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. STABILITY AND UNIQUENESS OF THE SOLUTION OF THE INVERSE
KINEMATIC PROBLEM OF SEISMOLOGY IN HIGHER DIMENSIONS

G. Ya. Beil'kin (63, Bey(.éin) o o . UDC 550.344

The following inverse kinematic problem of seismology is con51dered. In the

compact domain M of dimension V»2 with the metric ds* “} dfoi, we con-

51der the problem of constructing a new metric du= ndS according to the known

un

L(g b= Snds where §, QE’BM and - KE‘Z is the geodesic in the metric du,
Kg.n

connecting the pomts E.h. Qaa- prove§ uniqueness and emobtalnl a stability

estimate
S -1 N4, g 3 R
(nn ), -n, Jdx'a...adx < SQ.
M 2 1)( 2 1 ) \'aMK?M .’
where the refraction indices Ny, 1, are the solutions of the inverse kinematic

problem, "constructed relative to the functions Ty Tz . respect'ively,

Qr_—det‘j,;j; QT2 is the differential form on ?3MxoM

N t)3-2
g )T
rzlq,z r(g)(zw B2 ZD TAD L/\CD2 gi)A(DﬁDg'L'

: Wt.llere L—Lz—Ti’ §=4’§0T§‘ s :D’Z_=(_bz vg—c .

One of the fundamental problems of geophysics is the investigation of the inner esmstruc-

wr.
ta.»eg of the Earth, including the investigation of the distribution of the velocities of ‘the

elastlc waves inside the terrestrial sphere. :
P : —iwve

The problem of the determination of the veloc1ty from the known sussHmg times of waves

extensive
between points on the surface is called the inverse kinematic problem of seismology. 4y
literature has been devoted to its mathematical aspects. Omre—has-proved Khe uniqueness of

the solutlon in the class of refractlon mdlces close to a constant for suff c1ently small

convex domains mcg}me plane/\[l] On-e~h-as_ab.eamed Astablllty estlmate,land Gae—-h'&s—p*eve-d

W 7o,

mlqueness,f(ln the case of a bounded domain in the plane [2, 3].

'In the present note we give a stability estimate and we prove the unlqueness of the

solution of the inverse kmematlc problem of seismology for the case of domalns ‘of dimension

greater than two.

We consider a compact domain M of dimension V > 2 with a smooth boundary M « Assume

that in M there is given the metric 452- =%Lj detde! . In geophysics, M is a three-dimen-

x
The results of this paper have been presented at the Leningrad Otd. Mat, Inst. Seminar on.
the mathematical problems of diffraction theory, on April 25, 1978.

Translaﬁed from Zapiski Nau‘chnykh Seminarov Leningradskogo Otdeleniya Matematlcheskogo

Instituta im. V. A. Steklova Akad. Nauk SSSR, Vol. 84, pp. 3-6, 1979,

0090-4104/83/2103-0251$07.50  © 1983 Plenum Publishing Corporation » 251




~

gion{aj_ ball, being the model of the Earth, and 9ij= 80_]‘ Assume that a function 9, defined
on IM x BM, is known, its physical meaning being the &t[“a%g time of waves between points on
the surface. | ' _ '

The question is, can one introduce a new metric du =nd$s, such that the function

"is representable in the form

U3,y) = jnas .
where § lze’BM , and Jfg,y is the geodesic in the metrlc du, JOlnlDC' the pomts § and
R ? The formulated problem (the determination of the refractlon 1ndex n from the Qgégﬁ%
,9{ V) is called the inverse kinematic problem.
It is directly related to the boundary value problem
vg(vmu,)".-.o xe M\OM, £edM ) -
; - L 1)
Uamsam =T - . -
‘where V. , »Vg are the gradients in the metrics of M and aM , respeciively.v l
Clearly, the inverse kinematic problem is nonlinear since the family of geodesics is not
known in advance. A - '
We describe the class of refraction indices in which a stability estimate is obtained.
Let gy (x) be ‘a sphere of sufficiently small radius with center at an arbitrary interior
point ® of the domain M and let {%gm‘ be the family of geodesics of the metric nds,
joining & with‘the points § of the boundary M. Then, through each poini: on the sphere

37w there passes a unique geodesic of t‘ne famlly H x} - We consider the mapping K
( 5

-
Ky S (x) —oM , AR : @

' -1 ’ :
which associates to the point §e§ (x) the point § of the boundary M , lying on the

<

same geodesic from the family 3€§ I} as the point 0.

