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Fully nonlinear three-dimensional convection in a rapidly rotating layer
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Fully nonlinear three-dimensional convection in a rotating layer is studied for large Taylor numbers.
In this regime, the leading order nonlinearity arises from the distortion of the horizontally averaged
temperature profile. As a result, steady rolls, squares, hexagons, triangles, and a pattern called
patchwork quilt all have identical Nusselt numbers. A similar degeneracy is present in overstable
convection with six patterns having identical time-averaged Nusselt numbers and oscillation
frequencies. These results are obtained via an asymptotic expansion in the Taylor number that
determines, for each Rayleigh number, the time-averaged Nusselt number and oscillation frequency
from the solution of a nonlinear eigenvalue problem for the vertical temperature profile. A number
of other patterns are determined by a weakly nonlinear analysis that cannot be extended into the
fully nonlinear regime by the present methods, but these patterns are necessarily unstal#89 ©
American Institute of Physic§S1070-663(99)01606-2

I. INTRODUCTION is the case, for example, for an oscillatory pattern called
alternating rolls; this pattern bifurcates supercritically but is
Square pattern convection in a rotating layer is featurecilways unstable near onset. Although these results are for-
prominently on the cover of the Dover edition of Chan- mally obtained for stress-free boundary conditions, in the
drasekhar’'s famous bodkThis figure, reproduced from rapid rotation limit they are identical to those for no-slip
original work by Veronis, shows particle trajectories in boundary conditions.
(steady square pattern convection at onset, i.e., the stream- This paper is organized as follows. In the next section
lines of the linear eigenfunction. At slightly supercritical we introduce the governing equations and summarize their
forcing (Ra=Ra.+ €2, where Ra is the Rayleigh number and linear stability properties. In Sec. Ill we describe the
e<1), the velocity field resembles the linear eigenfunctionasymptotic expansion that leads to a new class of reduced
and the particle paths might be expected to resemble thosuations describing fully nonlinear convection in the rapid
depicted on the cover of the bodK:he computed streamline rotation limit. These equations take the form of coupled
pattern is periodic in the plane and has a pronounggd equations for the vertical velocity and vertical vorticity,
symmetry, i.e., it is invariant under proper rotations4f  driven by thermal buoyancy, and describe the dynamics out-
only. In this paper we show, following Bassom and Zh&ng, side of the thin Ekman boundary layers at the top and bot-
that fully nonlinear velocity fields wittZ, symmetry can be tom. As a result they form a simplified set of equations gov-
obtained in the limit of large rotation rates by combining erning the three-dimensional dynamics in a rapidly rotating
asymptotic analysis of the governing partial differentiallayer at arbitrary Rayleigh numbers. Although these equa-
equations with a numerical solution of a nonlinear eigen-ions are of interest in their own rigfitwe focus here on
value problem for the heat flux. The resulting solutions arespatially periodic solutions only. In Sec. IV we describe
valid at Rayleigh numbers arbitrarily far above threshold, insteady and oscillatory solutions with a square planform, turn-
contrast to the weakly nonlinear solutions obtainable via pering in Sec. V to other types of steady and oscillatory pat-
turbation theory when RaRa.+ €2, e<1. However, despite terns. In Sec. VI we summarize the results of solving the
this fact, their horizontal structure remains simple: the nonnonlinear eigenvalue problems that arise at high Rayleigh
linearity manifests itself only in their vertical structure. Fun- numbers. The paper ends with a discussion of the implica-
damentally, this is because in the rapid rotation limit thetions of the fully nonlinear three-dimensional solutions con-
dominant Coriolis term is balanced, at leading order, by thestructed here for ongoing simulations of turbulent rotating
pressure gradient. As a result, the leading order descriptioﬁonveCtiont?
involves nonlinearities from the temperature equation only.
We describe here the asymptotic expansion leading to these
conclusions and generalize it to both overstable convectiof) covERNING EQUATIONS
with a square planform and to other planforms. A number of
additional results are easily obtained in this limit. These in-  The dimensionless Boussinesq equations describing con-
clude results on several other types of patterns which cawmection in a horizontal fluid layer rotating uniformly about
only be found by perturbation methods valid near onset. Thishe vertical aré

1070-6631/99/11(6)/1469/15/$15.00 1469 © 1999 American Institute of Physics

Downloaded 28 Nov 2001 to 128.138.249.10. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp



1470 Phys. Fluids, Vol. 11, No. 6, June 1999 K. Julien and E. Knobloch
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— —+Ta%xu=—-Vp+RaTz+V?y, (1) e ) v

o Dt w= (9y(92¢) + V ﬁxlﬂ . (6)
DT - V¢

_ZVZT, (2) . l- - . -

Dt Here o=V Xu is the vorticity and the partials with sub-
V.u=0 3) scripts denote differentiationd,=d/dx, etc. The operator

VfEaXXJr dyy is the horizontal Laplacian.

whereu= (u,v,w) is the velocity field in Cartesian coordi- In the following we shall find it convenient to introduce
nates(x,y,2 with z vertically upward. The symbol§ andp  the Ekman numbefE=Ta %2 as a measure of the impor-
denote the temperature and pressure, respectively. The equance of dissipation compared with rotation, and rescale the
tions have been nondimensionalized with respect to the theequations witht~Et’, u~E~u’. Dropping primes, and
mal diffusion time in the vertical. The resulting dimension- taking z- VX and 2-VXV X of the momentum equation,

less parameters puts the governing equations into the form
402d* gaATd3 v 1 5 5 1 o2
Ta= ot Ra= e T 4 ;0tVi¢—0zVLt//+;N¢,(¢,1//)=EV V24, @

are the Taylor, Rayleigh, and Prandtl numbers, and measurg 1
the magnitude of the rotation ra®@, the strength of the —d,V2Viy+3,Vid+—N,(,¥)
applied buoyancy force, and the ratio of viscous and thermal 7

diffusion times. Herdl is the layer depth, and and « are, =_ RaEZVfTJr EV"’Vf o, (8)
respectively, the kinematic viscosity and thermal diffusivity. 5
Of the remaining symbols\T is the temperature difference 9T+ Nt(,4,T)=EV°T, 9)

imposed across the layer whitgis the acceleration due to \here
gravity anda the coefficient of thermal expansion.

In the following we employ a stream function formula- Ny(.¢)=(w-V)w—(u-V)ws,
f[iqr) in orde_r to avoid difficulties in i_mp(_)sing the incompre_ss— Ny(, ) =2-VX VX (wXU), (10)
ibility requirement(3) on the velocity field at each order in
the asymptotic expansion. Specifically, we write Nr(é,#,T)=u-VT.
U=VX 2+ VXV X2, (5) In the streamfunction representation these terms take the
form
so that . A ,
Ny=—J3,Vid]=I VLV +V (Vi) -V, (d,4)
0o+ o »=—.V7 6] [zw ﬂi’] " 1)V, (00
u=| —dx¢d + 9|, =V, (9,0) -V (Vi) =VI4Vi(9,9)
- Viy +VEVE(9,),

|
N, =—V2{I[ V2] +I[d,,0,0] =V -V (8,0) = V1 (d,90)- VL (V2)} = 043 0,4, V2] — [ ,V20,4]
—2[9,0,V2Y1+V, ¢-V (V2 +V, (3,) -V (V23,) + V2 YVAVZ ) + |V (3,8) |2+ |V (VZ) |2+ (V2 $)2,
N=—J[,T1+V, d,4-V, T-VZy0,T, (12)

where J[ -,-] denotes the horizontal Jacobian-d,-—d,  are summarized in Ref. Isee also Ref. )7 In the rapid
-dy-. These equations are solved for a fluid confined berotation limit these results become independent of the nature

tween boundaries at fixed temperatures, of the velocity boundary conditions at the top and bottom of
the laye® In this limit one finds that for o>o*
T(0)=1, T(1)=0, (12 ~0.676 605 the conduction state loses stability at a steady-

