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Introduction

o Consider a financial market with a bond B(-) =1 and d
stocks X = (X1, -+, Xy) which satisfy for i =1;---d,

aXi(e) = Xi(e) (Bi(X(£))dt + 28y s (X(£)dWi (1))
(1)
o Let H denote the collection of all trading strategies.

@ For each m € 'H and initial wealth y > 0, the associated
wealth process will be denoted by YY'7(-).
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THE PROBLEM

@ In this paper, we want to determine and characterize

THE PROBLEM

V(T,x,p) =inf{y > 0|37 € H s.t.P{YY"™(T) > g(X(T))} > p}

, where g : (0,00)9 — R, is a measurable function.
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RELATED WORK

@ In the case where p =1 and g(x) =x3 + -+ + x4,
V(T,x,1) =inf{y > 037 € Hs.t.Y""(T) > g(X(T)) as.}.

In Fernholz and Karatzas (2010), a PDE characterization for
V(T,x,1) := V(T,x,1)/g(x) was derived when V(T,x,1) is
assumed to be smooth.
e In Bouchard, Elie and Touzi (2009), a PDE characterization
of V(t,x, p) was derived.
e Assumptions: rather strong, e.g. existence of a unique strong
solution of (1);
e main tool used: Geometric dynamic programming principle.
Under the No-Arbitrage condition, they recovered the solution
of quantile hedging problem proposed in Follmer and Leukert

(1999).
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RELATED WORK

@ In our paper, we will also have a PDE characterization for
V(t,x, p), but
o We only assume the existence of a weak solution of (1) that is

unique in distribution;
o We admit arbitrage in our model.
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ASSUMPTIONS

ASSUMPTION 2.1

o Let b; : (0,00)¢ — R and sj : (0,00)¢ — R be continuous
functions and b(-) = (b1(-),- - , bg(+))" and
s(-) = (sij())1<ij<d, which we assume to be invertible for all
x € (0, 00)“.

o We also assume that (1) has a weak solution that is unique in
distribution for every initial value.

o Let 0(-) :== s7(-)b(-), a5(-) 1= iy siu(-)sjk() s atisfy

d T
Z/O (1bi(X(2))] + ai(X(t)) + 02(X(t))) < oc0.  (2)
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CONSEQUENCES OF ASSUMPTIONS

@ We denote by F the augmentation of the natural filtration of
X().
@ Thanks to Assumption 2.1,
o every local martingale of I has the martingale representation
property with respect to W(-) (adapted to F).
o the solution of (1) takes values in the positive orthant
e the exponential local martingale

2(1) —exp{ /9 (s)) dW(s —f/|e |ds}

(3)
the so-called deflator is well defined. We do not exclude the
possibility that Z(+) is a strict local martingale.
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o Let g:(0,00)¢ — R, be a measurable function satisfying
E[Z(T)g(X(T))] < oo. (4)
o We want to determine

V(T,x,p) =inf{y > 0/3r € H s.t. P{YY"™(T)>g(X(T))} > p},
(5)

for p € [0,1].

o We will always assume Assumption 2.1 and (4) hold.
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LEMMA 3.1

We will present a probabilistic characterization of V(T x, p).

Given A € F7,
(1) if P(A) > p, then

V(T,x,p) <E[Z(T)g(X(T))1a]-
(1) if P(A) = p and
esssupa{Z(T)g(X(T))} < essinfa-{Z(T)g(X(T))}, (6)

then

V(T,x,p) = E[Z(T)g(X(T))1al- (7)
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ProrosiTions 3.1 & 3.3

PROPOSITION 3.1

Fix (x, p) € (0,00)9 x [0,1]. There exists A € Fr satisfying
P(A) = p and (6). As a result, we have

V(T, x, p) = E[Z(T)g(X(T))1al

Let
M :={p:Q —[0,1] is Fr measurable s.t. E[p] > p}.

Using Proposition 3.1, we give an alternative representation of V

PROPOSITION 3.3
V(T,x,p) = infoem E[Z(T)g(X(T))egl.

This will facilitate the PDE characterization in the next section.
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THE VALUE FuNcTION U

o V(T,x,p) =infoerm E[Z(T)g(X(T))¢l-

@ Define the value function

Ule.x.p) = inf EIZY(T)g(X*™*(T)el.  (8)

where X%*(-) denotes the solution of (1) starting from x at
time t, and Z'*%(-) denotes the solution of

dZ(s) = —Z(s)0(X X(s))dW(s), Z(t) =z  (9)
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THE PLAN...

U(t, x, p) — w(t, x, q)

1. : Legendre transform of U w.r.t. p.
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THE FUNCTIONS w AND w

o Consider the Legendre tranform of U with respect to the p
variable

W(t7X7 q) ‘= sup {pq - U(t7X7 p)}7 (10)
pE(0,1]

@ Define the process Q%*9(-) by

1
QEX(.) = W’ q € (0, 00). (11)

Then we see from (9) that Q(-) satisfies

dQ(s)

Qls) 6(X™(s))Pds + (X**(s)) dW(s), QT9(t) = q.

(12)
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THE FUNCTIONS w AND w (CONTI.)

