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Initial beliefs of ideal observers depend on prior responses and sequence correlation.
Reward rate is maximized by deliberating longer on early trials.

Model accounts for experimentally observed repetition biases in 2AFC tasks.
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To make decisions organisms often accumulate information across multiple timescales. However, most
experimental and modeling studies of decision-making focus on sequences of independent trials. On the
other hand, natural environments are characterized by long temporal correlations, and evidence used to

2018 make a present choice is often relevant to future decisions. To understand decision-making under these
conditions we analyze how a model ideal observer accumulates evidence to freely make choices across a
Keywords: sequence of correlated trials. We use principles of probabilistic inference to show that an ideal observer

incorporates information obtained on one trial as an initial bias on the next. This bias decreases the time,
but not the accuracy of the next decision. Furthermore, in finite sequences of trials the rate of reward is
maximized when the observer deliberates longer for early decisions, but responds more quickly towards
the end of the sequence. Our model also explains experimentally observed patterns in decision times
and choices, thus providing a mathematically principled foundation for evidence-accumulation models
of sequential decisions.
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1. Introduction

Organismal behavior is often driven by decisions that are the
result of evidence accumulated to determine the best among avail-
able options (Brody & Hanks, 2016; Gold & Shadlen, 2007). For in-
stance, honeybee swarms use a democratic process in which each
bee’s opinion is communicated to the group to decide which nectar
source to forage (Seeley, Camazine, & Sneyd, 1991). Competitive
animals evaluate their opponents’ attributes to decide whether
to fight or flee (Stevenson & Rillich, 2012), and humans decide
which stocks to buy or sell, based on individual research and social
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information (Moat et al., 2013). Importantly, the observations of
these agents are frequently uncertain (Brunton, Botvinick, and
Brody 2013; Hsu, Bhatt, Adolphs, Tranel, and Camerer 2005) so ac-
curate decision-making requires robust evidence integration that
accounts for the reliability and variety of evidence sources (Raposo,
Sheppard, Schrater, & Churchland, 2012).

The two alternative forced choice (2AFC) task paradigm has
been successful in probing the behavioral trends and neural mech-
anisms underlying decision-making (Ratcliff, 1978). In a 2AFC task
subjects decide which one of two hypotheses is more likely based
on noisy evidence (Bogacz, Brown, Moehlis, Holmes, & Cohen,
2006; Gold & Shadlen, 2002). For instance, in the random dot
motion discrimination task, subjects decide whether a cloud of
noisy dots predominantly moves in one of two directions. Such
stimuli evoke strong responses in primate motion-detecting areas,
motivating their use in the experimental study of neural mecha-
nisms underlying decision-making (Gold & Shadlen, 2007; Shadlen
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& Newsome, 2001). The response trends and underlying neural
activity are well described by the drift-diffusion model (DDM),
which associates a subject’s belief with a particle drifting and
diffusing between two boundaries, with decisions determined by
the first boundary the particle crosses (Bogacz et al., 2006; Ratcliff
& McKoon, 2008; Stone, 1960).

The DDM is popular because (a) it can be derived as the contin-
uum limit of the statistically-optimal sequential probability ratio
test (Bogacz et al.,, 2006; Wald & Wolfowitz, 1948); (b) it is an
analytically tractable Wiener diffusion process whose summary
statistics can be computed explicitly (Bogacz et al., 2006; Ratcliff
& Smith, 2004); and (c) it can be fit remarkably well to behavioral
responses and neural activity in 2AFC tasks with independent tri-
als (Gold & Shadlen, 2002, 2007) (also see Latimer, Yates, Meister,
Huk, and Pillow (2015)).

However, the classical DDM does not describe many aspects of
decision-making in natural environments. For instance, the DDM
is typically used to model a series of independent trials where
evidence accumulated during one trial is not informative about the
correct choice on other trials (Ratcliff & McKoon, 2008). Organisms
in nature often make a sequence of related decisions based on
overlapping evidence (Chittka, Skorupski, & Raine, 2009). Consider
an animal deciding which way to turn while fleeing a pursuing
predator: To maximize its chances of escape its decisions should
depend on both its own and the predator’s earlier movements (Cor-
coran & Conner, 2016). Animals foraging over multiple days are
biased towards food sites with consistently high yields (Gordon,
1991). Thus even in a variable environment, organisms use previ-
ously gathered information to make future decisions (Dehaene &
Sigman, 2012). We need to extend previous experimental designs
and corresponding models to understand if and how they do so.

Evenin a sequence of independent trials, previous choices influ-
ence subsequent decisions (Fernberger, 1920). Such serial response
dependencies or recency effects have been observed in 2AFC tasks
which do (Anderson, 1960; Cho et al., 2002; Friind, Wichmann, &
Macke, 2014) and do not (Bertelson, 1961; Kirby, 1976) require
accumulation of evidence across trials. For instance, a subject’s
response time may decrease when the current state is the same as
the previous state (Pashler & Baylis, 1991). Thus, trends in response
time and accuracy suggest subjects use trial history to predict the
current state of the environment, albeit suboptimally (Kirby, 1976).

Recency effects can appear if an observer is learning the sta-
tistical structure of the environment. Much of the early literature
on this subject treated recency biases as a consequence of an
observer trying to learn the frequency of events in a sequence
(reviewed in Myers (2014)). For instance, classical incremental
learning (Estes, 1950) has been used to explain how learning
the probability of each of two choices across trials can lead to
responses biased by recent feedback (Estes & Straughan, 1954).

Learning trial-to-trial dependencies can also lead to recency
effects (Cho et al., 2002; Feldman & Hanna, 1966; Yu & Cohen,
2008). In combination with learning the marginal frequency of
each choice, this can explain a range of experimental observa-
tions (Jones, Curran, Mozer, & Wilder, 2013; Kim, Kabir, & Gold,
2017). However, there is substantial evidence that human ob-
servers can learn dependencies between different trials (Anderson,
1960), and that recency effects are the result of observers stably
learning such structure (Jones & Sieck, 2003; Mozer, Kinoshita,
Shettel, et al., 2007). In particular, as we will discuss further in
this work, evidence accumulated on a previous trial can bias an
observer’s initial belief, and their response on the next trial. How-
ever, we are not aware of previous normative models that describe
this effect in evidence accumulation tasks. We show that even in
the absence of fractional learning, i.e. when the observer is fully
aware of the correlations between trials, a temporal structure of
responses similar to that observed experimentally can emerge due
to the true or assumed dependencies between trials.

Goldfarb, Wong-Lin, Schwemmer, Leonard, and Holmes (2012)
examined responses in a series of dependent trials with the cor-
rect choice across trials evolving according to a two-state Markov
process. The transition probabilities affected the response time and
accuracy of subjects in ways well described by a DDM with bi-
ased initial conditions and thresholds. For instance, when repeated
states were more likely, response times decreased in the second
of two repeated trials. History-dependent biases also increase the
probability of repeat responses when subjects view sequences with
repetition probabilities above chance (Abrahamyan, Silva, Dakin,
Carandini, & Gardner, 2016; Braun, Urai, & Donner, 2018). These
results suggest that an adaptive DDM with an initial condition
biased towards the previous decision is a good model of human
decision-making across correlated trials (Goldfarb et al., 2012).

Most earlier models proposed to explain these observations
can recapitulate behavioral data, but are not explicitly constructed
using probabilistic inference (Friind et al., 2014; Goldfarb et al.,
2012).Yu and Cohen (2008) have proposed a normative model that
assumes the subjects are learning non-stationary transition rates
in a dependent sequence of trails. However, they did not examine
the normative model for known transition rates. Such a model
provides a standard for experimental subject performance, and a
basis for approximate models, allowing us to better understand
strategies subjects use to make decisions (Brunton et al., 2013;
Ratcliff & McKoon, 2008).

Here, we extend previous DDMs to provide a normative model
of evidence accumulation in serial trials evolving according to a
two-state Markov process whose transition rate is known to the
observer. We use sequential analysis to derive the posterior for
the environmental states H. given a stream of noisy observa-
tions (Bogacz et al.,, 2006; Veliz-Cuba, Kilpatrick, & Josi¢, 2016).
Under this model, ideal observers incorporate information from
previous trials to bias their initial belief on subsequent trials. This
decreases the average time to the next decision, but not necessarily
its accuracy. Furthermore, in finite sequences of trials the rate of
reward is maximized when the observer deliberates longer for
early decisions, but responds more quickly towards the end of the
sequence. We also show that the model agrees with experimen-
tally observed trends in decisions.

For the purposes of a mathematical analysis, we assume that the
observer attempts to maximize the reward rate. This is only one of
many possible utility functions: Depending on the situation, the
observer could also try to minimize effort (Bautista, Tinbergen, &
Kacelnik, 2001; Skvortsova, Palminteri, & Pessiglione, 2014), avoid
a negative outcome (Guitart-Masip, Duzel, Dolan, & Dayan, 2014),
or maximize information about future outcomes. Indeed, human
subjects seem to exhibit a preference for maximizing accuracy
rather than balancing speed and accuracy, even when instructed
to maximize reward rate (Starns & Ratcliff, 2012). If the structure
of the task is not assumed to be known, observers may continue
in their exploration of different hypotheses of the (hidden) task
structure. Such behavior may be adaptive for a fluid environment,
but will not optimize reward in a task with fixed structure across
trials.

