem in Sec. V.

It remains to comment on the dependence of these
sults on the wave numberk. The linear theory1,7 shows that
oscillatory onset occurs fork,kTB'1.2422. At the Takens–
Bogdanov point,k5kTB , the oscillation frequency vanishe
Although this point is shielded by oscillatory onset at diffe
ent wave numbers, as indicated in Fig. 1~a!, the linear theory
suggests that oscillations cannot be present fork.kTB . In
fact we find that this is not so. Figure 8 shows that nonlin

FIG. 6. Time-averaged Nusselt numberK, oscillation frequencyv, and

time-averaged total kinetic energyĒ as functions of the~scaled! Rayleigh
number for square pattern convection whenkc

(o)50.8867 ands50.4574.
Dashed lines show steady squares, solid lines standing squares.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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oscillations can be found by starting withk,kTB , increasing
the Rayleigh number to a high value, and then increasingk at
constant Ra. The figure shows that in this case the osc
tions terminate on the branch of steady states at finite am
tude and do so in a secondary Takens–Bogdanov bifurca
i.e., the oscillation frequencyv vanishes as the square root
the distance from the termination point@see Fig. 8~b!#. Thus
in our system the transfer of stability from oscillatory
steady convection occurs via a steady-state bifurcation of
type usually associated with a parity-breaking bifurcat
from a circle of steady states to traveling rolls. This is
despite the fact that we can use our solutions to const
both standing and traveling wave states. However, our
solutions necessarily have a zero mean@see Eq.~35!# and
hence cannot undergo the gluing bifurcation that would
low them to terminate on the roll branch in a secondary H
bifurcation. Thus for the SR, the Takens–Bogdanov bifur
tion represents the coalescence of a gluing bifurcation wi
secondary Hopf bifurcation.

C. Alternating rolls and traveling squares

The alternating rolls~AR! and traveling squares~TS!
have a more complicated horizontal structure and canno

FIG. 7. ~a! uA(z)u and~b! T̄(z) for steady~dashed lines! and standing~solid
lines! squares, at several different values of the~scaled! Rayleigh number,
kc

(s)51.3048 and kc
(o)50.8867, respectively. The Prandtl numb

s50.4574.
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found by the above methods at finite amplitude. This is
cause the various horizontal Jacobians do not vanish
these solutions. However, the existence of these solut
has important implications for the stability of the TR, S
and SS states already found. In this section we compute t
two states at small amplitude and examine their implicatio
for the finite amplitude states already found.

Specifically, we write

c5ec01e2c11e3c21¯ ,
~43!

Ra5Rac
~o!~11e2m1¯ !, v5vc

~o!1e2v21¯ ,

with similar expressions for the fieldsf, u, andT̄. We also
need to expand the constantK in ~38!. From Eqs.~21!–~24!
we now find

c05 1
2e

ivt$A1eikx1A2eiky1A3e2 ikx1A4e2 iky%sinpz

1c.c.,

f05 1
2e

ivt$B1eikx1B2eiky1B3e2 ikx1B4e2 iky%cospz

1c.c.,

u05 1
2e

ivt$C1eikx1C2eiky1C3e2 ikx1C4e2 iky%sinpz

~44!
1c.c.,

where

FIG. 8. ~a! The time-averaged Nusselt numberK for oscillatory~solid line!
and steady~dashed line! convection and~b! oscillation frequencyv, as
functions ofk for s50.4574, and Ra53500. The oscillatory branch termi
nates in a steady-state bifurcation atk5kc'1.274 727 0 with v
'1.513 770 4(kc2k)1/2 nearkc @dashed-dotted curve plot in~b!#.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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Bj5
p

iv

s
1k2

Aj , Cj5
k2

iv1k2 Aj , j 51,...,4. ~45!

