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Abstract—We study synchronization of Kuramoto os-the phase space of the system.
cillators in strongly modular networks in which the struc- This paper is organized as follows. In Sec. 2 we sum-
ture of the network inside each community is averageanarize the results from Ref. [10] where network structure
We find that the dynamics of the interacting communitiegiithin communities is averaged. In Sec. 3 we compare
can be described as an ensemble of coupled planar osdfie results of the averaged system to numerical simulations
lators. In the limit of a large number of communities, wewhere the structure of each community is preserved. In
find a low dimensional description of the level of synchroSec. 4 we show that results from Sec. 2 generalize to sys-
nization between the communities. In this limit, we detems with multiple levels of community structure by study-
scribe bifurcations between incoherence, local synchroniyg the case of three levels. In Sec. 5 we conclude with a
and global synchrony. We compare the predictions of thisrief discussion.
simplified model with simulations of heterogeneous net-
works in which the internal structure of each community ) ) . . .
is preserved and find excellent agreement. Finally, we irf: Hierarchical Synchrony in Two-level Hierarchical
vestigate synchronization in networks where several lyer Networks

of communities within communities may be present. We consider a system & communities, labeled =

1,...,C, each containindN, oscillators. Oscillaton in

1. Introduction communityo- has phaséZ and evolves according to [8, 11]
Large networks of coupled oscillators are found in c Koo N

many applications of science and engineering, including 0 = wl + Z Nogr —— Zsin(gg' -67), 1)

synchronized flashing of fireflies [1], cardiac pacemaker =1 No =4

cells [2], oscillations of pedestrian bridges [3], and airc

dian rhythms in mammals [4]. The Kuramoto model [5\wherew( is its intrinsic frequencyK?”" is the coupling
has become a paradigm for modeling and studying emdvetween oscillators in communitiesando”, ands,, is the
gence of collective behavior in the form of synchro{raction of oscillators in community-.

nization. In the Kuramoto model each oscillator is de- For analytic tractability, we make the following sim-
scribed by a phase angt that evolves a®, = w, + plifications. First, we assume all communities are of the
K SN AnmSin@m—6n), wherewn, is the intrinsic frequency same size, i.e.N, = N andn, = C'. In addition,

of oscillatorn, K is the global coupling strengt#y,» en- we assume that (i) the coupling strength between oscilla-
codes the network topology, andm=1,..., N. tors within the same community is much larger than the

The path to synchrony in typical non-modular networksoupling strength between oscillators ifffdrent commu-
is characterized by incoherence for smi&ll followed by nities and (ii) the intrinsic frequency for an oscillator is
the emergence of a single synchronized cluster whear-  drawn from a distribution specific to its own community.
passes a critical valu€; [6]. However, when the network To ensure condition (i) for a large number of communi-
structure is modular, synchrony can occur hierarchicallfies, we etk = Ck if o = ¢”, andK otherwise, where
first locally within each community, and then globally ask andK are of the same order. Finally, to ensure condi-
communities synchronize with one another. Several studiéisn (i) we assume that the frequenay is drawn from
on synchronization in modular networks exist [7, 8, 9, 10]a distributiong”(w). We will assume that this distribu-
but few analytic results for large networks of heterogeseouion is Lorentzian with uniform spreaéland community-
oscillators with many communities exist. specific mea),: g,(w) = 7716/[6%+ (w—Q)?]. Further-

In this paper we study a system of equations previouslyore, the meangQ, are drawn from their own distribution
explored in Refs. [8, 10, 11] using the dimensionality reG(Q) which is Lorentzian with spread and mean zero:
duction techniques of Ott and Antonsen [11]. We find anG(Q) = 771A/(A? + Q?). Parameters, A = 1 are used for
alytical expressions for local and global order parametegd! figures presented. A discussion of how some of these
describing synchronization within communities and on thassumptions can be relaxed can be found in Ref. [10].
whole network, respectively, and completely characterize Finally, to characterize the degree of local and global
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In regions A and B, wher® = 0, the communities de-
couple and the steady-state degree of local synchrony for
each community is given by

0 if k— K/C < 26,
Iy = 1

26 ;
- ke Otherwise,

®)

and the onset of local synchrony is given by bifurcation (i)
k- K/C = 26.

