LEHMER'S METHOD FOR LOCATING ZERO'S OF POLYNOMIALS

Lehmer's method is normally formulated as a technique to determine whether a palys(@mhias any
rootsinside the unit circle. A trivial modification (a change of variakte= 1/, followed by multiplying
by x" - to obtain a polynomial ir) turns the method into to a test for zeoatside the unit circle.

Let the polynomial to be tested be

fo(2 =anz"+an1z"t+ ... +aiz+ao

where the coefficients may be complex numbers (with neéher a, equal to zero). Introduce next a
polynomial with the same coefficients, but conjugated (if complex) and in reversed orde

90 =@ +@Z" "+ ..+ Bzt (= 2"o(27Y)
Next form
f1(2) =ao0 - fo(2) —an - go(2 (this is of at least one degree less thér) )
01(2) = zZ"f1(z7Y) (same coefficient reversal as abowves the degree of

fi(2); typicallym=n- 1),

and proceed like this (obtainitigz), g.(2), ... ) until thefirst occurrence of f((0) <Ofor k>0 (i.e. we
are testing the constant term of the polynomig®). The following theorem holds:

Theorem:

- if f«(0)isnegative, then f, (2) hasat least one zero inside the unit circle,
- if fu(0)iszero and fy1(2) isequal to a constant, then fo(2) hasno zero insidetheunit circle.

Example 1: Test x3-2x>-4x+8=0 for zeros inside the unit circle.

We get
fo(X) =x3 —2x2 - 4x+8 Jo(X) = 8x3 —4x? -2x+1
f1(X) = —12x2 — 30x + 63 g1(x) = 632 — 30x — 12
fo(x) = —2250 + 3825 92(x) = 3825 - 2250
f3(x) = 9568125 93(x) = 9568125
f00=0 e

Heref,(0) = 0O, the signs fof;(0), f2(0), f;(0) are all positive, anf§(x) is equal to a constant.
Therefore, we can conclude thia(x) has no zero inside the unit circle.



Example 2: The third order BDF scheme for ODEs can be written
- %ynﬂ +3yn = %yn-l + %yn-Z =Y -

Test for roots of the characteristic polynonuoaiside the unit circle, and determine the
stability of the method.

We get p(r) =-22r3+3r2 - 3r+1 | and therefore tefi(x) = x3p(1/x) = $x3 - 3x2+3x -4

for roots inside the unit circle. This gives

o) = 3x° = % + 3¢~ ¢ Go(9) =~ 5x° + 3¢ —x+3 (=p()
fl() = %2 =5x+ 39 01() = 2X° = Bx+ 4

fa() = -5 x+35 02(X) = 3X=7%

fa)=0 e

Heref;(0) = 0, and the signs fdk(0), f2(0) are both positive. Howevd(X) is not equal to a
constant, so we have encountered the 'loophole’ in the theorem. This is related to the (for ODE
methods known) root at = 1 - this is located on the unit circle. Dividing away this root before
applying Lehmer's method gives

fo() = 5X° —gX+ ¢ Go(¥) = 5 X~ 5X+3
—_1y4 13 =13, _7

fl(X) = 154X+ 2 gl(x) = fgx .

fa(¥) =3 92(%) =7

fs)=0 e

Again, f3(0) = 0, and the signs féi(0), f2(0) are both positive. This tinfgXx) is equal to a
constant. We have therefore no root outside the unit circle.

There is still a possibility that the BDF method could be unstable due to a multiple rbet on t
unit circle. A completely general way to test for multiple roots goes as fallow

To test for multiple roots di(x), define fi(x) = f,'(X). The sequence

fu(X) = {remainder of 'long division' fio(X) ffia(®)} , k=2,3,...
forms polynomials of decreasing degrees, howewkpstserving as roots any which are sharedfizyx)
andfi.1(x), i.e. betweenfo(x) and f,(x) - in this case the multiple rootsfofx). We find these by inspecting

the last non-vanishing polynomial in the sequeri€éhs polynomial is a constant, there were nmomn
roots of fo(x) and fi(x).

Testing fo(X) = 2x3-3x2+3x—4  for multiple roots gives
fi(x) =x?>-3x+3
f2( = 2x-3
fa(x) = § The last non-vanishing polynomial is a constant;
fa(x)=0 hencefy(x) has no multiple roots.

In conclusion, the BDF scheme of order 3 is stable.



Example 3: The seventh order BDF scheme for ODEs can be written

363 21 35 35 21 7 1 o
= 140Yn1 T Yn = Y1+t 3 Yn2 =7 Yn3+ 5Yna = 5Yn5+ 7Yn6 = Ynu

Test for roots of the characteristic polynonuoatside the unit circle, and determine the
stability of the method.

We getp(r):—f§3r7+7r — 25+ 35r4 B34+ 22 %r+l , and form the sequence of
polynomials fo(x) = $x7 — 6x6+ x5 x4+ 3x3 x2+7x—%3) ,

_ ' 363 35 21 1
Go(X) = = Taof "+ 7r° - r5+ 31 = 4r3‘"5r2 T+T,

and
{ ), 9¥), k=1,2,... } - until f(0)< 0.

Straightforward algebra gives in this case the following signs:

f1(0) f,(0) f5(0) fi0) f5(0)
+ + + + -
We can stop at this point; a negative sign occurred in the sequence. The polfgignmas
therefore at least one zero inside the unit circle. As a consequence, the BDF metbded of or
seven is unstable.



