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ON THE NATURE OF INITIAL-BOUNDARY VALUE SOLUTIONS
FOR DISPERSIVE EQUATIONS*
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Abstract. If the initial and boundary data for a partial differential equation (PDE) do not
obey an infinite set of compatibility conditions, singularities will arise in its solutions. For dissipative
equations, these singularities are well localized in both time and space, and an effective numerical
remedy is available for accurate computation of initial transients. This study analyzes the nature of
similar corner discrepancies for dispersive equations, such as ut — Uugzz = 0 and ius — uzge = 0.
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1. Introduction. Solutions to initial-boundary value problems (IBVPs) will fea-
ture “corner singularities” in the space-time domain where initial and boundary data
meet, unless these two data sets are connected by an infinite number of compatibility
conditions [2]. Since the two data sets usually arise from different considerations,
these singularities are almost always present. Although the issue has been analyzed
at least since the 1950s (as surveyed in [2] and [3]), the focus has mostly been the-
oretical rather than numerical. For dissipative equations, the irregularities that are
caused by these corner singularities are short-lived in time and remain local in space.
These features allowed for the development of a highly effective strategy for restoring
full numerical accuracy with little extra computational cost, as described in [4]. For
dispersive PDEs, the irregularities do not stay local in space, and it depends on the
equation whether or not they will be short-lived in time. Methods for effective numeri-
cal treatment will likely vary from equation to equation. The goal of the present paper
is to give illustrating examples of dispersive corner singularities, largely by means of
finding corner basis functions, which illuminate the mixing of temporal and/or spatial
scales that occurs initially. If the boundaries are introduced to the problem only for
the purpose of truncating what otherwise would have been an infinite domain, the
preferred strategy would quite certainly be to create artificial boundary conditions in
such a way that these space-time domain corner singularities do not arise.

Section 2 introduces the concept of corner basis functions, first for the well-known
model equations u; +u; = 0 and uy; — Uz, = 0. It is shown how corner basis functions
describe the nature of the corner singularities for these equations. Since the general
character of solutions to dispersive equations may be less familiar, section 3 starts
with some illustrative solutions for the linearized KdV equation, u; — ugzz, = 0, and
then proceeds with establishing its corner basis functions. Section 4 contains a similar
discussion for the linear Schrodinger equation, tu; — ug,, = 0. Based on these corner
basis functions, we discuss in section 5 the character of IBV solutions for the two
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dispersive equations just mentioned. The final section offers some concluding remarks,
summarizing the nature of corner singularities for PDEs of the type u; £ up, = 0,
n=1,2,3,...,in terms of corner basis functions.

2. Corner basis functions for u; + u, = 0 and u; — Uz, = 0. The quarter
plane problem (x > 0, ¢ > 0)

PDE: ur + uy =0,

(2.1) IC: u(z,0) = f(x),
BC: u(0,t) = g(t)
has the analytic solution
B flz—1), x >t
22) ulet) = { g(t — ), x <t

Assuming that f(x) and g(t) are smooth functions, the solution (2.2) is smooth for
all times if and only if an infinite sequence of compatibility conditions holds in the
corner at x =0, t =0 [2], [3]:

9(0) — f(0) =0, continuity

9:(0) + f=(0) =0, PDE

9:+(0) — f22(0) =0, differentiated versions of the PDE
(2.3) 91¢(0) + frwa(0) =0, !

gnt(0) + (=1)" "1 fne(0) = 0.

If we are given a problem (2.1) for which any of the equalities in (2.3) fail to hold, one
strategy for transforming the problem to one with a smooth solution (better suited for
most numerical methods) is to create an explicitly known function s(z,t) which also
satisfies the PDE and which possesses an identical corner singularity. To construct
s(x,t), we introduce the concept of corner basis functions w, (x, t) with the properties

(2.4) (i)
(i) wn(z,0) =0,

(i) 1 &u,(0,t) (1 forj=k,
ut oti | 0 forj#k.

un(x,t) satisfies the PDE away from the corner,

n!

