Preliminary Exam
Partial Differential Equations
9 AM - 12 PM, Fri. Jan. 11, 2019
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There are five problems. Solve four of the five problems. Total 100

Each problem is worth 25 points. A sheet of convenient formulae
is provided.

1. Method of characteristics. Solve the following initial-boundary value problem:

uy + e “u, = ev, x>0, t>0,
u(z,0) = f(x), x>0,
u(0,t) = g(t), t>0.

You will need to separate the domain into two regions, and be sure to identify the

boundary between the two regions.

Solution: First consider the solution emanating from zo(s) = s, to(s) = 0, zy(s)

f(s) (along the t = 0 boundary):

dz _I

T=¢ zo(s) = s,

dt

— =1 t =0

dr ) 0(3) )

dz

Lo ) = 19
We guarantee a unique solution by checking the Jacobian is nonzero along the initial
curve:

1 e™®
J = ‘ 001 |= 1>0.

Integrating the t equation, we find ¢t = 7. Next, integrating the x equation, we find

e’ =1+4¢€°
This we can plug into the z equation

a +e = 72+s+f()
dr 2




Inverting our expressions for x and ¢, we find
t2
ule,t) = te" — o+ f e — 1]

where we require e* 4+ 1 > ¢ since the argument of f(s) must be positive.

The solution emanating from x = 0 is parameterized by zo(s) = 0, to(s) = s, 20(s) =
g(s):

dx

o =¢ 5 (s)=0,
dt

= 1, to(s) = s,
dz

Lo s =gl

We guarantee a unique solution by checking the Jacobian is nonzero along the initial
curve:
0 1
J—| 11 |——1<O.

Integrating the t equation, we find ¢ = 7 + s. Next, integrating the x equation, we
find

e =7+ 1
Plugging into the z equation, we find

d 2
Zort1 = zz%%—%—l—g(s).

dr
Inverting our expressions for x and ¢, we find
T _ 1] 2
u(z,t) = u—kegﬁ—l—l—g[t—l—l—eﬂ

2

where we require t + 1 > e” since the argument of g(s) must be positive. Ultimately:

tem—g—i—f[ln]em—tﬂ, e’ >t+1
T 2
%+ex—1+g[t+1—e“], t+1>e".

u(a, t) = {

. Heat Equation.
(a) Use energy methods to show the following initial boundary value problem has at
most one solution:

w(x,t) = f(t)Au(x,t), f(t) >0, xeQ,

u(x,0) = g(x), x € ()

u(x,t) = h(x,t) xeod), t>0.



Assume f(t) € C*[0,00), g(x) € C*(9N), and h(x,t) € C>®(IQ x [0,00)) are all
integrable functions and the domain €2 is simply connected.

Solution: Assume there are two solutions u; and us, and w = u; —us, then wy(x,t) =
f(H)V2w(x,t) and w(x,0) =0 (x € Q) and w(x,t) = 0 on x € IN. Now set

E@t) = /Qw2(x,t)dx >0,

since the integrand is nonnegative, so then

th(t) = ;ﬁ/ﬂw%x,t)dx = /02w(x,t)wt(x,t)dx

:2ﬂﬂA¥MxﬂAw@JMx:—QﬂﬂAJVw@jﬂ%xgo,

where we have applied the divergence theorem, homogeneous boundaries, and the
fact that f(t) > 0. Also, since w(x,0) = 0, then F(0) = 0, and we can conclude
E =0, implying w = 0 so u; = us and there can be no more than one solution.

(b) Find the solution to the heat equation on the n-dimensional half space:

w(x,t) = kAu(x,t), x €N ={xeR"z, >0} t>0,
u(x,0) = f(x),  xe
gz(x,t) =0, x € 01,
lim wu(x,t) =0, t>0,
|x|]—00

where k > 0 is a positive scalar, f(x) is continuous and L? integrable on R", and n
is the unit normal to the boundary 0f2.

Solution: The fundamental solution is

1 2
(b X,t — 7eilx| /(4“it)’
(1) (4kt)n/?
so, defining X = (x1, x9, ..., —,,), we can use even reflection to write
1

- - —|x—y|*/(4rt) —|x=y?/(4rt)
ut) = g [ e | 75)dy.

Continue to next page
3. Wave Equation. Consider the equation

Utt(x7 t) = C2AU<X, t)a



where ¢ > 0 is a positive scalar, and f(x) and g(x) are rapidly decaying, C*°, and L?
integrable functions.

