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CLASSICAL STOCHASTIC CONTROL

» Controlled dynamics:
AXS = b(XS, as)ds + o(XO)dW,, Xo=x € RY,
» o € A: U-valued adapted process, with U C R.

» Problem formulation:

V*(x) := sup V(x),
acA

where -
Ve () ::E{ / P X2, an)ds |
0
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ENTROPY REGULARIZATION
» Controlled dynamics:

ax7 = </ b(X du> ds + o(XT)dW;, Xo=x e RY,

@

» 1 e A:P(U)-valued adapted process (i.e., relaxed control).
» P(U): the set of density functions on U.

» Problem formulation:

V*(x) := sup V7 (x), )
TEA

where

V™(x) := ]E{/Oooeps(/ur(XZ,u)ws(u)du — )\/1‘1 s (u) 1n7rs(u)du>ds}

— [y ms(u) In s (u)du: entropy of density 75 € P(U).
> )\ >0 we1ght for exploration (versus exploitation).
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LITERATURE

» Principle of maximum entropy:
» Jaynes (1957 (a), 1957 (b)); Shannon (1948).

» Applications to reinforcement learning:
» The “soft-max” criterion in
Ziebart et al. (2008), Ziebart et al. (2010), Fox et al. (2016),
Haarnoja et al. (2017), and Haarnoja et al. (2018), ...

» discrete-time algorithms, limited theoretic justification

» Continuous-time HJB analysis:
» Initiated by Wang, Zariphopoulou, & Zhou (2020).
» Actively researched by

Wang & Zhou (2020), Firoozi & Jaimungal (2022), Guo et al.
(2022), Reisinger & Zhang (2021), Tang et al. (2022), ...
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THE EXPLORATORY HJB
» The (exploratory) HJB equation for V* in (2) is

pv = WZ%IEU)/U (b(x, u) - Dyo(x) 4+ r(x,u) — Aln w(u))w(u)du

+ % tr((co’)D30)(x).  (3)

» Candidate optimizer 7* € A is in the Gibbs form
7 (x,u) :=T'(x, Dyo(x), u), 4)
where T' : R? x R x U — R is defined by

[b(x,u) -y + rx, u)])
[b(x, 1) - y + r(x, i)])dit

exp(
Juexp(

F(xvyv u) - 5)

Sl >l
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THE PIA

Policy Improvement Algorithm (PIA)
1. Take an arbitrary o° € C1 (R%).

unif

2. For each n € N, introduce

7 (x,u) :=T(x,Dy0" 1 (x),u) € A and 0":=V™. (6)

v

Our Goal:
Convergence of PIA to optimality.

1) 0"t > 0" Vn € N. (Policy improvement works)
2) "1t V*asn — oco. (Policy improvement achieves optimum)
3) 7*(x,u) :=I'(x,D,V*(x),u) € Ais optimal.
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FUNCTION SPACES

» GivenE CRY, ke Ny := {0,1,2,..},and 0 < o < 1,

Fllesey == D D 1D lleeys

j=0,...k lal, =]

Hf||Ck=@(E) = Hf”Ck(E) + Z Z sup |D‘;Cf(x) — D?ﬁf(y)l

o e Byl

» For E = R?, we additionally consider

|lf||ck=w,f<Rd) = sup Hf”C"v"(Bl(x))'
wni veR
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Assume:
» 0 < Leb(U) < 0.
» There exists k € Ny := {0,1,2, ...} such that

A :=sup<||r(-,u + ||b(-, u + ||o 7
k ueU{H (- )l exmay + 1DC 1) ||k ey + |l Hck(Rd)} )
is a finite number.

Focus on:

» Gibbs-form relaxed control 7, i.e.,

’W(x, u) =D (x,p(x),u) ‘ for some p : R? — R?.  (8)

» Is 7 a well-defined relaxed control (or, admissible)?
» What are the properties of V"?
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Definition
A relaxed control m = (m¢)s>0 is admissible if
(i) 3 unique strong solution X™ to (1),
(ii) |V7™(x)| < oo for all x € R%.
We denote by A the set of all admissible relaxed controls.

