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Abstract. A real number is called normal if every block of digits in its
expansion occurs with the same frequency. A famous result of Borel is
that almost every number is normal. Our paper presents an elementary
proof of that fact using properties of a special class of functions.

1 Introduction

The concept of normal number was introduced by Borel. A number is called
normal if in its base b expansion every block of digits occurs with the same
frequency. More exact definition is

Definition 1 A real number x € (0,1) is called simply normal to base b > 2
if its base b expansion is 0.cicac3... and
#Mm<Nlcp=a} 1

li — .., b—1}.
Jim N b for every a €{0,...,b—1}
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A number is called normal to base b if for every block of digits a7...ar, L >1

lim #n<N-Llcnpi=a1,...,cnpr=ar} 1
N—oo N _bL‘

A number is called absolutely normal if it is normal to every base b > 2.
A famous result of Borel [1] is
Theorem 1 Almost every real number is absolutely normal.

This theorem can be proved in many ways. Some proofs use uniform dis-
tribution [5], combinatorics [7], probability [8] or ergodic theory [2]. There
are also some elementary proofs almost avoiding higher mathematics. Kac [3]
proves the theorem for simply normal numbers to base 2 using Rademacher
functions and Beppo Levi’s Theorem. Nillsen [6] also considers binary case.
He uses series of integrals of step functions and avoids usage of measure theory
in the proof by defining a null set in a different way. Khoshnevisan [4] makes
a survey about known results on normal numbers and their consequences in
diverse areas in mathematics and computer science.

This paper presents another elementary proof of Theorem 1. Our proof is
based on the fact that a bounded monotone function has finite derivative in
almost all points. We also use the fact that a countable union of null sets is a
null set.

Here is a sketch of the proof. We introduce a special class of functions.
In Section 2 we prove elementary properties of the functions F. We prove
boundedness and monotonicity and assuming that the derivative F'(x) exists
in point x we prove that the product (5) has finite value. We deduce that the
product (5) has finite value for almost every x. In Section 3 we prove that every
non-normal number belongs to some set P. We take a particular function F.
We finish the proof by showing that for elements of P the product (5) does
not have finite value.

For the proof of Theorem 1 it is obviously sufficient to consider only numbers
in the interval (0,1).

Definition 2 Let b = {by}°; be a sequence of integers by > 2. Let w =
{2 be a sequence of divisions of the interval [0,1],

wi = {fe(e)%,y,  f(0) =0, filc)<filc+1), filby) =1,

Put
Ak(C) = fk(C + 1) — fk(C) .
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Function Fp,: [0,1] = [0,00) corresponding to b and w is defined as follows.
For x € [0, 1) let

"‘an]bk 1)

be its {by )2 ;-Cantor series. Then

(%] n—1
]:bw an Cn) HAk(Ck) .
=1 k=1

We define Fp (1) =1.

The reason for defining Fp (1) = 1 is that the actual range of Fy  is
C [0, 1]. This is proved in Lemma 2.

2 Properties of the function F

In this section we derive some basic properties of a general function Fy, (.
Lemma 1 allows us to express a particular value F(x) in terms of values of
some other function F.

wMN) .= {wLN)VX’ ; and {A }j‘f 1 by

For N € N define b™ := (b)) il
bh = brgn, Wh = Wnen, AR = Angn .

Moreover, for x = Y 37, H“C7k1bk € (0,1) define
k=

(oe]
(N) . CN+n
M=)

n=1 Hk:1 bk

Lemma 1 (Shift property) We have

1

N n—
Fowx) =) fnlen) [ Arlcr) +HAk ck) w (M)
n—1 k=1

Proof. An easy computation yields

n—1

Fowx) =) fnlen) [ ] Axlcr)

n=1 k=1

3
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N
= Z fnlcn) H Ax(cy)
n=1 k=1
N 00 n—1
+] A ) Fnrnlensn) | [ Anrrclenix)
k=1 n=I1 k=1
N
>

n—1 N
fnlcn) H Ay(cx) + HAk(Ck) : Fb(N))w(N) (X(N)) .
1 k=1 =

3
Il

Lemma 2 (Range) For x € [0,1] the value Fyp (x) € [0, 1].

Proof. First we prove that for every b, w and every x = Z 1_[ b
k=1 %%

N
Cn
fb,w(nz_] m) Zf cn) HAk cr) 2)

n=1

We will proceed by induction on N.
For N =1 we have fbw( ]) =fi1(c1) < 1.
For N 4+ 1 we use Lemma 1. By the induction assumption we have

]:bm,wm(xm) <1.
Hence

Fo,w(x) = fi(c1) +A1(C1)7:bm‘wm(xm) < filcr) +Aq(cr) =fi(cr+1) < 1.