Now we analyze regions C and D. Given a steady-state
R value (to be discussed later) it can be shown [10] that
in region C all communities lock and their degree of local
synchronyr . is given implicitly by

1-r?
Figure 1: Phase space for Eq. (1) withA = 1. Regions re6 = (k— E)F(rT"
A, B, C, and D (described in the text) are denoted in red, 5 -~
yellow, green, and blue, respectively, with bifurcatioi)s ( +KR1 —r _ 4Q5rs G
(iv) indicated by solid and dashed curves. 2 K2R2(rz + 1)?

which are precisely those communities withfferiently

" 1 - v 1 c small mean frequency (in magnitude) given by
Zr = 1€ -N;é . Z=Re -C;zr, 0 . oy

Qs < Q= KR(l— m) , (7)
such thatr, measures the degree of local synchrony in c
communityo- and R measures the degree of global synand have a degree of local synchrony given by Eq. (6). The
chrony over the entire network. To measure the averagRifting communities turn out to have solutions whege
degree of local synchrony we introdute: ¢ 3, fo. oscillates with approximate meayfl — 26/(k — K/C). Bi-

The phase space of this system as a functiok,&fwas  furcation (ii) is given byk— K/C = 25, which can be found

found in [10] in the limitsN,C — oo and is shown in Fig- py sendmgp — o0 in Eq. (7).
ure 1. For smalK, k (A: red) both the average local degree
of synchronyr and global degree of synchroRyare zero. 2.2. Global synchrony
If kis increased anK is kept sificiently small (B: yellow)
local synchrony is non-zero but no global synchrony eX|st?
Finally, for suficiently largeK (C: green and D: blue) both '
local and global synchrony are non-zero. As we will dis-
cuss, these regionsftér in how communities synchronize
with one another. Bifurcation curves between theskedi
ent states are labelled (i)—(iv) and will be discussed belo

To classify global synchrony we consider the continuum
mit C — oo and introduce the distributioR (y, Q,r,t)
that describes the density of communities with phase, mean
frequency, and degree of local synchronyQ, andr at
timet. After a dimensionality reduction (described in detail
Jn Ref. [10]), we find thaR evolves according to

We now summarize some results from Ref. [10] on local . K I R2
and global synchrony. R=-A+ZR1+f )(1 - ﬁ) (8)
2.1. Local synchrony wherer“solves Eq. (6) folQ = —iA, while ¥ = 0. The

steady-state degree of global synchrony is given by
To classify local synchrony we consider the continuum
limit N — oo and introduce the disributiof, (6, w, t) that R 0 if K < 2%, °
describes the density of oscillators with phase and fre- “Vr.1- K(r2+1) otherwise, ©)
guencyd andw at timet. After a dimensionality reduction
(described in detail in Refs. [10, 11]), we find thgtand which can be solved consistently with "Sendingr”™ —
¥, evolve according to thedimensional planar oscilla- V4A/K * yields an onset of global synchrony given by

tor system k= K 2A > K corresponding to bifurcations (iii) and (iv).
, , We now consider the implications of our analysis on the
_ K 1-r2 1-r2 hierarchy of local and global synchrony. Starting in region
fo = —Ts0+ (k a E)r" 2 K 2 Reostt - yo) (3) A, the onset of local and global synchrony will occur sep-
r2 arately if bifurcation (i) is reached first, otherwise bifur
Vo = Qp + K——2 2 Rsin(¥ - ¢). (4) cation (iii) is reached first and they occur simultaneously.
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Figure 2: Degree of global and local synchrony (blue cirFigure 3: Degree of global and local synchrony (blue cir-
cles and red triangle) along paths (a)= 3K/2 and (b) cles and red triangle) for Erd6s-Rényi network simuliasio
k = K/2 from simulation withN,C = 1000. Theoretical with N = 200,C = 50, p; = 0.95, andp, = 0.0126 (a)
predictions are plotted in dashed black. and Q038 (b), respectively. Theoretical predictions from

the averaged system are plotted in dashed black.
Given a pattk = mK whereK is increased from zero, if

m>m = Wﬁ then the relative ratio of local p1 = 0.95, gndpz = 0.0126 and 0038 [subplots (a) and.
to global coupling is strong enough to produce hierarchic4P). respectively]. The agreement between the theoretical
synchrony, wher& > 0 beforeR > 0. On the other hand, prediction from the community-averaged system and ac-
if m < m¢ global efects dominate at onset afic- O,R> 0 tual simulation of the Erd8s-Rényi networks is excellent
occur simultaneously. We plot the steady-state values of