: : . . state bifurcation at
which are impenetrable and either stress-free or no-slip,

stress-free: =4d,,44=3d,6=0 at z=0,1, 212/3 211/6
Y= 0,7p= 3, _} E-43 kgs):[w_} E-13 (15)

R{=3| =
no-slip: Yy=d,=¢p=0 atz=0,1. (13 2 2
The stability properties of the conduction state
while for o<o* (see Fig. 1 it loses stability to overstable
Yy=¢=0, T=1-z2, (14 oscillations(Hopf bifurcation) at
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T(x,y,z,t)=T(z) + EY30(x,y,z,t) + O(E??). (20

Here the overbar indicates averaging over both the horizontal
variablesx,y and over timet. In the following we shall only

be interested in solutions that are periodic with respect to
these three variables. Finally, according 1) and(16), we

also scale the Rayleigh number, RE~*°Rd .

The scalingg(18) and (19) imply that on the scales of
interest the vertical and horizontal velocities are of the same
order, both O(E?®Qd in dimensional units. The local
Rossby number is thu§(E¥3) and hence is small, i.e., even
though the scales of interest are small the flow is still
rotation-dominated. Moreover, as can be verified from Eq.
(6), the horizontal velocity components are in geostrophic
balance at leading order. Applying these scalings to Ef)s.
and (8) (and dropping all primesleads to the following re-
duced system:

%[atVisb—J(gb,Vigb)]—DVi¢=Vi¢+O<E1’3>, (21

1
;[atvf =3I, Vi) ]+ Dp=—Rab+Viy+O(EY).

(22)
These equations represent a pair of coupled, thermally forced
equations for the vertical velocitw=—V?2y and the verti-
cal vorticity {=— Vf ¢. The thermal forcing follows from

the temperature equation, which yields a pair of equations,
one describing the evolution of the fluctuating temperature

Wavenumber, k “EV3

FIG. 1. (a) Neutral stability curves Rék) for steady(solid line) and oscil-
latory (dashed ling convection wheno=0.4574; the minimum of the
dashed curve defindg®=0.8867, R¥)=5.4059. The Takens—Bogdanov
point occurs akyg=1.2422, Rag=8.7771.(b) The corresponding oscilla-
tion frequencyw. vanishes akqg .

2 U3 and the other a steady-state equation for the mean tempera-
0_3l— 413=—4/3 =
Ra”=3/ | (om¥E*, (16)  ture profileT,
with 96=3(¢,0)=VIyDT=V: 6+ O(EY), (23
O ZF/GEW DZT+DV2y6=O(E™). (24)
(] l
2(1+0) To obtain these equations we have employed integration by
o2 13 > totrs 17 parts assuming that, v, and 6 are periodic in space and
o= —2(1+U)2} (2-30)VEY, time. Equation(24) can be readily integrated to obtain

Here »{” is the Hopf frequency in the new time variable. DT+VZyo=—K, (25

whereK is a constant determined by the temperature bound-
ll. THE SCALED EQUATIONS ary conditions(12). Physically,K is the time-averaged Nus-

In the following we focus on horizontal scales of order S€lt number, i.e., the total dimensionless heat ficonduc-
EY3d: as indicated above, scales of this order are the ondd/€ and convectiveacross the layer. Equatiori@1)—(24)
selected by linear stability theory. We therefore introducgfoM @ closed system of equations describing nonlinear con-
fast horizontal variables’' =E~ Y3, y'=E~ Y3 and use the Vection in the rapid rotation limit.
notation D=4, to denote derivatives with respect to the It i important to observe that Eq&21)—(24) have an
(slow) variablez Since the motion on the horizontal scales €Xtra symmetry that is not present in the original E@$-
will be in geostrophic balance we also introduce a slow timel3)- This is the reflection

v=E", XY= (=Y) (1, 0T)—(—h— b~ 6T). (26

Ix.0y=E Py Jyr), (18) Physically, this extra symmetry manifests itself in the ab-
Similar anisotropic scalings have been observed both in nusence of pseudoscalar terms(Bi)—(24). In fact, we have
merical simulations and laboratory experimetis®Next, to  the remarkable result that the symmetry properties of rotat-
introduce nonlinearity in the leading order balance we scaléng convection in the rapid rotation limit are identical to
the streamfunctions as those characteristic of nonrotating convection! It is not sur-

b=Ed', y=ENBy prising, therefore, that the presence of this “unexpected”

! ' symmetry has important consequences for the types of solu-
and write tions admitted by these equations and for their stability. It

(9'[ = E1/3(9t1 .

19
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should be noted, however, that ttezaled horizontal veloc- (r(N)+alA|?+b|Ay|5)A;=0,
ity components, (29)
N)+alA,%+Db|A,%)A,=0,
(u’v):(é’Y¢+El/gé’xé’z'ps_ax¢+E1/3(?yaz¢')v (27) (M( ) | 2| | 1| ) 2
. ) where ' (0)>0 anda,b are real coefficients. Generically
do not share this symmetry. In fact, the velocity componentsy, g equations have two types of solutions, rolls and
are symmetric with respect #@6) only at leading order in squares, given byA;,A,)=(A0), and A;,A,)=(AA)

the Taylor numbgr, i.e.,L(,v)—>.(u,—v) only if the sub- respectively. In the case of overstability we look analogously
dominantys terms in(27) are omitted. Such terms are, how- for solutions of the form

ever, essential in order to satisfy the incompressibility con-

dition (3). Thus at any finitébut nonzerp Taylor number the P(X,y,2,) = HA (1) e+ Ay(t) eV + Ag(t)e
flow will manifest the handedness expected of rotating flows “iky
and the symmetries of the Navier—Stokes equation in its +Ae (2 +-+cc, (30

pnmlIrtml\t/r?evz)rlllzs\lfngr]ev?/[eem‘stnecnljtgté)%néoIu tions of Eq@1)—(24) and assume that the linear stability problem takes the
that are periodic in space and time. It turns out that many of®"™ AZO)'“()‘)'?)‘)’ where A(f)(Al'AZ’Aff'A“)’ A
these have horizontal structure that remains simple for aITE(Ra_Raé )/Re andu(0)=iwc”, Re(u’'(0))>0. It fol-
values of Ra. In the next section we describe solutions with (Jj\ows .that the quantltles],_e\ﬂ |Ag) apd (A ’|Af‘|) repr(_asent
square planform that have this property and then generaliZdMPlitudes of left- and right-traveling waves in thg direc-

v . 2 .
the results to other planforms. Turbulent solutiong2f)—  tONS, respectively. In the generic,x T°-symmetric prob-
(24) are discussed elsewhére. lem t_he a{rswplltudesAj , j=1,...,4, satisfy the truncated
equation$®
IV. SOLUTIONS WITH A SQUARE PLANFORM A= (M)At (8| Ay 2+ bl Agl+ | Ay 2+ d|Agl?) A
A. Weakly nonlinear theory +eAALA;,