The corner basis functions are derived by Taylor expanding the boundary condition
(BC) in time and then for each term in the expansion solving the PDE with zero
initial condition (IC), as shown below in the case of (2.1).

ug(z,t) = { 0 veh

1, T <t,
0, x>t
(2.5) w(z,t) = { t—x, x <t
0, T >t,
UQ(x’t):{ (t—x)2, z<t

]
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ie.,

0, T > t,
up(2,t) = n=0,1,2,....
(t—ax)", x <t

If the right-hand sides of (2.3) were not equal to 0, 0, 0, 0, ... but instead equal
to rg, 71, T2, T3, ..., the function

r r r
(26)  s(a,1) = ro wole,t) + 3y wa (@, 8) + o ua(w, 1) + o7 us(@,t) 4

would have exactly the same corner singularity as the solution u(x,t). Standard
numerical methods can then be applied to the difference function

(2.7) v(z,t) = u(z,t) — sz, t),

which is infinitely smooth and well suited for numerics (satisfying the same PDE
and IC, and having known BCs). However, in practice, we are limited to machine
precision and thus need to use only a finite number p of compatibility conditions,
corresponding to a truncated version of (2.6). The difference in (2.7) will be of size
O(tP), the first neglected term in the expansion s(x, ). For small ¢, we can make this
difference arbitrarily small by choosing p sufficiently large.

This idea of creating corner singularity functions u,(z,t), n = 0,1,2,..., and
then subtracting a combination of them is of no particular utility for (2.1) since the
analytic solution (2.2) is almost as simple algebraically as are the corner functions
(2.5). Furthermore, the corner irregularity will persist for all times. If (2.1) is gener-
alized to variable coefficients, the singularity will travel along a curved characteristic
path, and cancellation based solely on corner information is not feasible.

Turning to the heat equation, it may at first appear that corner corrections are
not needed. Figures 2.1(a), (b) show the analytic solution to the IBVP

PDE: wu; —ugz, =0,

IC: u(z,0) =0, 0<z <1,
(2.8)
u(0,t) = sin27t,
BCs: t>0,
ug(1,t) =0,

over 0<x<1,0<t<land0<z < 10*3, 0<t< 10*3, respectively. No matter
how much we zoom in on the area near the origin, the solution surface will graphically
look indistinguishable from the one shown to the right (Figure 2.1(b)).

However, this apparent regularity of the solution near the origin is severely mis-
leading. The seemingly smooth solution in fact features a sharp irregularity, as the
plot over 0 <z <1, 0 <t <1072 in Figure 2.2(a) reveals.

A 21-node numerical Chebyshev solution (implemented without grid clustering at
the right boundary, cf. [6, section 5.1, Example 3|, and using a fourth-order Runge—-
Kutta method in time) will feature errors of the order 10~* near the origin during
the first moments, due to the fact that the PDE is not satisfied in the corner (0,0) by
the solution. This numerical observation is theoretically proven in [3]. At later times,
the error decreases to around 107!2. In Figure 2.2(b), the numerical corner error has
already decayed to around 106 by the first displayed time level.
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(b)0< <1073, 0<t <1073,

FiG. 2.1. Analytic solution to the IBV problem (2.8) shown over (a) 0 <z <1,0<t¢t<1 and

Fic. 2.2. (a) Analytic solution to IBV problem (2.8). (b) Error in Chebyshev numerical solu-
refined at the left edge.

tion. Both are shown over 0 < x < 1, 0 <t < 1073 and displayed on a grid that is quadratically

transients. For the constant coefficient case

Although corner irregularities for the heat equation persist only a very short
time, corrections for them are needed in order to obtain an accurate solution of initial