@ Define the function
w(t,x,q) = E[Z¥NT)(QMI(T) - g(X™(T)))*]

@ By Proposition 3.1, we can show that w = w.

@ Interpret w as the superhedging price of
(Qt™9(T) — g(Xt*(T)))™; then it potentially solves
-1 .1 . -
8tw+§Tr(aa/D§W)+§|9\2q2D§W+qTr(‘79quW) =0. (13)

where gk (x) 1= si(x)x;.
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THE FUNCTIONS w AND w (CONTI.)

@ However, the covariance matrix is degenerate! Indeed, setting
V()= [5(')dxd ]
9(')/1><d ,

degeneracy can be seen by observing that v(x)v(x)" is only
positive semi-definite for all x € (0,00)7.
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THE PLAN...

U(t’Xv P) - W(t,X, q) = W(t,X7 q)

|

we(t, x, q)

: Legendre transform of U w.r.t. p.

2. : Elliptic regularization for w.
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ELLipTiIC REGULARIZATION

e For any £ > 0, introduce the process Q:”9(-) which satisfies

dQ-(s)
Q:(s)

where B(-) is a one-dimensional B.M. independent of W(-).

= |0(X*(s))[Pds+0(XP*(s)) dW(s)+edB(s), (14)

@ Define the function

we(t, x, q) == E[ZH(T)(QEI(T) — g(X™X(T))],
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ASSUMPTION 4.1

6; and oy are, for all i,j € {1,--- ,d}, locally Lipschitz.

Applying Ruf [2010, Theorem 2], we obtain

LEMMA 4.1

Under Assumption 4.1, w. € C22((0, T) x (0,00)? x (0,00))
satisfies the PDE

. 1 ~ 1 ~ ~
Or W + ETF(JOJD)% W) + §(|9\2 + 62)q2D3 w: + qTr(c0Dygw.) = 0,
(15)

with the boundary condition

wo(T,x,q) = (9 — g(x))". (16)
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THE PLAN...

u(t, x, p) — w(t, x, q) = w(t,x, q)

|

Ug(t,X, P) ~ We(tv)(? q)

. Legendre transform of U w.r.t. p.
. Elliptic regularization for w.

. Legendre transform of w, w.r.t. q.
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THE PDE roRr U.

o Consider the Legendre transform of w. w.r.t. the g variable

Us(t, x, p) := sup{pq — w:(t, x, q)} = sup{pq — we(t, x, q)}.
qeR q=0

@ Introduce a geometric Brownian motion L.(-) which satisfies
dL.(s) =eL.(s)dB(s), s € [t, T] and L(t) = 1.

Then L.(-) attains any interval on the positive real line with
positive probability. Using this property, we show that
w.(t, x, q) is strictly convex in q.
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THE PDE FOr U. (CONTI.)

PROPOSITION 4.4

Under Assumption 4.1, U. € C*22((0, T) x (0,00)? x (0,1))
satisfies

1
0= atUE + ETr[Uo-/DXXUS]
+ inf <(DXPU Yoa+ = yay2DppU H'aDpU€> (17)
acRd
_ 1
+ blenllgd <2|b\20,,,,u€ — stUel’b> :
where 1 := (1,---,1)’ € RY, with the boundary condition

US(T7X7P) :pg(X) (18)
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THE PLAN...

U(t,x,p) —— w(t, x, q) = w(t, x, q)

| |

UE(t7X7 p) <~ Wé‘(tax7 q)

. Legendre transform of U w.r.t. p.
. Elliptic regularization for w.

. Legendre transform of w, w.r.t. q.

=W =

: Yliminf._o U. = U" & "Stability of viscosity solutions.”
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THE PDE roORrR U

e For any (x,/3,7,)) € (0,00)4 x R x R x R, define
1
6(x.57:3) 1= inf, (N(c)a+ 1o — do(xYa).
acRd 2

Also, consider the lower semicontinuous envelope of G

Gu(x,8,7,A) := _ liminf G(%, 5,5, N).
()?’ﬁ7:?7>\)_)(x7/63’y7A)
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THE PDE rOrR U (CONTI.)

By using the stability of viscosity solutions, we have

PROPOSITION 4.5
Under Assumption 4.1, U is a lower semicontinuous viscosity
supersolution of

1
0> 0,U+ 5 Tr[oo' DucU] + Gul(x, DpU, DppU, D), (19)

for (t,x,p) € (0, T) x (0,00)9 x (0,1), with the boundary
condition

U(T,X, p) = pg(X)a (20)

Uniqueness??
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CHARACTERIZE U FURTHER

We characterize U as the smallest nonnegative |.s.c. viscosity
supersolution to (19) with the boundary condition (20) among a
particular set of functions.

PROPOSITION 4.7

Suppose Assumption 4.1 holds. Let
u:[0, T] x (0,00)9 x [0,1] +— [0, 00) be such that

e u(t,x,0) =0,

e u(t,x,p) is convex in p,

o the Legendre transform of u w.r.t. p is continuous on

[0, T] x (0,00)9 x (0, 00).

Then, if u is a lower semicontinuous viscosity supersolution to (19)
on (0, T) x (0,00)9 x (0,1) with the boundary condition (20),
then u > U.
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Thank you very much for your attention!

Q&A
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