For patterns with a square planform the general .
theory12 is conveniently formulated on a rotating square A= (M) A+ (alAg|*+b|As?+c|Agl*+d|A ) A,
lattice. In the steady case, the resulting weakly nonlinear
theory identifies two competing patterns that are periodic on
this lattice and bifurcate simultaneously from the conduction . ) ) ) )
state!! rolls (R) and squareS). Because of the rotation the As= pu(N)Agt (a| Ag“+ bl Aq| "+ c[Ag*+d|Agl*) Ag
square pattern hag, symmetry, i.e., it is invariant under FeAAA.
proper rotations byr/2 only, cf. Ref. 1. In the case of over- 2
stability, four solutions with the symmetry of a rotating .
square lattice bifurcate simultaneously from the conduction Aq= (M A+ (@l Adl*+b|Ao|*+c| Agf*+d[Agl*) Ag
state!? traveling rolls (TR), standing rolls(SR), standing +eAAA,.
squares(SS, and alternating rollSAR). In each case the
stability of these solutions with respect to perturbations inHowever, in the present case the reflection symmégy
the form of the competing solutions can be calculated. Foforces the coefficients andd to be identical. This is because
steady rotating convection such calculations are described iin acts on the complex amplitudes{,A,,A3,A,) by
Ref. 11. Analogous calculations for the overstable problem
have not been done, although the abstract results are given in (A1,A2,A3,A4)— (A1, —Ag,Az,—Ay). (32
Ref. 12. In the following we show that with the exception of
AR, fully nonlinear solutions of the above types can be
found in the limit of large Taylor numbers, and calculate the -, . ; : : .
AR state at small amplitude. We also find an unexpecte T°. The beh_awor of the re_sultlng equations IS analyzed in
solution, traveling squared@s), and trace its presence to the ! ef.. 14 and differs substantially from the generic case stud-
unexpected symmetr§26). led in Ref. 15. . —

To indicate the nature of these solutions we briefly reca- It follows that the small amplitude temporally periodic

pitulate the abstract theory. In the case of steady onset W‘seolutionS created at the Hopf bifurcation satisfy the equation
look for solutions of the form A=i(w—l”)A, where

+eAAA,, 31

As a result, in the rapid rotation limit, the symmetry group
becomesD, X T? instead of the expected symmet#,

P(X,y,2) = A€+ A f(2)+---+c.c., 28 PALT(@AY|? bl Agl+ | A7+ Al|?) A+ e AAA; =0,

wheref(z) is the vertical eigenfunction and the dots denoterAz+ (a|Az|*+b|As|*+c|Agl*+c|Ag|?) Ay +eAAzA,=0,
higher order terms in the bifurcation parameter (33
=(Ra—R4")/Rd® whose amplitudes are slaved to the evo-vAz+(a|Ag|?+b|Ay|*+c|Ay|*+c|A|?) As+eAALA =0,
lution of the amplitude®\{,A,. In equilibrium these ampli- o

tudes satisfy the equations vAL+ (a|Ag)2+b| A2+ c| A2+ c|Ag|D) A+ e A/ AZA,=0,
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wherev=p(\) —i(0—0l?), and the frequency~w(® is  Both steady(w=0) and oscillatory(w+0) patterns take this
to be determined. The coefficients a, b, cande are in  form. In the following we refer tdA| as the amplitude of the

general all complex. solution. For this planform the Jacobian¥ ¢,V? 1),
The following five solutions are guaranteed to be presenﬂ(ng,V2 ), and J(¢,6) all vanish. It follows from Egs.
near onset of overstabilit}. (21)—(23) that
Traveling Rolls(TR): (A,0,0,0, i :
X k2le=pA, K2 +k2|A-Rac=DB
Standing Rolls(SR: (A,0A,0), o ' o '

Standing Square$SS: (A,AAA), (39 (36)

Alternating Rolls (AR): (A,iAAiA),
Traveling SquaresTS): (A,A,0,0).

A sixth pattern, called standing cross-ro{SCR), exists in Dﬂ 1 2k6|A|2) - K 37
open regions in coefficient space, but is always unstable. It 24K '

will not be considered here. Note that in the geneic

X T2-symmetric case in which+d, traveling squares cease with K obtained from the relatlogﬁoDTd z=-1,

to be a primary solution brancf;instead, the analog of TS

(iw+k?)C=—k2ADT.

The mean temperature E@5) now yields

bifurcates in a secondary bifurcation from one of the other K-1— ! w?+k* dz. (38)
branches which persist as primary branches even when 0 w2+ K4+ 2k“’|A|2
#d.

The predictions of the weakly nonlinear theory are ex-It follows that A(z) satisfies the nonlinear eigenvalue prob-
pected to hold even for fully nonlinear convection. However,lem
as shown below, we can find fully nonlinear solutions in the

form of TR, SR, and SS only; the remaining two sets of o )

solutions can be determined analytically in the weakly non- 2 F+k (k*~iw)

linear regime only. For the fully nonlinear solutions we find, D*A— kz( o Tk AT w21 2K A2 k? RaKA=0.
by continuation arguments, that if the solution frequency re- (39)

mains bounded away from zero the branches exist globally.

Moreover, if such a branch is stable near onset it can los&his problem is to be solved for tHeomplex eigenfunction
stability only at a secondary saddle-node bifurcation, at &\ (z) and the eigenvalues Raand w; sinceK is then deter-
secondary Hopf bifurcation, or at a parity-breaking bifurca-mined through(38), an amplitude-Rayleigh number diagram
tion. If the amplitude increases monotonically with Ra, nois readily constructe@see below. The corresponding results
saddle-node bifurcations are present. A secondary Hopf bifor steady convection are obtained on setting 0.

furcation from the TR branch generates a branch of two- It is easy to check that traveling ro{¥R) and standing
frequency modulated waves which may terminate on one ofolls (SR) satisfy an identical eigenvalue problem. Thus in
the other branches in a parity-breaking bifurcatfbidopf ~ the overstable case there are three patterns with identical
bifurcations from SR and SS may take the form of two-time-averaged Nusselt numbefsand frequencies in the
frequency standing waves or three-frequency standing wavdarge Taylor number limit. In fact we knoi§**that in this

that drift back and forth! Parity-breaking bifurcations are limit the TR are stable with respect to counter-propagating
steady-state bifurcations from a group orbit of nondriftingdisturbances while the SR are unstable, an effect that occurs
solutions that result in a drift. Such drifting standing waveson the slowest of three disparate time scales and hence is
are two-frequency states and often connect with the twoabsent from the present discussion. Likewise, in the steady
frequency waves generated by secondary Hopf bifurcationsase, rolls(R) and squaresS) also satisfy identical eigen-
from traveling states. None of these bifurcations can bevalue problems. This degeneracy between several types of
found without an explicit stability calculation. Additional solutions is a consequence of the fact that in the rapid rota-
wavelength changing instabilities are also possible, but retion limit the leading nonlinearity is provided by the horizon-
quire the use of periodic boundary conditions based on multally averaged temperature profile. As a result, in the weakly
tiple wavelengths of the basic state. We do not pursue thesgonlinear regime described g9), the coefficientsa andb

possibilities here. are equal, and a whole circle of steady solutioAs ,A,)
=(1,c)A, O=c=1, bifurcates simultaneously. Likewise, in
B. Fully nonlinear solutions Egs.(33), a=b, e=2a—2c (see below

Equation(39) is to be solved subject to the boundary
The preceding section tells us what patterns we Sho“'@ondnmns

expect in the fully nonlinear regime. We begin by looking
for solutions with a square planform, A(0)=A(1)=0, (40)
-1 ,B ,C i wt ikx+ iky ) ) . - -
(.¢.9) Z(A(%) (Z). (2)e* (e +e imposing impermeability of the boundaries. These boundary
+e W pe W+ cct OEYS). (35)  conditions thus correspond to the stress-free case. However,
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(b)

