APPM 1360 Exam 3 Solutions July 11, 2022

1. Determine if the series converge or diverge. Be sure to fully justify your

answer and state what test that you used.
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Solution: (a) We apply the divergence test to this series:
lim a, = lim
n—o00 n—oo 3N — 1
. no
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= Jm o— 1
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# 0.

Since the terms of the series converge to %, the series diverges by the

divergence test.

(b) We first note that

o0

5 —~ 1 1
D= e

n=1 n=1
oo n
1
n=1
This is a geometric series whose common ratio is r = ¢. Since |r| = ‘%| <

1, this series converges by the geometric series test.
Equivalently, we can apply the ratio test or root test to the series and

show that the limit is less than 1 in magnitude.
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(c) We apply the root test to this series:

1
. , 5n —2n®\"|"
i Vel = i | ()
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= lim || ———
n—00 6n3 + 3
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=lim || ——F% | T
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n—00 6
B 1
3
< 1.

Since % < 1, the series absolutely converges by the root test.

2. Determine the interval of convergence and the radius of convergence for the
following power series.
a) (15 points —
(@) (15 points) > 2
(2 +2)"
n!

(b) (15 points) Z

n=1
Solution: (a) By inspection, we see that the center of this power series is a = 0. We can
apply the ratio test to this series to determine its radius of convergence

and interval of convergence:

. i1 _ (_3)n+1xn+1 . /n+1
n—oo | Ay n—00 (n + 1) +1 (—3)”x”
lim 3 |z vn+1
= lm X
n—oo 1/7’L—|—2
. NS
= lim 3 |z| - =
n—00 vn 4+ 2 \/_ﬁ
1+ -
— lim 32| -
n—oo
1+ %
= 3|x|.
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For this series to absolutely converge, we require that

3l <1 = —-1<3zx<1
- 1< <1

—— <z <=,

3 3

From this, we see that the radius of convergence is R = % and that the

tentative interval of convergence is I = (—%, %) We need to also check
the behavior of the series at the endpoints of the above tentative interval

of convergence:

i r=—1
L = —3

At this endpoint, the series evaluates to

n=1 n=1
n=1 (n + 1)%

To determine the convergence of this series, we apply the limit com-

parison test with the p-series

n=1
which we know is a divergent p-series since p = % < 1
1 )
(n+1)2 . n2
dm 7= = lim N
(n+1)
S
n2 I
= lim e
1
= lim T
S )]
=1
>0

Since this limit is greater than 0 and finite, the original series diverges

at r = —% by the limit comparison test.

11.1)—3
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At this endpoint, the series evaluates to

(1) & (1
> s Lk

n=1 n=1 1
BE

1
n=1 n +1 2

This is an alternating series, where the positive portion of the terms

are given by b, = ( 11) T We apply the alternating series test to
n+
determine the convergence of the series:

A.b,>0foralln>1
By inspection, we see that b, > 0 for all n > 1.

B. {b,},~, is a decreasing sequence
1

By looking at the continuous function, f(z) = s> We see that
fl@)=—3(n+1)" : , which implies that f is a decreasing function.
Thus, the bn s are also decreasing.

C. lim, o b, =0
We see that

11

=0.

Thus, all the conditions of the alternating series test are satisfied, so
this is a convergent alternating series.
Thus, the interval of convergence for this series is (—%, %)
(b) By inspection, we see that the center of this power series is a = —2.
We can apply the ratio test to this series to determine its radius of

convergence and interval of convergence:

(x4 2)"! !
n+1)!  (z+2)"

Ap+1
Qp,

lim

n—o0

= lim

n—o0

1
= lim |z + 2| ‘—
n—00 n

= |z + 2| lim

n—oo

n—l—l'
=0.

From this, we see that the radius of convergence is R = oo and the

interval of convergence is I = (—o0, 00).
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3.

(a) 10 points) Start with the Maclauren Series for 1= to find a power series

representation for Show all work.

1
14222
(b) (8 points) Use your answer from part (a) to find its interval of conver-

gence.
Solution:
(a) 1 +12x2 = 1_(_123&2) .= from the Maclauren Series that
T = (=227 =) (1)
n=0 n=0

4.

Solution:

(b) Since the equalityﬁ = > 7™ is only valid for |r| < 1, we see that the
series converges for | — 22%| < 1, meaning that |z| < \/Li (we could have
also seen this using the ratio test). Therefore the interval of convergence

is (=2 75 f) Testing each endpoint ultimately shows that it also diverges
at both end points.

(12 points) Find the first 4 terms (co + c1@ 4 ca2? + c32%) of the Maclauren
series for cos(x + %)
Solution: The goal here is to find the first 3 derivatives at:

r=0 = -sin(x + g), —cos(x+ z), sin(m+ g) The values of the functions

2

1
at the derivatives at 0, —1,0,1 and we get — |0 — 2+ 0+ gx

0.4
(a) (10 points) Evaluate / In(1 + z)dz as an infinite series.

0
(b) (6 points) Estimate the error if you use the first 2 terms of the series in

5 (a) to approximate the value of the definite integral.

0.4 0.4 oo " 00 oo 0.4
n(l+ z) dx—/ ) da:— ()" —
/0 ; n(n+1)|,
© 04 n+1
B ; n+n
(b) The First term at n = 1 yields 'T The second term at n = 2 yields
0.4 —-0.4 26
(=04)° Adding these two terms together yields, (04)° + ( i = —
2 6 375
and at n =3 = (Oi‘;yl
26 0.4)4
Bl = [S5n] < by = [S-5] < by = ||n] = |5 — 1| < ( 12)
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