Now we use (2) and pass to the limit N — oco. For x = Z 1_[ b
k=1 Yk

have

Fbw — lgréto Cn HAk Ck

Lemma 3 (Monotonicity) The function Fp o is nondecreasing.
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Proof. Let 0 < x <y < 1 be two numbers with

0 dn
ZHk—lbk and Y = an—1bk

We prove that Fp (%) < Fp,w(y).
Let N be the integer such that ¢, = dy for n < N —1 and cn < dn. Then
Lemmas 1 and 2 imply

N n—1 N
Fowx) =) fulen) [ ] Aler) + [ [ Arler) - Fom g (xN)
n=1 k=1 k=1
N n—1 N
<Y fulen) [ [ Axle) + ] [ Axlew)
n=I1 k=1 k=1
N-1 n—1 N-1
= falcn) HAka +fnlen +1 HAk
n=1 k=1 k=1
N—1 n—1 N—1
< ) fnldn) [ ] Aldic) + fnldn) T Al
n=1 k=1 k=1
00 n—1
<Y fnldn) [ Axldi) = Fowlv) .- n
n=1 k=1

For k € N and ¢ € {0,...,by} define fr(c) := 1 — fi(bx — ¢). Put @ :=
{{File)) 2 ke s,

Lemma 4 (Symmetry) For every x = Z H b we have
k=1 "k

Fo,wl—%x)=1—-Fpx(x). (3)
Proof. We have
Ax(c) =frlc+1) = fi(c) = Ax(br —c —1).

Now we will proceed by induction.
For N =1 we have

c

Fowl(l—x)=f1(br—c1)=1—F1(c1) =1—-Fp w(b]

) 1— Fow(x).
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Now suppose that (3) holds for N,

Ao £ ) =1 e(E )

for every possible sequence {en}3 ;. Then using Lemma 1 we obtain for x =

Cn
that
;HE—1bk
fb,w”*X)
b;—cy—1 1 /&b 1= Cne1— 1 BNS1)41 — C(N=T) 41
RN I
@ by by T; [Tt b o b
=f1(b1—c1— 1)+ Aq(by —c1 — DFyin) o (1—x1)

,
=f1(br—c1 = 1)+ Aq(br —c1 = 1) (1 = Fy o (1))
=1—Filer+ 1)+ A1(e) (1= Fyir n (xM)
= 1= (faler) + Arlen) Fyn g (X)) = 1= Folx).

, QU

o0

Remark 1 One can prove that if ] max 1Ak(c) =0 then Fp,w s con-
k=1 ¢=VYs..oy k—

tinuous on the interval [0,1]. One can then extend Lemma / for every x €

[0,1].

Lemma 5 (Difference) For every N € N

N—-1

Cn en + 1 N
b, <T; Hk:] by + H]]j:1 bk> b, (Z Hk—1 bk> H k(Ck) ( )

Proof. Denote the left-hand side of (4) by LHS. Then if cn < by — 2 then

N—-1

LHS — H Ax(cy) - <fb(N—l)‘w[N1) (Cl\jb: ]> —fb(N—n‘w(Nq) (li:))
k=1

—HAka fN CN+1)—fN CN HAka
=1
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In the case cn = by — 1 we apply the first case on the function Fy ,

s (1 a5 )
NS
(R X e )

N
Ar(bn—cn—1) =] JAxlew).

iz

i

1

In the following text we will use the symbol
@k(C) = bkAk(C) .

Cn

Lemma 6 (Derivative) Let x = Z H € (0,1). Suppose that the

k=1 bk
derwative FY, (x) exists and is ﬁnzte Then

Fowx) =] [Oxlci). (5)

In particular, this product has a finite value.

Proof. We have

N-T ¢ cn+ 1 N Cn
Fowl £ ot o E )
i CNE Thabe TTR b “\z T b (©)
N—oo <NZ1 Cn n en + 1 )_(% Cn )
ao [l b TTR by n=1 [Tz b
N-1 c en+ 1
X oEm o T —x
o not [l b TR by
N—oo 1

[Tk, bx
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N1 c en+1
Fo.wl| 2 T 4 — Fo,w(x)
. w<n:1 [T bx HE:] bk) N (8)
N=T ¢ cn + 1

> + -
n=1 HEZ] bk H]]:’:1 bk

N E Cn Fowlx) - F ( E Cn )

- " . b, —Jb,

n =1 ey b ® N\ Tk b 9
1 ' N oo )

HE:] by n=1 H£:1 by
1
[Te bk
1

= Fp.w(x) lim = Fo.w(X) .