There are myriad measures subjects may attempt to increase
and optimize when performing decision tasks. Since reward rate
provides a concise quantification of the speed/accuracy tradeoff,
we opt to compare instantiations of our model based on this
measure. As has been shown in previous empirical studies (Bogacz,
Hu, Holmes, & Cohen, 2010; Starns & Ratcliff, 2012), reward rate
can provide an upper bound on the speed/accuracy performance
of subjects, and can therefore illuminate the strategy humans use
by comparison.
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Fig. 1. Sequence of 2AFC trials with states H" determined by a two-state Markov process with switching probability ¢ = P(H" # H""!). For instance, H'* =

(Hy,Hy, H_,H) could stand for the drift direction of each drift-diffusion process y"(t) corresponding to the decision variable of an ideal observer making noisy
measurements, £"(t). The decision threshold (+6,_1) crossed in trial n — 1 determines the sign of the initial condition in trial n: y"(0).

2. A model of sequential decisions

We model a repeated 2AFC task with the environmental state
in each trial (H, or H_) chosen according to a two-state Markov
process: In a sequence of n trials, the correct choices (environmen-
tal states or hypotheses) H'" = (H', H?, ..., H") are generated
so that P(H! = Hy) = 1/2 and P(H' = H4|H'"! = Hy) = € for
i =2,...,n(seeFig. 1). When ¢ = 0.5 the states of subsequent
trials are independent, and ideally the decision on one trial should
not bias future decisions (Bogacz et al., 2006; Gold & Shadlen, 2002,
2007; Ratcliff, 1978; Ratcliff & McKoon, 2008; Shadlen & Newsome,
2001).

When 0 < € < 0.5, repetitions are more likely and trials
are dependent, and evidence obtained during one trial can inform
decisions on the next.! We will show that ideal observers use their
decision on the previous trial to adjust their prior over the states
at the beginning of the following trial.

Importantly, we assume that all rewards are given at the end
of the trial sequence (Braun et al., 2018). Rewarding the correct
choice on trial i provides unambiguous information about the state
H', superseding the noisy information gathered over that trial. Our
results can be easily extended to this case, as well as cases when
rewards are only given with some probability.

Our main contribution is to derive and analyze the ideal ob-
server model for this sequential version of the 2AFC task. We
use principles of probabilistic inference to derive the sequence of
DDMs, and optimization to determine the decision thresholds that
maximize the reward rate (RR). Due to the tractability of the DDM,
the correct probability and decision times that constitute the RR
can be computed analytically. We also demonstrate that response
biases, such as repetitions, commonly observed in sequential deci-
sion tasks, follow naturally from this model.

3. Optimizing decisions in a sequence of uncorrelated trials

We first derive in Appendix A and summarize here the optimal
evidence-accumulation model for a sequence of independent 2AFC
trials (P(H' = H'"') = 0.5). Although these results can be found
in previous work (Bogacz et al., 2006), they are crucial for the sub-
sequent discussion, and we thus provide them for completeness. A

Tifo5 < < 1 states are more likely to alternate. The analysis is similar to the
one we present here, so we do not discuss this case separately.

reader familiar with these classical results can skip to Section 4, and
refer back to results in this section as needed.

The drift-diffusion model (DDM) can be derived as the con-
tinuum limit of a recursive equation for the log-likelihood ratio
(LLR) (Bogacz et al., 2006; Gold & Shadlen, 2002; Wald & Wolfowitz,
1948). When the environmental states are uncorrelated and unbi-
ased, an ideal observer has no bias at the start of each trial.

3.1. Drift-diffusion model for a single trial

We assume that on a trial the observer integrates a
stream of noisy measurements of the true state, H!. If these
measurements are conditionally independent, the functional
central limit theorem yields the DDM for the scaled LLR,

ey P(H'=H, |observations) . .
y'(t) = Dlog P(HT=H. |observations)’ after observation time ¢,

dy' = g'dt + +/2DdW. (1)

We have written the above as a Langevin equation in which W is
a Wiener process, the drift g' € g. depends on the environmental
state, and D is the variance which depends on the noisiness of each
observation. Often, the prefactor of the Weiner process is taken to
be o, rather than +/2D, but the form we have chosen simplifies
several expressions we derive subsequently. Eq. (1) may be written
as a stochastic differential equation y' = g' + +/2D&, where & is
Gaussian white noise, and some use the form dy! = gldt + £ -
/2D - dt (Usher & McClelland, 2001).

For simplicity and consistency with typical random dot kine-
togram tasks (Gold & Shadlen, 2007; Schall, 2001), we assume each
drift direction is of equal unit strength: g, = —g_ = 1, and
task difficulty is controlled by scaling the variance’ through D.
The initial condition is determined by the observer’s prior bias,
y1(0) = DIn[P(H' = H,)/P(H! = H_)]. Thus for an unbiased
observer, y'(0) = 0.

There are two primary ways of obtaining a response from the
DDM given by Eq. (1) that mirror common experimental proto-
cols (Gold & Shadlen, 2002, 2007; Shadlen & Newsome, 2001): An
ideal observer interrogated at a set time, t = T responds with
sign(y'(T)) = =1 indicating the more likely of the two states,
H' = H., given the accumulated evidence. On the other hand,

2 An arbitrary drift amplitude g can also be scaled out via a change of variables
y = g7, so the resulting DDM for y has unit drift, and D = D/g?.
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an observer free to choose their response time can trade speed for
accuracy in making a decision. This is typically modeled in the DDM
by defining a decision threshold, 6;, and assuming that at the first
time, Ty, at which |y!(T;)| > 64, the evidence accumulation process
terminates, and the observer chooses H. if sign(y'(T;)) = +1.
The probability, c;, of making a correct choice in the free re-
sponse paradigm can be obtained by analyzing the Kolmogorov
backward equation (KBE) corresponding to Eq. (1) (Gardiner,
2009), as demonstrated in Appendix B. Given the initial condition
y'(0) = y) = DIn[P(H! = Hy)/P(H' = H_)], threshold 6, and
state H! = H_, the probability of an exit through either boundary
:b(g] is
_ a—Wi+61)/D
T =
1 — e201/D
e~ WoH+01)/D _ o—201/D

1_ e-261/D ’

n—@](yé) =

simplifying at y} = 0 to
_ 1

T 14e0/D

e—01/D

1 +e~t01/D
An exit through the threshold 6; results in a correct choice of
H' = H,,so¢; = 7g,(0). The correct probability ¢; increases
with 61, since more evidence is required to reach a larger threshold.
Defining the decision in trial 1 as d; = +1if y!(T;) = +6,, Bayes’
rule implies

7[91(0) =:C1,
(3)

ﬂ,gl(O) =1-0c.

1
m:(;l:l)(d]:i]“{l:Hi)
=P(H! = Hy|d; = £1), (4a)
e—01/D :
m=1—C]=P(d]=il|H =H:F)
=P(H' = Hy|dy = £1), (4b)

since PH' = Hy) = P(d; = +1) = 1/2. Rearranging the
expressions in Eq. (4) and isolating 6, relates the threshold 6; to
the LLR given a decision d; = +1:

P(H! = H, |d; = +1
16, =DIn ¢ +ld, ).

P(H' = H_|d; = 1)

3.2. Tuning performance via speed-accuracy tradeoff

Increasing 0, increases the probability of a correct decision,
and the average time to make a decision, DT;. Humans and other
animals balance speed and accuracy to maximize the rate of correct
decisions (Bogacz et al., 2010; Chittka et al., 2009). This is typically
quantified using the reward rate (RR) (Gold & Shadlen, 2002):

1

RRy(01) = DT, 4Ty’ (5)
where c; is the probability of a correct decision, DT; is the mean
time required for y!(t) to reach either threshold £6;, and Tp is the
prescribed time delay to the start of the next trial (Bogacz et al.,
2006; Gold & Shadlen, 2002). Eq. (5) increases with c¢; (accuracy)
and with inverse time 1/(DT; + Tp) (speed). This usually leads
to a nonmonotonic dependence of RR; on the threshold, 6,, since
increasing 6, increases accuracy, but decreases speed (Bogacz et
al., 2006; Gold & Shadlen, 2002).