'We denote by N the class of refraction indices (real pos:.tlve functlons in the domain
M ) such that for any point x€M\IM the mapping (2) is an orientation preservmg Ci
dlffeomorphlsm. » ]

We elucidate the physical sense of the last condition. It is satisfied if the domain
| and the refraction index are such that a source, placed at an arbitrary mterlor pomt il-
luminates the entire boundary M , which can be smoothly ' contracted" along the geode51cs

into a small sphere around the source.

THEOREM, If the solution of the inverse kinematic problem exists m t:he class N hen
it is unique and we have the stability estimate . )
‘T ‘ . . P
S(n:z-—n‘)(n-l - ,)\/é‘d:n/\. .Adx $ _[ . v R &)
M MM : : :

where the refraction indices Ry . R, are the solutions of the inverse kinematic problem from
. g .

“ne class N, constructed frem the functions % W%, | respectively; g=detg.. . Here Q%7

.s a differential form which can be written in the form
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A S RN 5

atass s s

o~ - .- 4250:3) _ '
A T2 (
Q‘ (59)=" 95, )z( (3 1! P P (nQD “)"\{D Dyt

there T=1,-%, , D?=d-7i’%’v‘ D =d,§i',‘3_§.v ,

5 ol

D,,D —dl; Adg-' b‘,dSJ , § 126’3M ihj=1,.. 1

By A we have denoted the operatlon of the exterior multlpllcatlon of differential forms.
We consid'elj the functions uxs(g ':c) 6'=i' 2.

U“s(% %)= j "'d's

T &
which are the solutions of the problem (1), with the boundary condition Ug(¥,h)= l’&'(g B)

where 12e3M » Wich the functions Ug one can assoc1ate the dlfferentlal forms "solid

angle" {4] u.)c(e x), 4] € Sy 1(:r;), such that

| 8,x 2% -6"-—-1;2..'.
§§_ )( H s

Here S ('x) is a sphere of suff1c1ently small radlus with center at the point xeM \9M.

A fundamental role in the proof of the theorem is played by

LEMMA. If the conditions of the theorem hold, then we have the identity

Ny | ’ ] ; .
‘@(n u) +n, cb %U,g“;'/%“f(n Zooi +n? s ))Ad.’rf/\.../\d_:gzngb?% o 3
’ . u./‘ ,ua .. ' - V . : M
" where Q is a differential form representable ir—the—form - )
’ e ' )(o. Q -
172 _H
(E; ) @ H1 d,‘,z‘{‘?xw'\]) WA(D Dgu’i) ( guﬁ)

where

\X/=bb-—u/

9

U Dy ’im’"a_h:D d§~§g
2

DD oLar,Adg 3‘35"’ D =D, +Dy,

xe M\IM; ¥eaM i=1,..9; k=1,...,3~1.
In order to obtain the estimate (3) one has to integrate the identity (4) over - M xM  and
to make use of Stokes' formula. The uniqueness of the solution of the inverse kinematic
problem follows from the estimate (3) if one notes that from the fact that T,=T, there
follows the equality n,=n, ' : :
Remark 1, F_rohr the theorem of the present paper follow the results of [1-3].
Remark 2. The estimate (3) ‘for the case V=23 , which presents interest in geophysics,

has the form
' l,4 ,‘ifz

§ (ninlngsm i debndehads § Q%
M MM
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where

o LT T
RS T
AT,-5) PET) RTT |
det ,(m';i u fbtﬁ%g’f’ , 3;;(%;?) dgiAdgAJ?‘A d{.
S AR AR O
e —17;1—‘— T

The author expresses his gratitude to A. P. Kiselev for useful discussions during all

" the stages of the preparatiom of the paper.
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FINITE-DIMENSIONAL OSCILLATORY MODELS IN THE GENERAL
THEORY OF RELATIVITY AND IN GAS DYNAMICS .

0. I. Bogoyavlenskii and S. P. Novikov =~ - UDC 530.12+533.6+513.83

The methods of the qualitative theory.of differential equations are applied for
the investigation of homogeneous cosmological models and to models of stellar
" explosion in the.claésical'gas dynamics. The stroﬁg degeneracy of the singular
'poinﬁs of a dynamical system are investigated by their succeésive solving wifh the
aid of special changes of coordinates., The trajectories of the system are approx-
J'imatedbysequencesofseparatrices of nondegenerate Singular‘points. The limit

cycles are investigated..

