APPM 2350—Exam 3
Wednesday, Nov 17th 6:30pm-8pm 2021

This exam has 5 problems. Please start each new problem at the top of a new page in your blue book. Show
all your work in your blue book and simplify your answers. Answers with no justification will receive no
points. You are allowed one 8.5x11-in page of notes (ONE side). NO calculators, smartphones/watches, or
any other electronic devices allowed.

Problem 1 (17 pts)

A wire lies along the intersection of the surfaces z = %:ry and y = %1‘2 from (0, 0,0) to (4,8, %) Suppose
the charge density at any point on the wire is given by

Coulombs

5 p—
(r,y,2) = -

Find the total charge on the wire. (You can assume distance in zyz-space is measured in meters).
SOLUTION:

Charge :/6(x,y,z) ds:/mds
c c

where C is the path traced out by the wire.
To evaluate, we first need to parameterize the wire.
One simple parameterization:
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= 8 + 32 = 40 Coulombs

Thus
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Problem 2 (17 points)
Consider the integral
2
/ / (m N 1) DG Gy
Yy

R

where R is the region in the xy-plane bounded by the curves
1:E 225 y=2—=x y=4—zx
Yy Yy

(a) Sketch the region of integration R in the xy-plane.

(b) Use an appropriate uv-transformation to rewrite this integral as one equivalent double integral in
terms of u and v. (Fully set-up but do not evaluate). Be sure to include a sketch of the correspond-
ing region of integration in the uv-plane as part of your solution.

SOLUTION:
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Solving for the zy-transformation yields:
uv v
Tr = y =
14w 14w
Next compute the Jacobian:
3(95, y) — (1—:u)2 1—7&1{11, — v
Ou,v) | ~{rer 14| (+u)?

Making the substitution transforms the integral.
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Problem 3 (17 pts)
Suppose the temperature at any point in space is given by

T(z,y,z) = 3xyz

Let R be the triangle in the zy-plane with vertices (0, 0), (1, 2), (—3,2) (including the interior). Set-up (do
not evaluate) integral(s) to find the average temperature on the part of the surface

z=2y

that lies directly above the region R. (By set-up we mean fully simply the integrand(s) and set-up the bounds
of integration using the order of integration that leads to the fewest and simplest integrals).
SOLUTION:

[ T(z,y,2)dS
S

[[ ds
s

Tave =




Letg(z,y,2) =2y — 2
Since the surface is given as a function of x and y it’s easiest to project the surface onto the xy-plane Thus,

let p = k.

Vol Vy?+a®+1
Vg - K| 1

[[3xyzdS  [[3zyzy/22 +y2+1dA  [[3zy(zy)/22 + y2 + 1dA
S R R

] ds Jf Va2 +y? +1dA [[ /22 + %+ 1dA
S R R

where we have used the fact that z = zy to rewrite the integrand in terms of x and y.

where R is the triangle in the xy-plane given by:
3

as =

-4 -3 -2 -1 1 2 3 4
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Thus R is bounded by y = 2x, y = —%x and y = 2.
To set-up using the fewest number of integrals we use the ordering dx dy
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Problem 4 (32 pts)
The following integral gives the mass of an object in grams (where distance in space is measured in meters):

/4 pav3  pNdaZ—r?
/ / / r2 dz dr df
0 a a
where a is a positive constant.

(a) What is the density, d(z, y, z), of the object in Cartesian coordinates? Include units.
(b) Sketch and shade a 2D cross section of the object in rz-plane (for any 6 such that 0 < 6§ < 7/4).
Label the (r, z) coordinates of all corners on the cross section.
(c) Sketch and shade the projection of the object onto the xy-plane. Label any intercepts.
(d) Setup, but DO NOT EVALUATE, equivalent integral(s) to find the mass of the object using
(i) Cartesian coordinates in the order dz dx dy
(ii) spherical coordinates in the order dp d¢ df

SOLUTION:

(a) Since the integrand is 72, and we know the Jacobian for cylindrical is r, this means § = r =

Nt



r axis

(b) 0‘, Vit 2m

% \/3a2—y2 \/4&2—z2—y2 a\/g \/3(12—y2 \/4(12—z2—y2
Mass—/ / / Va2 +y2dzdady + / / / Va?+y?dzdxdy
0 \/W a % Y

(ii)
I 1 2 I3 2
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Problem 5 (17 points)

A neighborhood sits in the region in the xy-plane given by
a:2—|—y2 <4andz >1

(where distances in the xy-plane are measured in miles). An earthquake occurs with epicenter at the origin.
Suppose at each point in the neighborhood, the energy density released from the earthquake is given by the
function

106 joules
(Ar,y)°  miles?

E(.%', y) =

where d(x,y) is the distance from (x, y) to the epicenter.
Find the total amount of energy (in joules) released by the earthquake in this neighborhood.



’TIJW\/Q ,ﬂﬂfﬁ’% = Lg E(XJ\D Om’ b\nf\!/-‘ R i; Wﬁq'oﬂ,

&+ | (1,3
Ay
(= W kﬁ (1,-®

Y

Cnt
Ao E(sc@* (ﬁ:z

o 1 qrd0
Tond pwgy =) J 77t
§ 2 r=sec o
M > 3 e
| [ = o[- ) JdD
SR SR [ et

ﬁg. 7
S0 [oxo-3140 = i[548 50| ]

3

NE
-0 [S'm(%’ T - yin () - Ew] :" IDbLﬁ#FE ] Jould§
A e

NV Iﬁ

End Of Exam