The average response time, DTy, can be obtained as the solution
of a mean exit time problem derived from the KBE associated with
Eq. (1), as we show in Appendix B (Bogacz et al., 2006; Gardiner,

2009).Since the RRis determined by the average decision time over
all trials, we compute the unconditional mean exit time,

ef1/D | e=01/D _ 2e=¥o/D
T(¥o: 61) = 61 |: @01/D _ —61/D - Yo (6)
which for y} = 0 simplifies to
1—e /P

Substituting this expression into the RR as defined in Eq. (5),
assuming y, = 0, we have

RR,(91) = (61 [1 — e P] + 75 [1 47

We can identify the maximum of RR{(6#;) > 0 by finding the
minimum of its reciprocal, 1/RR;(6;) (Bogacz et al., 2006),

67" = Tp + D — DW (exp[(Tp + D)/D)). (8)

Here W(f) is the Lambert W function (the inverse of f(W) =
we™). In the limit Tp — 0, we have ;" — 0, and Eq. (8) defines
nontrivial optimal thresholds at Tp > 0.

Having established a policy for optimizing performance in a se-
quence of independent 2AFC trials, in the next section we consider
dependent trials. We can again explicitly compute the RR function
for sequential 2AFC trials with states, H'" = (H', H*, H3, ..., H"),
evolving according to a two-state Markov process with parameter
€ := P(H"*! & H"). Unlike above, where ¢ = 0.5, we will see that
when € € [0, 0.5), an ideal observer starts each trial H" forn > 2
by using information obtained over the previous trial, to bias their
initial belief, yg # O.

4. Integrating information across two correlated trials

We first focus on the case of two sequential 2AFC trials. Both
states are equally likely at the first trial, P(H' = Hy) = 1/2, but
the state at the second trial can depend on the state of the first,
€ := P(H*> = Hz|H' = Hy). On both trials an observer makes
observations, £, with conditional density f, (£ )if H" = H to infer
the state H". The observer also uses information from trial 1 to infer
the state at trial 2. All information about H! can be obtained from
the decision variable,d; = =1, and ideal observers use the decision
variable to set their initial belief, yé # 0, at the start of trial 2. We
later show that the results for two trials can be extended to trial
sequences of arbitrary length with states generated according to
the same two-state Markov process.

4.1. Optimal observer model for two correlated trials

The first trial is equivalent to the single trial case discussed
in Section 3.1. Assuming each choice is equally likely, P(H' =
Hy) = 1/2, no prior information exists. Therefore, the decision
variable, y!(t), satisfies the DDM given by Eq. (1) with y'(0) = 0.
This generates a decision d; € +1if y!(T;) = =+6,, so that the
probability of a correct decision c; is related to the threshold 6; by
Eq. (4). Furthermore, since € = P(H? = Hz|H! = H.), it follows
that 1 — € = P(H? = Hy|H' = H.), which means
P(H?> = Hy|d; = £1)

=P(H?> = Hy|H' = HL)P(H' = Hy|d; = 1)

+ P(H? = Hy|H' = Hy)P(H' = Hz|d; = £1)
=1 —-e€)cr1 +e(1—-c1), 9)

and, similarly,

P(H? = Hzldy = £1) = (1 —€)(1 — 1) + €c. (10)
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As the decision, d; = =1, determines the probability of each
state at the end of trial 1, individual observations, &, are not
needed to define the belief of the ideal observer at the outset of
trial 2. The ideal observer uses a sequence of observations, 2, and
their decision on the previous trial, d;, to arrive at the probability
ratio

2 _ P(H?
*  P(H?

= H,[g},di) _ P(ELIH? = H)P(H? = H1dy)
= H_|g}, 1)  P(],IH? = HO)P(H2 = H_|dy)’

Taking the logarithm, and applying conditional independence of
the measurements £2, we have that

Hy|dy)

f+é ) P(HZ—
2 2
L = InR; E In H|d))

P(H2

j=1

indicating that [2 = 1n[ (H? = H,|dy)/P(H? = H_|d,)]. Taking
the temporal continuum limit as in Appendix A, we find

dy? = g2dt + +/2Ddw, (11)

with the Wiener process, W, and variance defined as in Eq. (1). The
drift g2 € &1 is determined by H> = H...

Furthermore, the initial belief is biased in the direction of the
previous decision, as the observer knows that states are correlated
across trials. The initial condition for Eq. (11) is therefore

P(H? = H,|d; = £1)
2 +
0;dy ==+1)=DI
y°(0; d4 ) nP(H2 Ho|d, = <1)
1 _ ¢)ef1/P
— +DIn (6)—-’_6 — :ty(z), (12)

€ef1/D 4+ (1—¢)

where we have used Egs. (4), (9), and (10). Note thatyﬁ — 0inthe
limite — 0.5, so no information is carried forward when states are
uncorrelated across trials. In the limit ¢ — 0, we find yg — 61, S0
the ending value of the decision variable y'(T;) = 40, in trial 1 is
carried forward to trial 2, since there is no change in environmental
state from trial 1 to 2. For € € (0, 1/2), the information gathered
on the previous trial provides partial information about the next
state, and we have y € (0, ).

We assume that the decision variable, y*(t), evolves according
to Eq. (11), until it reaches a threshold +6,, at which point the
decision d, = =1 is registered. The full model is thus specified
by,

dy = g/dt + +/2Ddw,
until [Y(Tj)l = 6; +— d; = sign(y/(Tj)),
y'(0)=0, y*0)=4yZifd; =41, and
g=+1ifHH=H,,j=1,2.

The above analysis is easily extended to the case of arbitrary n >

2, but before we do so, we analyze the impact of state correlations

on the reward rate (RR) and identify the decision threshold values
61., that maximize the RR.

Remark. As noted earlier, we assume the total reward is given at
the end of the experiment, and not after each trial (Braun et al.,
2018). A reward for a correct choice would provide the observer
with complete information about the state H', so that

P(H? = H, |H! = £1)
P(H2 = H_|H! = £1)

A similar result holds in the case that a reward is given with a
probability that depends on whether or not the observer is correct.

y?(0; H' = £1)=DIn = +DIn

(1-¢)
-

4.2. Performance for constant decision thresholds

We next show how varying the decision thresholds impacts
the performance of the observer. For simplicity, we first assume
the same threshold is used in both trials, 6;., = 6. We quantify
performance using a reward rate (RR) function across both trials:
RRip = % (13)

DT; + DT, + 2Tp
where ¢; is the probability of correct responses on trial j = 1,2,
DT; is the mean decision time in trial j, and Tp is the time delay
after each trial. The expected time until the reward is thus DT; +
DT, + 2Tp. The reward rate will increase as the correct probability
in each trial increases, and as decision time decreases. However,
the decision time in trial 2 will depend on the outcome of trial 1.

To be clear, the RR function defined in Eq. (13) is relevant
assuming a subject performs a long sequence of trials comprised
of many pairs of correlated trials, (H"2(1), H'*?(2), H'(3), ....),s0
H'(j)is generated independently, whereas the state H2(j) depends
on state H'(j).

Similar to our finding for trial 1, the decision variable y*(t) in
trial 2 determines LLRy(t), since y*> = D - LLR,. Moreover, the
probability of correct responses on each trial, ¢; and ¢, are equal,
and determined by the threshold, # = 6;.,, and noise amplitude,
D (see Appendix C). Note that this is entirely a consequence of the
fact that the threshold 6 is the same in both trials, and the threshold
determines the LLR at the decision time. In trial 2, information from
the previous trial is already incorporated as a prior, so the threshold
directly determines the probability of a correct decision in both
trials 1 and 2.

The average time until a decision in trial 2 is (see Appendix D)

1—e 0P (1—€)e?’P ¢
D= ——— |6 —(1-2eDIn—— | 14
2 1+e9/D[ (1=2¢) ee(’/D-i-(l—e)] (14)

Notice, in the limit € — 0.5, Eq. (14) reduces to Eq. (7) for 6, = 0
as expected. Furthermore, in the limit ¢ — 0, DT, — 0, since
decisions are made immediately in an unchanging environment as
ya(0) = £6.

We can now use the fact that c; = ¢, to combine Egs. (4), and
(14) with Eq. (13) to find
€e?/D (1 —¢)

PRy,
RR1:2(6) = 2 ([1 —e 7] [29 —(1-2€)DIn Me"'g]

-1
+2Tp [1+ e—9/0]> ,

which can be maximized using numerical optimization.

Our analysis shows that the correct probability in both trials,
1.2, increases with 6 and does not depend on the transition prob-
ability e (Fig. 2A). In addition, the decision time in trial 2, DT>,
increases with 6 and € (Fig. 2B). At smaller transition rates, ¢,
more information is carried forward to the second trial, so the
decision variable y% is, on average, closer to the threshold 6. This
shortens the average decision time, and increases the RR (Fig. 2C,
D). Lastly, note that the threshold value, 0, that maximizes the
RR is higher for lower values of ¢, as the observer can afford to
require more evidence for a decision when starting trial 2 with
more information.