PDE: U — Uge =0,
(2.9) IC: u(z,0) = f(z),
BC:

x>0,
u(0,t) = g(t), t>0,

we need to replace the compatibility conditions (2.3) by

9(0) — £(0)

=0, continuity
9¢(0) = f2(0) =0, PDE
9:t(0) — frazza(0) =0, differentiated versions of the PDE
e !

gnt(o) - f(2n):c(0)

|
=
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and the corner functions (2.5) by

up(z,t) = Erfc (2\/)
ui(z,t) = *\/g e /() 4 (t + %2) Erfc (2\[>
= 1 /% 2\ —z2/(4t 2 2, o "
(2.10) up(w,t) = — g\/;m(lot—i-x )y e /(4 4 <t +tx —i—ﬁ)Erfc(Q—\/z),
uz(w,t) = — goy/ L a (13242 + 28 22 + at) e+ /(40

+ (t3 + 3222 4 L gt 4 m) Erfc (7)

These functions all satisfy the PDE with the IC and BC u,(z,0) = 0, u,(0,t) =
" on=0,1,2,....

One way to derive (2.10) is to note that the change of variables £ = = logt

7a
transforms u; — Uz, = 0 into ur = uge + %ug. The wuo(x, t) solution corresponds to an
equilibrium solution of the transformed PDE. With the BCs u(0) =1, u(co) =0 we

find uw(§) = Erfc( =1-—= f§/2 - ds), and consequently ug(z,t) = Erfc(giﬁ).
The subsequent corner functlons can then (like for all other PDEs) be generated

recursively:

¢
(2.11) up(z,t) =n / Up—1(z,t) dt, n=1,2,....
0

Alternatively, we can obtain a general expression for all the u, (z,t) functions in
terms of Kummer’s confluent | F; hypergeometric functions:

(2.12)

n 2 z T'(n+1 2
un($7t) =t { Fl( aga_%) \[F((n—:-)) 1F1(% %7_%)}7 ’I’LZO,].,Q,... .

To arrive at (2.12), we generalize the observation above regarding the ug(z,t) corner
function by noting that “"(I Y becomes a function of one variable ¢ = 7 only, which
we write as u, (). From 1ts definition and the governing PDE, this function will need
to satisfy

(un) +§(u) —nu, =0 with () =1,
njee T g e " un(c0) =0.

The general solution to the ODE can be written

2 2
u(€) =c1 1Fi(—n, 3, -5) + e € 1Fi(3—n, 3 -5).

The condition u,(0) = 1 says that ¢; = 1, and leading order asymptotics of the

1Fy functions (see [1]) demonstrate that cancellation of growths as £ — oo requires
o F(’I’L-‘rl)

c1 I'(n+3)°

Figure 9.3 shows uo(x,t), ui(x,t), and us(z,t) displayed over two different time
intervals. The irregularity remains local in both time and space. For dissipative
equations like (2.9), corner functions form a very effective means of improving the
accuracy of numerical calculations since, as is shown in [4],
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TimeO<t<1

F1G. 2.3. The corner functions ug(x,t), ui(z,t), and uz(x,t) for the heat equation us —uzz

, (right column) 0

<t<1

(left column) 0

quadratically reﬁne_d towards the left edge.

shouwn over 0 <z <1 and

1. only 3-4 correction functions typically suffice for correction to machine pre-

cision, and
2. generalizations to variable coefficients are straightforward.

3. Illustrative solutions and corner functions for u; — Uze, = 0. Similar

to the heat equation, IBV solutions to the linearized KdV equation

(3.1)

0

— Ugzx

Ut

) a slow, long-term part and (2) a high-frequency

(1

part emanating from the corners and described by corner basis functions.

will typically feature two scales:

cover the whole domain. To illustrate the first part and to provide a background for
discussing the latter part, we first consider different half-plane problems containing

the high-frequency part of the solution is of infinitesimal size but then expands to
only slow long-term scales.

different half-planes.

plane (¢t > 0). With the IC

ons in

3.1. Traveling wave soluti

3.1.1. The upper half-

(3.2)

u(z,0) = cos(kx),

1C:

u(x,t) = cos(kx — k3t).

the solution of (3.1) becomes

(3.3)

solution:
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0 with IC u(z,0) = cos(z).