(a) Find the equation the average of u:

a(r,t) = 417T /O o /0 " u(x, t) sin ¢dé do

satisfies where x = (2,9, 2z) and x = rcos@sin ¢, y = rsinfsin ¢, z = rcos ¢ 6, such
that # and ¢ are angles in spherical coordinates.

Solution: Averaging uy(x,t) as such, we simply obtain uy(r,t). Thus, to obtain
the new PDE, we integrate the right hand side of the PDE, which we can write in
spherical coordinates

2 2 2
o — € 110 [ 50u 1 90 1 0%u| .
¢ Aulx,t) = 4w /0 /0 [7‘2 or (T 87")) * r2sinf 0¢ sin ¢ gb 1"2 r2sin? ¢ 062 sin gdddg

maor” o)

where the second term vanishes because sin m = sin 0 = 0 and the third term vanishes
due to periodicity in the spherical coordinate p, so

_ 9, ,0u , [0*u 20u

Utt<7', t) = ﬁar( ar (7“ t)) =cC ﬁ(r, t) + - " or (7" t)

(b) Assume spherical symmetry of initial conditions (f = f(r),g = ¢(r)) and the
solution u = u(r,t), where r = |x|, and write the initial/boundary value problem for
the radially symmetric function v(r,t) = ru(r,t).

Solution: In this case,

(92u ou 0 ou 0?
Vg = Ty = C 8 5 —(r,t) + 28r (r, t)] c 5 Kr 87“) + u] c 5 [ru] = v,

Also, v(r,0) = ru(r,0) = rf(r) and v(r,0) = rg(r), similarly, so

v (1, ) = v (r, t) r € (0,00), t € (0,00)
v(0,t) =0, € (0,00)

v(r,0) =rf(r), re€(0,00)

v (r,0) =rg(r), r e (0,00)

(c) Find the solution v(r,t) and hence the solution u(r,t).
Solution: Using d’Alembert’s formula for the half line with homogeneous Dirichlet

boundaries, using odd extension, we define Foqq(r) = rf(r) for r > 0 and Foqq(—7r) =
—Foaa(r), similarly Goqq(r) = rg(r) for r > 0 and Goga(—r) = —Goqa(T), so

1 1 r+ct
v(r,t) = i(FOdd(T + ct) + Foqa(r — ct)) + 7/ Godd(s)ds,

& —ct



which can be written piecewise as

u(r,t) = {

Lastly, we change variables back to u(r,t) to obtain

(r+ca)f(r+ect)—(ct—r)flct —r)) + £ [$57 sg(s)ds, 0<r<ct
((r+ct)f(r+ct)+ (r—ct)f(r—-ct)) + fTJﬁ sg(s)ds, r > ct.

D0 | =

u(rt) = { %((T +ct)f(r+ct)— (ct —r)f(ct —71)) + @ J9Hr sg(s)ds, 0 <1 <ct
’ L et)fr+ct)+ (r—ct) f(r —ct)) + o= [P sg(s)ds, > ct.

2cr

. Green’s Functions.
(a) Consider Poisson’s equation on the tilted half plane

u= f(x), xeQ={xeR? |z +x5 >0}, (1)
u(x) = g(x), x € S
Write the associated Green’s function Gy (x,y) using the method of images, and
verify its corresponding boundary value problem.

Solution: Using the method of images, note xy = (—x2, —21) maps ) to Q,, since
for z1 + 29 > 0, then —z9 — 21 < 0 and vice versa, so

Gu(xy) = 2(x—y) = ®(xz — ).
The corresponding boundary value problem is:

AXGH(X7Y) :5(X_Y)7 X7y€Q)

Gr(x,y) =0, x €00, ye
since Ay ®(x—y) = d(x—y) since it is the fundamental solution to Laplace’s equation,
and Ax¢¥(x) =0ony € Qsince x € 2 implies xy ¢ Q, then A yGy(x,y) = d(x—y).

Also, when x € 09, then ;1 = —x9 and 25 = —z; and x = xy and Gy(x,y) =
P(x—y) - P(x—y)=0.

