SOME OBSERVATIONS REGARDING INTERPOLANTS IN THE
LIMIT OF FLAT RADIAL BASIS FUNCTIONS
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Abstract. Radial basis functions (RBFs) form a primary tool for multivariate interpolation.
Some of the most commonly used radial functions feature a shape parameter, allowing them to vary
from being nearly flat (¢ small) to sharply peaked (¢ large). The former limit can be particularly
accurate when interpolating a smooth function based on scattered data. This study discusses the-
oretical and computational aspects of the ¢ — 0 limit, and includes a couple of conjectures which
indicate that Gaussian RBFs may have some unique features.
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1. Introduction. When collocating n pieces of data in one dimension, one first
chooses some set of basis functions ¢ (x), and then determines expansion coefficients
Ar such that the linear combination

s(@) =D Mt ()
k=1

satisfies all the constraints. For many choices of 1;(x), interpolation is guaranteed
to be non-singular whenever the data points are distinct. With certain point distri-
butions, it may furthermore be possible to choose basis functions that possess some
orthogonality properties, e.g., Fourier modes on a periodic interval, or Chebyshev
polynomials on a finite interval. In more than one dimension, the situation is very
different. There no longer exists any basis functions vy (z) so that non-singularity
for interpolation can be guaranteed for more than n = 1 data point [1]. The RBF
approach circumvents this problem by following a somewhat different strategy. In-
stead of using a sequence of (typically increasingly oscillatory) basis functions that are
independent of the data point locations z;, one uses instead translates of one single
non-oscillatory function ¢(||z||) :

n
s(@) =D Mlllz —z)) (1.1)
k=1
where ||| is the standard Euclidean vector norm. Table 1.1 shows a few of the

many choices available for ¢(r). Existence and uniqueness of the interpolants s(z) are
discussed for ex. in [2], [3] and [4]. For all three choices of smooth basis functions listed
(IQ, GA, MQ), these are ensured for arbitrary point distributions. To ensure these
for the piecewise smooth basis functions listed, (1.1) may require some modifications.
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Type of basis function o(r)
Piecewise smooth RBFs
Piecewise polynomial (R,) | |r|", n odd

Thin Plate Spline (TPS,) | |r|"In7, n even
Infinitely smooth RBF's

Multiquadric (MQ) 1+ (er)?

Inverse quadratic (IQ) ﬁ

Gaussian (GA) e(en)’
TABLE 1.1

Some commonly used radial basis functions

The piecewise smooth ¢(r), such as cubics and TPS will, as the number of data
points is increased, give an algebraic rate of convergence (to a smooth function). The
rate reflects the severity of the irregularity of ¢(r) at the origin, and it typically
increases with the number of space dimensions. In contrast to this, the smooth RBFs
often lead to spectral convergence (when proper attention is paid to boundary effects).
Rates of convergence of the form O(es%/%) (or O(e~»st-/h*) in case of GA RBFs)
where h is a ‘typical’ distance between neighboring data locations, have so far been
strictly proven only in certain specialized cases, e.g. [5], [6], [7]. The value of the
shape parameter € in the smooth RBF's will influence the constants in this estimate.
Many studies have been devoted to experimentally establishing suitable values of
for different situations [8], [9], [10]. Although small but non-zero values of ¢ usually
are optimal, the limit of flat radial functions (¢ — 0) has recently been found to have
a number of intriguing features:

e For arbitrarily spaced data in 1-D, the limiting interpolant usually agrees
with Lagrange’s interpolation polynomial [11]. In higher-D, the limiting in-
terpolant (when it exists) will again be a low degree multivariate polynomial.
This means that RBFs can be a tool for generalizing, to irregular grids and
domains, the ‘classical’ spectral methods (which typically are based on 1-D
high-order polynomial interpolants, cf. [12]).

e Small values of £ have been found to yield very accurate results for smooth
functions, for pure interpolation problems [13], when RBFs are used for solv-
ing elliptic PDEs [14], and in approximating data on low-dimensional mani-
folds within high-dimensional spaces [15].

e Immediate solution for the RBF interpolant becomes extremely ill conditioned
as € = 0, but a numerically stable algorithm has recently been found [13].
Although the present algorithm appears to be limited to relatively small data
sets, it still demonstrates that the ill conditioning is not in any way intrinsic
to RBF interpolation, but only an artifact of certain implementations. A
perfectly stable algorithm for any number of points may very well be feasible.
In any case, RBF interpolants based on up to around 100 data points (in 2-D;
more in higher-D) can at present be explored numerically for all values of ¢,
including in the limit of ¢ — 0.

