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OUTLINE

Introduction

» Why the stronger concept?
The Model

» Continuous-time Markov chain.
Main Results

» Characterizations of weak and strong equilibria.
» Existence of weak and strong equilibria.

Examples
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CLASSICAL STOCHASTIC CONTROL

» Consider a controlled Markovian process X“.
Stochastic Control

Given (t,x) € [0,00) x R, can we solve

sup F(t,x,)?
acA

@)

» Classical Control Theory:
» Want: find an optimal control o}, € A.

» Methods: dynamic programming, martingale approach,...

» Consider o}, as a mapping:

(LX) — af, €A
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» Problem Solved. Feeling Good?

t s r
® @ @
O‘?x(t7 x) a;x (57 XS) CM;X(T, XT)

39

» The Reality:

t S r
[ L 4 @
a;x(t, x) a;xs (s, X;) Oéix,,(f’, Xr)

» Time Inconsistency:
> aj., of g, o)y may all be different.
» The original objective (1) cannot be attained...
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Time-inconsistent objectives:

» Non-exponential discounting:

E(t,x, @) = By l[o(T — Hg(X$)].

v

Payoff depending on initials (¢, x):

F(t,x, o) == Eyx[g(t, x, XT)].

v

Nonlinear functionals of E[-]:

F(t,x,a) = Erx[g(X7)] — H(Er2[g(XF)])-

v

Probability distortion:

F(t,x,a) := /Ooow<]P’t7x [g(XF) > u] )du.
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How to resolve time inconsistency?

Consistent Planning [Strotz (1955-56)] ‘

» Take into account future selves’ behavior.

Find an equilibrium strategy that

once being enforced over time,
no future self would want to deviate from.
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DISCRETE TIME

» Definition: o € Ais an equilibrium if

F(t,x,a) > F(t,x,a0 ®p41 ™), V(£ x), .

t t+1 t+2 t4+3 t+4
L

o} o o o o

» How to find an equilibrium?
Backward sequential optimization [Pollak (1968)]:

o o] o
& N N N
0 1 2 3

» Limitation: Infinite horizon?
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CONTINUOUS TIME

» Definition (Ekeland & Lazrak (2006)):

o is an equilibrium if

F(t ) — F(t *
liminf L8O ZFEX a@mea®) gy 4y,
e—0 5
t t+e
~—
choose « o™ fixed

» How to find an equilibrium?
Ekeland & Pirvu (2008) characterize equilibrium o* by a
system of nonlinear differential equations (extended HJB

system).
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SUBSEQUENT STUDIES

» Control problems:
A long list...

Ekeland, Mbodji, & Pirvu (2012), Bjork, Murgoci, & Zhou (2014),
Dong & Sircar (2014), Bjork & Murgoci (2014), Yong (2012),
Bjork, Khapko & Murgoci (2017), ...

» Stopping problems:

Only two preprints...

Ebert, Wei & Zhou (2017), Christensen & Lindensjo (2017).
» transform stopping problem into control problem;
» use the same definition and extended HJB system as in the
control case.
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THE PROBLEM

liminf F(t, x, ") — F(t,%, @ @ty )
e—0 e

>0 Y(tx), o. (2)

» This definition NOT fully making sense economically!
» Intuitively we want:
As ¢ > 0small, it’s better to stay with o*.
» However, there may exist a* satisfying

» for some (t,x), o,
F(t,x,a") < F(t,x,a Qe &) Ve > 0 small;

> the limitin (2) is 0.
» —> (2) may include controls we don’t really want...
(2) may be too weaker a definition for an equilibrium.

» cf. Remark 3.5 of Bjork, Khapko & Murgoci (2017).
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IN THIS TALK...

» New definition of continuous-time equilibria:

a* is a strong equilibrium if for any (¢, x) and «, there is
e*(t,x, ) > 0 such that

F(t,x,a™) > F(t,x,a ®pyc ™), V0O <e <e”. 3)

» Precise economic interpretation:

If (3) is violated, agent at (¢, x) has incentive to deviate to «
in a however small interval [0, £].
» A similar notion in Appendix D of He & Jiang (2017).

» Relation between strong and weak equilibria
» Weak equilibria that are not strong
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THE MODEL

» X: time-homogeneous continuous-time Markov chain.
» State space S := {1,2,...,N}.
» The generator Q € RN>*N of X is to be controlled.

» Q;: the i-row of Q.

» D;: admissible set for Q;.

QieD;CEi:= {(ql,---7QN) eRY:q;>0,j#10,qi= Zqi}-
A
» The control space:

Q:={QeRVN:Q eD,;, VieS}.
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THE MODEL

» The objective:
F(i,Q) := Ei{/o f(t,Xt,QX,)dt}

» [E;: expectation conditioned on X, = i.