4.3. Performance for dynamic decision thresholds

We next ask whether the RR given by Eq. (13) can be increased
by allowing unequal decision thresholds between the trials, 8; #
6,. As before, the probability of a correct response, ¢c; = g, (0), and
mean decision time, DTy, in trial 1 are given by Egs. (3) and (7). The
correct probability ¢, in trial 2 is again determined by the decision



K.P. Nguyen, K. Josi¢ and Z.P. Kilpatrick / Journal of Mathematical Psychology 88 (2019) 32-47 37

0.9

0.8

61;2(6)

0.7

0.6

0.5

C o034
0.32

(©)

0.3

1:2

0.28

RR

0.26

0.24
0 0.5 1 1.5 2

B 15
—~ 1
N
)
a 0.5
0
D RRLZ(G,G)
0.32
0.3
w
0.28
0.26
1 2
0

Fig. 2. The reward rate (RR) depends on the state change rate ¢ := P(H? # H') for a constant threshold 6 := 6;.,. Here and below stochastic simulations (dots) are compared
to theoretical predictions (solid lines). A. The probability of a correct response in trials 1 and 2 (cy.2) only depends on the threshold 6, and increases with 6. B. Decision time
DT, in trial 2 increases with the threshold # and with the change rate, €. Threshold crossings happen sooner on average for lower ¢, since trial 2 is initiated closer to threshold.
C. The reward rate (RR) as defined by Eq. (13) is unimodal. D. Colormap plot of RR as a function of 6 and €. The maximal RR increases and occurs at higher thresholds, 6, when
state changes are less likely (lower €): As € decreases, the observer can afford to integrate evidence for a longer period of time in trial 1, since trial 2 will be much shorter (as
shown in B). Here and in subsequent figures we used delay time Tp = 2 and noise amplitude D = 1.

threshold, and noise variance, D, as long as 6, > y2. However, when
6, < yg, the response in trial 2 is instantaneous (DT, = 0) and
c; = (1 —€)cy + €(1 — cq). Therefore, the probability of a correct
response on trial 2 is defined piecewise

1 . 2
1+e®/D H02 > Yo

G = (1 _ E)+6€791/D (15)
—— 16, <Y}
1+et/D 0

We will show in the next section that this result extends to an ar-
bitrary number of trials, with an arbitrary sequence of thresholds,
01:11-
In the case 6, > yg, the average time until a decision in trial 2,

is (see Appendix D)

1—e 20 (1-2¢e)(1—e /D)
DT, =6, —

1+ e%/D 1+e%/D
(1—€)e/P ¢
€ef/D 4 (1 —¢)’
which allows us to compute the reward rate function RRy.5(¢) =
RR1:2(61:2; €):

x DIn (16)

RR1:z(€)
E!l +E?
2 1 +2 - 1 2 2 ) >y§,
_ JEZEL[61 — (1 = 2€)y3] + E} [62E2 + 2TpE} ] (17)
2(1—€)+€E} ,
— 202 <Y,

61E! + 2TpE}

where E;, = 14 e %/P. This reward rate is convex as a function of
the thresholds, 61.,, for all examples we examined.

The pair of thresholds, 675, that maximizes RR satisfies 67" >
6", so that the optimal observer typically decreases their de-
cision threshold from trial 1 to trial 2 (Fig. 3A,B). This shortens
the mean time to a decision in trial 2, since the initial belief y? is
closer to the decision threshold more likely to be correct. As the

change probability € decreases from 0.5, initially the optimal 6"
decreases and ] increases (Fig. 3C), and 65" eventually collides
with the boundary yﬁ = 0,. For smaller values of ¢, RR is thus
maximized when the observer accumulates information on trial 1,
and then makes the same decision instantaneously on trial 2, so
that c; = (1 — €)cq + €(1 — ¢7) and DT, = 0. As in the case of a
fixed threshold, the maximal reward rate, RRY'S*(¢), increases as ¢
is decreased (Fig. 3D), since the observer starts trial 2 with more
information. Surprisingly, despite different strategies, there is no
big increase in RRY'S* compared to constant thresholds, with the

largest gain at low values of €.

Remark. In the results displayed for our RR maximization analysis
(Figs. 2 and 3), we have fixed Tp = 2 and D = 1. We have also
examined these trends in the RR at lower and higher values of Tp
and D (plots not shown), and the results are qualitatively similar.
The impact of dynamic thresholds 6., on the RR are slightly more
pronounced when Tp is small or when D is large.

5. Multiple correlated trials

To understand optimal decisions across multiple correlated
trials, we again assume that the states evolve according to a two-
state Markov Chain with € := P(H/*! = H..|H/ = H.). Information
gathered on one trial again determines the initial belief on the next.
We first discuss optimizing the RR for a constant threshold for a
fixed number n of trials known to the observer. When decision
thresholds are allowed to vary between trials, optimal thresholds
typically decrease across trials, Gj‘“a" < QjT‘;X.

5.1. Optimal observer model for multiple trials

As in the case of two trials, we must consider the caveats
associated with instantaneous decisions in order to define initial
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Fig. 3. A,B. Reward rate (RR), given by Eq. (17), depends on the change rate € and thresholds 6:.,. For € = 0.25 (panel A), the pair {5* that maximizes RR (dot) satisfies
0" > 05", Compare to the pair {5 (circle) for & = 6y, as in Fig. 2D. The boundary 6, = yﬁ(el), obtained from Eq. (12), is shown as a dashed line. For ¢ = 0.1 (panel B),
the optimal choice of thresholds (dot) is on the boundary 6, = yﬁ(@l ). C. Decreasing € from 0.5, initially results in an increase in 0], and decrease in 6;"**. At sufficiently
small value of ¢, the second threshold collides with the initial condition, 6, = yé(@l) (vertical line). After this point, both 6" and 6;"* increase with ¢, and meet at € = 0.

max

The optimal constant threshold, 6™, is represented by the thin curve. D. RRY';*(¢) decreases as ¢ is increased, since the observer carries less information from trial 1 to trial
2. The thin light curve shows RRY'S" for the constant threshold case, and the horizontal line shows RRY'S* when assuming independence.

conditions y’o, probabilities of correct responses ¢j, and mean deci-
sion times DT;. The same argument leading to Eq. (11) shows that
the decision variable evolves according to a linear drift-diffusion
process on each trial. The probability of a correct choice is again
defined by the threshold, ¢; = 1/(1 + e %/") when 6; > y;, and
¢ =(1—e€)cj—1+€(1—cj—1)when§; < y’o, asinEq. (15). Therefore,
¢; may be defined iteratively forj > 2, as

1 .
1+e P A0

G = .
(1-e)g1+e(l—ga) : 6 <y,

(18)

with ¢; = 1/(1 + e~%/P) since y}, = 0.
The probability ¢; quantifies the belief at the end of trial j. Hence,

asin Eq. (12), the initial belief of an ideal observer on trial j 4 1 has

the form

(1—¢€)g+e(1—g

e+ (1—€)1—g

y(0;d; = £1) = £DIn ; =4y, (19)
and the decision variable ¥(t) within trials obeys a DDM with
threshold 6; as in Eq. (11). A decision d; = %1 is then registered
when y/(T;) = +6;, and if 6; < y}, thend; = d;_; and T; = 0.

5.2. Performance for constant decision thresholds

With n trials, the RR is the sum of correct probabilities divided
by the total decision and delay time:

Z;:l G

RRpp = — ot L
1in er:lzl DTJ—‘,—nTD

(20)
The probability of a correct choice, ¢; = 1/(1 + e~%/P), is constant
across trials, and determined by the fixed threshold 6. It follows
that yj = y3 = --- = y§ = yo. Eq.(19) then implies that 6 > yy, for
€e>0andyy =0 ife =0.

As y’o is constant on the 2nd trial and beyond, the analysis of the
two trial cases implies that the mean decision time is given by an
expression equivalent to Eq. (14) forj > 2. Using these expressions
for ¢; and DT; in Eq. (20), we find

RR1:n(0; €) = n ([1—e "] [n6 — (n — 1)(1 — 2€)yo]
+nTp [1+ e’(’/D])q.

As n is increased, the threshold value, ™, that maximizes the
RR increases across the full range of € values (Fig. 4): As the
number of trials increases, trial 1 has less impact on the RR. Longer
decision times on trial 1 impact the RR less, allowing for longer
accumulation times (higher thresholds) in later trials. In the limit
of an infinite number of trials (n — o0), Eq. (21) simplifies to

(21)

RRoo(6: €) = ([1— e P] [0 — (1 — 2¢)yo]
+Tp[14+eP]) 7,

and we find 6™ of RR(0; €) sets an upper limit on the optimal 6
forn < oo.
Interestingly, in a static environment (¢ — 0),

1
To[1+e0m]

so the decision threshold value that maximizes RR diverges,
0™ — oo (Fig. 4C). Intuitively, when there are many trials (n >
1), the price of a long wait for a high accuracy decision in the first
trial (c; & 1 but DT; > 1for 6 > 1) is offset by the reward from
a large number (n — 1 > 1) of subsequent, instantaneous, high
accuracy decisions (¢; ~ 1 but DTj = 0for 6 > Tandj > 1).