Fic. 3.1. Upper half-plane solution to ut — uzza

This is a single Fourier mode whose phase speed increases with the wave number k

as ¢ = k?. We can note that all waves travel to the right, as shown in Figure 3.1 for

k=1.

3.1.2. The right half-plane (z > 0). For the equation (3.1) we need to impose
two BCs on the left side (taken to be x = 0). Two cases can be noted. The first case

has a sinusoidal forcing on the boundary, with the first derivative u,(0,t) = 0.

Case 1.

BCs:

u(z,t)

solution:

In the second case, the solution is zero and it is the first derivative that has a

sinusoidal forcing:

Case 2.

=
[3]
=
g
-~
<o
i~
—~
=
~ O
0(
~ 8
3 3
—
75}
O
a)

)]

Figures 3.2 and 3.3 show Cases 1 and 2, respectively. We notice in Figure 3.2
how the crests of the waves emerge perpendicularly to the left boundary in order
to accommodate the zero first derivative BC. Similarly, Figure 3.3 shows how the
waves again are deformed near the boundary, this time to accommodate the condition

u(0,t) = 0. As these two cases demonstrate

jus
6

%kzz + k3t —

ke cos(

_ 3
2

B

k3t +

[cos(kz -

solution:

forcing the left boundary with a Fourier

)

mode will produce outgoing waves with the same wave number, differing between
the two cases only in amplitude and phase shift. It is therefore possible to create a
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0 with the left BCs u(0,t) =

Fic. 3.2. Solution to the right half-plane problem for ut — Uzgzax

sint, ug(0,t) =0.

0 with left BCs u(0,t)

F1a. 3.3. Solution to the right half-plane problem for ui — ugza

0, ug(0,t) =sint.

BC so that the outgoing waves cancel, and only the exponential decay to the right

remains. However, this is a very special case;
sinusoidal waves traveling to the right.

sinusoidal forcing will in general produce

3.1.3. The left half-plane (x < 0). For the right half-plane problems, we
considered forcing on the left side. We now consider forcing on the right side, requiring

only one BC for the PDE:

sin(k3t),

u(0, t)

BC:

= ko sin(Lkz + k3t).

t)

Z,

(

There can be no waves traveling to the left for (3.1), and the solution therefore decays

exponentially away from the boundary, as is seen in Figure 3.4. This also implies that

u

solution:
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F1c. 3.4. Solution to the left half-plane problem for ui — uzze = 0 with forcing w(0,t) = sint
on the right boundary.

when waves arrive from the left to a right boundary, there can be no reflection, but

only decay. With incoming waves of the form u(z,t) = cos(kz — k3t), closed form

solutions for the cases with Neumann and Dirichlet right BCs become as follows.
Case 1.

BC: uz(0,1) = 0,

solution:  wu(wx,t) = cos(kx — k3t) + e Fhe cos(gkx + k3t + ).

Case 2.

BC: u(0,t) =0,

solution:  u(z,t) = cos(kx — k3t) — e ke cos(Lkz + k3t).

These solutions are shown in Figures 3.5 and 3.6.

In both cases, the incoming wave from the left undergoes a transition near the
right boundary in order to accommodate the BCs at the right edge. The half-plane
solutions for (3.1) can be summed up as waves traveling solely to the right, with at
most a thin transition region at a right-hand boundary. The character of these half-
plane solutions set the stage for solving the quarter-plane problem, leading us to sets
of left and right corner basis functions.

