APPM 1360 Final Exam Spring 2022

1. (32 pts) The following three problems are not related.

(a) Evaluate / tan®(3z) d.

1‘2
——dx
a4 — x2

ii. Does the improper integral /

1
(b) 1. Evaluate /
0

\/7 dx converge or diverge? If it converges, to what
-z

does it converge? Justify your answer using limits.
(c) Does the series E coS T converge or diverge? If it converges, to what does it converge?
n

Solution:

(a) /tanz(Sx) dx = / (sec®(3z) — 1) do = %tan(?)x) —z+C

(b) i. We begin by using the trigonometric substitution z = 2sin 6. It follows from this that dr =
2cosf df and V4 — 22 = \/4 — 4sin? § = 2 cos f. The new limits of integration are 0 and 5

1 2 T . 9
/ Y o ge= 481—1“0.26089%
0

4 — 22 0 \/4—4sin?6

Z Asin?
:/6 St 0-2C080d9
0

2cos 6

5
:4/ sin” 0 df
0

jus

= 2/0 (1 —cos(26))do
= [20 — sin (20)}7r/6

%

w3

ii. With an upper bound of x = 2, the corresponding new limit of integration is § =

0ol

2 2 z
/0 mdx:Q/o (1 —cos(20))de
= lim 2/ (1 —cos(20))db

t—357 0

= lim [26 — sin (20)]]
t—=35°

= lim (2t —sin(2t) —0)
=357



Alternate Solution

2 2 t 2
X . X
/ ———dzr = lim ——dx
0 V4 —a2 t—2= Jo V4 — 22

arcsin(t/2)
= lim 2/ (1 —cos(20))de
0

t—2-
= lim [20 —sin (20)]amsm(t/2)

t—2~

= hgl (2 arcsin(t/2) — sin(2 arcsin(¢/2)) — 0)
t—2-

=2-Z—sin(2-3)-0

=[x}

(c) By the Test for Divergence,

limcos<ﬁ>:cos<hm ! )zcostl;éO,

n—00 24 n n%ooi_{_\/»

therefore the series .

1
2. (25 pts) Consider the integral / In(1 + ) dz.
0

(a) Evaluate the integral.
(b) Use the Maclaurin series for In(1 4 z) to find a series representation for the integral.

(c) Apply the Alternating Series Estimation Theorem to the series found in part (b). Find an approximation
for the value of the integral with an error less than 1-. (You may assume that the conditions of the
theorem are satisfied.)

Solution:

(a) We use integration by parts where u = In(1 + =) and dv = dx. This implies du = p%x dr and v = z.
It follows that

dx

/Olln( +a)dr = [zIn(1 + )]} /O

:ln2— <

ln2—[x—ln|1—|—x\

z" for |z| < 1. So,

)

1 1 S ( 1)n71 . B x _1)n71 " 1_ o0 (_1>n71
/Oln(l—i-:r)d /0 (;:1 o x)dx—[;n(n+l> +1]0 E:ln(TH—l)'




(c) By the ASET, |R,| = |s — sn| < bp41. The first four terms of the series are

-1 _1 -1 __1 a—= L — L -1 __ 1
@=12=2 ®@2=733= 76 BT31= 120 M= 7157 2w
Because by = |a4| = 2—10 is less than the error tolerance of %, the first 3 terms are sufficient for finding
: e 11,1 _[5
the desired approximation: s3 =5 — 5+ 13 = |13 |

3. (35 pts) The shaded region R bounded by the curve x = %\/ 1 — y? and the unit circle forms a “crescent
moon” in quadrants I and IV, as shown below.

(a) Set up integrals to find the following quantities. Simplify 7
integrands but otherwise do not evaluate the integrals. !

I. Area of the region R (using the Cartesian area formula)

II. Volume of the solid generated by rotating the region R
about the y-axis using the Disk-Washer Method.

II. Area of the surface generated by rotating the curve
z = £4/1 — y? about the line y = —2.

Solution:

(a) The right half of the unit circle has an equation of z = /1 — y2.