» always restart from time 0
= tinf(t,-,-) is not calendar time, but time difference.
= the usual time-homogeneous setting.

» Typical example:

F(i,Q) == E; [ /0 " (6)g(Xe, Ox, )it

where § : [0,00) — [0,1] is a discount function.
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INTEGRABILITY CONDITION

» Assume

/ b sup [f(t,i,Q;)|dt < 0o, VQ € Q. (4)
0

i€S

» Non-exponential discounting: (4) reduces to

/OO §(t)dt < oo. ®)
0

» Hyperbolic: 6(t) := 1+5t,
» Generalized hyperbolic: 6(t) :=

satisfies (5). /
» Pseudo-exponential: 6(t) := Xe "' + (1 — N)e !, A € (0,1)
and p, p’ > 0, satisfies (5).

B > 0, violates (5).

(1+ﬁt)k,ﬁ >0andk > 1,
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Weak Equilibria

Q* € Qis a weak equilibrium, if

lim inf FGQY) ~ F(,0 8. Q)

e—0 €

>0 VieS, Qe Q. (6)

v

Strong Equilibria

Q* € Qis a strong equilibrium, if for any i € S and O € Q, there
exists £(i, Q) > 0 such that

F(i,Q") 2 F(i,Q®= Q") Y0 <& <e. 7)

v

By definition,
» A strong equilibrium is weak;

» If (6) holds with strict equality foralli € Sand O € 9, the
weak equilibrium Q* is also strong.
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CONDITIONS

Assume
1) t— f(t,i,q)is C1 on [0,00), foralli € Sand q € D;.

» Consider 1st-order residual function r(t, ;1, q), i.e.

f(t+e,i,q) = (f(t,i,q) +&fi(t,7,q))| < r(t €54, q).

» Taylor’s theorem already implies r(t,¢;1,q)/e — O.

2) 1h5ha) | ase | 0.
3) fo~r(tesi, q)dt < oo, for € small.
4) fi(-) satisfies (4).



INTRODUCTION THE MODEL WEAK EQUILIBRIA STRONG EQUILIBRIA

000000000 0000 0®@0000000 000000000000 00
: :

CONDITIONS

Non-exponential discounting:
» 1) and 4) reduce to

5€C and / &' (H)dt < oo. (8)
0

» 2) reduce to

5(t+e) — o(t)

— 5’(t)‘ increasing ine, Vt > 0.
£

This is ensured whenever § is convex.

» 3) reduce to [ [6(t +e) — (5(t) + d'(t))|dt < oc. This is
always true under (5) and (8).

Generalized hyperbolic (with exponent k > 1), pseudo-exponential
discount functions satisfy these conditions.
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NOTATION

» F(Q) := (F(1,Q),F(2,Q), ..., F(N,Q)).
» Foranyi e Sand Q € Q, consider

G, Q) — E [ | e, QX»dt} |
Define

G(Q) = (G6(1,Q),G(2,Q), -, G(N, Q).
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The Expansion
Foranyie Sand Q,Q* € Q,as¢ | 0,

F(i,Q") — F(i, Q Q*)
= (FU@n -1 @)

(AQ< Q) -AY(Q)) P +o(E), O

N —

_l’_

where

P9 (Qi) = £(0,4, Q) + Qi - F(Q"),
A% (i, Q) = £i(0,i,Q) + Qi (26(Q") + T (Q))-

> T9°(Q) = (M9(Q1), I¥"(Q2), ... 1O (QN))-



INTRODUCTION THE MODEL WEAK EQUILIBRIA STRONG EQUILIBRIA

000000000 0000 0000@0000 000000000000 00
: :

WEAK EQUILIBRIA

Theorem 1
Q* € Qis a weak equilibrium if and only if

Io(QF) >TV(Q) Vies, QeQ. (10)
» Proof:
FEQVZFEQ® Q) _ (1o (gp) - 19 (@) +o(1),
which directly implies
liming 20 Q) TFEQ@ Q) _por ey

el0 IS
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CHARACTERIZATION
» (10) means: foranyie€ Sand Q € O,

f(0,4,Q7) + Qi - F(Q7) = f(0,4,Qi) + Qi - F(QY). (11)

» (11) involves both Q* and Q = Hard to solve for Q*.
» Idea: Let Q approach Q* in (11)
= get a differential equation involving Q* only.

» Taking Q; = QF + e\ € D; in (11) gives
f(0,4,Q7) +Qf -F(Q") = £(0,1,Qf +eA) +(QF +A)-F(Q7).
. f(0,1,QF +eX) —£(0,i,Q7) Lr

9

(Vf(0.i,Q0) +F(Q)) - A< 0]

(Q)-A<0.