In very special cases divergence can occur when ¢ — 0, as was first noted in [11]
for a case when all the data was given on a finite Cartesian grid . However, for
randomly scattered data, there has never been found an instance in which the RBF
interpolant fails to exist in the limit of € — 0. A main goal of this paper is to try to
shed more light on the nature of such exceptional situations. One key tool for that is
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the simple closed form expression for the RBF interpolant to cardinal data (equal to
one at one node point, and zero at the others) that is given in Section 2. This formula
is used to determine the interpolants in the examples in Section 3. These examples
will cause us to become particularly interested in the case of Gaussian (GA) RBFs, for
which we formulate a couple of conjectures. In Section 4, we relate the observed fea-
tures of RBF interpolants to those of multivariate interpolation polynomials. We also
summarize some new theoretical results regarding limiting interpolants for scattered
data, which will be presented in more detail separately [16]. Although we primarily
are interested in real values of £, considering complex values of € not only provides
additional insights, but also leads to the only computational algorithm that is avail-
able for € — 0 studies [13]. In Section 5, we very briefly review this algorithm, and
we then use it to re-visit and extend some of the examples from Section 3. An often
considered variation of (1.1) is s(z) = a + Y p_; Mé(||z — z,||) together with the
constraint Y ,_; Ay = 0. Our brief study of this in Section 6 does not suggest that
it offers any particular advantages in the limit of ¢ — 0. The final Section 7 contains
some concluding remarks.

2. Closed form expression for the RBF interpolant. With data values fj

at locations z;, k =1,2,...,n, the RBF interpolant becomes
n
= M o (llz —zl)) - (2.1)
k=1

The coefficients A can be obtained by solving the linear system

A1 fi
a =] (22)
An In
where the entries of the matrix A are 4; ; = ¢ (||z; —ng) d=1,...,n,,j=1,...,n

1 if k=1

0 otherwise ’ the RBF interpolant

THEOREM 2.1. For cardinal data fi, = {
of the form (2.1) becomes

plllz—zil)  Sllz—zoll) - ¢ (llz -z,
¢(lze —zill) ¢ (llza —22l) - S (llzs — 2,l)

det - - - -
$(lzn—2:l) lzn—22l) - S(lzn — 22l
_ 2.3
(@) o(lo-m]) o(z—zl) - 6(zz]) 23
bl —al) 6llza—2al) - Ul 2ol
det . . .

b(lzn—nl) (e —zsl) - ¢(||zn'—gn||)

Proof. Solving (2.2) by Cramer’s rule and substituting into (2.1) leads, in just
a few lines of algebra, to (2.3). However, the easiest demonstration is probably by
inspection. By expanding the determinant in the numerator along its first row, we
see that the expression for s(z) indeed becomes of the form of (2.1). Furthermore, it
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will evaluate to one for x = z, (since then the two determinants become equal) and
to zero for z = z;,,k # 1 (since then two rows in the determinant in the numerator
become equal). O

One immediate consequence of this result is the following:
THEOREM 2.2. If lim._,qs(z) exists, it will be a (multivariate) finite degree
polynomial in z.

Proof. If we expand ¢(||z — z;||) in powers of €2, the coefficient for ¢>™ will be a
polynomial of degree (at most) 2m in the components of z. The same will therefore
hold for the determinant in the numerator of (2.3), and the ratio in (2.3) will be of
the form

s(z) = e?P{pol. degree 2p} + £?P*2{pol. degree 2p+2} + ...
= e2¢{constant} + £29*+2{constant} + . ..

where p and ¢ are positive integers. Since s(z;) = 1
the limit fails to exist. Otherwise (i.e. when p = gq)
degree (at most) 2p in the components of z.00

, p > q is impossible. If p < g,
it will become a polynomial of

This last result appears to have been discovered independently a number of times
during the last decade or so, but we have been unable to locate it in any previous
reference. It was however shown in [11] that, in 1-D and subject to some minor
constraint on ¢(r), the limit is the lowest order interpolation polynomial, i.e. of degree
n — 1 in case of n data points (and that, failing these constraints, the limit would
still be of polynomial type, but that the degree could be higher). The situation for
higher-D can be considerably more complex, as will be discussed below (and analyzed
further in [16]).

3. A collection of examples with closed-form solutions for the ¢ — 0
limit.

3.1. Three points along a straight line: Evaluation along the line. Let
the three points be located at {z1,z2,z3} and the corresponding data values be

{1,0,0} (The results become equivalent for {0,1,0} and {0,0, 1} and, since the inter-
polation procedure is linear, also for arbitrary data). With a radial function

é(r) = ag + ay(er)® + az(er)t + . ..
we get
|z —z1])  S(lz—=22|) ¢z —z3))

det | ¢(|za —m1|) @(|z2 —22|) @(|z2 —23]) | =
(|lzs —21])  S(|lzs —22|)  B(|z5 — x3])

= 2a;1(a? — 6agaz)(x — 22)(x — 23)(x1 — T2) (21 — x3) (T2 — 73)%® + O(£9)

and

d(|z1 — z1])  S(|z1 — 22|) (|71 — 23])
det | d(|z2 —z1|) @(|z2 —22|) @(|z2 —23]) | =
¢(lzz — z1])  S(|z3 — 22|)  S(|z3 — 23])
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= 2a,(a} — 6agaz)(z1 — z2)?(x1 — 23)* (22 — 73)%e% + O(®).