(22)

lim RRy(0; €) =
e—0

5.3. Dynamic decision thresholds

In the case of dynamic thresholds, the RR function, Eq. (20), can
be maximized for an arbitrary number of trials, n. The probability of
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Fig. 4. Reward rate (RRy.;) defined by Eq. (21) increases with n, and as ¢ is decreased, as shown for ¢ = 0.25 (panel A); ¢ = 0.1 (panel B); and € = 0 (panel C). The optimal
decision threshold, 6™, increases with n. The limiting reward rates RRy.;(0; €) — RR(0; €) as n — oo defined by Eq. (22) are given by the topmost light curves.

a correct decision, ¢;, is given by the more general, iterative version
of Eq. (18). Therefore, while analytical results can be obtained for
constant thresholds, numerical methods are needed to find the
sequence of optimal dynamic thresholds.

The expression for the mean decision time, DT;, on trial j is
determined by marginalizing over whether or not the initial state
¥, aligns with the true state H/, yielding

_ e 0/D ) .
L (12002 — 1) 6>,

Thus, Eq. (18), the probability of a correct decision on trial j — 1, is
needed to determine the mean decision time, DT, on trial j. The re-
sulting values for ¢; and DT; can be used in Eq. (20) to determine the
RR which again achieves a maximum for some choice of thresholds,
9];,1 = (91, 92, ey 9,1)

In Fig. 5 we show that the sequence of decision thresholds
that maximize RR, 6707, is decreasing (0" > 6% > ... >
6" across trials, c0n51stent with our observatlon for two trials.
Again, the increased accuracy in earlier trials improves accuracy in
later trials, so there is value in gathering more information early
in the trial sequence. Alternatively, an observer has less to gain
from waiting for more information in a late trial, as the additional
evidence can only be used on a few more trials. For intermediate
to large values of ¢, the observer uses a near constant threshold
on the first n — 1 trials, and then a lower threshold on the last
trial. As € is decreased, the last threshold, 6", collides with the
boundary yj, so the last decision is made instantaneously. The
previous thresholds, Q[I"af, 6%, . .. collide with the corresponding
boundaries yg_l, y0 ,...inreverse order as € is decreased further.
Thus for lower values of ¢, an increasing number of decisions
towards the end of the sequence are made instantaneously. This
results in a more gradual decrease in the thresholds used on each
successive trial in the case of slow environments, with low ¢ values.

DT; = 91'1 T e /D

6. Comparison to experimental results on repetition bias

We next discuss the experimental predictions of our model,
motivated by previous observations of repetition bias. It has been
long known that trends appear in the response sequences of sub-
jects in series of 2AFC trials (Fernberger, 1920), even when the
trials are uncorrelated (Cho et al., 2002; Gao, Wong-Lin, Holmes,
Simen, & Cohen, 2009). For instance, when the state is the same
on two adjacent trials, the probability of a correct response on the
second trial increases (Friind et al., 2014), and the response time
decreases (Jones et al., 2013).

In our model, if the assumed change rate of the environment
does not match the true change rate, €assumed 7 €true, Prformance
can decrease, compared t0 €assumed = €true- HOWever, this decrease
is not particularly severe. We studied the maximal RR from Eq. (13)
for each (€¢rye, €assumed ) While tuning (64, 6,) (Fig. 6). For €ye small,

the RR is constant across all €,5sumeq because deciding immediately
in trial 2 is always optimal in this case (Fig. 6A). See also Fig. 3C.
For larger €qye, taking €assumed = €rrue 1S Optimal as expected, but
the RR depends only weakly on €®'™¢d (Fig. 6B). This suggests
that subjects pay little penalty for implementing a model with a
mistuned €,ssumed. Thus experimentally observed response trends
may arise partly due to misestimation of the transition rate €y
and the assumption that trials are dependent, even if they are
not (Cho et al., 2002; Yu & Cohen, 2008).

Motivated by our findings on RRTS" in the previous sections,
we focus on the model of an observer who fixes their decision
threshold across all trials, 8; = 6, Vj. Since allowing for dynamic
thresholds does not impact RRmax considerably, we think the qual-
itative trends we observe here should generalize.

6.1. History-dependent psychometric functions

To provide a normative explanation of repetition bias, we com-
pute the degree to which the optimal observer’s choice on trial j— 1
biases their choice on trial j. For comparison with experimental
work, we present the probability thatd; = +1, conditioned both on
the choice on the previous trial, and on coherence? (see Fig. 7A).In
this case, P(d; = +1|g//D, di_1 = £1) = my(£y)), where the exit
probability my(-) is defined by Eq. (2), and the initial decision vari-
able,y’o, is given by Eq. (12) using the threshold 6 and the assumed
transition rate, €,5sumed. The unconditioned psychometric function
is obtained by marginalizing over the true environmental change
rate, €™, P(d; = +1|g//D) = (1 — €e)P(d; = +1|g//D, dj_1 =
+1) + €meP(d; = +1|g//D, di_1 = —1), which equals m4(0) if
€assumed = €true-

Fig. 7A shows that the probability of decision d; = +1 is
increased (decreased) if the same (opposite) decision was made on
the previous trial. When €,3ssumed 7 €true, the psychometric function
is shallower and overall performance worsens (inset), although
only slightly. Note that we have set 6 = 62%, so the decision
threshold maximizes RRy, in Eq. (22). The increased probability of
a repetition arises from the fact that the initial condition y/(0) is
biased in the direction of the previous decision.

6.2. Error rates and decision times

The adaptive DDM also exhibits repetition bias in decision
times (Goldfarb et al., 2012). If the state at the current trial is the
same as that on the previous trial (repetition) the decision time
is shorter than average, while the decision time is increased if
the state is different (alternation, see Appendix E). This occurs for
optimal (€assumed = €true) and suboptimal (€assumed 7 €true) Models
as long as €assumed € [0, 0.5). Furthermore, the rate of correct

3 We define coherence as the drift, g e =1, in trial j divided by the noise
diffusion coefficient D (Bogacz et al., 2006; Gold & Shadlen, 2002).
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responses increases for repetitions and decreases for alternations
(see Appendix E). However, the impact of the state on two or more
previous trials on the choice in the present trial becomes more
complicated. As in previous studies (Cho et al., 2002; Goldfarb et
al., 2012; Jones et al., 2013), we propose that such repetition biases
in the case of uncorrelated trials could be the result of the subject
assuming €,ssumed 7= 0.5, even when €y = 0.5.

Following Goldfarb et al. (2012), we denote that three adjacent
trial states as composed of repetitions (R), and alternations (A) (Cho
et al., 2002; Goldfarb et al., 2012). Repetition-repetition (RR)*
corresponds to the three identical states in a sequence, H'
Hi-? Hi=2; RA corresponds to H/ # H/=' = H/=2; AR to
H = H~' % H=%;and AAto Hl # HI~' # Hi=2, The correct
probabilities cxy associated with all four of these cases can be
computed explicitly, as shown in Appendix E. Here we assume that

4 Note that RR here refers to repetition-repetition, as opposed to earlier when
we used RR in Roman font to denote reward rate.

€true- B. The RR varies weakly with €,55yme about the maximum RR (dots) for each €qye.

€assumed = €true fOT Simplicity, although it is likely that subject often
USe €a5sumed 7Z €true @S Shown in Cho et al. (2002) and Goldfarb et
al. (2012).

The probability of a correct response as a function of €issymed
is shown for all four conditions in Fig. 7B. Clearly, cgy is always
largest, since the ideal observer correctly assumes repetitions are
more likely than alternations (when €,ssymeq € [0, 0.5)).

Note when €assumed 0.05, crg > Can > Car > Cra
(dots), so a sequence of two alternations yields a higher correct
probability on the current trial than a repetition preceded by an
alternation. This may seem counterintuitive, since we might expect
repetitions to always yield higher correct probabilities. However,
two alternations yield the same state on the first and last trial
in the three trial sequence (H/ = H/=2). For small €,5umed, Since
initial conditions begin close to threshold, then it is likely d; =
di_1 = dj_p, so if dj_, is correct, then d; will be too. At small
€assumed» aNd at parameters we chose here, the increased likelihood
of the first and last response being correct, outweighs the cost of
the middle response likely being incorrect. Note that AA occurs
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since the effects of the state two trials back are weakened. Compare dots at €a5symed = 0.05 and €,5sumea = 0.25. C. Decision time Tyy conditioned on pairwise relations of
last three trials. D. The initial condition, yo, increases as a function of the noise diffusion coefficient D for €;5umed = 0.1, 0.25, 0.4. In all cases, we set Tp = 2,0 = 63 for

all trials, and D = 1 if not mentioned.

with probability €2, and is thus assumed to be quite rare when
€assumed 1S SMall. AS €a5sumed 1S increased, the ordering switches to
CRR > CAR > Caa > Cra (e.8., at €;55umed = 0.25), so a repetition in
trial j leads to higher probability of a correct response. In this case,
initial conditions are less biased, so the effects of the state two trials
back are weaker. As before, we have fixed 6 = 6™

These trends extend to decision times. Following a similar cal-
culation as used for correct response probabilities, cxy, we can com-
pute the mean decision times, Txy, conditioned on all possible three
state sequences (see Appendix E). Fig. 7C shows that, as a function
of €35sumed, decision times following two repetitions, Tgg, are always
the smallest. This is because the initial condition in trial j is most
likely to start closest to the correct threshold: Decisions do not take
as long when the decision variable starts close to the boundary.
Also, note that when €,55umed = 0.05, Trg < Taa < Tagr < Tgra, and
the explanation is similar to that for the probabilities of correct
responses. When the environment is assumed to change slowly,
decisions after two alternations will be quicker because a bias in
the direction of the correct decision is more likely. The ordering is
different at intermediate €ssymed Where Trg < Tag < Taa < Tga.