At O(e2), we need to compute the horizontal Jacobians
solve the resulting equations forc1 , f1 , andu1 . We find
that

c15
1

8
$A5eikx1 iky1A6eikx2 iky1c.c.%sin 2pz,

f15
p

4
$B5eikx1 iky1B6eikx2 iky1c.c.%cos 2pz, ~46!

u15
1

8
$C5eikx1 iky1C6eikx2 iky1c.c.%sin 2pz,

with A5 ...C6 determined in terms ofA1 ...A4 . At O(e3) we
obtain four nontrivial solvability conditions by eliminatin
the four types of resonant terms appearing in the linear
lution. These equations have the form~33! predicted ab-
stractly with the following coefficients:

a5b52
1

8D0

k6

v21k4 , ~47!

c5d52
1

8D0

k6

v21k4 1
p

16D0 S D

iv1k2 1
D8

iv

s
1k2D

1
pD~ iv1k2!

16s RaD0 S 11
2k2

iv

s
1k2

2
p2

k2S iv

s
1k2D 2D ,

~48!

where

D05
2v

s Fvk2~11s!1 i ~v21s~112s!k4!

v21s2k4 G , ~49!

D5
2ivpk4

v21s2k4

F11
s~12s!Ra

2~v21k4! G
Ra2

2p2

k2 24k4

, ~50!

D85
2ivpk4

v21s2k4

F11S p2

k2 12k4D s~12s!

v21k4 G
Ra2

2p2

k2 24k4

, ~51!

and

e52a22c. ~52!

In these expressionsv, k, and Ra denote their critical value
vc

(o) , kc
(o) , and Rac

(o) , respectively. Note that all the coeffi
cients are complex, although they are not all independen
particular,c5d as predicted on the basis of the extra refle
tion symmetry~26!. We expect, therefore, solutions in th
form of TR, SR, SS, AR, and TS guaranteed by the abst
theory. Specifically, for SS(A15A25A35A4[A), we find
Downloaded 28 Nov 2001 to 128.138.249.10. Redistribution subject to A
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nA14auAu2A50, ~53!

as obtained from the small amplitude limit of the nonline
eigenvalue problem~39!. Similar expressions hold for TR
and SR. For AR(A15A352 iA252 iA4[A) we obtain

nA14cuAu2A50, ~54!

while the TS (A15A25A, A35A450) are given by

nA1~a1c!uAu2A50. ~55!

Sincear,0, cr,0 for all values ofs for which oscillations
are present, all solutions bifurcate supercritically. Finally, t
relations ~47! and ~52! among the coefficients prevent th
existence of an unstable pattern called standing cross-
~SCR!.

As shown by Silber and Knobloch,14 the stability of the
five competing solutions~SR, TR, SS, AR, and TS! depends
on the nonlinear coefficientsa,...,e. Because of the degen
erate nature of these equations in the present problem
find that the stability properties of the first three patterns
identical and involve zero eigenvalues that are not forced
translation invariance. It is these eigenvalues that beco
nonzero if higher order terms in the asymptotic expans
are retained and describe the competition among these
terns on a slower time scale. The abstract theory, applie
the present problem, also shows that SS and AR canno
stable simultaneously. In fact, it is possible to show anal
cally that cr,ar,0 and hence that the AR are always u
stable. Moreover, the relations~47! and ~52! imply that TS
are also always unstable. In fact, theO(E1/3) terms omitted
from the asymptotic Eqs.~21!–~24! turn the TS into a sec-
ondary branch,12 but this branch will inherit the unstabl
eigenvalue present in the rapid rotation limit and so will
unstable. Thus only TR, SR, and SS are candidates fo
stable pattern, and these are precisely the patterns acces
to the fully nonlinear theory.

V. OTHER PLANFORMS

In this section we extend the previous analysis to ot
planforms of interest. To this end we introduce the planfo
function h(x,y) satisfying the planform equation

¹'
2 h1k2h50. ~56!