On the assumption that a; # 0 and a? — 6agaz # 0, the ratio becomes

_ (—x)(z —x3) 2
s(@) = (21 — z2)(71 — 23) +0E),

i.e. we have recovered the Lagrange interpolation polynomial. According to the main
theorem in [11], the same will be the case for any number of points along a line, as
long as certain inequalities hold for the Taylor coefficients aj, of the radial function.
The two inequalities encountered here are two of an infinite set that is explicitly given
in [11]. Although a firm proof is still lacking, current evidence strongly suggest that
all of these are satisfied, for ex. by MQ, IQ, and GA RBFs. We will in the following
assume that these inequalities hold when we refer to this main theorem of [11].

3.2. Three points along a straight line: Evaluation off the line. When
evaluating the interpolant in the previous example at a location (z,y), the first de-
terminant becomes

o(/(@—21)2+92) o(/(z—22)2+12) o(/(x —x3)2 +4?)
det ¢(|£B2 - 1’1|) ¢(|-'L'2 - -'L'ZD ¢(|$2 - :L'3|)
¢(|z3 — 1) #(|z3 — z2|) #(|z3 — z3])

= 2a4 [(af —6agaz)(r — x2)(x — x3) + (a% — 2a0a2)y2] .

(@1 — o) (w1 — 23) (22 — 3)% €% + O(EP)

producing the interpolant

T — T)(T — x3 a? — 2apas y?
1

Iy — iL'Q)(.’El — 1‘3) a% — 6(10(12 (ml _ 1'2)(511'1 — .'11'3) + 0(62)_ (31)

s(x,y) = (

For y = 0, i.e. along the z-axis, we recover the previous result. However, an y?-term
is now also present, with a coefficient that depends on the choice of RBF. The factor

2 &
%1:32% takes the values 3, 1, and 0 for MQ, IQ, and GA respectively. Thus the
1

€ — 0 limits are now different for the different RBFs, but they still do exist in all
cases.

3.3. Three points not on a line. With the three points located at (z, yx), k =
1,2, 3, the ratio of the two determinants becomes

£y) = 4a3(2A)(z (y3 — y2) — Y (T3 — T2) + T3y — Tayz) €' + O(%)

) Wi RAY &1+ 0() &2)

24 = 2oy — 23y1 — T1Y2 + T3Y2 + T1Y3 — ZTays ,

i.e. | Al is the area of the triangle spanned by the three point locations. When the three
points are not colinear (i.e. when A # 0, and also assuming a; # 0), the limiting
interpolant will be the plane that fits the data. If the points become increasingly
colinear, the tilt of the plane increases without bound. When the points are colinear,
both the coefficients for ¢* in (3.2) vanish, and the ¢ — 0 limit will instead follow
from the €% coefficients, as described in the two preceding examples. The limit thus
behaves discontinuously with respect to the point locations.
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3.4. Five or more points along a straight line. It turns out that increasing
from three to four points along a line (say, the z-axis) offers no new phenomenon. For
five points along a line, the result along the same line (like for any number of points)
becomes the Lagrange interpolation polynomial. However, evaluating at a location
(z,y) off the z-axis now gives

4y
z1 — 22)(21 — x3) (21 — 4)(T1 — T5)
(a1a2 — 3a2as + 3agazas)

1
- — o1
(6a3 + 225apa3 + 70a2as — 30aiaza3 — 420agazas) €2 + 0(1)

s(z,y) = ( (3-3)

(assuming 2a% — 5ajaz # 0; both this assumption and the denominator above being
non-zero belong to the set of inequalities discussed above). The ratio involving the
coefficients ax, k = 1,...,4 in (3.3) takes for MQ, IQ, and GA the values 3=, 115
and 0 respectively. If for example ¢(r) = (1 + (er)?)?/? (an ‘unconditionally positive
definite’ case with non-singularity of the interpolant guaranteed in case of 8 < 0,
cf. [2], [3]), the assumption 2a3 — 5a1az # 0 becomes 3 # 0, 8 # 2, B # 7, and the
coefficient ratio becomes always non-zero: —3/(8% —194%+993—165), i.e. divergence
ase = 0.

Increasing to 7, 9, ... points, we typically get divergence like O(1/¢%), O(1/¢®),
etc. For non-divergence, increasingly numerous and intricate requirements on the
coefficients ay, need to hold. GA are remarkable in satisfying them all, as follows from
the theorem below:

THEOREM 3.1. With any number of data points along a straight line, GA inter-
polants will not diverge as e — 0 when evaluated anywhere on or off the line.

Proof. Along the z-axis, (i.e. y = 0), the GA interpolant takes the form s(x,e) =
S Ake = @) At (2,y), the value becomes r(z,y,e) = 3, Ape = (#—o1)*+v%) =
e=ev’ s(z,e). Both of these factors remain bounded as e — 0 (obviously for the first
one, and the second one converges to Lagrange’s interpolation polynomial, according
to the main theorem in [11]). Therefore, the product also remains bounded. O

Theorem 3.1 (and various numerical evidence) lead us to the following:

CONJECTURE 3.2. Gaussians are the only type of RBFs for which the interpolants
do not diverge as € — 0 when the data is given along a line, and the evaluation point
is off the line.

