1. Solution: Nonlinear Equations

1. Denote

991 Oq
_ Oz 0
ox oy

We seek a closed, bounded, and convex region, D € R2, for which

(l’,y) eD = (gl(xay)vg2(xay)) €D
A = max |G|« < 1.0.

(z,y)eD

See Atkinson, Theorem 2.9, page 105. (Note: any consistent matrix norm will suffice.)
2. Since -

7 > 2, then V(z,y) € R? we have

gi(z,y) > 0.0
ga(z,y) > 0.0

Now,
(z+y) (z+y)
_ | VRVt V2Tt
Gla,y) = @) Ly
V2\/14(@—y)?  V2y/1+(z—y)?
and /2 3
2 2|lr —
1G]l = max{ Y22yl 2=yl v g0
I+ (z+y)? Vit (z—y)?
implies
lzt+yl < 1.0
e —y| < 1.0.

All requirements are satisfied if we define

D ={(z,y) : +>0.0, y>0.0, and z +y < 1.0}

3. Write the system as
fv—gl(x,y)) (0)
F(x,y) = = .
(:9) ( Yy — 92(7,y) 0

The Jacobian is given by

J(l‘, y) =1- G(xay)a
where G(z,y) is defined as above. The iteration would be

Tn41 Tn —1
= — J(xn, yn)  Flxn, yn
(220)= (3 )t s

For every (xo,40) € D, we have ||G(x0,40)||c < 1.0, which implies J(x¢, yo) is nonsin-
gular. However, we cannot guarantee that (zy,y;) € D, without further restrictions.
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Numerical quadrature

Trapezoidal rule:
j: f(x)dx = h[%f(xo) +f(x1) +f(x2) +f(x3) +f(Xq) +f(X5) +... +f(Xn-1) + %f(xn)] +0(h?)

Simpson's rule:
j: f(x)dx = %[1f(xo) + 4f(Xq) + 2f(x2) + 4f(X3) + 2f(X4) + 4f(Xs) + ... + 4f(Xn-1) + 1f(Xn)] + O(h%)

Richardson extrapolation of the trapezoidal rule gives

ATh—Ton _

AT Tan
=h[ 5f(xo) + 5f(x1) + 5f(x2) + 5T(Xa) + 5(xa) + 5T(X5) + ... + 5F(Xn-1) + 5(xn) -
~Z3f(xo0) - 5f(x2) — 2f(xa) - 22f(xn)] =

= %[ﬁ(xo) +AT(xq) +2f(xp) + 4(xs) + 2f(Xa) + 4F(Xs) + ... +AF(Xn-1) + 1f(Xn)],

which agrees with Simpson's rule.

If one remembers Euler-MacLaurin's formula, the task is easy.E\Vith mehatrtge first and
the last term is to be halved, it holds that

{2 f9dx=h z;) " f(x;) - ﬁh?(f '(b) - f'(a)) — 1—%8h4(f "(b) —f "(a)) — ...

The trapezoidal rule (with it9(h?) error) is obtained by ignoring all the correetrarstfollowing
the sum in the right hand side. In order to get a formula that is accur@@4p , We juset need t

approximate- ﬁh%f/(b) —-f'(a)) to fourth order, i.e. the derivatives to second order accuracy.
One-sided approximations, extending over three nodes

f'(a) =f'(xo) = (—%f(xo) +2f(x) - %f(xz))/h +0(h?)

£'(6) = £/ (xn) = (~3F(n-2) + 2f(xn-1) = SH(xa))/h+ O(h?)

lead immediately to the desired result. The process can be extended to any ordentyglisg
additional terms from the Euler-MacLaurin expansion.

If one does not recall the Euler-MacLaurin expansion, here is another approach. Ty svaplif
notation, consider just the correction aroxrda  ; will be equivalent avoard . Simpson's rule
tells that



Sa f(x)dx = %[f(xo) + 4f(x1) + 2f(x2) + 4f(X3) + 2f(X4) + 4f(xs) + ...] + O(h*)
and
fam f(X)dx = %[ f(X1) + 4f(x2) + 2f(x3) + 4f(X4) + 2f(X4) + ...] + O(h%).