Proposition

Let A; < coin (7). For any p : R? — RY in ¢l (RY),

unif
m(x,u) :=T'(x,p(x),u) € A

Moreover, V™ is bounded and continuous on R?, with

V™ (2)] < 3A0(1 + [|pllcogey) + AlIn(Leb(UD))|  Vx € RY.
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PDE CHARACTERIZATION
» Consider

H(x,y,u) == AInT(x,y,u), Y(xy,u)eR xR x U.
» Foranyf : R? x R? x U — R, define

flxy) = /U ey )Ty wdu Y(xy) € R x RL (9)

> For‘w(x,u) =T(x,p(x),u) € A

s

» V™ can be expressed as
Vi) =B | [ e (0 px) - AT p(x0) )
0
» The elliptic operator for X™ in (1) is

L7w = —pw + b(-, p(-)) - Dyw + %tr(ao’Diw), w € C3(RY).
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PDE CHARACTERIZATION

Proposition
Fix o € (0,1). Let Ay 1 < oo in (7) with k € Ny and suppose

tr(o(x)o(x)'€'€) > nolé* V& x € RY, (10)

for some 79 > 0. For any p : R? — R in Cg’nlif(Rd) N Cﬁﬁf(Rd),
(@) 7(x,u) :=T(x,p(x),u) € A,

(ii) V™ € C*"2(R7) and satisfies

unif

L™V™(x) + #(x,p(x)) — H(x,p(x)) =0 Vx € R%

» Based on Gilbarg & Trudinger (1998).
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PoLIiCY IMPROVEMENT

Proposition

Let A; < cc in (7) and assume (10). For p : RY — R? in coL

unif

(RY),
w(x,u) :=T(x,p(x),u) and 7(x,u):=T(x,D;V"(x),u).

satisfy
(i) 7€ Aand V™ € C>%(RY) VO < o < 1;

unif

(i) # € Aand VF € C>%L (RN VO < a < 1;

unif

(iii) V7 (x) > V7 (x) for all x € R4,

Consequence: In the PIA (6),

o™t > " vneN.
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CONVERGENCE OF PIA

Lemma 1

Forany 7 € A, V7 (x) < %(WHCO(W) + Al In(Leb(U))]) Vx € R%.

Idea: Define v € P(U) by v(u) = 1/ Leb(U). For any f € P(U),

0 < Dxv(f|lv) /fln< )du = /flnfdu+1n(Leb(U)). (11)

Corollary 1

Let in (7) and (10) hold. Then, in the PIA (6),
v*(x) == ILm o"(x) VxeR? (12)
n o0

is well-defined.
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REGULARITY IN PIA

Corollary 1
Let in (7) with k € N and (10) hold. In the PIA (6),

() 7" € Aforalln € N;
(ii) {v"}n>0 satisty, forany 0 < a < 1,
v € Chtpt(RY), for 1<n<Kk

o" € CHLYRY) for n > k+ 1.

unif

(13)

Moreover, for each n € N,

L7 0" (x) + #(x, Dyo" 1 (x)) — H(x, Do" 1(x)) =0 Vx € R (14)
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Question: How to show v* = V*?

» Idea: If we have
sup [|0"[|c2(ray < 00, (15)
neN

» o* will inherit regularity from v", i.e., v* € C3(R?).
» Asn — oo in (14), v* satisfies HJB (3).
» By verification argument, v* = V*.

» In classical stochastic control,
» (15) holds by standard estimates; see e.g., Krylov (1980).
» “v* = V*” established (Puterman (1981), Jacka & Mijatovi¢
(2017), Kerimkulov, Siska, & Szpruch (2020)).

» Challenge: With entropy regularization,

no standard estimates to use...
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> Already known: sup,cy ||0" || co(rey < .

» Remains to show:

sup [|Dxv"(|¢1(gey = sup (Hva"Hco(Rd) + ||Div”||CO(Rd)) < 0.
neN neN

» Observe: Schauder estimates don’t help!

ID:0"ler gty < IDx0"llcre )
<K, (1 + H?%(-,va"_l('))||cg;gf(ugd))
< Ky (14 6. D" ) lerges)) -
> Ky = g(IDxv" | (gay), with ¢ unknown.
> [ D" () e ae) grows linearly in D" e
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THE GRAND PLAN
Sets:=|d/2] + 1. Forn >s,

1. Bound |D,v" (x)| 4 |D30" (x)| by [[0" || ws+22(5, (x))-
2. Bound [[v"[|ys+22(g, (x)) by @ power function of the sum of

10" llas, > i = 0,1, is=1, and || H (-, Dx0" " () luas, (x)) -
3. Show that for some v of logarithmic growth,