1 1
La= | <m_;@)dy:/ Iy
-1 —1

IL. V:/abw(RQ—rQ)dy:/lw<<\/ﬁ>2—(g\/@>2> dy = / Zﬂ(l—yQ)dy

-1

-y

2¢/1 — 92
b 1 2
S:/ 27r1"\/1—|—(x’)2dy:/ 27(y + 2) l—i—yidy

—1 4(1 _y2)

. 2’ =

(b) The curve x = %\/ 1 — y?2 forms a semi ellipse (half of an ellipse), as shown in the previous figure.

I. Find a parametric representation for the semi ellipse in terms of the trigonometric functions sin ¢
and cos t. Specify the ¢ interval.

II. Set up but do not evaluate an integral to find the area of the region R using the polar area formula.
(Hint: Find polar representations for the two curves.)

Solution:

(b) 1. Here are two possible solutions:

z=jcost, y=sint, —Z<t<7%

OR

x=gsint, y=rcost, 0 <t <m|




IL.

In polar form, the unit circle can be represented as » = 1. For the semi ellipse, substitute
x = rcosf, y = rsinf and solve for 2.

xr =

rcosf = 5 1—7r2sin?0
(2rcos0)? =1 —r%sin? 0
4r? cos® 0 + r?sin? 0 = 1
2 ].
4cos2 0 +sin’ 6’

For the bounds, note that the curves intersect at the Cartesian points (0, —1) and (0, 1). In polar
coordinates these points correspond to (1, —g) and (1, g) Therefore the area between the curves
equals

w/2 1 1
Ny —
—n/2 2 4cos? 6 + sin“ 6

o
4. (18 pts) Suppose Z an is a series such that the corresponding sequence of partial sums is given by

n=1

& 3n
Sn:;ai:ln<n+1)'

Answer the following questions. Be sure to justify your answers.

(a) Find the values of a; and ag, the first two terms of the series. Simplify your answers.

o0

(b) Does Z an, converge or diverge? If it converges, to what does it converge?

n=1

(c) Does a,, converge or diverge? If it converges, to what does it converge?

Solution:

(@) s1=1n (%) and s5 = In 2, thus

(b)

a; = 81 = ln(%) and ag = s9 — 81 = ln(%).

> . . 3n . 3
g ap = lim s, = lim In =In| lim | = In 3.
— n—00 n—00 n+1 n—oo ] 4+ &

n

So, the series ’ converges to In 3 |.

oo
(c) Since Z an, converges, then we know that a,, . This result is implied by

n=1

the Divergence Test.



n—1 (255 + 6)n

oo
5. (16 pts) Consider the power series Z(—l) =

n=1
(a) Find the center a and the radius of convergence R of the series.

(b) Find the sum of the series. Simplify your answer.

Solution:

(a) The series is geometric with ratio r = —2“”—;6 and converges for |r| < 1.

Ir| <1 =

2 6 7
‘— v ’<1 = [224+6| <7 = |x+3|<§.

A power series converges for |z —a| < R. Therefore the center of the series is a = and the radius

of convergence is R = % .

(b) The sum of the geometric series is

g o _ 2:”77% _ 2¢ + 6
L—r 142 |22 413]

6. (16 pts)
(a) Suppose the position of a particle at time ¢ is given by the curve C:
ry =t—sint, 1 :1—0082t, 0<t < 2m,
and the position of a second particle is given by the curve Cs:
ro =t — cost, y2:1—Sin2t, 0<t<2m.

Are the particles ever at the same place at the same time ¢? If so, find the value(s) of ¢ when these
collision points occur. If not, explain why not.

(b) Find the slope of the line tangent to curve Cy att = 3.

Solution:

(a) Collisions for ¢ such that x1 = x2 and y; = yo:
Solving 1 = x2 gives

t —sint =t — cost

sint = cost

and solving y; = y gives

1—cos’t=1—sin’t

sin?t = cos®t

tan’t =1
tant = +1
t =X 3m 57 Tm
— 4404074

Thus there are collision points when ¢ = m.

5



(b) Given
) dxy
r1=t—sint — ra =1—cost

and p
yp=1—cos’t = % = 2costsint,

the tangent slope is

dy  dyi/dt  2costsint
dr  dry/dt  1—cost

and the slope at ¢ = % is

=3

7. (8 pts) Use the -0 graph shown below to sketch the corresponding polar curve in the zy-plane.

r=f()

[\ 98]
3

NN
[\

Solution:
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