Therefore
Jaf09dk =3 2" gk + 3 [, 109+ [, T09cx =
=1f Z+“ f(x)dx + %[f(xo) +5f(x1) + 6{f(X2) + f(x3) + f(Xs) +f(xs) +...}] + O(h?).

It now only remains to approximaf(%1+h f(x)dx  to ord@h*) based on the three nodefgalyes

f(x1) andf(xz) . Fitting a parabola through these, and integrating it will do the job. If one daigies t
out, the appropriate formula becomes

{2 fgdx = %[Sf(xo) +8f(x1) - f(x2)] + O(h%).

For integration formulas of still higher orders, one could consider starting the equipedcedure
with higher order Newton-Cotes formulas.

As it happens, there are closed form expressions available for all the cotfficithe quadrature
formulas of the type explored here (trapezoidal rule with end corrections). Theayaing the first
guadrature formulas ever described in the literature, known as Gregory's forftarldaraes
Gregory (1638-1675).
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| nterpolation / Approximation

x-0)(x-2) x+DH(x=2) . x+1)(x-0)

— _ —yv2 _y—
P00 =110 -1-2 “Yorno-2 e ne-o X XL
Divided difference table: Interpolant:
Xy
-1 1
-1-1
0-(-1) 2 2
1-(-2) ; pP2(X) =1-2(x+1)+1(x—-0)(x+1) =x“—x—-1.
0 _1 2_(_1) = 1
1-(-1) _
2-0 —
2 1
1-1 a 1
The overdetermined system to solve becgnies O b|= -1 . Following the normal
1 2 1

eqguations approach, we multiply from the left with the transpose of the coefficient, mwaich
gives

1
1

a
b

~No

p=1.

31
15

] , with solutiona =

Let the cubic on [-1,0] bey(X) =ax® +bx?+cx+d  and on [0,2}(X) =ex® +fx? +gx+h . We
obtain sj(X) = 3ax? + 2bx + ¢,s|(X) = 6ax+ 2b , ands,(X) = 3ex? + 2fx+ g $,(X) = 6ex+2f .

The conditions that need to be satisfied are:

Value at -1: -a+b-c+d=1
Second derivative at-1: -6a+2b=0
Value at O: d=-1, h=-1

Match first derivative at 0: c=g

Match second derivative at (b2 2f

Value at 2: &+4f+2g+h=1
Second derivative at 2: 12e+2f=0

We have here 8 equations in 8 unknowns. However, the simple structure allows a quick
simplification down to x 2 system. One finds after not much algebra

a:%,bz%;C=_1,d=_lae=_%uf:%’gz_l’h:_l'



4. Solution: Linear Algebra

1. The minimization problem yield the following linear least-squares problem

)=o)

The solution of this system is given by the normal equations

[ A )\[}{f]]g:[# )\[}{g],

which becomes

[A"A+ NT] z = A'D.

2. Note that A'A is positive semidefinite. If A > 0, then A’A + \?I is positive definite
and, therefore, nonsingular. This guarantees a unique solution.

3. Denote the singular value decomposition of A by
A=UXV",

where U, xy , Vixn are unitary and X,,, = diag{oy,09,...,0,}, with 0 < o7 < g9 <
. <o,

The columns of U, which we denote by u;, are the left singular vectors of A, while the
columns of V', which we denote by v, are right singular vectors of A. Plugging this
decomposition into the normal equations yields

[VEEV* + Nz = [VE*U*]b.

Expanding b in terms of the left singular vectors,
b= fu;,  where §=ujb,
j=1

yields

Z >
)\2 +0.2
Denote the rank of A by r. If r < n, then we can rewrite the above expression as
PR
A2+ 0] 25
;>0

which yields
li =
lim 2 = Z
0;>0 ]

This is know as the minimal length least-squares solution.
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Numerical ODE

The Taylor expansion of the ODE solution is

2 3
y(t+K) =yt + by () + 55y + Ky 1) + o)
Form the ODB/' =f(t,y(t)) follows by applying the chain rule tlyat=f; +f,y' = f; +ff.

