1. By number of steps to acceptance, I meant the number of runs through the steps of the entire
accept-reject algorithm. If you return 3 times this number, that’s understandable and you’ll

get full credit.

Since the trials are independent, the number of trials until the first acceptance is a geometric
random variable (the one that starts from 1) with some parameter p. The expected number
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of trials is then 1/p. We need to find p.

p

since P(U <u) =wufor 0 < u < 1.
After cancelling the h(y), we get

P(accept on any one trial )

p= [ sy

Thus, the expected number of steps to acceptance is

2. The I'(3, 2) density is

for x >0

f(z) = 4ae™

Let’s try an h that is heavier in the tails and easy to sample from

for x > 0.

We need to find a ¢ such that ch(z) >

h(z) =e"*
f(z) for all x > 0. That is, we want
f(z)

m for all z > 0.

o
vV



Using Calculus to maximize the ratio r(z) := f(x)/h(z), we get that the maximum value
occurs at = 2 and is ¢ = f(2)/h(2) = 16e~2 ~ 2.165365. So as to not worry about rounding
error, let’s use the slightly higher upper bound ¢ = 2.2 in our algorithm.

. We will first determine the stationary distribution for the number of pairs of players in the
system. We will then use this to determine the stationary distribution for the number of
courts occupied.

The birth rates are
AMN=A1=X=XA3=A=3
with
M=X=---=0.
Since the mean time that a court is occupied is 1, the departure rate for a single court is
@ =1/1=1 per hour.
The system death rates are then pg = 0 and

pr=p =1, po=p3z=piqg =2p=2.
The 21 comes from the rate of the exponential system departure time derived from a minimum
of 2 exponentials,each with rate p.

If 7, is the stationary distribution for this process that counts the number of pairs of players
in the system, we know that
M5 =mg="---=0

since there can not be 5 or more pairs in the system.

Now
Ao
T = —7my = 37,
M1
Ao 9
T2 = o = 570,
41 42 2
AoA1 A 27
3 = Ty = —T0,
1 23 4
and

AoA1 A2 A3 81
Ty = ————T0 = 70,
GV 8

we know that
1 = mog4+m+ma+7m3+m4

= 7T0(1+3+%+%+%1>

which gives us that 7o = 8/203 and therefore that

3 24
M1 = 97T = ———
1 0 2037
9 36
TTo = —T7T = ——
27270 203



27 54

™= 0= g

and
81 sl
=0T 503

The stationary distribution for the number of courts occupied is

* _ 8
770 = Wo—m
[ — _ 24
771 = 7T1—Tog
T = 7T2+7T3+7T4:%.

4. For the M/M/oo queue, we computed the stationary distribution in class. The long-run
probability of there being n customers in the system is

1 n
Ty = — ()‘) e M1
n! \

For this problem, we must first put A and p into the same units, say minutes. So, A = 74/60
calls per minute. We want to find the minumum value of N such that

forn=0,1,2,...

N
> >0.9999
n=0
when A = 74/60 and p = 1/4.2.
After checking the sum for N =0,1,2,..., we determine that the value of N should be 16.

5. (a) Let X(¢) be the number of people (organisms, things, particles, etc...) in the population
at time ¢. Then {X(¢)} is a birth-and-death model with parameters

N=iA+60 , i=0,1,....,N—1
A = i\ . i=N,N+1,...

Wi =1 , t=1,2,...



(b) Note that
A = 0=1
Al = At+0=14+1=2
Ay = 22+0=2(1)+1=3
A3 = 3A=3(1)=3
Moo= 4h=4(1)=4
As = BA=5(1)=5

and that
wi =ip =2t fori=0,1,2,....

So, we have

Ao 1
T = —To = 570,
1 2
Ao 1
T2 = o = —T0,
1 2 4
AoA1 A2 1
T3 = o = 570,
H12/43 8

Ao A2 As 31
Ty = ———T0= T
YT mpopzpa 0 42870
Ao A2 A3y 31
=70 = £ 5570,
1 p2fh3 [ s 52
Ao A2 A3 g5 31
= """ T = ~ N0
12 3 L s o6 62

5

Ty = 5277['0
To find mg:
> 1 1 1 201 /1\"
1= = 1+4-4+-4+-+4+3 —| = . 1
2;m M 1+ + gt E:ng)] (1)
n=0 n=4
To do the sum, note that
2 23 gt > 1
n=1
which implies that
> 1
Z —z" = —In(1 —xz)
n
n=1

Thanks Justin!
So,

So (1) becomes



1 —1
= 7y = [ln8 — 8] ~ 0.5116

The proportion of time immigration is restricted is
oo o0
D T = DT
n=N n=3
- 11711 co 1 (1\"
- o=t 0z )

_ [1n8 _ %}_1 [g 13 (1n2 _ %)] ~ 0.1046

6. Let state 0 be that the machine is working and let state ¢, for ¢ = 1,..., k be that the machine
is in repair stage 1.

Then the generator matrix Q looks like this

= A 0 0 0 0 0
0 — U1 M1 0 0 0 0
Q= 0 0 —p2 pe O 0 0
: 0 0 0 0 —HE—1 k-1
s 0 0 0 0 0 — Uk
Now using the fact that if ¥ = [mg, m1,...] is stationar y if and only if 7Q = 0, we peel off the

equations
—Amy + pgm =0

Amg — pamy =0
Wi — fit1Ti41 = 0, 1=1,2,... k-1

Combine these in this way:

WiTT; = i 1Ti—1 = fli—2Ti—2 = -+ = AT
Therefore
A
Ty = — T,
i
SO
k Eoy
Z mo= |1+ Z 1 o
i=0 i—1 Mi
So, we have that
& -1
A
T = |1+ Z ]
= M

and, fori=1,2,...,k,



m =

T —

KA
1+ =

1=

H;E

|

-1