4

FIG. 3. Streamlines in the plarze= 1/4 when R&E*3= 100, for comparison
with the linear theory streamlines of Refs. 1 and 2 att¥3=8.6956.(a)
E=10"2 and(b) the nonrotating casg— .

show in an analogous way horizontal and vertical cross-
sections for a standing square solution at four equally spaced
FIG. 2. The velocity field ,v,w) for a steady solution with a square times within half an oscillation period. Figure 4 also shows
planform obtained from the nonlinear eigenvalue probl¢d®) with  the corresponding vertical slices taken parallel to a side. In
R38§4/132:6100(E|_|11_-5 Rtési) and kf:S)Etl_B: 1;‘)‘1?4 Thz ’t\]‘“sser ”lumb“ all cases the cell boundaries are straight. However, as in the
e e e 1 sy SR Statd there is o intant n tme at which the fuid is
w(x,y) has the symmetry of ronrotatingpattern. wholly at rest. This is illustrated in Fig. 5, where we show
the kinetic energy per unit mass=(1/2)fu?dxdydz inte-
grated over a cell, as a function of time for several values of

as already discussed, the effect of boundary layers requiréd®: SINCEE=J£dz, where

in the rigid case can be shown to be negligible in the high  ¢?k?|DA|? k*

Taylor number limit. Thus, both sets of boundary conditions€= 02+ o 2KF + 2

give rise to the same nonlinear eigenvalue problem. We

solve this problem on a discretized one-dimensional mesh 1[o’k*(DA)? K*

using an iterative Newton—Raphson—KantorovigiRK) 2 (crk2+iw)2+7A

schem&®with (10719 accuracy in thd., norm of A(z) o o . .

and comparable accuracy in the corresponding eigenvt(luesw_e see that the klnetlc_ energy is strictly positive at all times.
Figure 6 shows the time-averaged Nusselt numgethe

and w. — : oo
w scaled oscillation frequenay, and the time-averaged kinetic

In Fig. 2 we show(a) a horizontal cross section at i ]
energy E as functions of the Rayleigh number far

=1/4 and(b) a vertical section taken along the plaxe 0 of ' ]
the steady square solution @tcaled Rayleigh number Ra =0.4574. The corresponding results for steady convection,

—100. For comparison, the critical Rayleigh number issuch as the kinetic energy for a steady square solution,
R4®=8.6956320. Figure 2 is computed using expression 1 1

(27) for the horizontal velocity field§,v) and retaining the &= k7|DA|2+ §k4|A|2+ O(E™), (42
nongeostrophicO(E*3) terms required to satisfy incom-

pressibility and to capture the handedness of the pattern &€ included for comparison. The figures use the preferred
finite Ekman numberE = 10"3). Comparable corrections to Wave number in either cask=k{® andk(, respectively.

¢ arising from higher order corrections in Eq21)—(24) For the value of the Prandtl number usefi<0.4574), os-
have no effect on the solution symmetry and are omitted. Irillatory convection sets in firstFig. 1) and hence has a
Fig. 3@ we show the corresponding streamlines for com-larger amplitude than the corresponding steady state with the
parison with the linear eigenfunction streamlines plotted bysame wave number at each value of Ra. However, when the
Veronig and ChandrasekharThe Z, symmetry of the pat- preferred wave numbers are used this relationship need not
tern is evident. For contrast, Fig(l8 shows the streamlines hold, as seen in the Nusselt number plot in Figa) 6Note

for a nonrotating square planfornE{«). In Fig. 4 we thatK andE increase monotonically with Ra, while the os-

A2

el“t+c.ct +OEY?), (41)
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FIG. 4. The velocity field ¢,v,w) atz=1/4 for a standing square pattern g
obtained from the nonlinear eigenvalue probléBg) at RaE**=100 o 102 1
(=18.5R4”) andk{”?=0.8867. The Prandtl number=0.4574. The time- g
averaged Nusselt numbir=93.443 and théscaled oscillation frequency < 100 l

»=0.9547. The solution is plotted f@=10"2 at four equally spaced times
during half an oscillation period. The cross sectionsifanay be obtained

by a 90° counterclockwise rotation of (c) The corresponding section at
x=0.

1 10 100 1000 10000
Rayleigh number, Ra +E **

FIG. 6. Time-averaged Nusselt numbir oscillation frequencyw, and

time-averaged total kinetic enerdy as functions of théscaled Rayleigh
cillation frequencyw appears to saturate at a finite value. Of number for square pattern convection whéf=0.8867 ando=0.4574.

course the instantaneous Nusselt numiéz,t) for SR and  Dashed lines show steady squares, solid lines standing squares.

SS oscillates in time with frequencyw2and depends om’
while the instantaneous Nusselt number for TR is both time-

independent and-independentand hence equals), as re-  convection at several different values of Ra, again for
0=0.4574. The nonlinear interaction betweeand the con-

quired by translation invarianc@.

In Fig. 7 we shgvv|A(z)| and the corresponding mean vective motion is responsible for th8(1) adjustments i

temperature profileT(z) for both steady and oscillatory Which result in the development of thermal boundary layers
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FIG. 5. Total kinetic energy per unit maggt) of standing square solutions
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for k' =0.8867,0=0.4574 and several different values of B¥.

with increasing Ra. Recent numerical simulations and labo-
ratory experiments on rapidly rotating turbulent conve&ibn
have found, at large Rayleigh numbers, sustained unstable
thermal stratification DT<<0) in the interior of the layer.
This profile is set up as a result of boundary layer instabili-
ties leading to plume formation and subsequent lateral mix-
ing due to mutual plume interactions. The organized cellular
structure in the present problem necessarily omits this par-
ticular aspect and an asymptotically isothermal interior is
obtained insteadFig. 7). We analyze the large Ra solutions
to the nonlinear eigenvalue problem in Sec. V.

It remains to comment on the dependence of these re-
sults on the wave numbée The linear theory’ shows that
oscillatory onset occurs fde<<kig~1.2422. At the Takens—
Bogdanov pointk=k+g, the oscillation frequency vanishes.
Although this point is shielded by oscillatory onset at differ-
ent wave numbers, as indicated in Figa)l the linear theory
suggests that oscillations cannot be presentkfek,g. In
fact we find that this is not so. Figure 8 shows that nonlinear
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0.2 1 3 FIG. 8. (a) The time-averaged Nusselt numb€rfor oscillatory(solid line)
and steady(dashed ling convection and(b) oscillation frequencyw, as
0.0 - B functions ofk for 0=0.4574, and Ra3500. The oscillatory branch termi-

' nates in a steady-state bifurcation #&=k.~1.2747270 with @
0.0 0.2 0.4 0.6 0.8 1.0 ~1.513 770 4k.— k) *? neark, [dashed-dotted curve plot ii)].