The planforms of interest are solutions to this Helmho
equation that are periodic in the plane. The square planf
encountered in Sec. IV is an example of such a pl
form. Other planforms include rolls (h5coskx),

hexagons @h(x,y)5coskx1cos(12kx1()/2)ky)1cos(12kx

2()/2)ky)#, regular triangles @h(x,y)5sinkx1sin(1
2kx

1()/2)ky)1sin(1
2kx2()/2)ky)#, patchwork quilt@h(x,y)

5cos(12kx1()/2)ky)1cos(12kx2()/2)ky)#, all of which
represent solutions on the hexagonal lattice.21 We use the
terminology patchwork quilt to distinguish this special sol
tion from general rectangles which also satisfy the planfo
equation@h(x,y)5cosmx1cosny, m21n25k2#. As in the
case of the square lattice patterns, the reflection symm
~26! continues to exert an important influence.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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A. Steady convection

Suppose first that a pair of rolls with wave vectorsk1

5(k,0) andk25(k cosa,ksina) are unstable. Then, becau
of the reflection~26!, rolls with wave vectork35(k cosa,
2ksina) are also unstable. Consequently, one cannot res
attention to rolls with the two wave vectorsk1 ,k2 unlessa
5p/2. This is the square lattice considered above; the rh
bic lattice appropriate to bifurcations in generic rotati
systems15 cannot arise in the present problem. Consequen
there are no Ku¨ppers–Lortz-like instabilities at leading orde
in the rapid rotation limit.

The remaining possibility is that the vectork3 is inde-
pendent of the other two. In that case spatially periodic p
terns are obtained only ifk21k35k1 , i.e., a5p/3. The
problem is then posed on the hexagonal lattice, and o
again the symmetry~26! implies the more restrictive symme
try group D63T2 instead of the expected22 symmetry Z6

3T2. The steady-state bifurcation with this symmetry~to-
gether with the midplane reflection symmetry! was analyzed
by Golubitsky et al.,21 who identified the presence of fou
primary solution branches, rolls~R!, hexagons~H!, regular
triangles~RT!, and the patchwork quilt~PQ!, as discussed
above. All of these solutions are equally efficient at tra
porting heat, as we now show.

We suppose that

~c,f,u!5~A~z!,B~z!,C~z!!h~x,y!, ~57!

whereh satisfies the planform Eq.~56!. It follows that Eqs.
~36! are unchanged while

DT̄~11k2h2uAu2!52K, ~58!

where

K215E
0

1 dz

11k2h2̄uAu2
. ~59!

The eigenfunctionA(z) thus solves the nonlinear eigenvalu
problem,

D2A2k2S k42
RaK

11k2h2̄uAu2
D A50, ~60!

for the eigenvalue RaK. Since the quantityh2 can be ab-
sorbed in the amplitude it follows that all planforms with th
same value ofk have the same Nusselt numberK. Note that
the eigenvalue problem depends onuAu2 only, even if the
boundary conditions on Eqs.~1!–~3! differ at top and bot-
tom. This is because in the rapid rotation limit the effecti
boundary conditions are simply~40!. In this limit the prob-
lem therefore acquires an additional reflection symmetry
there is no distinction between6 hexagons, both of which
bifurcate supercritically. Horizontal cross-sections of the
sulting three-dimensional states are shown in Fig. 9 foE
51023. The corresponding streamlines are shown in Fig.
along with their nonrotating counterparts (E→`) for com-
parison.
Downloaded 28 Nov 2001 to 128.138.249.10. Redistribution subject to A
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B. Overstable convection

For overstable convection on the hexagonal lattice,
symmetry~26! also implies that the spatial symmetry grou
of the problem isD63T2 instead of the expected symmet
Z63T2. The generic Hopf bifurcation with this symmetr
was analyzed by Robertset al.23 These authors identified 1
primary solution branches, all of which bifurcate simult
neously, and we must therefore expect corresponding s
tions to Eqs.~21!–~24!.