Substituting this into the equation above gives the scheme that was stated in the problem
formulation:

Y(t+K) = y(0) + ki + K0+ 11,) +O<)

In order to reach one order higher still, we need similarly to use the chain rule, tha@Déso
the product rule, to evaluage

y”l = (ft +ffy)t = ftt + ftyf + ftfy +fyf fy +ffyt + ffyy f!

and the scheme becomes

2 3
y(t+k) = y(t) + kf+ k7(1=t +ff,) + %(ffﬁ +2f, +fif, + 2ffy +Fe) + O(K?)

Taylor expansions off® and®  aroufigdy)  give

d® =kf(t,y),
d@ =kf(t+ck y+a-d®) =kf(t,y) + ck? ——=
and therefore

(y) (y)

+ak?f(t,y) =5, + O(K°),

YA+K) =y) +bid® +bd® = y(t) +k(by +ba)f +K2(boch + boaffy) + OK3).

Equating coefficients between this last expression and the Taylor schemagtsated in the
problem formulation (part a) gives the three compatibility conditions

N

b;+b,=1, bc=1%, b,a=



6. Solution: Numerical Solution of PDEs

1. For equation I, we have

0+1 i ‘ ¢
A buj“ U
At Ax
which becomes b At b As
41 ¢ ¢
u; ™ = (1 - o Ju; + N

For equation II, we have

1 e Y
Uit U Ui — 2up Uy

At n Ax? ’
which becomes oA A
041 _ ¢ ¢ ¢
u; = (1- @)“J + E(uj—f—l + Uj—1)-
For equation III, we have
u§+1 _ uﬁ _ u§+1 — 2u§ + U§—1 N bu§+1 — u;
At Ax? Ax

which becomes

0+ l l ¢

u

2. Equation I
Stencil : 4 time O first-order space

®)

Boundary Conditions

u(z,0) = f(x) x € 10,1]



Equation II
Stencil: + time [ second-order space

o +

)

Boundary Conditions

u(z,0) = f(x) x € 10,1],
u(0,t) = gi(t) >0,
u(l,t) = gaoft) t>0.

Equation III
Stencil: + time O first-order space [] second-order space

®m +

)

Boundary conditions: Same as II.
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3. For Von Neumann analysis, set uﬁ = a’e" plug into the difference equation and

simplify.
Equation I
a—1 bew -1
At Ax
Solve for a to get
bAt bAt 0

— (] — —/) 4+ =
a={ Ax) + Ax
In the complex plane, the right side describes a circle, centered at 1 — YAt of

Az

radius %. Thus,
bAt x

<10 —<10e At < —
ol < Ax — )

Equation II
a—1 e?—2+e ™  4sin®0/2
At Az Ax?
Solve for a to get
AAT

a=(1- A2 sin? (6/2)).

Stability is achieved if, for every 6 € [0, 27), we have

Ax?

4At
<1l0& — < 2. At < —
la] < ©Ra S20e At =

4. Applying Von Neumann analysis to Equation III yields

6@'9 — 24+ 67119 beiG -1

a—1
At Az? Az
_ _lein2 (0/2) N b(cos (0) — 1) +isin (0)
Az? Ax

Solving for a and separating the real and complex parts and using the identities
cos (#) = cos? (0/2) — sin? (6/2) and sin (#) = 2sin (6/2) cos (1/2) yields

4At  2bAt, ., [ 2bAt .
a= (1 - (A—x? + N ) sin (0/2)) +1 ( A, Sin (0/2) COS(@/Z)) :
Stability is guaranteed if |a| < 1.0 for all § € [0,27]. This is complicated by the

presence of real and imaginary parts.