One minor observation in favor of this conjecture is that the proof of Theorem
3.1 relied on the fact that ¢(r) = ¢(x) - #(y). It can readily be verified that no other
functions than Gaussians are separable in this manner.

In the doubly infinite case of z, = k, k = —00,...,—1,0,1,..., 00, the situation
is again different—no divergence (as e — 0) off the line for any of the smooth RBF
choices [17].

3.5. Some generalizations to higher dimensions. The result in Theorem
3.1 can be extended as follows:

THEOREM 3.3. In the case when the data points are laid out in a finite rectangular
lattice (in any number of dimensions), GA interpolants will not diverge as e — 0.

Proof. For notational simplicity, we consider the 2-D case. Let the lattice be
{zs,y;}, i =1,...m, j = 1,...n. It suffices if we can show the result for cardinal
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Dimension of hyperplane: d = 1 2 3 4 5 6 7 8
Lowest number of points to feature
divergence off the hyperplane; Ny = | 5 11 21 36 57 85 121 166

TABLE 3.1
Lowest number of scattered data points in a hyperplane to cause divergence off the plane

data, i.e. if for some fixed ¢ and j it holds that

f= 1 when z = z; and y = y;
0 otherwise

Consider the 1-D interpolants

r =T;

_ym —eX(z—z1)? iafvi — 1
r(z,€) = D py Ake . satisfying 7 (z,¢) { 0 otherwise

2 (y—ur)? e 1 =Y
s(y,€) = Sy e = v satisfying  s(y,e) = { 0 gthefzvise

The product 7(z,e) - s(y,€) = g, Sor, Aee™* @)’ =" (=" gatisfies all that
is required of the 2-D GA interpolant, and is therefore identical to it. Since both of
the factors 7(z,¢) and s(y, €) remain bounded as & — 0 (by the main theorem in [11]),
so does their product. 0

Equation (3.3) showed that, for five points along a line (d = 1), divergence typ-
ically occurs when the interpolant is evaluated off the line. Similarly, for scattered
points in a plane (d = 2), eleven points usually leads to divergence when the inter-

polant is evaluated off that plane. The data in Table 3.1, obtained with the Contour-

d+3
3

All instances of divergence that we have encountered occur in situations where
‘polynomial unisolvency’ (to be defined later) fails. Heuristically, this becomes the
case when the data points are located in such a way that multivariate polynomial
interpolation leaves some low order coefficient(s) completely undetermined. For ex-
ample, with points only along the z-axis, coefficients for powers of y are undetermined.
Similarly, if we for example place all the points along a section of a parabola, some
other low order polynomial coefficients will be undetermined. This is illustrated next.

Padé algorithm described in Section 5, suggests that Ny —1 = (

3.6. Points placed along a parabola. We let the locations for n points be
Tp = %, Yp = mi, k =1,2,...,n. This leaves a polynomial interpolant undeter-
mined with respect to several low order polynomials, such as y—x2, z(y—z?), y(y—=2),
etc. With cardinal data (equal to one at the first point and zero at the remaining
ones) we get in this case different limits starting when n = 4 (one step later than for
points along a line). The leading powers of € in the expansions in the numerator and
denominator of (2.3) increase quite rapidly with n. Table 3.2 illustrates that, and also
gives the value of the interpolants in the e — 0 limit, evaluated at the point (0,1).
For n = 8, both MQ and IQ feature a numerator starting with £3° and denominator
starting with £32, producing divergence according to L2089 1 4 12202985 4 (§(2) and
E;ggg 5% + % + O(€?) respectively. The GA interpolant remains bounded;
both leading terms are O(e®?), and the limit value is 8%, Numerical evidence, to
be given in Section 5, shows that for n higher still, MQ and IQ interpolants again
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n 2 3 4 5 6 7
Leading power of € in numerator =
leading power in denominator 2 4 8 12 18 24
Value of interpolant at (0,1)
1 69 89 12253 8043
MQ 3 3 W0 3 16 40
1 27 493 22575 6972
IQ 3 3 T 5w
1 20 189
GA 5 3 = 35 == 462

TABLE 3.2
Values of the interpolant at (0,1) in the example with points on a parabola

1-D 2-D 3-D
ap #0 ap #0 ap #0
ap #0 a; #0 ap #0

6agaz —a? #0 | as #0, dagaz —a? #0 | as # 0, 10agaz — 3a? # 0
S5ataz —2a3 #0 | az # 0, 9araz —4a3 # 0 | a3 #0, 2laiaz — 10a3 # 0
TABLE 4.1
Conditions on the expansion coefficients.

diverge (when evaluated away from the parabola), whereas no case of divergence was
seen for GA interpolants.
We conclude this section with a second conjecture:

CONJECTURE 3.4. Gaussian RBF interpolants will never diverge ase — 0. They
are unique in having this property.

The strongest evidence in support of this conjecture comes from various experi-
ments with the numerical algorithm that is described in Section 5.

4. Polynomial unisolvency, and some results for scattered points. An
important concept in multivariate polynomial interpolation is unisolvency [1]. As
we will see below, it also has some bearing on the RBF interpolation problem. The
following theorem defines the concept and gives a necessary and sufficient condition.