Notably, both orderings of the correct probability and decision
times, as they depend on the three trial history, have been observed
in previous studies of serial bias (Cho et al., 2002; Gao et al., 2009;
Goldfarb et al., 2012): Sometimes cs4s > car and Tys < Tag Whereas
sometimes cay < Cag and Tas > Tag. However, it appears to be more
common that AA sequences lead to lower decision times, Ty < Tar
(e.g., see Fig. 3 in Goldfarb et al. (2012)). This suggests that subjects
assume state switches are rare, corresponding to a smaller €,ssymeq-

6.3. Initial condition dependence on noise

Lastly, we explored how the initial condition, y, which captures
the information gathered on the previous trial, changes with signal
coherence, g/D. We only consider the case # = 6%, and note that
the threshold will vary with D. We find that the initial bias, yq, al-
ways tends to increase with D (Fig. 7D). The intuition for this result
is that the optimal & = 62 will tend to increase with D, since
uncertainty increases with D, necessitating a higher threshold to
maintain constant accuracy (see Eq. (4)). As the optimal threshold
increases with D, the initial bias increases with it. This is consis-
tent with experimental observations that show that bias tends to
decrease with coherence, i.e. increase with noise amplitude (Braun
et al., 2018; Friind et al., 2014; Olianezhad, Tohidi-Moghaddam,
Zabbah, & Ebrahimpour, 2016).

We thus found that experimentally observed history-dependent
perceptual biases can be explained using a model of an ideal ob-
server accumulating evidence across correlated 2AFC trials. Biases
are stronger when the observer assumes a more slowly changing
environment - smaller €,ssumeq — Where trials can have an impact
on the belief of the ideal observer far into the future. Several
previous studies have proposed this idea (Braun et al., 2018; Cho
etal., 2002; Goldfarb et al., 2012), but to our knowledge, none have
used a normative model to explain and quantify these effects.

7. Discussion

It has been known for nearly a century that observers take
into account previous choices when making decisions (Fernberger,
1920). Notably, Yu and Cohen (2008) developed a theory of se-
quential effects using a Bayesian framework similar to that pre-
sented here. This theory was later extended to capture both first
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(marginal), and second (sequential) order effects (Jones et al.,
2013; Kim et al., 2017), and predicts that decision times should
decrease for repeated trials and increase for alternating trials when
an observer assumes a correlated environment. However, these
studies did not formalize the link between the decision threshold
and subsequent initial condition, or study the problem of opti-
mizing the reward rate. In addition, modeling studies have used
generalized versions of the DDM, to account for trends observed
in experimental data (Friind et al., 2014; Goldfarb et al., 2012), but
have not examined how to optimize a cost function, like the re-
ward rate. Here we have linked the normative model of evidence-
accumulation in correlated environments to a decision strategy
that optimally trades off speed and accuracy by maximizing an
overall reward rate.

The fact that repetitions decrease response time has long been
known (Falmagne, Cohen, & Dwivedi, 1975; Remington, 1969).
Whether this effect is driven by sensory after-effects of the stimuli,
or the evidence and resulting responses is still debated (Pashler &
Baylis, 1991). However, there is experimental evidence that past
outcomes bias the initial belief on a subsequent trial in human
observers (Friind et al., 2014; Jones & Sieck, 2003). In contrast to
our model, experimental studies also show that responses depend
on more than just one preceding trial (reviewed in Luce (1986),
Chapter 6.6). Such trends could be due to continuous adaptation of
the evidence-discounting process to the statistics of the environ-
ment (Jones et al., 2013; Yu & Cohen, 2008). The experimentally
observed increases in response time, and reductions in erroneous
responses following a correct response (Laming, 1979), are consis-
tent with a dynamical threshold model. Normative models of the
type we suggest also cannot explain negative recency effects, i.e
the observed tendency to alternate choices (Jarvik, 1951).

To account for information obtained on one trial observers
could adjust accumulation speed (Diederich & Busemeyer, 2006;
Ratcliff, 1985; Urai, de Gee, & Donner, 2018), threshold (Bogacz
et al.,, 2006; Diederich & Busemeyer, 2006; Goldfarb et al., 2012),
or their initial belief on the subsequent trial (Bogacz et al., 2006;
Braun et al., 2018). We have shown that an ideal observer adjusts
their initial belief and decision threshold, but not the accumulation
speed in a sequence of dependent, statistically-identical trials.
Adjusting the initial belief increases reward rate by decreasing re-
sponse time, but not the probability of a correct response. Changes
in initial bias have a larger effect than adjustments in threshold,
and there is evidence that human subjects do adjust their initial be-
liefs across trials (Braun et al., 2018; Friind et al., 2014; Olianezhad
et al.,, 2016). On the other hand, the effect of a dynamic threshold
across trials diminishes as the number of trials increases: RR’2*
is nearly the same for constant thresholds 6 as for when allowing
dynamic thresholds 6.,. Given the cognitive cost of trial-to-trial
threshold adjustments, it is thus unclear whether human subjects
would implement such a strategy (Balci et al., 2011).

We do note, however, that the fact that the optimal variable-
threshold model predicts a decrease in decision times may lend
some perspective to the finding that subjects tend to increase
the speed of decisions as an experiment goes on Elliott, Hansen,
Mendoza, and Tremblay (2004) and Rabbitt and Vyas (1970). Past
studies have suggested that subjects successively decrease their
decision threshold until they make an error, and then increase
the threshold on the next trial. This theory relies on the presence
of reward-based feedback, so it would be interesting to examine
decision time update strategies for spans of trials that receive no
feedback.

To isolate the effect of previously gathered information, we
have assumed that the observers do not receive feedback or reward
until the end of the trial. Observers can thus use only information
gathered on previous trials to adjust their bias on the next. How-
ever, our results can be easily extended to the case when feedback

is provided on each trial. The expression for the initial condition y,
is simpler in this case, since feedback provides certainty concern-
ing the state of the previous trial.

It has been shown that subjects performing decision tasks may
still accumulate information even after providing a response (Rab-
bitt & Vyas, 1981; Resulaj, Kiani, Wolpert, & Shadlen, 2009). Such
effects have been modeled with a DDM that continues to evolve fol-
lowing the decision threshold-crossing. We can incorporate these
effects into our normative model by defining the initial conditions
on trial n+4 1 using an ending value y"(T" + AT ) with AT determin-
ing the time of integration after a threshold, +6, has been crossed:
Yy (T"+AT) ~ p(y, T"+ AT|y"(T") = £6). Explicit results may still
be possible in this case, but the formulas would be considerably
more complicated since yﬁ“ would be a random variable.

We also assumed that an observer knows the length of the
trial sequence, and uses this number to optimize reward rate. It
is rare that an organism would have such information in a nat-
ural situation. However, our model can be extended to random
sequence durations if we allow observers to marginalize over
possible sequence lengths. If decision thresholds are fixed to be
constant across all trials §; = 6, the projected RR is the average
number of correct decisions c(n) divided by the average time of
the sequence. For instance, if the trial length follows a geometric
distribution, n ~ Geom(p), then

1/p
[1—e/P][0/p— (1/p — 1)(1 — 2€)yo] + (Tp/p) [1 + e~¢/P]

This equation has the same form as Eq. (21), the RR in the case of
fixed trial number n, with n replaced by the average (n) = 1/p.
Thus, we expect that as p decreases, and the average trial number,
1/p, increases, there is an increase in the RR and larger optimal de-
cision thresholds 6™ (as in Fig. 4). The case of dynamic thresholds
is somewhat more involved, but can be treated similarly. However,
as the number of trials is generated by a memoryless process, ob-
servers gain no further information about how many trials remain
after the present, and will thus not adjust their thresholds as in
Section 5.3.

Our conclusions also depend on the assumptions the observer
makes about the environment. For instance, an observer may
not know the exact probability of change between trials, so that
€assumed 7 €wrue- INdeed, there is evidence that human subjects
adjust their estimate of €, across a sequence of trials, and assume
trials are correlated, even when they are not (Cho et al., 2002; Gao
et al., 2009; Yu & Cohen, 2008). Our model can be expanded to a
hierarchical model in which both the states H'" and the change
rate, ¢, are inferred across a sequence of trials (Radillo, Veliz-
Cuba, Josi¢, & Kilpatrick, 2017). This would result in model ideal
observers that use the current estimate of the € to set the initial
bias on a trial (Yu & Cohen, 2008). A similar approach could also
allow us to model observers that incorrectly learn, or make wrong
assumptions, about the rate of change.