Mean Temperature, T

FIG. 7. (a) |A(2)| and(b) ﬂ;) for steady(dashed linesand standingsolid  found by the above methods at finite amplitude. This is be-

:l?ji)lsgtc’)i;es' atdsi‘(’gr_"’"odégzr?em Va'“est_"f fbea'ig Ra}ge'gzﬂ”“mbe; cause the various horizontal Jacobians do not vanish for

N o ne K mREERl, Tespectvely. The HIandl NUTET these solutions. However, the existence of these solutions
has important implications for the stability of the TR, SR,

oscillations can be found by starting witk< krg , increasing and SS states already fo_und. In this sect_ion we _C(_)mpgte fchese

the Rayleigh number to a high value, and then increalsiaig two statg; at sma!l amplitude and examine their implications

constant Ra. The figure shows that in this case the oscilldO" the finite amplitude states already found.

tions terminate on the branch of steady states at finite ampli-  SPecifically, we write

Fude and do_ so.in a secondary Ta}kens—Bogdanov bifurcation, W= et 2+ Syt

i.e., the oscillation frequenay vanishes as the square root of

the distance from the termination poisee Fig. &)]. Thus Ra=Rd®(1+ e2u+-"),

in our system the transfer of stability from oscillatory to

steady convection occurs via a steady-state bifurcation of theith similar expressions for the fields, 6, andT. We also

type usually associated with a parity-breaking bifurcationneed to expand the constaftin (38). From Eqs.(21)—(24)

from a circle of steady states to traveling rolls. This is sowe now find

despite the fact that we can use our solutions to construct Lot x " ik ik

both standing and traveling wave states. However, our SR~ %0= 2€'“{A1€""+ A"+ Aze™ "+ Aje™}sinmz

solutions necessarily have a zero mé¢aee Eq.(35)] and

hence cannot undergo the gluing bifurcation that would al-

low them to terminate on the roll branch in a secondary Hopf do= el wt{BleikX+ Bzeiky+ B3e‘”°‘+ B4e—iky}cosﬂ

bifurcation. Thus for the SR, the Takens—Bogdanov bifurca-

tion represents the coalescence of a gluing bifurcation with a +c.c,

secondary Hopf bifurcation.

(43)

a)=a)£:°)+ 62w2+-~~ ,

+c.c.,

00: %eiwt{cleikx+ Czeiky+ Cse*ikx_’_ C4e*iky}sinﬂ_z

C. Alternating rolls and traveling squares (44)

+c.c.,
The alternating rollS(SAR) and traveling squareéTS)

have a more complicated horizontal structure and cannot b&here
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T k2 , vA+4alA|?A=0, (53
Bj:iw—Aj’ Cj:mAjv jzl,...,4. (45) . . o )
@ as obtained from the small amplitude limit of the nonlinear
o eigenvalue problent39). Similar expressions hold for TR
At O(€?), we need to compute the horizontal Jacobians an@"d SR. For ARRy=A;=—iA;=—iA,=A) we obtain
solve the resulting equations fgr;, ¢,, and 6,. We find vA+4c|A|?A=0, (54)
that while the TS @;=A,=A, A;=A,=0) are given by
lplz%{A5eikx+iky+A6eikx—iky+ c.clsin 27z, vA+(a+c)|A|?A=0. (55
Sincea, <0, c,<0 for all values ofo for which oscillations
T o o are present, all solutions bifurcate supercritically. Finally, the
¢1=Z{Bse'kx+'ky+ Bee™* +c.clcos2mz,  (46)  relations(47) and (52) among the coefficients prevent the
existence of an unstable pattern called standing cross-rolls
_ 1 ikx+iky ikx—iky R (SCR'
0,=g1{Cse +Cee +c.cysin 27z, As shown by Silber and Knoblocti the stability of the

_ _ _ . five competing solution§SR, TR, SS, AR, and T)Slepends
with As...Cg determined in terms oA, ...A4. At O(e”) we  on the nonlinear coefficients,...,e. Because of the degen-
obtain four nontrivial solvability conditions by eliminating erate nature of these equations in the present problem we
the four types of resonant terms appearing in the linear sdind that the stability properties of the first three patterns are
lution. These equations have the for@®3) predicted ab- jgentical and involve zero eigenvalues that are not forced by

stractly with the following coefficients: translation invariance. It is these eigenvalues that become
1 K6 nonzero if higher order terms in the asymptotic expansion
a=b=- BA. W2 KA (47) are retained and describe the competition among these pat-
0w terns on a slower time scale. The abstract theory, applied to
1 K8 - A A the present problem, also shows that SS and AR cannot be
c=d=—g— 52+ : 7t stable simultaneously. In fact, it is possible to show analyti-
BAp 07Hk™ 164¢| Ttk I_w+k2 cally thatc,<a,<0 and hence that the AR are always un-
o stable. Moreover, the relationd?) and (52) imply that TS
7A(iw+k2) 2K2 2 are also always unstable. In fact, tlE*?) terms omitted
+ 160 Rah- 1+ o - o 5, from the asymptotic Eq921)—(24) turn the TS into a sec-
0 K K= 4k2 ondary branch? but this branch will inherit the unstable
g

eigenvalue present in the rapid rotation limit and so will be
(48)  unstable. Thus only TR, SR, and SS are candidates for a
stable pattern, and these are precisely the patterns accessible

where to the fully nonlinear theory.
_2w wk?(1+ o) +i(w?+o(1+20)kY) 49
0= o27 52K : (49)
V. OTHER PLANFORMS
o(l-o)Ra
2i wrk? 1+ 2002+ KY In this section we extend the previous analysis to other
= o 52 , (500  planforms of interest. To this end we introduce the planform
w°to Ra— iz_4k4 function h(x,y) satisfying the planform equation
k
V2h+k?h=0. (56)
w? o(l—o) . . .
- 1+ F+2k4 T The planforms of interest are solutions to this Helmholtz
lom w+

_ (51) equation that are periodic in the plane. The square planform
w’+ o’k* 27 ’ encountered in Sec. IV is an example of such a plan-
Ra— K2 4k form. Other planforms include rolls hécosky),
hexagons [h(x,y)=coskx+cosgkx+(v3/2)ky) + cosgkx
—(V3/2)ky)], regular triangles [h(x,y)=sinkx+sin(3kx
+(V312)ky) + sin(3kx— (vV3/2)ky) ], patchwork quilt[ h(x,y)
In these expressions, k, and Ra denote their critical values = cos@kx+(v3/2)ky) + cosgkx—(v3/2)ky)], all of which
o, k?, and R&, respectively. Note that all the coeffi- represent solutions on the hexagonal latfcaVe use the
cients are complex, although they are not all independent. Iterminology patchwork quilt to distinguish this special solu-
particular,c=d as predicted on the basis of the extra reflec-tion from general rectangles which also satisfy the planform
tion symmetry(26). We expect, therefore, solutions in the equation[h(x,y) =cosmx+cosny, m?>+n?=k?]. As in the
form of TR, SR, SS, AR, and TS guaranteed by the abstraatase of the square lattice patterns, the reflection symmetry
theory. Specifically, for S, =A,=A;=A,=A), we find (26) continues to exert an important influence.

and

e=2a—2c. (52
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A. Steady convection

Suppose first that a pair of rolls with wave vectdrs
=(k,0) andk,= (k cosa,ksin @) are unstable. Then, because >
of the reflection(26), rolls with wave vectork;= (k cosa,
—ksina) are also unstable. Consequently, one cannot restric
attention to rolls with the two wave vectoks ,k, unlessa
= /2. This is the square lattice considered above; the rhom:
bic lattice appropriate to bifurcations in generic rotating >
system& cannot arise in the present problem. Consequently,
there are no Kppers—Lortz-like instabilities at leading order
in the rapid rotation limit.