THEOREM 4.1. Let z;, 2o, ..., z,, ben point locations, and let p1(z), p2(z), ...,
pn(z) be n linearly independent polynomials. Then {x;} is unisolvent with respect to
{pi}, i.e., there is a unique linear combination ) B;p;(x) which interpolates any data
over the point set, if and only if det (P) # 0, where

pi(zy) palzy) Pn(z1)

pi(zy)  pa(zy) Pn(zy)
P= ,

pi(n) Pazn) o )

The proof follows trivially from linear algebra arguments. The application of the
theorem is easy in 1-D. With p;(z) = 2/~! we get the Vandermonde matrix, which
is non-singular as soon as none of the data points coincide. In more than one space
dimension, it is less obvious how to best determine whether a point set is unisolvent
or not. However, using randomly scattered data points promotes unisolvency. Any
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regular features (such as the examples given in the previous section with points along
a straight line or along a parabola) in a data set may lead to degeneration.

COROLLARY 4.2. We can (also elementary) add that if det (P) = 0, then the
nullspace of P will describe all the possible ambiguities in the resulting interpolant of
the specified form.

We know from Theorem 2.2 that if lim._,o s(z) exists, it is a finite order poly-
nomial. It was proved in [11] that in 1-D, we recover the lowest order interpolating
polynomial (under some mild conditions on the expansion coefficients of the basis
function, as briefly touched upon in Section 3). There are similar condition in more
space dimensions. Table 4.1 gives the first three conditions in up to three space
dimensions. Conditions of this type are needed for the proof of the theorem given
below.

DEFINITION 4.3. Let Pk be the set of all (multivariate) polynomials of de-
gree < K.

THEOREM 4.4. If {p;} forms a basis for Pk and {z;} is unisolvent with respect
to {pi}, then under some mild assumptions on the expansion coefficients of the radial
basis function, the limiting RBF' interpolant lim._,o s(z) is the unique interpolating
polynomial of degree < K to the given data.

The proof and further discussion of its implications will be included in a forthcom-
ing paper [16]. For now, we will only give a brief summary of some aspects relevant
here. First of all, note that the number of data points must agree with the dimension
of Pk for {p;} to be a basis. That is, in for example 2-D, n = 1,3,6,10,15,21, ...
play a special role. If the unisolvency condition is not fulfilled, the interpolant may
in the limit ¢ — 0

o diverge,
e contain arbitrary elements from the nullspace of the matrix P,
e contain polynomial terms of higher degree than K.

EXAMPLE 4.5. Interpolate f(z,y) = x —y — 2zy — 2y* at the siz points x; =
(zi,y:) = {(0,0), (0,%), (0,1), (1,0), (1,%), (1,1)} with RBFs. The natural choice
of basis functions would be

p2 = P33 =Y,
Ps =2, P5=2TY, P =Y -

|
8
o

This gives
10 00 0 O
102100 %
1010 0 1
P_110100
113 15 ;3
11 1 11 1

This matriz is singular, and the nullspace of P is found to be [0, 1, 0, —1, 0, 0]7.
Therefore, the interpolant is undetermined with respect to any multiple of 1 - p2(z) —
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d - n - number of data points

dimension | 2 3 5 10 20 50 100 200
Leading power of € 1 2 6 20 90 380 2450 9900 39800
in both of the 2 2 4 12 40 130 570 1690 4940
determinants in (2.3) 3 2 4 10 30 90 360 980 2610
Leading inverse 1 2 4 8 18 38 98 198 398
power of ¢ in the 2 2 2 4 6 10 18 26 38
coefficients A\ 3 2 2 4 4 6 10 14 18

TABLE 5.1
Powers of € arising in cases of scattered data

1-ps(z) =z — 22 = z(1 — z). If we try RBFs on this data set and let ¢ — 0, we get

flzy) =2z —y—2zy — 2y° original data

1Q: Iz —y—22% — 22y —2y?
MQ: 2z —y— 2% — 22y — 2>
GA: z—y—2xy—2y> (recovers the original function)

We are getting different limits for all the three RBF types, but the differences are
precisely of the type that was allowed to be undetermined according to the nullspace
argument above.

5. Complex e-plane considerations and the numerical Contour-Padé
algorithm. The elements in the determinants in (2.3) are of size O(1). Since expan-
sions of the determinants for small ¢ typically start with some high power of &, both
matrices clearly become highly singular as ¢ — 0. The matrix in the denominator is
the same as the matrix A in (2.2). Thus, the coefficients \;, must grow rapidly with
decreasing €. Since the sum in (2.1) typically is bounded, the sum must feature very
severe cancellation of large quantities, and direct solution for s(z) via (2.2) and (2.1)
will be very ill conditioned. This heuristic argument can be made much more precise.
In the case of scattered data, numerical evidence [16] strongly suggests the exponents
that are shown in Table 5.1. These numbers are independent of the choice of MQ,
1Q, or GA, and appear to hold for most other smooth RBFs as well.

