Department of Applied Mathematics
Preliminary Examination in Numerical Analysis
January, 2020

Instructions. You have three hours to complete this exam. Submit solutions to four
(and no more) of the following six problems. Please start each problem on a new page.
You MUST prove your conclusions or show a counter-example for all problems unless
otherwise noted. Write your student ID number (not your name!) on your exam.

1. Root Finding. Consider the equation e* = sin z.

(a) Show that there is a solution z* € (=57, —).

(b) Consider the following iterative methods (i) 211 = In(sin x) and (i7) z,11 = arcsin(e”*).
What can you say about the local convergence of each of the methods for z* as in (a)
and their convergence order? If you use a theorem give its precise statement.

(c) For z* as in (a) give a method that is quadratically convergent. Justify why the method
is quadratically convergent.

Solution:

(a) For x < 0. 1/(1 —x) > €* and for all z e* > 0. Since

ut

™

sin(—57/4) =1/V2>1/(1 +57/4) > e 1,

and sin(—m) = 0 and since the functions are continuous the intermediate value theorem
guarantees the existence of a root.

(b) Writing the iterations as zxy1 = g(xx) we have that for the first iteration |¢'(z)| =

]M\ > 1 for 2 € (—2m, —7) so there is no convergence to the root inside that interval.
sin(x) 4

For the second iteration we have that

xT
/
g(x)] = |—/—/—

on the interval under consideration. However as arcsin is only defined for x € [—7/2, 7/2]
the iteration cannot find this root. Note that there is no root to the equation inside
[77T/27 7T/2]

| <1,



(c) Use Newton’s method on f(x) = e* — sin(x). Use arguments similar to those in (a) to
argue that f'(z) # 0 for x € [-7/2,7/2].

2. Linear Alegbra.
(a) Let A be a real n x n matrix with distinct eigenvalues such that
IA1] > A2] >3] > ... > A >0

with corresponding eigenvectors {v;}7_;.

The power iteration is given by z,, = am% where 0, = £1. Prove that the power

iteration converges to (il)m.

(b) Consider the Eudoxos iteration with initial guess z¢g = yp = 1 given by

Tn+1 = Tn + Yn

Yn+1 = Tn41 + Tn.-

Rewrite the iteration as a linear system iteration. In other words, rewrite the iteration
as [ZL‘"H ] :A[xn ]
Yn+1 Yn
(¢) Using the result from the power iteration, prove that the ratio g—z converges to v/2.

Solution:

th

(a) The power iteration has m'™ iterate

n
A"zy = E a;A"v;
Jj=1
n
—_ .\ .
= E aj)\j Vv
Jj=1
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Note that as m — oo, (f\‘—z) —0for2<j5<n.

Then [[A™zg]|so ~ |A1|™]c1[[vi oo - So
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(b) We need to rewrite y,+1 so that it does not involve z,,4+1. We do this by simply plugging
in the definition of z,11 to find y,11 = 22, + Y.
Then the linear system iteration is

=]

(¢) We know that the power iteration converges to the eigenvector corresponding to the
largest (in magnitude) eigenvalue. For our system, the largest eigenvalue is 1+ /2 with

1
corresponding eigenvector vi = + [ V3 ] Thus z—z — V2.

3. Numerical quadrature. Consider the task of numerically approximating

b
Hﬂ=/fwm,
where f € C*[a,b].

(a) Derive the trapezoidal rule and corresponding error for approximating I(f).
Useful information: f;(:p —a)(z —b)dx = —%(b—a)®.

(b) Find the formula for the composite trapezoidal rule using uniform intervals of size
h= b_Ta where n + 1 is the number of quadrature points. i.e. the quadrature points are
xj=a+jhfor j=0,... n.

(¢) Derive the error for the composite trapezoidal rule.

Solution:

(a) The trapezoidal rule is based on integrating the linear interpolation with interpolation
points g = a and x7; = b. Using this information, we use Taylor’s Theorem with a
modified Lagrange remainder term to rewrite f(z) as

x—b x—a  f"(ng)

L )+ I ) - b)

f(@) = £(a) R

for some 7, € [a, b].
Integrating the linear approximation we find that the trapezoidal rule is given by

b Tr — r—a a
wn = [ 0=y v swi=2| - 206,

The error in approximating the integral using the trapezoidal rule has an upper bound
given by

b rn
BN =10 -1 = [ L2~ o) - tyas
(b~ ay

= ="



for some n € [a,b] by the mean value theorem. (See for example Chapter 1 Thm
1.3 of Atkinson Numerical Analysis text.) The trapezoidal rule is given by I(f) =

M(b — a) and the error term is Eq(f) = —f"(n) (b=

(b) In(f) =h @”(“H---H(%AH@}
(c)

We know that
min f”(z) < l/an” (n;) < max_f"(z).

z€[a,b) = z€[a,b]
Since f”(x) is continuous in [a, b], there exists an n € [a, b] such that
1n> ") = £'(n).
j=1

Thus E,(f) = wf”( ) for some 7 € [a, b].