!
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Assume q — f(0,1,q) is Cy, for alli € S.

Proposition 1
Let Q" € O be a weak equilibrium. For anyi € Sand A € Ts.t.

Qi +ex e D; fore > 0small enough,

we have

(vA©.i.0n) +F(@)) - A<0.

» Note: Q*, Q are generators of a Markov chain

» Foranyie S, Z]Ii, q7;; = 0and Z]Iil qij = 0.
» Foranyie S,

QF-QieT:= {)\ERN: Z )\i:O}.

i=1,....N
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Corollary 1
Suppose q — f(0,1, q) is concave, for all i € S.

Then, O* € Q is a weak equilibrium if and only if

(Vf(0,,Q0) +F(@") - A <0, (12)

forallie Sand A € Ts.t. Qf +e) € D; for € > 0 small enough,

» Proof: Recall 9" (Q7) = £(0,7,Q7) + QF - F(Q").
» (12) = Qr is alocal maximizer.
» Concavity of f = Qf is a global maximizer.

Thatis, Q" (QF) > ' (Q;) forall Q € Q.
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» If Q7 is an interior point of D;,
forany A € T, Qf + e\ € D; for ¢ > 0 small enough.

> Take A € T/ with )‘n - 1/ )\m - *1/ )\i =0fori 7£ n,m. Then
(Vf(07 LQ7) + F(Q*)) - X < 0 implies

» Take A € T, with \, = -1, \,, = 1, \; =0 for i # n,m. Then
—(8uf(0,4,QF) + F(1n,Q")) + (0nf(0,4,QF) + F(m,Q")) <0

Corollary 2
Let Q* € Q be a weak equilibrium. If Q7 is in the interior of D;,
Onf (0,1,QF)+F(n,Q") = 0wf(0,1,Q)+F(m,Q*), n,m=1,....N.




INTRODUCTION THE MODEL WEAK EQUILIBRIA STRONG EQUILIBRIA

000000000 0000 000000000 ®0000000000000
: :

STRONG EQUILIBRIA

Proposition 2
If O* € Q satisfies

T (QF) >T9(Q) VieSandQ e Qwith Q; # Qf,

then Q* is a strong equilibrium.

» Proof: For any Q € Q with Q; # OF,

r(Q) >T9(Q) and (9)

. FG.Q) - FE(i, Q®-Q") _ (FQ* Q) -1 (Qi)> +o(1),

= F(i,Q") — F(i,Q®: Q%) > 0ase > 0 small.
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» Proof (conti.):
Forany Q € @\ {Q*} with Q; = QF,
> gij = q; =0forallj# i
Fi,02. Q)= [ fti Q)i =FG.Q") Ve >0
0
> qij = q;; > 0 for all j # i: (9) reduces to

F(l, Q*) B F(ZvQ Qe Q*)

&2
=50 (19 @) - T9(Q) +0(1)
=>4 (1(@) = T9'(@)) 4ol

J#i

>0

= F(1,Q") — F(i,Q ®- Q*) > 0as e > 0 small.
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» Proof (conti.):
Forany Q € 9\ {Q*} with Q; = OF,

> gjj = q; > 0 for some j # i: Consider

So={j€S:Q#Q} and 7:=inf{t>0:X: € So}.
Then

F(i,Q") — F(i, Q®: Q)

=E [/Toof(t, Xy, Qx, )dt — /Toof(t, X, (Q ®. Q*)X,)dt}

=Ei [F(X-,Q*) —F(X;,Q®.» Q") | T <] P(r < ¢)

=E; [ (FQ* (Qx. ) —T9¢ (QxT)) (e—7)

>0

T < s] -O(e)

= F(i,Q") — F(i,Q®. Q*) > 0as e > 0 small.
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A TWO-STATE MODEL

» S=1{1,2}.
» Generator: Any Q € Q is of the form

—a a
Q_[b —b}’ a,b>0.

Denote it by Q ~ (a,b).
» Pseudo-exponential discount function:
5(t)== (et +e ™) t>0,
» Payoff:

f(t,1,(=a,a)) = 6(t)g1(a) and  f(£,2,(b, =b)) = 6()g2(b),

for some given functions g1 and g».
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A TWO-STATE MODEL
Let Q ~ (a,b), Q" ~ (a*,b*) be given.