5.1. Numerical algorithm. The Contour-Padé algorithm in [13] is based on
the fact that, in a complex e-plane, the origin is a removable singularity (or, at worst, a
low order pole) of the interpolant, which we now write as s(z, ) in order to emphasize
its dependence on €. For a fixed z, we compute s(z, €) at equi-spaced e-values around
a circle centered at the origin in a complex e-plane. Choosing the radius quite large,
the direct approach using (2.2) and (2.1) works well. The next step is to take an FFT
of these values. Some different cases will then arise:

e All negative Fourier coefficients vanish: The positive ones then provide the
coefficients in the Taylor expansion

s(z,€) = so(z) +e2so(z) + elsa(z) + ... (5.1)

This expansion is then well suited for numerical computation of s(z,e) for
small values of ¢ (including € = 0, when it just reduces to its first coefficient).
e Some negative Fourier coefficients are present: With a Padé procedure, we
can find all the poles of s(z,¢) inside the computational circle. If there is no
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pole at the origin, we can either again express the interpolant in the form (5.1)
or, if we want the radius of convergence to extend out to the computational
circle and not just to the nearest pole, we can represent the answer as a Taylor
series together with a rational function in e. If there is a pole right at the
origin, the only difference compared to the previous cases is that (5.1) will
need to also include some term(s) with negative powers of . For example, if
the origin is a pole of order four, (5.1) would need to be replaced with

s(z,e) = %43—4@) + 523_2(@) + s0(z) +e%s2(z) + e'sa(z) +... . (5.2)

Dependent on what we are interested in, we can for example use the algorithm to
generate

e The coefficients in (5.1) or in (5.2) (with an auxiliary rational function in-
cluded, if desired),

e A display of the locations of the poles of s(z, ) in the complex e-plane. Since
these originate from the A-matrix, they will be independent of z (will depend
only on ¢(r) and on the data locations).

In the examples in Section 3, quite time consuming symbolic algebra (with Math-
ematica) was needed to obtain just the first one or two terms in (5.1) or (5.2) in
cases of up to around n = 5 data points. In contrast, the numerical procedure gives,
in seconds only, any number of expansion coefficients when n is up to around 100.
Although this current size limit falls short of the sizes of some experimental data
sets that one might want to use RBF's to analyze, the algorithm nevertheless vastly
extends our ability to study phenomena related to ¢ — 0 for RBF interpolants.

5.2. Some computational illustrations derived from complex ¢ consid-
erations.

5.2.1. Expansion functions. As was mentioned in Section 5.1, we can use the
Countor-Padé algorithm to compute the coefficients in the small ¢ expansions (5.1)
and (5.2). Since each expansion coefficient is a function of z, we display the coefficients
over some domain in z-space. As an example, we consider 20 data points placed along
the edges of the triangle shown in Figure 5.1 with the cardinal input data

1 when (z;,y;) = (-1,0
SR { 0 othervgis]e =t :
Figure 5.2 displays—across the triangle—the first six expansion functions sy (z), k =
—4,-2,0,2,4,6, computed in the case of IQ RBFs. It transpires that this trian-
gular distribution of data points produces a fourth order pole in the interpolant at
€ = 0. The data points allow for this possibility since they clearly fail the polynomial
unisolvency condition stated in Theorem 4.1 (the interpolating polynomial would be
undetermined with respect to any multiple of (1 + z — y)(1 — z — y)). In each of
the subplots of Figure 5.2, solid circles mark where the data points are located. We
see that so(z) exactly matches the input cardinal data (and provides a good approxi-
mation to the data) whereas all other expansion functions are zero at the data point
locations. Note the small scale on vertical axis for the s_4(z) and s_»(z) functions.
This is consistent with the fact that we only see divergence in the interpolant for very
small values of e. When evaluating the interpolant on the boundary of the triangle,
the s_4(z) and s_»(z) functions are equal to zero. This is similar to the example
from Section 3.4 where 5 (or more) data points along a straight line cause divergence
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F1G. 5.1. Distribution of the data points used for the example with computing expansion coef-
ficients in Section 5.2.1 (The function value is one at the leftmost corner point, and zero at all the
other points).

in the interpolant when evaluated off the line, but convergence when evaluated on
the line. We also carried out the above experiment for the MQ and GA RBF. The
interpolant based on MQ RBFs exhibits the same qualitative features as the one for
the IQ case (for example, a fourth order pole at € = 0). Like in all other cases that
we have encountered, the interpolant based on GA RBF's has no pole at € = 0; its
expansion starts with the so(z) term.

5.2.2. Pole locations in £—plane in case of scattered data points. It is

only rarely possible to give all pole locations for s(z,¢) in closed form. In the case
of MQ with two arbitrarily located data points, the only poles appear at € = :I:@
where a is the distance between the points. For three scattered points, we find
similarly e = £2¢4 where A is the area of the triangle formed by the points, and a,

i . abece
b, c its side lengths.