Experimental evidence strongly suggests that humans assume
the world is changing, even when instructed that experimental
conditions will remain unchanged (Anderson, & Schooler, 1991;
Flood, 1954; Navarro & Newell, 2014). At the same time, humans
can use learned statistical structure of the environment to make
decisions (Jones & Sieck, 2003; Kim et al., 2017; Mozer et al.,
2007; Yu & Cohen, 2008). Mathematical models that capture hu-
man behavior should therefore balance adaptivity with stability,
to describe how they learn and use the latent structure of the
environment. We will pursue such extensions in future work.

Observers may also not have full knowledge of the underlying
statistics of the evidence, f.(&). Several models have been recently
developed to describe how a choice, and evidence reliability can be
inferred simultaneously (Deneve, 2012; Jones, Kinoshita, & Mozer,
2009; Malhotra, Leslie, Ludwig, & Bogacz, 2018). Incorporating
dynamic updating of the decision threshold to optimize the reward

RR(6; €) =
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rate can then lead to bounds that collapse or increase depending on
the assumed prior distribution over the evidence reliability (Dru-
gowitsch, Moreno-Bote, Churchland, Shadlen, & Pouget, 2012). One
possible extension of our model would be to consider cases in
which evidence quality can switch from one trial to the next,
potentially causing the noise amplitude and threshold to adapt
continuously within a trial in response to new evidence.

Modeling approaches can also point to the neural computations
that underlie the decision-making process. Cortical representa-
tions of previous trials have been identified (Akrami, Kopec, Dia-
mond, & Brody, 2018; Nogueira et al., 2017), but it is unclear how
the brain learns and combines latent properties of the environment
(the change rate ¢), with sensory information to make inferences.
Recent work on repetition bias in working memory suggests short-
term plasticity serves to encode priors in neural circuits, which
bias neural activity patterns during memory retention periods (Kil-
patrick, 2018; Papadimitriou, Ferdoash, & Snyder, 2015). Such
synaptic mechanisms may also encode previously accumulated
information in sequential decision-making tasks, even in cases
where state sequences are not correlated. Indeed, evolution may
imprint characteristics of natural environments onto neural cir-
cuits, shaping whether and how ¢ is learned in experiments and
influencing trends in human response statistics (Fawcett et al.,
2014; Glaze, Filipowicz, Kable, Balasubramanian, & Gold, 2018).
Ecologically-adapted decision rules may be difficult to train away,
especially if they do not adversely impact performance (Todd &
Gigerenzer, 2007).

There is evidence in humans that outcomes on previous trials
bias future decisions. This is the case even when stimuli provide
no information about either choice on a trial, so there is technically
no correct decision (Bode et al., 2012). Indeed the decision made on
such trials can be decoded from electroencephalogram recordings
prior to stimulus presentation, suggesting it is primarily deter-
mined by evidence on the previous trial. It would be interesting
to derive the normative evidence-accumulating model in the case
in which H¥ trials are interspersed with pure noise trials (with no
correct decision). We expect that responses on pure noise trials
will exhibit considerable bias in the direction of decisions on the
previous trial. Furthermore, we expect that neurophysiologically
inspired models that combine aspects of decision-making and
working memory would also exhibit such strong biases, as the
decision state may be stuck in the attractor state determined by the
previous trial, in the absence of new evidence (Murray, Jaramillo,
& Wang, 2017).

The normative model we have derived can be used to identify
task parameter ranges that will help tease apart the assumptions
made by subjects (Cho et al., 2002; Gao et al., 2009; Goldfarb et
al., 2012). Since our model describes the behavior of an ideal ob-
server, it can be used to determine whether experimental subjects
use near-optimal or sub-optimal evidence-accumulation strate-
gies. Furthermore, our adaptive DDM opens a window to further
instantiations of the DDM that consider the influence of more
complex state-histories on the evidence-accumulation strategies
adopted within a trial. Uncovering common assumptions about
state-histories will help guide future experiments, and help us bet-
ter quantify the biases and core mechanisms of human decision-
making.
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Appendix A. Derivation of the drift-diffusion model for a single
trial

We assume that an optimal observer integrates a stream of
noisy measurements &, = (§],&),...,&/) at equally spaced
times t1.; = (t1, t2, ..., ts) (Bogacz et al., 2006; Wald & Wolfowitz,
1948). The likelihood functions, f1(¢) := P(§|H..), define the prob-
ability of each measurement, &, conditioned on the environmental
state, H.. Observations in each trial are combined with the prior
probabilities P(H+.). We assume a symmetric prior, P(Hy) = 1/2.
The probability ratio is then
g2 P = L) fEED - SUEDPH = Hy)

S OPH'=H_Ig)  f(ENF(E) - f(ENPH =H.)
due to the independence of each measurement &/. Thus, if R! >
1(R! < 1) then H! = Hi(H' = H_) is the more likely state.
Eq. (A.1) can be written recursively

fi(e)
R = (f+(€£)) Rt

where R}) = P(Hy)/P(H-) = 1, due to the assumed prior at the
beginning of trial 1.

Taking the logarithm of Eq. (A.2) allows us to express the re-
cursive relation for the log-likelihood ratio (LLR) L} = InR! as an
iterative sum

(A2)

f+(%‘s1)
[y

where L} = In[P(H;)/P(H-)], so if L! > O then H' = H. is
the more likely state. Taking the continuum limit At — 0 of the
timestep At := t; — t;_1, we can use the functional central limit
theorem to yield the DDM (see Bogacz et al. (2006); Veliz-Cuba et
al. (2016) for details):

Ll=L!,+n

dy! = g'dt + +/2Ddw, (A3)
where W is a Wiener process, the drift g! € g = ﬁEg

[ln {% |Hi] depends on the state, and 2D = ﬁVarE [ln % |Hi]

is the variance which depends only on the noisiness of each obser-
vation, but not the state.

With Eq. (1) in hand, we can relate y'(t) to the probability of
either state Hy by noting its Gaussian statistics in the case of free
boundaries

1
/4m Dt

P(y'(t)H! = Hy) = e (OF0)?/(4D0)

so that

P(H! = Haly'(0) _ _
P(H' = H_y'(t) ~ PO'(0)[H' = H-)
Note, an identical relation is obtained in Bogacz et al. (2006) in

the case of absorbing boundaries. Either way, it is clear that y! =
D - LLR;. This means that before any observations have been made

1_ . .
'O/ — % so we scale the log ratio of the prior by D to

yield the initial condition yé in Eq. (1).

_ P(y!(t)H' = H,) R (37

(A4)

Appendix B. The first passage problem for the DDM
B.1. The mean first passage time (MFPT) problem

Here we provide a brief overview of how to compute the
first passage time in a DDM by analyzing the corresponding Kol-
mogorov backward equation (Gardiner, 2009). Assume the deci-
sion variable, y, evolves according to Eq. (1) with positive drift
g! = 1 (a similar derivation can be carried out for g! = —1). Let
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p(y, tly, 0) denote the conditional density of state y’ at time t, with
corresponding Kolmogorov equation,

ap(y'. tly, 0) = 0,p(y', tly, 0)+ D - 8;p(y’, t]y, 0), (B.1)

given initial condition p(y’,0ly,0) = &(y — ¥') and boundary
condition p(+6, t|y, 0) = 0. The absorbing boundaries aty = +6
also endow Eq. (B.1) with the condition p(y’, t| £ 6,0) = 0 for
y' € (=0, 0). The survival probability, that y € (—6, 6) at time t is
defined:

0
Gy, £) = / PV tly, 0)dY = P(T > 1),
—6

where T is a random variable, corresponding to the time the state
y leaves the domain y € (—6, ). Integrating Eq. (B.1), we obtain

3 G(x, t) = 3G(x, t) + D - 32G(x, t), (B.2)

Boundary conditions for Eq. (B.1) imply G(+6, t) = 0.