(b) Consider Poisson’s equation on the tilted half disc:

Au = f(x), x€Q={xeR* |z +23>0& |x| <1}, (2)
u(x) =0 x € 0.
Determine the associated Green’s function Gg(x,y) and show it satisfies the needed

boundary conditions. Then, write the solution to Eq. (2) in terms of this Green’s
function, and show it satisfies u(x) = 0 on x € 052

Solution: Define x = x/|x|* and Xy = xp/|x|?, then

Gs(x,y) =P(x —y) — P(xg —y) — (|x[(X —y)) + 2(|x[(X5 —¥))-



When x = (x1, —z1) € 012, then we have
Gs(x,y) = P(x —y) — @(x —y) + &(]x|(x —y)) — (x[(x —y)) =0,
and when |x| = 1 with x € 9Q, then X = x and Xy = xg and |xg| =1, so
Gs(x,y) =P(x—y) - (x—y) + ®(xu —y) — P(xu —y) =0,

so Gg(x,y) =0onx € 9N and y € Q.
Lastly, note that the solution to Eq. (2) in terms of G is

ux) = [ Gs(x,y)f(v)dy.
so when x € 92 then
ux) = [ 0- f(y)dy = 0.

Continue to next page

. Separation of Variables. Consider the forced, damped wave equation
Upp = Ugpy — 27U +€ %, 0< o< L, >0,

with v > 0 and boundary and initial conditions

u(0,t) =u(L,t) =0, t>0,
uw(z,0) = f(x), x€(0,L),
u(z,0) =0, x€(0,L).

Using separation of variables, find a formal solution u(x,t) to the boundary value
problem in terms of the function f(z). (You can assume 2 is not an integer.)

Solution: First, we remove the inhomogeneous term e * by defining v(z,t) =
u(z,t) +e* —1—2(e " —1). We have
Ut = Ut
Vgt = Ut
Vge = Ugy + 6_$7
v(0,t) = u(0,t) =0,
v(L,t) =u(L,t) = 0.
So we obtain the boundary value problem
Vgt = Uge — 270, O0<ax <L, t>0,
v(0,t) =v(L,t) =0, t>0,
w(z,0) = f(z) +e®—1— (e F-1), ze(0L),

L
v(z,0) =0, x€(0,L).



Using separation of variables, we set v(x,t) = X(x)T(t). This gives, with a dot
indicating a time derivative and a prime a spatial derivative,
XT =TX" - 2vXT,
from which we get
T o T X"
T T T X

:Q{7

where « is a constant. If a = 0 the X equation yields X (z) = F + Dz, which can’t
satisfy the boundary conditions unless £ = D = 0. If @ > 0, X(z) = Ee** 4+ De™**
which again can only satisfy the boundary conditions X (0) = X(L) =0if E = D = 0.
So we take negative o, & = —\2, with \ real. The boundary conditions are satisfied
ifA=M\, =22

The equation for T' gives T + 27T + ” iy g 0, with characteristic roots r, given by

n?m2
rn=—7 /7% — 7z

Assuming % is not an integer, the roots are not repeated and we get two cases,

depending on whether n is larger or smaller than M = 2&:

Tn(t) - e”t [An Sin(wnt) + Bn COS(Wntﬂ, n> M’

Wherewn:\/mandﬁ _\/W

Constructing v(z,t) = Yol Xp(2)T,(t) and u =v — [e™* — 1 — Z(e™" — 1)] we get

n=1

B { e M[A, sinh(B,t) + B, cosh(B,t)], n < M,

u(z,t) =1 —e "+ E(G—L 1) 4e Z sin (mli ) [A, sinh(8,t) + B, cosh(B,t)]

L n=1
+e Z sin (mm) [A, sin(w,t) + By, cos(wpt)]. (3)
n=M+1 L

To find the constants we need that the initial conditions be satisfied, namely
u(z,0) = Zsm( )B —|—1—e’””+%(e’L—1),

which gives, taking B,, as the Fourier coefficients of f(z) —1+e™* — Z(e % — 1),

B, L/ @) =1 e = et =] sin (M) de. (4)



Similarly, we need

u(2,0) =0=—v i sin (L) B, + Z sin ( ) BnAy, + Z sin (nzx) WA,
n=1

n=M+1

or, using f(z) —1+e " —Z(e"F —1) =32, sin (T) B,

i) =1k = et -0 = s () a3 s ()

n=M+1
and we obtain

2B n<M
= BT - ’
An { LB, n> M. 5)

Together, (3), (4), and (5) constitute a formal solution to the problem.