For several scattered data points, the Contour-Padé algorithm can be used to
determine the location of the poles of the RBF interpolant. As an example, we
consider the 45 randomly scattered data points shown in Figure 5.3 (a). Using the
Contour-Padé algorithm, we find that this distribution of data points produces the
poles for the MQ, IQ, and GA interpolants as shown in Figure 5.3 (b—d). The figure
shows several properties that we have observed also for other scattered data point
distributions:

e The location of the poles for the IQ and MQ interpolants are usually similar,
whereas the poles for the GA interpolant usually differ significantly. For
example, the GA interpolant does not in this case have any poles off the
imaginary axis while both the IQ and MQ interpolants do.

e There tends to be only a few poles near the origin even for larger numbers
of scattered data points. The figure shows that each of the interpolants only
has two poles that are near £ = 0.

¢ We have never observed any poles at the origin, i.e. divergence in the inter-
polants, for any of the main types of smooth RBFs in the case of scattered
data points.
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F1G. 5.3. a to d. (a) Location of the 45 randomly scattered data points across the unit circle.
(b—d) Location of the poles of the RBF interpolant in cases of MQ, IQ, and GA respectively.

5.2.3. Pole locations when points approach cases where polynomial uni-
solvency fails.

Three points approach being colinear. Let the data points be at locations {(0, yo),
(3,0), (1,0)} with cardinal data {1,0,0}. With MQ, the exact result & = +Z£2 noted
above gives

20y
VA + )1 +4yd)

€1,2 = + (53)

For small values of &, we can alternatively expand the determinants in (2.3) to get

%yOQ 54+O(56) — £+O(E2)
IyZet+ 11—6(1 —2y2) e+ 0(e8) o ’

s(z,y,e) = (5.4)
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When also yq is small, the first two terms in the denominator gives the approximate
pole locations through

Lo 1o ~ .

Zyo + 1—65 =0 = €12 R + 2iyo , (55)
an excellent approximation to (5.3). Figure 5.4 (a) compares the approximation (5.5)
to the exact (5.3) in the case of yo = 0.01. There is no visible discrepancy.

When the points approach being colinear (i.e. yo — 0), the poles approach each
other at the origin. When the points have become colinear, the e —terms vanish from
both the numerator and denominator in (5.4), and one can show that no poles remain.

Five points approach being colinear. Still considering MQ, we let now the point
locations be {(0,%0), (3,0),(3,0),(3,0),(1,0)} with cardinal data {1,0,0,0,0}. For &
small, series expansion of the determinants gives

9% y 14 16
s(z,y,e) = 10;135276 et +0(e") _Y + 0(62).
Toassrs &+ O(e) Yo

In more detail, the denominator is

1
detgen = ————————[36864y2c'* — 2304(15 + 4y2)y2e'®
elaen = 7304067296100 0 W0 (15 +4yg)ype "+

+ 288(85 + 50y + 32ya)yae'S+ (5.6)
+ 9(63 — 1460y — 1528yg — 2080y — 1024y5) €%°] + O(??)

When ¢ is small, the terms for £'6 and ¢'® will be small compared to the one for
el. The term for €2° can be larger again (since it is lacking the factor y3). The
subsequent terms will again be decreasing. The determinant will therefore be zero
also in the vicinity of the e—values for which the terms with !* and £2° add up to
zero. This gives approximately

4y1/3
36864ys +9-63e° 20 = g~ -2 ,
/63

Part b of Figure 5.4 compares, again in the case of yo = 0.01, the numerically
determined pole locations for s(z,y, ) against the values given by the approximation
(5.7). The agreement is again good. It is clear from (5.7) that all the six poles move
in to the origin as yo — 0. When the data points have become colinear, we see from
(5.6) that the £'*, £'® and €'® terms vanish, leaving the denominator expansion to
start with €29. In the numerator, it transpires that only the £'4 and £'® terms vanish,
leaving us with

i (2k—1)
6

k=1,2,...,6. (5.7

274> 18 20
3(5’3:?/5 5) = 134%%3%7286 20+ O(E 22) = 22 y2 l2
TgioeTaesc . T O(e*?) 21 e

+ 0(1),

i.e. divergence as ¢ — 0 entirely in accordance with (3.3).

5.2.4. Pole locations when points are located so that polynomial unisol-
vency fails. We consider again the case with points on a parabola that was studied
analytically in Section 3.6. The n data points are located at zp = %, yr = T3,
k =1,2,...,n. As soon as n > 3 the unisolvency condition fails. It was shown
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F1G. 5.4. a and b. Ezact and approzimate locations of poles (circles and crosses, repsectively)
when the data points approach being colinear: (a) three points, and (b) five points. The illustrations
show the case of yo = 0.01.

le] <0.3 e=0
n|MQ IQ GA|MQ IQ GA
4 0 0 0 0 0 0
5 2 2 2 0 0 0
6 4 4 0 0 0 0
7 4 8 2 0 0 0
8 6 10 4 2 2 0
9 10 10 2 2 2 0
10 14 14 4 2 2 0
11| 16 20 4 2 2 0
12 20 24 4 4 4 0