The remaining possibility is that the vectkg is inde-
pendent of the other two. In that case spatially periodic pat=
terns are obtained only k,+kz=k;, i.e., a=w/3. The
problem is then posed on the hexagonal lattice, and once
again the symmetrg26) implies the more restrictive symme- FIG. 9. The velocity field ¢,v,w) atz=1/4 steady fora) down-hexagons,

2 (b) regular triangles, an€c) patchwork quilt at RE*3=100, =0.4574.
try group DexT instead of the eXpeCtéﬁ symmetry Zg The figures are drawn fd=10"3. Solid (dotted contours indicate positive

X T2, Th_e SteadY_'State bifurcat?on with this symmetty- (negative values. Note thatv(x,y) has the symmetry of aonrotating
gether with the midplane reflection symmetryas analyzed pattern.

by Golubitsky et al,?* who identified the presence of four

primary solution branches, roli&R), hexagongH), regular

triangles(RT), and the patchwork quilfPQ), as discussed B. Overstable convection

above. All of these solutions are equally efficient at trans-

porting heat, as we now show.
We suppose that

For overstable convection on the hexagonal lattice, the
symmetry(26) also implies that the spatial symmetry group
of the problem isDsX T? instead of the expected symmetry
_ ZsX T2. The generic Hopf bifurcation with this symmetry
,&,0)=(A(2),B(2),C(2))h(x,y), 57 6 , e
(¥,¢.0)=(A(2).B(2),C(zDh(x.y) 67 was analyzed by Roberet al?® These authors identified 11
whereh satisfies the planform Eq56). It follows that Eqs.  Primary solution branches, all of which bifurcate simulta-

(36) are unchanged while neously, and we must therefore expect corresponding solu-
tions to Eqs.(21)—(24).
DT(1+ k2?|A|2)= —K, (58) As in the square planform case not all of these states can
be obtained in the fully nonlinear regime. For those that can,
where we write
1 fl dz (4,.0)=3(A(2)e" " h+A* (z)e”"*'h*, 61)
K™= — . (59) i wt * —lwtph* i wt * —iwtp*
— B(z)e'“*h+B*(z)e '“'*h*,C(z)e'“*h+ C*(z)e™'“'h*),
0 L+ kI (2) (2) (2) (2) )
The eigenfunctiorA(z) thus solves the nonlinear eigenvalue Where h(x,y) once again satisfies the planform E&6).
problem, However, this time not all such are allowed, cf. Sec. IV C.
To determine the admissible we compute the Jacobian
RaK J(.,0),
D?A—k?| k*— —— | A=0, (60)
1+k?h?|A|?

for the eigenvalue RE. Since the quantith? can be ab-
sorbed in the amplitude it follows that all planforms with the
same value ok have the same Nusselt numbérNote that
the eigenvalue problem depends &2 only, even if the
boundary conditions on Eq$l)—(3) differ at top and bot-
tom. This is because in the rapid rotation limit the effective
boundary conditions are simpl#0). In this limit the prob-
lem therefore acquires an additional reflection symmetry and
there is no distinction betweetr hexagons, both of which
bifurcate supercritically. Horizontal cross-sections of the re-
sulting three-dimensional states are shown in Fig. 9Hor , _ -
=102, The corresponding streamlines are shown in Fig. 1§ 10- Streamlines &= 1/4 for steady rotatingi=10 *: upper panels
and nonrotating E—«: lower panels (a) down-hexagons(b) regular tri-

along with their nonrotating counterpart& %) for com-  angies, andc) patchwork quilt when R&*3= 100, 0 =0.4574 for compari-
parison. son with the linear theory streamlines of Refs. 1 and 2.
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TABLE I. The 11 nontrivial solutions of Eq€66) identified and illustrated by Rober&t al. (Ref. 23. The
bracketed patterns have identical properties within the truncated normal&&m

Standing rolls(SR) (r,0,0r,0,0)

Standing hexagon$H) (r,ryr,r,r,r)

Standing regular trianglgSRT) (r,r,r,—r,—r,—r)

Standing patchwork quiiSPQ (Oyr,r,0r,r)

Oscillating trianglegOT) (r,r,r,0,0,0)

Wavy rolls 1(WR1) (r,0p,r,0,—r)

Twisted patchwork quil{TwPQ) (r,re®™3 redmiB ¢ r@2mil3 pg4mild)
Wavy rolls 2(WR2) (r,re2mR rgdmill _y _rg2mii3 _ygdmif3)
Traveling rolls(TR) (r,0,0,0,0,0)

Traveling patchwork quilt XTPQ2) (r,0r,0,0,0)

Traveling patchwork quilt ZTPQ2 (r,0,0,0,0x)

Herea, b, ¢, d ande are complex coefficients. The corre-
sponding equations foA,,..., areobtained by a cyclic in-
terchange of 1, 2, and 3 and the symmetry —X.

As in the case of the square lattice, these equations can
be reduced to a set of six algebraic equations by requiring
thatA=i(w—w(”)A. We proceed as in Sec. IV C. Omitting

J(¢,0)=z(BC* —B*C)(dxhd,h* —d.h* o h). (62)

It follows that the admissibleh must satisfy 9,hd,h*
—dxh* dyh=0 in addition to(56). If this is so the procedure
of Sec. IV yields the eigenvalue problem

D)
_ ’ —+k? | (K—iw) all details, we find that af)(€®) equations of the fornt66)
2 of 1@ 2 g 2 with
D°A—k° —+k“| A+ k- RaK A
o kb—
k4+w2+zh2|A|2 1 kS
a=b=- STAO PR (67)
1 kb w3 [ 24, 34,
where C=— o —5—3+ : 5+ -
8Ap 0™ +k™  96Ag| iwtk® e
1 w?+k* —+k
K™ 1= f ——dz (64)
0 w2+ K4+ 1kBh2 A2 mV3A,(iw+k?) - 9k?2 472
- - - 2 5
To identify the states for which the preceding analysis 960 Ral, ' e 2 I—w+k2)
applies we write o o
(4.¢,0)=HA(2),B(2),C(2) )€ *{A e’k %+ A2} (68)
Xeik2~x+Aseik3~x+A4e—ik1~x+A5e—ik2-x 1 K6 V3 2A1 A;,L
T Age™ K + .ot O(ELS), © 0 B w K E| ek e
wherek, =k{"%, k, 3= (k{®)/2) (= x=v39). An examination 7
of this planform function readily shows thathdh* mV3A (i w+k?) k2
—3,h*9,h=0 for the planforms called TR, SR, SH, SRT, 320 Rah, 2+ : (69)
and SPQ(see Table )l All of these states have the same —+k?
time-averaged Nusselt humbes and the same nonlinear 7
frequencyw, and bear the same relationship to their steadyand
counterparts as the standing squares.
The abstract analysis of the Hopf bifurcation with e=2a—c—d (70)
2 23 ¢: . . .
X T4 symmetry by Robertst al=°finds six other solutions at
small amplitude. While these do not satisfy the conditionygre
dsha h* —a,h*9,h=0, and hence cannot be found at finite
amplitude by the methods of this paper, they can be found at 20 [ wk?(1+ o) +i(w?+ o(1+20)k?)
small amplitude by reducing Eq&1)—(24) to the appropri- Ao=—r 227 oK } (71)
ate normal form. Truncated at third order these equations are
Ar=p(N)Ar+alAg*Ar+ bl A A 1+ o(1-o)Ra
+ (| Agl2+ | Agl2) AL+ d(| Ag 2+ | A2 A pym o3 o K
C(|Az]“+|Ag9) AL+ d(|As|*+|Ag| ) Ay 1= 7 A8 - i P , (72
+(AyAs+ AgAg) Ay (66) e
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0.50 1 : : : ! . nonlinear eigenvalue problem shows that in the present case
] 4a,~-c,~3d, these terms are absent, i.e., the selection between SH and
] : SRT occurs as a result @(EY®) corrections only. These
0.40 1 3 corrections are also responsible for shifting the unforced zero
] 3 eigenvalue away from the origin and hence for any weak
0.30 4 E instabilities of the remaining candidates.
0.20 _ _ VI. HIGHLY SUPERCRITICAL CONVECTION
] It is of considerable theoretical interest to look at the
0.10 _ _ behavior of the(time-averaged Nusselt number at highly
: ] E supercritical Rayleigh numbers. For the case of steady con-
] vection such an analysis was carried out already by Bassom
0.00 3 and Zhand. The overstable case is very similar because the

0.0 0.2 0.4 0.6 0.8 10 oscillation frequency saturates with increasing Rayleigh
. . . . : : number(see Fig. 7. The complex eigenvalue proble(88)

Prandtl number, o and(39) can be written in the form

2

FIG. 11. The quantities,—c,, a,—d,, e, and 4,—c,—3d, from Egs. ®
= —+k*
o

(67) and (70) at onset k=k\?, o=0{®, Ra=R4") as a function of the ) RaKKk?