3.2. Left corner functions. Since (3.1) needs two BCs to the left, we need to
obtain two independent sets of corner functions w, (z,t) and v, (z, ). These functions
should all obey the PDE, the IC w,(z,0) = v,(x,0) = 0, and the BCs

{%mwzw 2 u,(0,t) =0, 1o
n=0,1, 2, ....

Un(ov t) =0, %vn(ov t) =",

Following the approach which led us to the corner functions (2.12) for the heat
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0 with incoming sinusoidal

Fic. 3.5. Solution to the left half-plane problem for ur — Ugzqa

wave and right BC uz(0,t) = 0.

0 with tncoming sinusoidal

Fic. 3.6. Solution to the left half-plane problem for ui — ugza

wave and right BC u(0,t) = 0.

v, (€) both are functions of

B _

x

(
tn+1/3

and o

)

Uy (,t)
tTL

only, satisfying

z
Vi

equation, we note that

§

0, un(0c0) =0}

(un)e(0) =

{“n 0)=1

)

0

(un)eee + g(un)z —nuy

and

(Un)fff + g(vn)ﬁ —(n+

0}

)

0.9]

(

=1, vy

0, (vn)e(0)

0, {vn(0)

) Un =

1
3
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Fic. 3.7. First three corner functions un(x,t) for ut — ugzs = 0, displayed over 0 < t < 0.1
and 0 <t <0.001 (left and right column, respectively).

respectively, leading to the general expressions for the corner functions:

3 2 T 1
un(x,t) =t" {IFQ(_TIH{%a %}7 _%) - 2:2/311((:7:5 1F2(§ - n, %ag 7_%)}7

and

1 .3 2 T (n+1 23
vn(x,t) — tnt3 {1F2(—n,{%a %}7 _ﬁ) - 21512/3F((777+§)) 1F2(% - na{%? %},_;7%)} )

n=20,1,2,....
Figures 3.7 and 3.8 display the first three corner functions of each of the two types.

3.3. Right corner functions. Since the PDE is incapable of transporting any
waves to the left, waves reaching a right side boundary will get absorbed no matter
what BC is used there. As a consequence, the right corner functions on the domain
x < 0, t > 0 will be nonoscillatory and reminiscent of the ones for the heat equation.
Denoting these by wy,(z,t), n = 0,1,2,..., we find by the same means as in the
previous section

n 3 I'(n+1 3
wale,t) =t {1 Pa(m, (3. 3} — ) + o ety 1 Pa(3 = (3 31— )
—_1)" 22 3
+ 14)77\/§Wr(n+ DT(2—n)1F(2 —n{3,2 ;_ﬁ)}, n=0,1,2,....
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and 0 <t < 0.001 (left and right column, respectively).
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F1G. 3.9. The right corner functions wo(z,t) and wi(z,t) to ut — ugzs = 0.

Figure 3.9 displays the first two w, (z, t)-functions.
For all the corner functions we have derived (u,(x,t) for the heat equation and
Un(2,1), vu(x,t), wy(z,t) for the linearized KdV equation), the first hypergeometric
function has —n as its first parameter. This implies that, for n = 0,1,2,..., its
usually infinite Taylor series truncates to become a finite degree polynomial.

To conclude this discussion of right corner functions, we note that a general
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solution to (3.1) with

IC:  w(z,0) = f(x), =<0,
BC:  wu(0,t) =g(t), t>0,

can be expressed in terms of coupled contour principal value integrals [5].

4. Corner analysis for tu; — ugz, = 0. The next example we consider is the
linear Schrodinger equation

Although this also is a dispersive PDE, it will be shown that the character of IBV
solutions for this equation is fundamentally different than for the linear KdV equation
(3.1). Like the diffusion equation u; — uz,; = 0, equation (4.1) requires only one BC
on each side. Also, since the analysis is similar to that for the diffusion equation, we
will here not consider any introductory half-plane problems.