1. Qualitative Theory of Homogeneous Cosmology Models

As it is known, in the general theory'of relativity, one investigates the four-dimen-
s-ional: space—~time manifold M4 with the Einstein metric ﬁt‘; (i.,j =0,1,2,3) , éatisfying the
Einstein equations ° R o ’ R

Rij 2‘jujR“ ¢ Tty . - (1.1)
The homogeneous cosmology models aré determined by the fact that the manifold N“ admits a
group @ of motions (for the sake of definiteness, acting on the right-hand side) with space~

‘Translated from Zapiski Nauchnykh Seminarov Leningradskogo Otdeleniya Matematicheskogo
Instituta im. V. A. Steklova Akad, Nauk SSSR, Vol. 84, pp. 7-15, 1979.
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FCTOABOCT ¥ EIMHCTRERHOCTD PEIEHMA
OBPA.THOH FRHHEMATHYIECKOR 3A.ILA‘IPI CEACMVKH B MHOI‘Q‘IEPHW CIVYAE

O.mzoi B3 OCHOBHEMX IpOCJEM reoda3gKE ABNETCA B3yvedge Bxy'r-
PeHEHEro cTpOeZaz 3aMna, B TOM wWACIe ACCJENOBaHES DaCIOpeLeleHAq
CXOpocTeR yUPYraX BOJH BRYTDE 3EMHOIO mapa.

3amava omperesieEES CKOPOGTH 1O HA3BSCTHHM BDEMeHAaM mpodera
BOIHH MeXIy OyEKTaMB HA HOBEDXHOCTHE HABHBAETCH OCDATHOR RAHEMATH—

) \iecxot 3azaved celicMBxH, E& MaTeMaTEYECKEN SCORRTAM HOCBAmWeHa 00—

KEpHag ZBTepaTypa. JOKa3aEa eZ@ECTBeHHOCTH DPeNERAd B Riacce nOKa-
38Texef OpesOMIeHEs OABSRAX K HOCTORHHOR A8 JOCTAaTOYHO MANHX BH-
OYERAHX o0azacTe® Ea IIOCROCTH [I] foayueda onemra ycTo#udBOCTH

B JIORB38EA TEODEMa EeIHHCTBEHHOCTE B CAyYae OrpaHBYe=HOR 00nacTh
Ea maocrocre [2], [3].

B macToames 3ameTxs mpEBeZEHa OmeHKa ycroﬁqnaocu | Jzoxasaxa
C€REECTBSHEOCTh DelEHES O0DPaTHOR KAHEMaTHYeCKOX Sanava cefcmyra
JAg cAySad ocracrel Da3MepEOCTE COnBme IBYX ¥

- PaccMoTpEM ROMISRTHYD 0GaacTs |V| paauepaocm v >2 c
rasmEoR rpsEEne OM . IOyers 3 M sangsHEa MeTpERa '38

=3 dxtdx! . B reogazare -~ Tpexuepauft mwap, SBAADEAR-
. C® MOZeArD 3ewnn, g gw =0pj . Iycrs EsmecTaa ¢ymxupa T |,
ompenexesEas Ha M x 9M B BMenmas §aspueckaf CMHCA BpeMeHs
‘mpodera BOAHH MEXIy TOYRaMH Ha rpagane,

‘CopamEBaerca, MOXHO 18 BBeCTH HOBYD MeTpERy dil = nds s TQ-
KD, w7008 gyErnes T ouwna mpexcramama B Bame

L(g’lz) =~. S nds
Yy

ree § ,He9M , ¢ Jfg,? - reonessuecxas werpera du , co-

eXBETOTAS TOTRA § 8 » . ClorMyampomanEas 3smavs (oTHC—

- ERER® NORASATENS NDENOMISHBS n mo romorpedy U ) EasumaeTtcs

OCpatHEoR KEHeMaTHEgeCEOH sazaved, -
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Oxa aenocpexcneazo CcBAa3a8Ha € xpaenoi 3aragelt

\/ (V w) =0 xeM\9oM,geM
u,l.aM x.aM=|, | . (I) )
rre Vg, V§ - rpanseHty B metpaxax M 8 OM coonércr;

BeEso,
flcwo, wTO odpamaa EPHeNaTEUSCKAA 227393 se.uxeiza. rax EaX
ceMe2¢TBO IeOne3BYSCRAX 3apaKee Eed3BecTHO.

Onazes Raace xzoxasare:;ez OpenoMaeHAs, B KOTODOM nomeaa OneR- -

¥a ycroZueBocTd. yers S (x) cdepa MOCTATONHO MAZOrO PamEyCa .
C USHTDCM B OPOB3BONLHOX BHyTpeEHe® Toyrs X - oCn2cTa M . 8
E, X~ CeneACTBO reoxeanqecxnx uetpara nd s »- COETBETD~
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