As in the square planform case not all of these states
be obtained in the fully nonlinear regime. For those that c
we write

~c,f,u!5 1
2~A~z!eivth1A* ~z!e2 ivth* ,

B~z!eivth1B* ~z!e2 ivth* ,C~z!eivth1C* ~z!e2 ivth* ),

~61!

where h(x,y) once again satisfies the planform Eq.~56!.
However, this time not all suchh are allowed, cf. Sec. IV C.
To determine the admissibleh we compute the Jacobia
J(f,u),

FIG. 9. The velocity field (u,v,w) at z51/4 steady for~a! down-hexagons,
~b! regular triangles, and~c! patchwork quilt at RaE4/35100, s50.4574.
The figures are drawn forE51023. Solid ~dotted! contours indicate positive
~negative! values. Note thatw(x,y) has the symmetry of anonrotating
pattern.

FIG. 10. Streamlines atz51/4 for steady rotating (E51023: upper panels!
and nonrotating (E→`: lower panels! ~a! down-hexagons,~b! regular tri-
angles, and~c! patchwork quilt when RaE4/35100,s50.4574 for compari-
son with the linear theory streamlines of Refs. 1 and 2.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp



1479Phys. Fluids, Vol. 11, No. 6, June 1999 K. Julien and E. Knobloch

Downloaded 28 N
TABLE I. The 11 nontrivial solutions of Eqs.~66! identified and illustrated by Robertset al. ~Ref. 23!. The
bracketed patterns have identical properties within the truncated normal form~66!.

Standing rolls~SR! : (r ,0,0,r ,0,0)
Standing hexagons~SH!
Standing regular triangles~SRT!

:
:

~r ,r ,r ,r ,r ,r !
~r ,r ,r ,2r ,2r ,2r ! J

Standing patchwork quilt~SPQ! : (0,r ,r ,0,r ,r )
Oscillating triangles~OT! : (r ,r ,r ,0,0,0)
Wavy rolls 1 ~WR1! : (r ,0,r ,r ,0,2r )
Twisted patchwork quilt~TwPQ! : ~r,re2pi/3,re4p i /3,r ,re2p i /3,re4p i /3!

~r ,re2p i /3,re4p i /3,2r ,2re2p i /3,2re4p i /3! JWavy rolls 2 ~WR2! :
Traveling rolls~TR! : (r ,0,0,0,0,0)
Traveling patchwork quilt 1~TPQ1! : (r ,0,r ,0,0,0)
Traveling patchwork quilt 2~TPQ2! : (r ,0,0,0,0,r )
si

T,
e
r
d

t
on
te
d

a

-

can
ring
g

J~f,u!5 1
4~BC* 2B* C!~]xh]yh* 2]xh* ]yh!. ~62!

It follows that the admissibleh must satisfy ]xh]yh*
2]xh* ]yh50 in addition to~56!. If this is so the procedure
of Sec. IV yields the eigenvalue problem

D2A2k2S iv

s
1k2D 2

A1

S iv

s
1k2D ~k22 iv!

k41v21
k6

2
h2uAu2

k2 RaK A

50, ~63!

where

K215E
0

1 v21k4

v21k41 1
2k

6h2̄uAu2
dz. ~64!

To identify the states for which the preceding analy
applies we write

~c,f,u!5 1
2~A~z!,B~z!,C~z!!eivt$A1eik1•x1As2%

3eik2•x1A3eik3•x1A4e2 ik1•x1A5e2 ik2•x

1A6e2 ik3•x%1c.c.1O~E1/3!, ~65!

wherek15kc
(0)x̂, k2,35(kc

(0)/2)(2 x̂6) ŷ). An examination
of this planform function readily shows that]xh]yh*
2]xh* ]yh50 for the planforms called TR, SR, SH, SR
and SPQ~see Table I!. All of these states have the sam
time-averaged Nusselt numbersK and the same nonlinea
frequencyv, and bear the same relationship to their stea
counterparts as the standing squares.