[Tiss b
Existence of F{ ,,(x) implies that limits of (8) and of the second fraction in (9)
are equal to ]—'{)yw(x). Hence the limit (6) exists and is equal to féyw(x). In

N
the case that x = Z l_lfinb we obtain that (6) = Fy, ,,(x) immediately.
n=1 k=1"k y

On the other hand, Lemma 5 implies that

HAk cy)

|

Corollary 1 For almost every x € [0,1] the derivative f{,‘w(x) erists and is

finite. In particular, for almost everyx = Z 1_[ b the product T [37_; Ok(ck)
k=1 Yk

exists and is finite (possibly zero).

Proof. The function Fy (, is bounded and nondecreasing, hence in almost all
points it has a finite derivative. According to Lemma 6 we obtain that the
product (5) is finite. [ |

3 Main result

Our main result is a proof of Theorem 1.
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Proof. A number x € (0,1) is not absolutely normal if there exist b > 2,

(0.0}

LeNanday,...,ar €{0,...,b—1} such that if x = ;—Ethen
n=1

oo N bl

Then there exists s € {0,...,L — 1} such that

lim inf #{ng N _L’nE s (mOdL) | Cni = ai)i: ],,L} < 1
n—oo N LbL'

Hence for some rational 3 < LbL

lim inf #n<N-—Ln=s(modl)|cnyi=ayi=1,...,1j

00 N

<p. (10)

(e 9]
Denote by Ry 1,a,s,ps the set of all x = Z % satisfying (10). The result of

n=I1
the previous paragraph is that the set of not absolutely normal numbers is a

subset of
Ju U U U RbLas,6 -

b=21=1qy,...,ap =0 s=0 BE(0,—+)NQ

It is sufficient to prove that every set Rb‘L‘a)s,ﬁ has zero measure. Then the
set of not absolutely normal numbers is a subset of a countable union of null
sets, hence it is a null set.

Letb>2,LeN, aj,...,ar €{0,...,b—1}, s €{0,...,L—1}and B €
(0, ). Put A =a;b" + asz 2+ -+ ap. Let

o
x:Z]lC) Z ZiS;ILERbLasB
n=

Then obviously,

#{n<N-Ln=s(modl) |cny=ay,i=1,...,L}

—#{s<n< [N*S} ‘dn:A}.
Hence
liminf#{s<n§M‘d“:A}:hminf#{s<n< [ E ] |dn:A}
Mo M N0 [N
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N #{ngN—L,nEs(modL)]an:ai,i:],...,L}
N— oo [N_S] N
< LB.

From this we obtain that Ry 1 q,sps € P, where

S o0
dn 1 S dgn | . L H#s<n<N|dn=A)
== ot D <
P {X b bs pLn ‘ 1%\Ilnﬂloonf N - LB} ‘

n=1 n=

Thus it is sufficient to prove that the set P has zero measure.
Let o € (LB,&). For t € [0, 1] define

bL_t)1(x

Palt) = toc<bL—1

The function @« is continuous with @4(0) = 0, @(1) = 1 and @L(1) =
oabl—1

Ny < 0. Hence thereis T € (0,1) with @«(T) =1. For u € (0,1) put

bL—T>1u.

() = ou(T) =TT

The function 1 is continuous and decreasing with P (o) = 1.
Consider the function Fy, ¢ corresponding to b = {by 3> ; with

by — b, ifk<s,
KT )bl ifk >,

and W = {wy}¥ ; with

i3 if k <s,
Ax(d) =< &, ifk>sandd=A,
%, ifk>sand d#£A.
We have
1, ifk<s,
Ok(d) =<T, ifk>sand d=A,

YT ifk>sand d #A.
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S [oe]
d 1 d
Now Corollary 1 implies that for almost every x = E b—z + be E JLJ;S the
n=I1 n=I1

following product exists and is finite

(e 9]
_ay /b — T\ N—#{s<n<Nldn=A}
_ 1 #{s<n<N|dn=A}
E@“(d“) e (5=7)
L #{s <n < N|dn=AN\N
- (SRS BSAYy

Now suppose that x € P. Then

#{S<n§N‘dn:A} e . #{S<n§N|dn:A}
N ) el )

> W(LR) > la) =1,

lim sup P <

N—oo

hence

#{s<n§N|dn:A}))N_

lim sup (11)( N = 00,

N—oo

contradicting finiteness of (11). Thus the set P has zero measure. |
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