Prandtl numbew. 2 2 v2(pa_ @ _
D P p(Dﬁ) K (k 0_2 pt w2+k4+2k6p2 P 0,
(76)
14 o(1-o)R4 ) 2w o2 RaKk'o(l—0) ,
iwmv3k* |7 3(w?+KY) Dlp™D )=~ ko™ e e,y P 0 (D
2= 025 o 2KA 42 ' (73 9 -
w o Ra— -7 _ k4 whereA=pe'”. In the large Ra limit we expegt andK to
3k? be large, butw=(1). We define
[14— g(l—o) +4772” p=pof(2), RaKz)\pr, 0= W, , (78
- I A v
:'“”T‘/§k4 w+k k (74) where p, measures the maximum value OA(z)|, i.e.,
1w+ okt R Am? 4 ’ |f(z)|]<1, and is assumed to be large. Sikaemains fixed,
&z the eigenvalue problem becomes
and w? Ao |2
(l ) 4 2 sz_f(D”&)z_kz( k4_ ?>f+m 7+k4 :O,
SN Y A 79
i w3k [” 32K | KT 3k2” 79 (79
27 024 KA A2 . ) _27700 4e2 )\www(l—o-)_
Ra- 27— oK' D(°D )~ ——k**+ ——— 7—=0, (80)

. . _1 . .
In these expressions, k, and Ra denote their critical values 2t 1éading order ip, . These two equations, subject to the
w(co)' k‘(:o), R4, respectively. boundary cond|t_|ons f(O)_=Df(1/2)=0, f(1/2)=1,
Once again, the five solutions TR, SR, SH, SRT, and®9(1/2)=0, constitute an eigenvalue problem for, and
SPQ all bifurcate supercritically becausg<0. The stability ~ ©=: With the above scaling the contribution from the bulk to

-1 -2
properties of the remaining solutions can be determined us$ ~ 1S O(po ©) and hence smaller than that from the thermal

ing the results obtained by Robegtsal?® As in the square Poundary layers. In the boundary layers the td(® 9)? in
case, each solution has a zero eigenvalue that is not forced 5fl- (79 is subdominant, as will be verifiea posteriori so
symmetry but that vanishes in the rapid rotation limit. Sincethat(79) can be integrated once,

a,—c¢,>0, a,—-d,>0, >0, 4a,—c,—3d,>0 for all val- 1 1 w2

ues of the Prandtl number (see Fig. 11, these five solu- —(Df )%2=— Ekz( k*— —2)(1—f2)

tions are all candidates for a stable pattern, in the sense that 7

modulo the zero eigenvalue all are stable near onset. In con- L w2

trast the remaining solutions, OT, WR1, TwPQ, WR2, ~ 1 7+k4 Inf. (81
TPQ1, and TPQ2 are all unstable. As on the square lattice,

the candidates for stable patterns are precisely those patterhgus at leading order,

for which the fully nonlinear theory works, i.e., those pat- A L W [ @2 12

terns for whichd,ha h* —a,h* a,h=0. In fact we know, f=fz(—-Inz)? f= k;" 7”+k4 (82)

from general theory, that SH and SRT cannot be stable si-
multaneously. This is a consequence of omitted fifth-ordein the following we therefore introduce the boundary layer
terms in the expansio(66). However, an expansion of the coordinate
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Z=po(Inpo)¥?%z, Z=0(1). (83) 10000
-
It follows therefore that to Ieading order &
4\ 112 N
K K I 1/2 K (J.) + O'k 5 1000 4
oPo(In po) 0= \/ s Ik | n%
(84) <
h X
so that 100
N 4
Ra= 1 po(In po) "2 (85
KO 34
These relations imply a transcendental relation between the
Nusselt and Rayleigh numbers when the latter is large, < 23
kK2 [ w2+ok? 13
to leading order. 1 16 160 1060 10000
It remains to verify that in the boundary layer one can Rayleigh number, Ra 'E"/I’
indeed neglect the terfi(D 9)? in Eq. (79) and to determine 0.160
the eigenvalues.. andw... To this end we take the bound- 0.150
ary layer solution(82) and solve Eq(23). To leading order 0.140
we find thatf(D9)2~z 1(—In2)~*2 and hence that this < 0.130
term is small compared with thie * term retained in obtain- 0.120
ing Eq. (82). The eigenvalues.., and w,, are most easily '
found by extrapolation of the solutions of the eigenvalue g'lég

problem(39). The latter quantity determines the constinpt
in the asymptotic relatiof86) and allows us to compare the
asymptotic prediction86) with solutions of the nonlinear
eigenvalue probleni39). This comparison is shown in Fig. FIG. 12. (a) Comparison of the asymptotic relatiqB6) for the Nusselt
12(a), together with the approach of the eigenvaINe number with exacF results obtained 2frofB'S)) fo.r o=0.457? andk(c")
=RaK/ o2 to its asvmptotic value., [Fig. 12b)] and the =0.8867.(b) The elgen\(alue\_ERaK/po defined in(78) showmg' the ap-
Po ymp ¢ g proach to the asymptotic regimé) The prefactorK; as a function ofoe

Prandtl number dependence Kf [Fig. 12c)]. whenk=K .

The above analysis applies straightforwardly to the real
eigenvalue problem describing steady convection. It suffices
to drop thed variable and seib,,=0. Consequently, a rela- applications, for example, to the study of rapidly rotating
tion of the form(86) governs the steady problem as wkll, turbulent convectioR.The scaling adopted in deriving these
with the constani; replaced byK,;=k?/ 72. Once again equations implies that all three components of the velocity
this relation is independent of the eigenvalue field are O(E~3) and hence large. It is this property that

It will be recalled that upper bound thedfyfor nonro-  makes the resulting equations valid for atyE~*?) value
tating convection shows that for large Rayleigh numbers th@f the Rayleigh number. As a result, the reduced equations
Nusselt numbeK (Ra)<(3 Ra/64%2 a single mode version are valid well beyond the regime in which weakly nonlinear
of this theory gives a more restrictive upper bound:theory applies and thus describe strongly nonlinear three-
K(Ra)<(Ra/248%8. Since rotation drops out from the power dimensional convection. In particular, the equations describe
integrals used in the derivation of these results, these uppeprrectly the nonlinear deformation of the temperature pro-
bounds hold for rotating convection as well. However, thesdile with increasing supercriticality. It should be noted that in
results do not contradict the asymptotic behavior obtainedtudies of two-dimensional rapidly rotating convectforthe
from the nonlinear eigenvalue problem. The upper bounddopted scaling is anisotropic, although the same nonlinear
results are obtained for finite rotation in the limit-Rac. In  eigenvalue problem is recovered at the end. The reason for
contrast, in the derivation of the eigenvalue problem we firsthis can be seen from expressi@) for the velocity fieldu:
let Ta—o and then examine the Nusselt number at larggn a two- dlmen5|onal flow, independent of (say, u
values of Ra. Evidently the two limiting procedures, Ra=(dxd, ¥, — dxep,— —V2y) and the velocity components are
—o and Ta-%, do not commute. u=[0O(1),0(E~3), O(E 137, in agreement with the scal-
ing used in Refs. 4 and 7. Because the reduced equations
describe self-consistently the deformation in the mean tem-
perature profile with increasing Rayleigh number, they form