The abstract analysis of the Hopf bifurcation withD6

3T2 symmetry by Robertset al.23 finds six other solutions a
small amplitude. While these do not satisfy the conditi
]xh]yh* 2]xh* ]yh50, and hence cannot be found at fini
amplitude by the methods of this paper, they can be foun
small amplitude by reducing Eqs.~21!–~24! to the appropri-
ate normal form. Truncated at third order these equations

Ȧ15m~l!A11auA1u2A11buA4u2A1

1c~ uA2u21uA3u2!A11d~ uA5u21uA6u2!A1

1e~A2A51A3A6!Ā4 . ~66!
ov 2001 to 128.138.249.10. Redistribution subject to A
s

y

at
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Here a, b, c, d, and e are complex coefficients. The corre
sponding equations forA2 ,..., areobtained by a cyclic in-
terchange of 1, 2, and 3 and the symmetryx→2x.

As in the case of the square lattice, these equations
be reduced to a set of six algebraic equations by requi
thatÅ5 i (v2vc

(o))A. We proceed as in Sec. IV C. Omittin
all details, we find that atO(e3) equations of the form~66!
with

a5b52
1

8D0

k6

v21k4 , ~67!

c52
1

8D0

k6

v21k4 1
p)

96D0 S 2D2

iv1k2 1
3D28

iv

s
1k2D

1
p)D2~ iv1k2!

96s RaD0 S 21
9k2

iv

s
1k2

2
4p2

k2S iv

s
1k2D 2D ,

~68!

d52
1

8D0

k6

v21k4 1
p)

32D0 S 2D1

iv1k2 1
D18

iv

s
1k2D

1
p)D1~ iv1k2!

32s RaD0 S 21
k2

iv

s
1k2D , ~69!

and

e52a2c2d. ~70!

Here

D05
2v

s Fvk2~11s!1 i ~v21s~112s!k4!

v21s2k4 G , ~71!

D15
ivp)k4

v21s2k4

F11
s~12s!Ra

v21k4 G
Ra2

4p2

k2 2k4

, ~72!
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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D25
ivp)k4

v21s2k4

F11
s~12s!Ra

3~v21k4! G
Ra2

4p2

3k2 29k4

, ~73!

D185
ivp)k4

v21s2k4

F11
s~12s!

v21k4 S k41
4p2

k2 D G
Ra2

4p2

k2 2k4

, ~74!

and

D285
ivp)k4

v21s2k4

F11
s~12s!

3~v21k4! S 9k41
4p2

3k2 D G
Ra2

4p2

3k2 29k4

. ~75!

In these expressionsv, k, and Ra denote their critical value
vc

(o) , kc
(o) , Rac

(o) , respectively.
Once again, the five solutions TR, SR, SH, SRT, a

SPQ all bifurcate supercritically becausea r,0. The stability
properties of the remaining solutions can be determined
ing the results obtained by Robertset al.23 As in the square
case, each solution has a zero eigenvalue that is not force
symmetry but that vanishes in the rapid rotation limit. Sin
ar2cr.0, ar2dr.0, er.0, 4ar2cr23dr.0 for all val-
ues of the Prandtl numbers ~see Fig. 11!, these five solu-
tions are all candidates for a stable pattern, in the sense
modulo the zero eigenvalue all are stable near onset. In
trast the remaining solutions, OT, WR1, TwPQ, WR
TPQ1, and TPQ2 are all unstable. As on the square lat
the candidates for stable patterns are precisely those pat
for which the fully nonlinear theory works, i.e., those pa
terns for which]xh]yh* 2]xh* ]yh50. In fact we know,
from general theory, that SH and SRT cannot be stable
multaneously. This is a consequence of omitted fifth-or
terms in the expansion~66!. However, an expansion of th

FIG. 11. The quantitiesar2cr , ar2dr , er , and 4ar2cr23dr from Eqs.
~67! and ~70! at onset (k5kc

(o) , v5vc
(o) , Ra5Rac

(o)) as a function of the
Prandtl numbers.
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nonlinear eigenvalue problem shows that in the present c
these terms are absent, i.e., the selection between SH
SRT occurs as a result ofO(E1/3) corrections only. These
corrections are also responsible for shifting the unforced z
eigenvalue away from the origin and hence for any we
instabilities of the remaining candidates.