» Notation:

F(lv ) (2a ) — Fl(éZ b)aFZ( )
G(1,0),G(2,Q) =  Gi(a,b),Ga(a,b)
rQ),r2Q) = 1", 05" )
C(1,0,A%2.Q) = Af " (a,b), A" (a,b)
» Explicit formulas:
F b) — Fa(a,b) = 1 b
1(a,b) — Fa(a, <1+a—|—b 2—|—a—|—b> (g1(a) — g2(b)),
Gr(0.6) ~ Gaa0) = =5 (135 + 50p) @100 — 20,
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EXAMPLE 1

Consider
g1(a) = —a* and g(b) =2 (b—1).

» By Corollaries 1 and 2, Q ~ (a,b) is a weak equilibrium iff
(i) ifa,b > 0, we have

ga(ﬂ)—FPz(a,b)—Fl(ﬂ,b):O, (13)
gl2(b)+F1(a’b) —Pz(ﬂ,b) :07 (14)

(ii) if a = 0 (resp. b = 0), then “<” holds in (13) (resp. (14)).

= Q" ~ (3, 15) is the unique weak equilibrium.
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EXAMPLE 1

» By Theorem 1, a* %, b* = 11 are maximizers of

I (a) = g1(a) — a (Fy(a*,b%) — Fa(a*,b%)) ,
Y (0) = g2(b) + b (Fu(a”, ") — Fa(a", b))

» Strict concavity of g1, go = a*, b* are strict maximizers.

» By Proposition 2, Q* ~ (35, %) is a strong equilibrium.
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STRONG EQUILIBRIA
EXAMPLE 2
Consider g;(a) = —a? and
193 5 7.
gz(b) _ m+6b, fOI'b< 127
2 —(b—1)? forb > 7.

First-order terms:
I (a) = —a + (5/6)a,

I‘(u*7b*)(b) _ %, lfb < T727
2 — (-5 +18 ifb> L

*’h*
> argmax, Fga )(u) = {%},
*7b*
arg max; Féﬂ )(b) = [0, %]
» Q" ~ (3, 15) is a weak equilibrium.
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EXAMPLE 2

Second-order term:

AT (g by = —%b - %, forb < b* = %
» This shows that
AT @ by < AV (@), Vb e [0,7/12).
» Forany Q ~ (a*,b) with b € [0,7/12), (9) implies
F(2,Q") < F(2,Q®-Q"), fore > 0small

% 5 7\ - e1oleLe
» Q" ~ (43, 15) is not a strong equilibrium.
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EXAMPLE 2
Question: Is there any strong equilibrium?

» Takeb =0in (13) and (14) —

>t 1 24 3
6~ 2\1+a 2+4a 144 ) °
» There is a unique solutiona > 0 (a ~ 0.42364).
» First-order terms:

@) = —a(a —2a), T8O ®) = % +(5/6 —2a)b.

» a = a is the unique maximizer of Ff’o) (a).
> b= 0is the unique maximizer of I'{"" (b).
» By Proposition 2, Q = (4, 0) is a strong equilibrium.
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GENERAL EXISTENCE

Theorem

Suppose for any i € S,
D; is a convex compact set and q +— f(0,1,q) is concave.

Then, there is a weak equilibrium.

» Proof: Define the set-valued map ® : Q — 29 by

o(Q) = {R € Q: R; € argmax|[f(0,i,q) +q-F(Q)], Vi € S}.
qebh;

» ®(Q) is nonempty, closed, and convex, for all Q € Q.
» & is upper semicontinuous
(ie.R" =R, Q"= Q,and R" € ®(Q") = R € ®(Q)).

By Kakutani-Fan's theorem, 3Q* € 9 s.t. Q* € ®(Q*), i.e.
reQ) >r¥(@Q voea.
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GENERAL EXISTENCE

Theorem
Suppose for any i € S,

D; is a convex compact set and q +— f(0,1, q) is strictly concave.

Then, there is a strong equilibrium.

» Proof: Strict concavity of q — f(0,1, q) implies Q7 is the
unique maximizer, i.e.

rYQ)>1r%(Q) vQeQ Q#Q;.

By Proposition 2, Q* is a strong equilibrium.
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SUMMARY

» New definition of continuous-time equilibria:

a* is a strong equilibrium if for any (,x) and «, there is
e*(t,x, &) > 0 such that

F(t,x,a™) > F(t,x,a ®pyc ), V0O <e <e".

» In a model with a continuous-time Markov chain,
» Characterizations of strong and weak equilibria
» Existence of strong and weak equilibria
» Explicit demonstration of a weak equilibrium that is not
strong.
» Future work: How about in a diffusion model?
» He & Jiang (2018): weak, strong, regular equilibria.
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THANK YOU!!

» “Strong and Weak Equilibria for Time-Inconsistent Stochastic Control
in Continuous Time”
(H. and Z. Zhou), available @ arXiv:1809.09243.
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