[H(, D" 71 ())] < w(IDs0" 1)),
4. Combine Steps 1-3 to get
|D,0" (x)] + D" (x)] < C(1 + [D30" =7} (x))).
Turn this local estimate into a global one, i.e.,

IDxv" e ey < C(1+ D"~ 1 ay)-
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STEP 1

» Evans (1998): for any w € W*?(R%) with s > d/2,
HwHLoo(Rd) < C||w||WS,2(Rd),

where C > 0 depends on only s and d.
» Withs := |d/2| + 1, a localized version of (16) gives

D" (x)| + [D30" (x)] < Clo" [l ws+22(5, 1))

where C > 0 depends on only s and d.

(16)

(17)
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STEP 2: ORDER REDUCTION
Fix E C R?. Consider the elliptic operator

1
LOBOw .= —yw + B - Dyw + 5 tr(66'D3w), Vw € C*(E). (18)

Theorem (Chen & Wu (1998))

Fix 8 € C°(E) and § € C°(E) that is uniformly elliptic. Let
w € W?1(E), g > 1, be a solution to L0890y =finE.

Then, for any E' CC E,
lwllw2aery £ ClllwliaeEy + i) (19)
where C > 0 depends on d, g, dist(E’, JE), 7, 5 and 0.

» Order reduction: order 2 = order 0.
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Lemma 2

There exist three nondecreasing functions
A(k,q) : Ny x [1,00) = Ry with A(k,q) > g,
Q(k,q) : No x [1,00) = Ny,
R(k,n) : Ng x Ry — R with R(k,n) > 27,

such that whenever 3 € CK(R?) and § € C'V!(RY) for some k € Ny and
d is uniformly elliptic, the following holds:

Given f € CK(R?), a solution w € C"+2(RY) to L1A:9y = f in RY fulfills
) Q(k.q)

[wllwt+2a(8, 0y < Hr (1 + 1Bllweaco gy ()
(el + Wl en) - @D

for all x € R and (g,7) € [1,00) x R, where Hy > 0 depends onk, g,
T, d/ Y, ﬂ/ and 6
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» Lemma 2 generalizes standard estimate (19) in two
important ways:

» Order reduction: order k +2 = order k.
» Explicit dependence on drift 3, through the term

Q(k,q)
(1 + 18l o)
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Apply Lemma 2 recursively to PIA (6):

> ('77 /Ba 6) = (p7 I;(’ van—l(‘)% O-)'
» Asv"is a solution to (14),

w = ", f() = =7, Ds0"() + H(-, D" ()
» (20) becomes
||Un||w>‘+2w(3,7(x))
< H, (14 11bC, Do () e (5 ()
' (an||LA(S"”(BR<s,n)(x)) (21)

+ ||7/>('7 vanil(.)) - 7:[(" va”il(.))||WS’A(S’H)(BR(5,1])(X))) '

)Q(S»q)
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Lemma 3

Let Ay < coin (7) and p : RY — R? be in C¥(R¥) for some k € No.
Consider the function

fl,y,u) =r(x,u) — H(x,y,u) (or, f(x,y,u) = b(x,u)).
Then, for any xg € RY, g>1,andn >0,

9

- (k+1)2K+1
IFCo PO It < C (1 + I lygesrnsittngs, o)

where C; > 0 depends on only k, Ay, A, d, g, and n.
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» Apply Lemma 3 to (21) gives

0" lwe+2.0(8,, x))

< H; (1 + anHLA(S'W(BR(s,n)(x))

o as(Q(s,q)+1)
+ |lv ||Ws+1,a5A(5,q)(BR(5’n)(x)))

» Repeating this procedure s times yields
s—1 )
10" w248,y < H” (1 + D 0"l s, o
i=0

0105...0,
+ 19" lwzas B, (x))> - (22)
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> Apply Lemma 2 to [[v"*||wzas (8, (x)):

10"l weass (B, (x))

- . Q(0,4s)
< Ho((1+ b, Dt () 0 8y 1)

: (||Un_s||LA<0>as>(BR(O,US>(x))
+ ||7(-, Do 71()) — 7‘2('7vanisil(’))||LA<0"75>(BR(0,7,5)(X))>
< CA A+ [[H(, D" () lleorey),

where the last line holds if‘ Ast1=Apijp)q2 <00 ‘

» Plugging the above into (22) leads to

10"

werzas, ) < C(L+ [[H (- D071 () leomay) %%, (23)

where r.h.s. is independent of x € R%.
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Combining Steps 1 & 2 (i.e., (17) and (23)) gives

IDx0" |1 ey < C*(L+ (-, Dx0™ 71 () lleoggay) 1% (24)

Question: How to bound the entropy term #?
» Lower bound: By (11),

T(x,y) = A /u In(T(x, y, 1))T(x, y, w)du > — In(Leb(LD)).