VI. HIGHLY SUPERCRITICAL CONVECTION

It is of considerable theoretical interest to look at t
behavior of the~time-averaged! Nusselt number at highly
supercritical Rayleigh numbers. For the case of steady c
vection such an analysis was carried out already by Bas
and Zhang.4 The overstable case is very similar because
oscillation frequency saturates with increasing Rayle
number~see Fig. 7!. The complex eigenvalue problem~38!
and ~39! can be written in the form

D2r2r~Dq!22k2S k42
v2

s2D r1

RaKk2S v2

s
1k4D

v21k412k6r2 r50,

~76!

D~r2Dq!2
2v

s
k4r21

RaKk4v~12s!

s~v21k412k6r2!
r250, ~77!

whereA[reiq. In the large Ra limit we expectr andK to
be large, butv5O(1). Wedefine

r5r0f ~z!, RaK5l`r0
2, v5v` , ~78!

where r0 measures the maximum value ofuA(z)u, i.e.,
u f (z)u<1, and is assumed to be large. Sincek remains fixed,
the eigenvalue problem becomes

D2f 2 f ~Dq!22k2S k42
v`

2

s2 D f 1
l`

2k4f S v`
2

s
1k4D 50,

~79!

D~ f 2Dq!2
2p`

s
k4f 21

l`v`~12s!

2sk2 50, ~80!

at leading order inr0
21. These two equations, subject to th

boundary conditions f (0)5D f (1/2)50, f (1/2)51,
Dq(1/2)50, constitute an eigenvalue problem forl` and
v` . With the above scaling the contribution from the bulk
K21 isO(r0

22) and hence smaller than that from the therm
boundary layers. In the boundary layers the termf (Dq)2 in
Eq. ~79! is subdominant, as will be verifieda posteriori, so
that ~79! can be integrated once,

1

2
~D f !252

1

2
k2S k42

v`
2

s2 D ~12 f 2!

2
l`

2k4 S v`
2

s
1k4D ln f . ~81!

Thus at leading order,

f 5 f̂ z~2 ln z!1/2, f̂ 5
Al`

k2 S v`
2

s
1k4D 1/2

. ~82!

In the following we therefore introduce the boundary lay
coordinate
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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Z5r0~ ln r0!1/2z, Z5O~1!. ~83!

It follows therefore that to leading order

K5K0r0~ ln r0!1/2, K05
k

p
A2l`

s S v`
2 1sk4

v`
2 1k4 D 1/2

,

~84!

so that

Ra5
l`

K0
r0~ ln r0!21/2. ~85!

These relations imply a transcendental relation between
Nusselt and Rayleigh numbers when the latter is large,

K5K1 Ra ln~K Ra!, K15
k2

p2s S v`
2 1sk4

v`
2 1k4 D , ~86!

to leading order.
It remains to verify that in the boundary layer one c

indeed neglect the termf (Dq)2 in Eq. ~79! and to determine
the eigenvaluesl` andv` . To this end we take the bound
ary layer solution~82! and solve Eq.~23!. To leading order
we find that f (Dq)2'z21(2 ln z)23/2, and hence that this
term is small compared with thef 21 term retained in obtain-
ing Eq. ~82!. The eigenvaluesl` and v` are most easily
found by extrapolation of the solutions of the eigenva
problem~39!. The latter quantity determines the constantK1

in the asymptotic relation~86! and allows us to compare th
asymptotic prediction~86! with solutions of the nonlinea
eigenvalue problem~39!. This comparison is shown in Fig
12~a!, together with the approach of the eigenvaluel
[RaK/r0

2 to its asymptotic valuel` @Fig. 12~b!# and the
Prandtl number dependence ofK1 @Fig. 12~c!#.