In this paper, we have derived by an asymptotic expana simpler set of equations for studying high Rayleigh number
sion in the Ekman number a reduced set of dynamical equaapidly rotating convection. This is because they can be
tions describing rapidly rotating convection. These equaviewed as the equations describing the dynamics in the bulk.
tions, summarized i121)—(24), promise to have significant Consequently, the thifand passiv&) Ekman boundary lay-

0.300.40 0.50 0.60 0.70 0.80
Prandtl number, o
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ers at the top and bottom are absent, and the resolution rabove may be viewed as a drift along a manifold of nearly
guirements substantially reduced. Preliminary simulations oflegenerate states. This drift may be due fppers—Lortz
the reduced equations in three dimensions, reportethstabilities whose growth rate is suppressed by the extra
elsewhere, reveal plume structures and vortices extendingreflection symmetry present in the leading order reduced
from top to bottom much as found in three-dimensionalequations. Thus Kapers—Lortz instabilities, like other insta-
simulations of the primitive equatiofisThis approach to de- bilities, are a consequence of subdominant terms only, and
scribing fully nonlinear rapidly rotating convection will be for some patterns(such as squargsmay be absent
described in detail elsewhere. altogethert! It is for this reason that we did not consider

In this paper we have focused on understanding theatterns on the rhombic lattice. General rectangular plan-
pattern-forming properties of the reduced equations. Reforms were also omitted because these result in anisotropic
markably, a number of patterns can be obtained at arbitrarpatterns.
supercriticality by reformulating the reduced equations as a  The solutions mentioned above are fully nonlinear de-
nonlinear eigenvalue problem. In the case of steady convespite their simple structure in the horizontal. Consequently,
tion, this eigenvalue problem is real and determines the Nughe asymptotic limit explored here provides an important in-
selt number as an eigenvalue for prescribed values of thetance in which the planform approach of Gough, Spiegel,
Rayleigh number. For oscillatory convection, the eigenvalueind Toomré®~#to fully nonlinear convection becomes ex-
problem is complex and determines both the time-average#ct. However, not all solutions can be found using this ap-
Nusselt number and the oscillation frequency. In each casproach, even in the rapid rotation limit. We identified the
the resulting patterns are characterized, at leading order, bygeneral conditions for the applicability of the planform ap-
single horizontal wave number, and solve the same eigerproach to the fully nonlinear problem, and determined those
value problem. Thus no horizontal harmonics are generategolutions for which it failed in the weakly nonlinear regime
in the rapid rotation limit despite the fact that they do be-using center manifold reduction. This reduction in turn iden-
come linearly unstable, as happens, for example, at 5.5 Ra 2ified the likely candidates for stability. Complete stability
Ra,, and 85Rain the steady case. The steady patterns foproperties could not be given, however, because of the pres-
which this is the case include the familiar rolls, as well asence of zero eigenvalues that are not forced by symmetry.
squares, hexagons, regular triangles, and a particular rectahhe presence of these eigenvalues, whicH &¢*?), in-
gular pattern called patchwork quilt. Consequently, all thesglicates that higher order terms in the Ekman number do play
patterns have the same Nusselt number, i.e., they are equaky important role in pattern selection; these effects are absent
efficient at transporting heat. Likewise, among the oscillatingrom our reduced equations. Additional effects, such as spa-
patterns we identified sigraveling rolls and standing rolls, tial modulation onO(1) scales in the originak,y variables,
squares, hexagons, regular triangles, and patchwork) quilcan also be include.
that are characterized by the same time-averaged Nusselt
number and identical nonlinear oscillation frequencies. TheA
appearance of these patterns is affected by an unexpecte
reflection symmetry in vertical planes present in E@4)— This work was supported by NASA under SR&T Grant
(24) at leading order in the Ekman number. As a result, theNo. NAG5-4918(K.J.) and the Department of Energy under
leading order equations have the symmetry of a nonrotatinggrant No. DE-FG03-95ER-2525E.K.). The authors wish
system; the handedness expected of rotating systems redp-thank Dr. S. Tobias and Dr. J. Werne for many helpful
pears when the corresponding incompressible velocity fieldliscussions.
(6) is reconstructed.

We noted that in all cases the patterns guaranteed tq ) ) B
exist by abstract theory but inaccessible to the fully nonlinear S'n isggigrisr:gaﬁg\?vr%{iaq‘g&la”d Hydromagnetic Stabilipxford
theory are unstable at onset and hence are not candidates fag. veronis, “Cellular convection with finite amplitude in a rotating
stable patterns at larger amplitudes. Thus in the rapid rota-fluid,” J. Fluid Mech.5, 401 (1959.
tion limit the large amplitude state is characterized by a com-"W- Arter [Phys. Lett97A, 171(1983] shows that even weakly nonlinear
petiion between a number of computable nearly degeneratey /% P convecton cn fove chaotc seamines, L
states. Because of this near-degeneracy, such competitioRapidly rotating fluid layer,” Geophys. Astrophys. Fluid Dyi6, 223
must occur on a slow time scale. Moreover, the strong influ- (1994.
ence of the Taylor—Proudman constraint implies that anySK. Julien, E. Knobloch, and J. Werne, “A new class of equations for
. . . rotationally constrained flows,” Theor. Comput. Fluid Dyal, 251
instabilities lead to states that do not deviate substantially ;gq9q
from the computable states. Consequently, we expect the stax. Julien, S. Legg, J. McWilliams, and J. Werne, “Rapidly rotating tur-
tistical properties of the resulting “turbulent” state to be 7Eu|§n|t_ RayleégE-B}?arCé|00?]v?<;tiC;|n,” J. Il_:luid MeC_lﬁ%ZtZ 243(199?. _
largely independent of whlqh of the competing states is ac- ro'tat‘ijn'g”la";‘/re‘r‘,, l'jhy”;_’ F‘I’j de, 1‘; oye?log‘g';_ear oscillatory convection in a
tua”y present, althoth distinction between Steady’ and traVﬁT. Clune and E. Knobloch, “Pattern selection in rotating convection with
eling or standing patterns is necessary. Studies of two- experimental boundary conditions,” Phys. Rev4E 2536(1993.
dimensional fully nonlinear convection on &plane support ~ °D. R. Ohlsen, J. E. Hart, and S. Kittelman, “Laboratory experiments on
this picture and yield semianalytical correlations that are jn '01ling turbulent convection,” Am. Met. Soc. Tenth Conf. on Atmo-

o . . . . spheric and Oceanic Waves and Stabi(it§95, preprints, p. 255.

good quantitative agreement with direct numerical simula-og sakaj, “The horizontal scale of rotating convection in the geostrophic
tions in three dimensiorfs. The slow evolution envisaged regime,” J. Fluid Mech333 85 (1997).
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