TABLE 5.2
The number of poles within the circle || = 0.3 and at € = 0 for different RBF's

that for n > 8 there are cases where the interpolant diverges when using IQ or MQ.
No divergent cases were found for GA (in accordance with our conjecture that GA
interpolants never diverge as ¢ — 0). Table 5.2 shows the number of poles inside the
circle of radius 0.3 in the e-plane and how many of those that are located at the origin
(which leads to divergence). It is clear from the table that the GA RBF does behave
differently from the other types of RBFs. We have not in any case observed poles at
the origin for GA interpolants, and also the number of poles inside the fixed circle
does not grow as fast. When n increases, it becomes more difficult to tell the exact
number of poles, especially right at the origin. We have performed experiments for
larger n that are not included here due to some numerical uncertainty in the precise
numbers, but they seem to follow the same trends. The layout of the poles in the
complex e-plane for the different RBF's is shown in Figures 5.5-5.7.

6. RBF approximation with a constant term included. In place of (1.1),
one can for example consider interpolants of the form

s(z) =a+> Moz -z ) (6.1)

k=1
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n==6

5 7

F1G. 5.6. Pole locations inside the circle |e| = 0.3 for points on a parabola using IQ

together with the constraint Zszl Ar = 0. Reasons for considering this, and also
more general extensions of this kind, can include
e Positive definiteness of the linear system to solve for the coefficients Ay in
(1.1) (for distinct points and non-zero €) is guaranteed for GA and IQ, but
only for MQ if we include a constant term together with the constraint above.
e On infinite Cartesian grids, MQ and IQ can (for non-zero €) ezactly reproduce
polynomials up to degrees d and d — 3 (if d > 3) respectively, but GA cannot
reproduce even a constant. Adding an explicit polynomial can provide such
a feature, in case that is desired.
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n=>5 n==6 n=7

F1G. 5.7. Pole locations inside the circle |e| = 0.3 for points on a parabola using GA

e Adding polynomial terms can in some cases improve the accuracy of inter-
polants, especially near boundaries. This and other more effective boundary
improving methods are discussed in [18].

In the limit of € — 0, polynomials (of degrees increasing with n) will be reproduced
automatically, even in the case of scattered finite point sets, so the last two of the
observations above may then be of less significance. Although more general extensions
than (6.1) may be of interest, we here limit our study to this form. It transpires that
most of the results in the previous sections carry over with little difference. For
example, Theorem 2.1 now becomes:

) _J1 if k=1

THEOREM 6.1. For cardinal data fi, = { 0 otherwise

of the form (6.1) becomes

, the RBF interpolant

[ bllz—zl) blz=zl) - Gllz—z,l) 1
¢lze —zll) oz —zoll) -+ S(llzy —z,ll) 1
det : : : :
(lz, —2il) Gz, —2al) - Dz —2zal) 1
(z) = i 1 1 1 0 | 6.2)
e (ol —zl) ¢z —zal) - #(le -2, 1] '

(s -zl lles —zoll) -+ d(lzy—z,l) 1
det : : : :
oz, ~zl) 6z, —zl) - d(llz,—2z,l) 1

I 1 1 1 0 |

Both versions of the proof for Theorem 2.1 carry over, so we omit the details here.
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Regarding the case with three data points along a straight line, equation (3.1)
needs to be replaced with

(@ —za)(w—2a) 1 Y

21— 22)(z1 —x3) 3 (x1 — x2)(21 — 3) + 0(e?)

s(x,y) = (

on the assumptions that a1 # 0 and as # 0. Similarly, for five points along a line,
(3.3) needs to be replaced by

4 y? as ag 1
T — z2) (21 — x3)(x1 — 24) (21 — 25) (75 a3 — 140 aza4) &2

s(z,y) = ( + O(1),

this time on the same assumption as for its earlier counterpart, viz. 2a2—5a;as # 0. In
this case, all the standard smooth RBF types (e.g. MQ, IQ, GA) lead to divergence.
In the limit of € — 0, not only do the coefficients A diverge to infinity, but so
does the constant « in (6.1). Although the limiting interpolant along a line of data
points will again become the Lagrange interpolation polynomial, there is no immediate
counterpart to Theorem 3.1 or to Conjecture 3.4.

7. Conclusions. We have in this study been considering interpolants based on
smooth RBFs featuring a shape parameter . It has been known for a long time that
€ > 0 leads to a well-defined interpolant in the case of Gaussian RBF's and, thanks to
more recent work of Micchelli [2] and others, equivalent results are known for many
other cases. In this study, we are making a number of observations regarding the limit
when the basis functions become increasing flat (¢ — 0). We first note

e When the limit exists, it takes the form of a multivariate polynomial,
e The Contour-Padé algorithm permits numerical computations - without any
deterioration of the conditioning - all the way down into the € — 0 limit.
We then make a number of observations that shed new light on this limit. In partic-
ular, we note that
e The existence of the limit, for most RBF's, depends very critically of the data
point distributions. This is connected to the issue of ‘polynomial unisolvency’,
e Gaussian interpolants appear to have some very unique features, and we
formulate a couple of conjectures suggesting that these interpolants will never
diverge as £ — 0 (for any point distribution), and that they also are unique
in this respect.
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