4.1. Corner functions. Since iu; — uy, = 0 differs from the heat equation only
by a factor of 7, the same similarity transformation & = % and 7 = logt will again
lead us to the corner functions. Substituting these transformations into iu; — uz, = 0

yields

(42) iuT - %’U{ — Uge = 0.
The equilibrium solution satisfies

i

Uge + £u§ =0,

2

leading to
X ]. + Z o0 .n2

4.3 up(x,t) = Erfc \/i) = — e T dn.
(1.3 o(ot) = nte (Vi T ) = L2 | Fan

Separating (4.3) into real and imaginary parts results in

wir =19 () e () + 1 () e ()]

where S and C are the Fresnel sine, foz sin(wt?/2)dt, and cosine, foz cos(mt?/2)dt,
functions. Higher-order corner functions are again most easily expressed in terms of
hypergeometric functions. In analogy to (2.12), we obtain

—iz? zvi I'(n+1 —iz?
Up(z,t) = t" {1F1(—n, 1,22 — \/\Z/F((nié))lFl(% —n, 3 =4 )} ,n=0,1,...,
which satisfies (4.1) with IC u(z,0) = 0 and the BCs u(0,t) = t™, u(oo,t) = 0.
The real and imaginary parts of the corner functions ug(x,t) and uq(x,t) are
plotted in Figure 4.1.
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Fic. 4.1. Real and tmaginary part of the first two corner functions ug and ui to ius — Uzy = 0.

5. Qualitative solution features in the case of two boundaries. In this
section, the properties of u; — uz., = 0 are contrasted with those of iu; — uy, = 0.
In the former case (u; — tugzr = 0), high-frequency waves race across the interval and
become absorbed at the opposite boundary. Like for the heat equation, the solutions
are infinitely differentiable for all ¢ > 0. In the latter case (ius—uz, = 0), the waves are
reflected off the boundaries for all times, resulting in a solution that is several times
differentiable only for rare values of ¢ > 0 (when recurrences to the IC happen to
occur). This lack of smoothness has severe impact on the accuracy of straightforward
numerical calculations.

5.1. Features of the solution to u; — Uzz; = 0 in the case of two bound-
aries. Although the IBV problem

PDE:  t; — tyys = 0,
(5.1) IC: u(z,0) =0, 0<x<1,
BCs:  w(0,t) = f(t), uz(0,t) = g(t), u(1,t) =0, ¢>0,

does not appear to admit a simple closed form solution for general functions f(¢) and
g(t), it can be verified that the function

3 oo Ltrz—r3t 3 3
(5.2)  wu(x,t)= —/ & s ir(x —1) ] [e™®/2 +2cos £r dr
21 J, r 2 2

satisfies it for some particular choice of f(t) and g(¢). We note the following:
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Fia. 5.1. Solution u(z,t) (5.2) to the IBV problem for ut — uzza = 0, displayed for time
0<t<1073.

o lim; o4 u(z,t) =0 for 0 < x <1 (although the integral for u(x,t) diverges if
t = 0 is substituted directly into it).

e The function f(¢) (as obtained from (5.2)) is not identically equal to one
although it satisfies f(0) =1 and f*(0) =0, k=1,2,....
Figure 5.1 shows u(z,t) for 0 < ¢t < 1073, illustrating how high-frequency waves

emerge out of the singular corner and then get absorbed (with no reflections) at the
right edge.

5.2. Features of the solution to iu; — u,, = 0 in the case of two bound-
aries. Consider the IBV problem

PDE: du; — uz, =0,
(5.3) IC: u(z,0) =0, 0<z<1,
BCs:  u(0,t) =sint, u(l,t) =0, t>0.