The above analysis applies straightforwardly to the r
eigenvalue problem describing steady convection. It suffi
to drop theq variable and setv`50. Consequently, a rela
tion of the form ~86! governs the steady problem as wel4

with the constantK1 replaced byK15k2/p2. Once again
this relation is independent of the eigenvaluel.

It will be recalled that upper bound theory24 for nonro-
tating convection shows that for large Rayleigh numbers
Nusselt numberK~Ra!,~3 Ra/64!1/2; a single mode version
of this theory gives a more restrictive upper boun
K~Ra!,~Ra/248!3/8. Since rotation drops out from the powe
integrals used in the derivation of these results, these u
bounds hold for rotating convection as well. However, the
results do not contradict the asymptotic behavior obtai
from the nonlinear eigenvalue problem. The upper bou
results are obtained for finite rotation in the limit Ra→`. In
contrast, in the derivation of the eigenvalue problem we fi
let Ta→` and then examine the Nusselt number at la
values of Ra. Evidently the two limiting procedures, R
→` and Ta→`, do not commute.

VII. DISCUSSION AND CONCLUSION

In this paper, we have derived by an asymptotic exp
sion in the Ekman number a reduced set of dynamical eq
tions describing rapidly rotating convection. These eq
tions, summarized in~21!–~24!, promise to have significan
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applications, for example, to the study of rapidly rotati
turbulent convection.5 The scaling adopted in deriving thes
equations implies that all three components of the veloc
field areO(E21/3) and hence large. It is this property th
makes the resulting equations valid for anyO(E24/3) value
of the Rayleigh number. As a result, the reduced equati
are valid well beyond the regime in which weakly nonline
theory applies and thus describe strongly nonlinear thr
dimensional convection. In particular, the equations desc
correctly the nonlinear deformation of the temperature p
file with increasing supercriticality. It should be noted that
studies of two-dimensional rapidly rotating convection,4,7 the
adopted scaling is anisotropic, although the same nonlin
eigenvalue problem is recovered at the end. The reason
this can be seen from expression~6! for the velocity fieldu:
in a two-dimensional flow, independent ofy ~say!, u
5(]x]zc,2]xf,2¹'

2 c) and the velocity components ar
u5@O(1),O(E21/3),O(E21/3)#, in agreement with the scal
ing used in Refs. 4 and 7. Because the reduced equa
describe self-consistently the deformation in the mean te
perature profile with increasing Rayleigh number, they fo
a simpler set of equations for studying high Rayleigh num
rapidly rotating convection. This is because they can
viewed as the equations describing the dynamics in the b
Consequently, the thin~and passive25! Ekman boundary lay-

FIG. 12. ~a! Comparison of the asymptotic relation~86! for the Nusselt
number with exact results obtained from~39! for s50.4572 andkc

(o)

50.8867.~b! The eigenvaluel[RaK/r0
2 defined in~78! showing the ap-

proach to the asymptotic regime.~c! The prefactorK1 as a function ofs
whenk5kc

(o) .
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp



o
rte
in
a

-
e

th
R
ra
s
ve
u
th
lu
ge
a
b
e
t
e
a
fo
a
ct
es
ua
in
,
u
ss
h
c

th
tin
re
e

d
ea
s

ot
m
ra
tit
flu
n

al
s
e
a
ra
w

i
la

d

rly

xtra
ced
-
and

r
an-
opic

e-
tly,
in-
el,
-

ap-
e

p-
se
e
n-

ty
res-
try.

lay
sent
pa-

nt
er

ful

g

r

a

for

r-

a

ith

on
o-

hic

1482 Phys. Fluids, Vol. 11, No. 6, June 1999 K. Julien and E. Knobloch
ers at the top and bottom are absent, and the resolution
quirements substantially reduced. Preliminary simulations
the reduced equations in three dimensions, repo
elsewhere,5 reveal plume structures and vortices extend
from top to bottom much as found in three-dimension
simulations of the primitive equations.6 This approach to de
scribing fully nonlinear rapidly rotating convection will b
described in detail elsewhere.