» Upper bound: A known mathematical challenge...
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STEP 3: BOUNDING THE ENTROPY

Assumption 1

u — r(x,u),b(x,u) are Lipschitz, uniformly in x, i.e.,

0= sup [r(x, 1) — r(x, u)| + [b(x, u1) — b(x, up)| <0, (25)

1y ,up €U, xERA |u1 - u2|

Assumption 2
There exist ( > 0 and « € (0, 7/2] such that:

Vu € U, 3 cone(u, a) with (cone(u, o) N B¢ (1)) C U,

where cone(u, o) is a cone with vertex 1 and angle a.

» This is a uniform cone condition on U:

» A cone with a fixed size fits into U at any u € U.
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Lemma 4
Under Assumptions 1 and 2, I'(x, y, u) in (5) satisfies

T(x,y,u) < C'A+y))* Y(x,y,u) e RY x R? x U,

where C > 0 depends on ¢, A\, ©, ¢, and a.

» Proof ideas:
» Asr(x,u), b(x,u) are Lipschitz in u (i.e., Assumption 1),

T(x,y,up) =
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» Proof ideas (conti.):

» By Assumption 2,

/e—%<1+|y|>|u—uo\du > / o= 2A+yDlu—ol g,
u cone(up,o) B¢ (1)

_ / o= A1yl g
cone(0,a)NB¢ (0)

< 6
= Kl/ P lem RO+ gy (by polar coordinates)
0

A 4/?(1+Iy|)c o
=K ———m— z' e dz
1<@<1+|y|>) 0

¢ o
> K1 Ky # with K, := /kczelezdz
- o +y)/’ 0 ’

where K; > 0 depends on only ¢ and «.
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Corollary

Under Assumptions 1 and 2,
sup [H(x,y)| < s+ MIn(1+y]), VyeR),  (26)
x€R4

where £ > 0 depends on only ¢, A, Leb(U), ©, ¢, and «a.

» Proof ideas:
By (11) and Lemma 4, for any y € R?,

— In(Leb(U)) < H(x,y) = /u In(T(x, v, u))D(x, y, u)du

<{InC+¢In(1+y|), VxeR
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By (24) and (26), for any\n >s+2=1[d/2] +3

. R L 010,...05
||van||cl(Rd) < C (1 + H%('7van ° 1('>)||C0(Rd)>

~ 6010,...05
<C* <1 + In (1 + ||van_s_1‘co(Rd))>

< ¢(|’van_s_l||co(Rd)>

< o (ID" = lor gy ).

» o(:) grows sublinearly (i.e., ¢(z)/z — 0 as z — 00).
» Any power of In(-) remains sublinear!
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Consider zp := sup{z > 0:z < ¢(z)} < oo and

7* = max{ max ||Dx’0n||C1(Rd), ZO} < 0.

1<n<s+1

Recursively, we have

sup
s+2<n<2(s+1)

sup
254+3<n<3(s+1)

IDx0" |1 gy < qb( sup 1|\van||cl(Rd)) < ¢(z*) <z
S

1<n<s+

¢
1D ey <6 sup D" ores))
s+2<n<2(s+1)

< o(z7)

Conclude: sup,cy || Dxv"[| o1 gy < 2 < 00

E3
<z
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Theorem
Let Ay/2)42 < 00in (7), o be uniformly elliptic, and
Assumptions 1 and 2 hold. Then, in the PIA (6),

v* := lim o"
n—oo

satisfies
(i) v* is the unique solution in C?(R¥) to HJB equation (3);
(ii) v* = V* on R and 7*(x,u) := I'(x, D,0*(x),u) € Ais an
optimal relaxed control;
(iii) v* € 23R forall 0 < o < 1.

unif

» By Arzela-Ascoli theorem, verification arguments, and
(13).
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THANK YOU!!

Q&A
Preprint available @ arXiv: 2209.07059
“Convergence of Policy Improvement for Entropy-Regqularized
Stochastic Control Problems”
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