4. Interpolation/Approximation. Consider the Hermite problem of constructing a polyno-
mial p(z) of degree < 3 such that

plrr) =y(x1) p(e1) =9 (x1) p(a2) =y(z2) p'(x2) =9y (22).

(a) Derive a Lagrange type formula for p(a:) (Hint: For the basis functions satisfying

l(z9) = U'(x9) = 0, use I(z) = (v — m2)%g(x), where g(x) is a polynomial of degree < 1.
Find g(z). )

(b) Derive an error formula.

(¢) Prove that the interpolation is unique.
Solution:

(a) Our goal is write p(z) = y1l1(x) + yala(x) + yils(z) + yhla(z) We need to create 4 basis
functions. First we will create [1(x) which satisfies l1(x1) = 1, I{(21) = 0, I{(22) = 0 and
ll(l‘g) = 0.

Utilizing the hint, we write I;(z) = (x — 22)?(ax + b) where a and b are constants to
be determined. This choice of representing [; already satisfies the last two conditions.



So we need to chose a and b so that [ satisfies the first two condi;cions. After some
algebra you find a = ﬁ and b = %} Thus 1 (z) = ((xgi__%));, 2z — (z1 + x2)).
(z—1)?
(12—111)3

which satisifies I3(x1) = 0, l5(z1) = 1, l3(z2) = 0, and I5(x2) = 0. As for the previous
basis function, we set I3(x) = (x — x2)%(az +b). The constants a and b which make I3(x)

Through the same process, we know la(x) = (22— (z1+x2)). Now we create [3(x)

satisfy all the conditions are a = m and b = ﬁ Thus l3(z) = ((;[:1__:’;:22))22 (x—x1).
Through the same process, I4(x) = éf;?l); (x — x9).

(b) The Taylor remainder theorem gives the error formula

A,

£ 4l

(x — xl)Q(x — w2)2.

for some n € (z1, z2).

(c) Suppose there are two distinct polynomials p(x) and ¢(z) of degree < 3 that satisfy the
four conditions. Let w(x) = p(x) — g(x). Then w(x) is also a polynomial of degree < 3
and we know w(z1) = w(zg) = w'(x1) = w'(x2) = 0. This means that z; and z9 are
double roots of w(z). The only way a polynomial of degree < 3 can have more than 3
roots is if it is the zero function; i.e. w(x) = 0. Thus p(x) = ¢(x) which contracts the
assumption that there are distinct interpolation polynomials.

5. ODEs Consider the one-step method applied to IVP 3 = f(¢,v),
Ynt1 = Yn + @l f(tn, yn) + BRSf (tn + YR, Yo + YRS (tns Yn))

where «, 3, are real parameters.

(a) Prove that the method is consistent if and only if a+ 3 = 1, and the order of the method
cannot exceed 2.

(b) Suppose that a second-order method of the above form is applied to the initial value
problem y' = —\y,y(0) = 1, where ) is a positive real number. Show that the sequence
n)n>0 is bounded if and only if A < 2. Show further that for such h
(y ) = y A )
1
ly(tn) — yn| < 6>\3h?tn, n > 0.

Solution (a)
Expand

1
Unt1 = Yn + Ohf + BhIf +yhfs +yhf Fy+ 5 (VPR fu + 27 W2 f foy + 02 P fyy + )

2
= o+ (a4 ORT+RB e+ L1+ 20 o+ PR+
The exact solution satisfies
h2 h3 9 9
Y(tnt1) = yn + hf + E[ft + ffyl + g(ftt + 2fwf + fyft + fyl™ + [y )

Consistency requires o + 8 = 1 and second order accuracy 28y = 1. Third order cannot be
achieved since the higher order terms do not match.