The long-term solution

7 4 sin(l — x) _sinh(1 — x)
1) = - it _ it
ur(@,t) =3 (e sinl  © sinhl

satisfies the PDE and the BCs. The fast scale solution, emanating from the corner, is

ur(z,t) = u(z,t) —ug, (z,t)
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F1G. 5.2. Full solution u(z,t), long-term solution ur (x,t), and transient solution ur(x,t) for
(5.3).

and will again need to satisfy the PDE but with different IC and BC:

sin 1

IC: UT(I,O) _ 7% (Sin(lfiE) - Slr;}:lgizz)) , 0 S T S 17
BC: ur(0,t) = up(1,t) =0, t>0.

It can be written as a simple sine series expansion:

o0 k ) 5
(5.4) up(z,t) = 2mi Y ————e' ) tsin k.
; 1— (km)*

Figure 5.2 shows the real and imaginary parts of the u(z,t), ur(x,t), and ur (z,t).
Figure 5.3 shows the full solution over a short time interval, revealing

1. emanating waves from the corner, as described by the u, (z, t) corner functions

(cf. Figure 4.1) and

2. the reflection of all waves at the boundaries.
The latter fact means that, in contrast to the heat equation, u; — u,, = 0, or the
linear KdV equation, u; — gz, = 0, the solution will not become smoother with time.
Indeed, (5.4) shows that % and %27;‘ will fail to exist at almost all = and ¢. Unless
(5.3) is modified to contain some form of dissipation (interior or at the boundaries),

accurate numerical solutions would appear to be quite difficult to obtain.
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Fic. 5.3. Real part of the solution u(x,t) to the IBVP test problem for ius — uge = 0, shown
for 0 <t <0.02.

6. Concluding remarks. Since the initial data and the boundary data for
PDEs typically arise from different considerations, discrepancies will almost always
occur in the corners of the time-space domain. Unless infinitely many compatibility
conditions hold in the corners, the solutions will feature singularities which may or
may not remain local in time and space. With modern high-order or spectral meth-
ods, these discrepancies are often the dominant source of numerical error. It is thus
essential to

1. identify and understand the nature of the corner singularities for the IBV
problem being solved, and
2. devise numerical remedies to restore expected levels of accuracy.

Both issues have been addressed for second-order convective-diffusive equations in
[4]. This study has focused on the first point above for dispersive equations, showing
that the concept of corner basis functions, introduced in [4], is critical in understanding
the nature of the singularities.

To summarize the different characters of the corner singularities for the PDEs
considered, analytic expressions for the first corner basis function, ug(x,t), are given
in Table 6.1 and are graphically contrasted over two different time intervals in Figure
6.1. The analytical form of the corner basis functions for the general PDE u;tu,, = 0,
n=1,2,3,..., has also been included in the table. The constants c; are determined
by the BC ug(0,t) = 1 and all higher derivative BCs equal to zero. The dissipative
case u; — Uy, = 0 is also illustrated.
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TABLE 6.1

563

Analytic expressions for the ug(xz,t) corner functions for some PDEs of the form wut £ ung = 0.

Equation Elementary Hypergeometric
form form
i — gy = 0 0 %f T >t o
1if <t

Ut — Ugz = 0

Erfc (ﬁ)

Ut — Uggz = 0

_ Y3r(3)a?

4r t2/3

13 2
1- \/L?t 171 (@@*%)
1 {

ut + uae =0

Uz:tunTZO

n—1 P
k=0 |:Ck Tk
k k4+1 k42 k "/t
x 1B (B {55, 62 ) poft)]
where the cj are constants; the entry = 1 is
omitted in the sequence %, %, e }H'T"}

ut—u3x=0

Fic. 6.1.
iut — Ugy = 0 (real part).

0<t<0.001

The ug(x,t) corner functions for the equations, ui = upny = 0, n = 1,...,4, and
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The nature of the corner singularities for each PDE is different, including prop-
agation of the discontinuity throughout the domain, dissipation of it locally, and
high-frequency oscillations which either get absorbed or reflected at boundaries. In
subsequent studies, numerical techniques for restoring accuracy of high-order and
spectral methods for dispersive IBV problems will be explored.
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