The mean first passage time, T(y; ), for the state to depart
the domain (—0, 0) given initial condition y is then given by
marginalizing t against the flux 9,G(y, t) of survival probability out
of (—0,60):

T(y; 0) = —/Ootatc(y,t)dt:/oo Gy, t)dt.
0 0

Noting [,°G(y, t)dt = limoG(y,t) — G(y,0) = —1 and

integrating Eq. (B.2), we find
WT(y: 0)+D-T(y:0) = —1

with boundary conditions T(+6) = 0, which can be solved explic-
itly:

e?/D 4 @=0/D _ 2e=y/D
T(y;9)=9[ }—y-

e0/D _ a—0/D

B.2. Probability of exit through each boundary

To derive the probability of exit from either boundary y = +6,
when the decision variable begins at y, we integrate the probabil-
ity current through the boundary of interest, +J(46, t|y, 0). For
instance, the probability that the decision variable exits y = +60
after time ¢ is

. t)= / J@6, t'ly, 0)dt’
t

= / [p(6, t'ly, 0) — Da,p(6, t'ly, 0)] dt’.

t

Using the fact that p(0, t|y, 0) satisfies Eq. (B.1), we find that gy (y, t)
satisfies

o0
0,80y, 1) + D32gs(y. 1) = f 0.J(0. t'ly. 0)dt’
t

Taking t — 0 and defining 5(y) = gy(y,0), we see that
J(6, 0]y, 0) vanishes if & # y, since p(6, 0]y, 0) = §(y — 6), so the
right hand side goes to zero and

dyo(y) + Do} ms(y) = 0,
where 7p(0) = 1, mp(—0) = 0, and my(y) + m_g(y) = 1. Solving
the above equations explicitly, we find

1 — e~ W+0)/D e—U+0)/D _ a—20/D

(V)= T m 7o) = — " oap

Appendix C. Threshold determines probability of being correct

We note that Eq. (A.4) extends to any trial j in the case of an
ideal observer. In this case, when the decision variable y?(T,) = 0,
we can write

P(H? = H, [y*(T;) = 6
( +yA(T) ) =69/D, 1)
P(H?> = H_|y*(T2) = 0)
so that a rearrangement of Eq. (C.1) yields
P(H?> = H, [y*(T2) = 0)P(Y*(T,) = 6) 1
P(d, = +1)

Cy = = 11 e/

= 0, (C.2)

Therefore the probability of correct decisions on trials 1 and 2 are
equal, and determined by 6 = 0.5, and D. A similar computation
shows that the threshold, 6; = 6, and diffusion rate, D, but not the
initial belief, determine the probability of a correct response on any
trial j.

To demonstrate self-consistency in the general case of decision
thresholds that may differ between trials 6., we can also derive
the formula for ¢, in the case y% < 6. Our alternative derivation
of Eq. (C.2) begins by computing the total probability of a correct
choice on trial 2 by combining the conditional probabilities of a
correct choice given decision d' = +1 leading to initial belief yﬁ,
and decision d! = —1 leading to initial belief —yé:

o =[1-€)ki+e1—c1)]- naz(yé) +eci +(1—€)(1—c1)]
- 70, (=5,
_(1=e)"P 4 e (1—€e)(e1/? —e=%2/P) 4 (1 — e!17%2)/D)
e/P 41 (1= €)e”/P + €)(1 — e=202/P)
ee?1/P + (1 — ) e(e1/P — e%2/P) 4 (1 — €)(1 — el17%2)/D)
/P +1 (ee?/P 4 (1 —€))(1 — e~22/P)
(ee17P 4 (1 — €))(1 — €)e”/P + €)(e”1/P 4+ 1)(1 — e=2/P)

(€e91/D 4 (1 — €))((1 — €)e?1/P + €)(ef1/P 4 1)(1 — e~2%2/D)
1
T1te
showing again that the correct probability c; on trial 2 is solely
determined by 6, and D, assuming y(z) < 6,.

C

Appendix D. Mean response time on the second trial

We can compute the average time until a decision on trial 2 by
marginalizing over d; = +1,

DTo|(H? = He) = ) " T(s-y3: 65) - P(dy = s|H? = Hy),  (D.1)
s==+1

since d; = %1 will lead to the initial condition j:yﬁ in trial 2. We

can compute T(iyﬁ; 0) using Eq. (6) as

+1
0, 0, [ee?P (1 —¢)
T(xy?; 6,) =6, | coth—= — csch—=| ——————*
(Lyp; 62) 2|: D D[(]—e)e"l/D—i-e

(1—€)e?/P +¢

eef/D (1 —¢)

The second terms in the summands of Eq. (D.1) are given by

P(H?> = Hy|d; = £1)P(d; = £1)
P(H2 = Hy)

=(1—-¢€)ar+e(1—c1),

P(H?> = Hy|d, = F1)P(d; = F1)
P(H2 = H,)

=ec1+(1—¢€)1—cy),
and note DT, = [DT>|H? = H;|P(H?> = H,) + [DTy|H?> = H_]
P(H?> = H_) = DT,|(H? = H.).

FDIn (D.2)

P(d; = £1|H?> = Hy) =

P(dy = F1|H* =Hs) =
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Using Eqgs. (D.1)-(D.2) and simplifying assuming 61, = 6,
we obtain Eq. (14). For unequal thresholds, 6; # 60,, a similar
computation yields Eq. (16).

Appendix E. Repetition-dependence of correct probabilities
and decision times

Here we derive formulas for correct probabilities ¢; and average
decision times DTj in trial j, conditioned on whether the current
trial is a repetition (R: H/ = H/~') or alternation (A: H/ # H/™1)
compared with the previous trial. To begin, we first determine the
correct probability, conditioned on repetitions (R), ¢j|R = ¢;j|(H' =
H='=Hy):

GIR= Y mag(Es - ¥}) - Pdj_y = s|H = B~ = Hy)

s==%1
1— e 0/De¥/P 1 1— e 0/Deh/D =0/
1—e20/D 14 e0/D 1—e20/0 {4 e0/D
_ (1—€)e?/P
T [1+e 2] [(1 - €)e?/P + €]
N €
[14e-0/P] [ee?/P + (1 —€)]
(1—€)ee®P (1 — €)e?/P 4 €2

= [1 T efe/D] [(1 —

In the case of alternations, ¢j|A =

€)e?/P + | [ee?/P + (1 —¢)]
GI(H # H™') = gl(H #

HI=! = H.):
GIA= D myo(Fs - ¥p) - Pdj = FsIH # H ™' = Hy)
s=+1
- a=0/Da=Vh/D  a=0/D 1 — a—0/Datvh/D 1
1—e20/D 14 e0/D + 1—e20/D {4 e0/D
_ (1-¢)
B [14e /2] [(1—e€)ef/P + €]
ee’/P

Tt e P[P 1 (1—0)]
_ (1—€)ee®®P 4 ce?/P (1 —€)?
14+ e fP][(1 - €)e?/P + €] [ee?P + (1 —€)]

Thus, we can show that the correct probability in the case of
repetitions is higher than that for alternations, ¢;|R > ¢;|A for any
6 > 0and ¢ € [0, 0.5), since

(1—2¢)[e?P —1] 0
[1+ e 0P| [(1— )’ + €] [ee?® +(1—€)]

Now, we also demonstrate that decision times are shorter for
repetitions than for alternations. First, note that when the current
trial is a repetition, we can again marginalize to compute DT;j|R :=
DTj|(H = H'=! = Hy):

GIR — GlA =

. , e—0/D
DTj|R = T(+y); e)m + T(=yy; e)m,
whereas in the case of alternations

. —0/D ; 1
DTj|A = T(+y); et T(—Yp; e

By subtracting DT;|A from DT;|R, we can show that DTj|R < DTj|A
forall® > Oand € € [0, 0.5). To begin, note that

1—e 9D . :
T | TCH: 0) = T(=¥h:0)]

Since it is clear the first term in the product above is positive for
6,D > 0, we can show DTj|R — DTj|A < 0 and thus DTj|R < DT;|A

DT;|R — DT;|A =

if T(++yl; 0) < T(—Y); 0). We verify this is so by first noting the
function F(y) = (e/? — e™/P)/y is always nondecreasing since
F'(y) = [% cosh £ — sinh £] /y* > 0 since y/D > tanhy/D. In fact
F(y) is strictly increasing everywhere but when y = 0. This means
that as long as yg < 0, F(yo) < F(8), which implies

eyo/D — e*}’O/D

S0 T(—i—y’O; 0) < T(—y’o; ) as we wished to show, so DTj|R < DTj|A.

Moving to three state sequences, we note that we can use our
formulas for ¢j|R and ¢j|A as well as my(y) described by Eq. (2) to
compute

cre = GIRR = 70(E)) - IR + 720 (F¥h) - (1 — G)IR,
cra = GIRA = 1o(F¥p) - GIR + o)) - (1 — ¢)IR,
Car = GIAR = io(£¥)) - GIA + wao(F¥)) - (1 — ¢))IA,
= GIAA = Tio(FYh) - GIA + mao(£¥)) - (1 — )IA.

Applying similar logic to the calculation of the decision times as
they depend on the three state sequences, we find that

Trg := DT;|RR = T(+); 6) c,»|R+T(—y’0, )-(1—¢g)IR,
Tra := DTj|RA = T(—¥); 6) - /IR + T(+¥): 6) - (1 — IR,
Tar := DT}IAR = T(+y}: 0) - GIA + T(=yp: 6) - (1= G)IA,
Tan := DTjIAA = T(=y}: 6) - GIA + T(+yh:; 0) - (1 = G)IA

Appendix F. Numerical simulations

All numerical simulations of the DDM were performed us-
ing the Euler-Maruyama method with a timestep dt = 0.005,
computing each point from 10° realizations. To optimize reward
rates, we used the Nelder-Mead simplex method (fminsearchin
MATLAB). All code will be available at https://github.com/zpkilpat/
sequential.
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