In this paper we have focused on understanding
pattern-forming properties of the reduced equations.
markably, a number of patterns can be obtained at arbit
supercriticality by reformulating the reduced equations a
nonlinear eigenvalue problem. In the case of steady con
tion, this eigenvalue problem is real and determines the N
selt number as an eigenvalue for prescribed values of
Rayleigh number. For oscillatory convection, the eigenva
problem is complex and determines both the time-avera
Nusselt number and the oscillation frequency. In each c
the resulting patterns are characterized, at leading order,
single horizontal wave number, and solve the same eig
value problem. Thus no horizontal harmonics are genera
in the rapid rotation limit despite the fact that they do b
come linearly unstable, as happens, for example, at 5.5 R
Rac, and 85 Rac in the steady case. The steady patterns
which this is the case include the familiar rolls, as well
squares, hexagons, regular triangles, and a particular re
gular pattern called patchwork quilt. Consequently, all th
patterns have the same Nusselt number, i.e., they are eq
efficient at transporting heat. Likewise, among the oscillat
patterns we identified six~traveling rolls and standing rolls
squares, hexagons, regular triangles, and patchwork q!
that are characterized by the same time-averaged Nu
number and identical nonlinear oscillation frequencies. T
appearance of these patterns is affected by an unexpe
reflection symmetry in vertical planes present in Eqs.~21!–
~24! at leading order in the Ekman number. As a result,
leading order equations have the symmetry of a nonrota
system; the handedness expected of rotating systems
pears when the corresponding incompressible velocity fi
~6! is reconstructed.

We noted that in all cases the patterns guarantee
exist by abstract theory but inaccessible to the fully nonlin
theory are unstable at onset and hence are not candidate
stable patterns at larger amplitudes. Thus in the rapid r
tion limit the large amplitude state is characterized by a co
petition between a number of computable nearly degene
states. Because of this near-degeneracy, such compe
must occur on a slow time scale. Moreover, the strong in
ence of the Taylor–Proudman constraint implies that a
instabilities lead to states that do not deviate substanti
from the computable states. Consequently, we expect the
tistical properties of the resulting ‘‘turbulent’’ state to b
largely independent of which of the competing states is
tually present, although distinction between steady, and t
eling or standing patterns is necessary. Studies of t
dimensional fully nonlinear convection on anf-plane support
this picture and yield semianalytical correlations that are
good quantitative agreement with direct numerical simu
tions in three dimensions.25 The slow evolution envisage
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above may be viewed as a drift along a manifold of nea
degenerate states. This drift may be due to Ku¨ppers–Lortz
instabilities whose growth rate is suppressed by the e
reflection symmetry present in the leading order redu
equations. Thus Ku¨ppers–Lortz instabilities, like other insta
bilities, are a consequence of subdominant terms only,
for some patterns~such as squares! may be absent
altogether.11 It is for this reason that we did not conside
patterns on the rhombic lattice. General rectangular pl
forms were also omitted because these result in anisotr
patterns.

The solutions mentioned above are fully nonlinear d
spite their simple structure in the horizontal. Consequen
the asymptotic limit explored here provides an important
stance in which the planform approach of Gough, Spieg
and Toomre26–28 to fully nonlinear convection becomes ex
act. However, not all solutions can be found using this
proach, even in the rapid rotation limit. We identified th
general conditions for the applicability of the planform a
proach to the fully nonlinear problem, and determined tho
solutions for which it failed in the weakly nonlinear regim
using center manifold reduction. This reduction in turn ide
tified the likely candidates for stability. Complete stabili
properties could not be given, however, because of the p
ence of zero eigenvalues that are not forced by symme
The presence of these eigenvalues, which are7 O(E4/3), in-
dicates that higher order terms in the Ekman number do p
an important role in pattern selection; these effects are ab
from our reduced equations. Additional effects, such as s
tial modulation onO~1! scales in the originalx,y variables,
can also be included.7
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