Solution (b)
Plug in the right hand side to find

Yn+1 = Yn — ahAy, + ﬂh(*)‘(yn - A’Vhy'rl)) = (1 - (a + B)h)‘ + 57#}2)%‘

We know that for second order we require a + 8 = 1 and 23~y = 1 so that in order for the
sequence to be bounded
2
]1—z+%\§1, z = hA.

Thus
2

—1§1—z+%§1.

or

22

E—z§0:>z20, z < 2.

That is h < %

To find the error estimate note that y(t) = e so that

h2\2 , h2A2
Yltn) = g = €N = (L= B+ 2250 = (M) = (1 hA+ )
Recall that .
" — yn _ (Z’ - y) aniifl/iil,
i=1
so that
h2)\2 n h2)\2 .
[y(tn) —yal = <e”L (1= hA+ = >) D (M= hA+ =)
i=1
<1
h3\3 h2\3
< 5 n = Ttn.

. PDEs Consider the approximation v; ~ u(zj;,t) on the grid z; = jh,h = 27/(N + 1),
j=1,...,N + 1, to the solution of the advection equation u; + u, = 0 on the 27-periodic
domain 0 < z < 27 and with initial data u(x,0) = exp(—(z — m)?).

Define difference operators acting on a grid function v; as

Vj — Vj-1 Vj+1 — Uy Vj41 — Vj—1
J J J J J J
—_— D+'Uj = -, D()'Uj =

h h 2h

Further define the inner product (v,w), = Y " | hv;w; and the norm |[v]|? = (v,v)p.

D_'Uj =

(a) Two of the three semi-discretizations

dv; dv; dv;
(1) : %er_vj:o, (2) : %JFDJFU]-:O, (3) : %—FD()U]':O,

are stable and produce the results in the figures below when evolved one period in time
using the classic fourth order Runge-Kutta method. Which method is not stable? For
the remaining two methods, what method goes with what figure? Clearly motivate your
answer.



Figure A Figure B

o 1 2 8 4 s o 1 2 8 4 5 s
Solid lines represents the numerical solution and dashed lines the exact solution.

(b) Let D denote one of the difference operators above. Then if we discretize in time using
the trapezoidal rule we have (the superscript now denotes the time index)

+1 +1
Y —v?+D<v? +v§‘>:0
At 2 '

Show that with this timestepping the spatial discretization corresponding to “Figure A”
satisfies [[v" 1|2 = ||[v"||7 while the discretiztion corresponding to “Figure B” satisfies
o™ T2 < ||o™||2. Hint: First find ay and / or a— such that Dyv; = Dovj+ayr D D_vj.

Solution (a):
The continuous problem can be treated by Fourier series. Assume that the expansion of the

initial data is
oo
u(z,0) = Z G et
k=—o00

Then each mode solves the ordinary differential equation

dy,

— 4+ A\t = 0,

ar + ApUg
with A\ = 1k being purely imaginary indicating that there is no decay but only translation of
the initial data.
Now, as the discrete problem is periodic the complex exponential basis
semi discrete problems. The three operators D_, Dy and Dy thus satisfy

e*ih diagonalizes the

hD,Cikm _ (1 o eikh)eikw’ hD+6ik:r _ (ez'k'h - 1)6ik:r’ hDoeik:r _ ZSlD(k‘h)@Zk‘r,
and the discrete modes satisfy

dﬂk (1 — eikh)

dig diy (e — 1) diy  isin(kh) .
dt h

=0, —= =0.
+ Uf Ca h U

=0 h

Since the “A’s” will lie in the right half plane, the left half plane and on the imaginary axis,
respectively the first and the last (denoted by (1) and (3)) schemes will be stable. The first
scheme will be dissipative and produces the small amplitude solution in Figure B. The last
(centered) scheme has errors that are purely dispersive and belongs to Figure A.



Solution (b):
Multiply by o7+t

;" + v and sum to find

At
o™ R = o™ 1; + = (" + 0™, D@ 40" =0,
First note that for any periodic grid functions r, s we have (r, Dys) = —(Dgr, s) (just write

out the expressions term by term and use the boundary conditions) so that
(" 0™, Do (v 4+ 0™)), = 0,
and the first part follows.

Second, as indicated by the hint, we have the identity
h
D_Uj = Do’l)j — §D+D_1)j.

The second part then follows by noting that (r, Dys) = —(D_r, s) so that for scheme (1) we

have Ath
”Un-i-l”% B anH% + T(D_(Un+1 + U"),D_(UH'H + U"))h = 0.

The Ath
o™l = "l = = 1P+ o)l