R andT from simulations (blue circles and red trianglesy. Hierarchical Synchrony in Multiple-Levels

and theory (dashed black curves) resulting from increasing

K while k = mK for N,C = 1000 in Fig. 2 form = 3/2 We now consider a system with three levels of commu-
and ¥/2 [subfigures (a) and (b), respectively]. We observaity structure: a network of oscillators wihcommunities

a hierarchical separation of the onset of local and glob#{here each community contaiSssub-communities, and

synchrony fom = 3/2 but not form = 1/2. each sub-community contaifsoscillators that evolve ac-
cording to
3. Numerical Experiments _ 1 i 1 i K;’y‘{' ZN:
Hn’y’o- = (x)n’%o— + = oy Sin(gmfy"o—' - 0“,7,0‘)’
In this Section, we test the usefulness of the theoreti- Css y=1 N &

cal results in Section 2 in predicting behavior of non-alvi
networks. We consider a system given by whereb,, » andwn,  denote the phase and frequengy of
oscillatorn in sub-community of communityo- and Koy

_ K& N , denotes the coupling strength between oscillators in sub-
h=h+§ Z Z om SINEm — 6r). (10)  communityy of communityo and sub-community’ in
o'=1m=1 communityo”’. To ensure multi-level community structure

H o desth " b | ve assume tha” = SCKy fory = v, = ¢, CK;
whereATT encodes the network structure between oscillag,. . = 57 andKs otherwise. In analogy with

torsn andmin communitiesr ando”’, respectively, an& the two-level system, the frequencieg,.. are drawn from
is the global coupling strength. We consider the case whe{ﬁe Lorentziang’ (w) = 715/[6% + (a; ” Q)] Q is
the network in community is an Erdds-Rényirandomnet- , - o Eorentzia@ @ = n—lA/[A21+(Q,—Q%’)2]
work. In order to attain modularity, we assume that when T 2/

S

18
A ,
:121, 3 C(TZ:lZE,

Zl~
0wl

o= 0_/, Ar({r(ry]-’ is 1 with pr0bab||ltyp1 ~1landO0 OtherWise, indQ‘zr is drawn from the LorentZiaﬁ(Q) = ﬂ_lA/(AZ +
and that whenr # ¢/, A7 is 1 with probabilityp, < 1 Q?). To measure the degrees of local, mid-level, and global
and 0 otherwise. Using the mean degr@bs, = Np;owe  Synchrony, we use the order parameters
can estimate féectivek, K values ak = (d);K/N = Kp; N
andK = C(d)zK/N =CK P2. ZICT — Zeiﬁn,y_(,’ zzr —
In Fig. 3 we plot the degree of global and local syn- ~ "
chrony from simulating Eq. (10) on Erd6s-Rényi networks
(blue circles and red triangles) compared to theoretiaal prwhose magnitudes”’, r§, andrz measure the degrees of
dictions from the community-averaged case (dashed blackynchrony and have phasg¥’, 4, andys. We measure
using the corresponding valueslo&ndK estimated in the the average local and mid-level degrees of synchrony by
previous paragraph. Parameters Bre= 200,C = 50, Ti=g=Y,,M" andfz =23, 9.
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Figure 4. Degree of global, mid-level, and local synchraoiyé¢ circles, red triangle, and green crosses) for three com
munity levels withN = 500,S = 200,C = 120. Coupling is described by patks = aKs, Ky = bK; fora,b = 2,2 (a),
2.3 (b), 3.3 (c), and3, 3 (d).
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