Solution: APPM 1345 Exam 1 (Solutions) Spring 2022

1. (24pts) The following problems are not related.

(a)(12pts) Find all the intervals on which g(z) = 32° — 522 is increasing or decreasing. Give your answer in interval

notation. Show all work.

(b)(12pts) Find and classify any critical point(s) of f(z) = z + 2cos(z), 0 <z < g Classify the critical point using
the 2nd Derivative Test. (You do not need to find the y-value of any critical point.)

Solution: (a)(12pts) Since g(z) is a polynomial, the only critical points are the roots of ¢’(x) where
g (z) = [32° — 52%) = 152" — 152 = 152%(2* — 1) = 152%(z — 1)(z + 1) = ¢'(x) =0 only if 2 = —1,0,1
and checking (for example) the sign chart for ¢/(z) = 152%(z — 1)(x + 1) gives
Sign chart for ¢’(z)
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thus ’ g(x) decreases on (—1,0) U (0,1) and increases on (—oo, —1) U (1, 00). ‘

(b)(12pts) We first search for roots of f/(z) in (0,7/2) to find the critical points,

1

f'(z)=0 = [z+2cos(z)] =0 = 1—2sin(z) =0 = sin(x)zi = z=—¢€(0,7/2)

T
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and, for the 2nd Derivative Test, note that

= —-v3 <0 = Concave down

|
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f’(x) =[1 —2sin(x)] = —2cos(z) = f (8) = f2cos(g) =_2. o2

S0 since f”(%) < 0, by the 2nd Derivative Test, we have ‘ a local max at x =
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2. (28pts) Start this problem on a new page. The following problems are not related.

(a)(12pts) Consider the following problem: The monthly production of a light bulb company is P = 4zy (in millions)
where z is the cost of equipment and y is the cost of labor (in millions of dollars). The company needs to produce
P =1 million units, which values of  and y will minimize the cost C = z + y? Answer the following questions:
(7)(4pts)| Is this is a minimization or mazimization problem? Write down a function in terms of the two variables z and y that
you would minimize (or maximize). |(i7)(4pts)| Use the given information to write an equation that relates the variables z and y.
(#i7)(4pts) | Now using optimization find the value of z and y that satisfy this problem. Justify your answer by classifying your

critical point(s) using either the 1st or 2nd Derivative Test.

(b)(12pts) Suppose we want to approximate the z-intercept of f(x) = 322 — 2 using Newton’s Method. What would
the formula for x,,+1 be? (To get full points for this question you must provide the explicit formula for z,; in terms of
Ty, the generic formula for Newton’s Method is not sufficient. You do not need to approximate the solution. Simplify
your answer.)

(c)(4pts) Multiple Choice: If F(z) = is an antiderivative of f(z) then f(x) is equal to which choice below?

T
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(No justification necessary - Choose only one answer, copy down the entire answer.)
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Solution:

(a)(i)(4pts) This is a minimization problem and we wish to ‘ minimimize C = x + y. ‘

1 1
(a)(i7)(4pts) The constraint is | P = 1 < 4xy = 1| which implies y = Pl

€L Y
(a)(i4i) (4pts) We have

1 ac 1 42?-1 1
sz—l—yzaj—&-@ = %:1—@::17 = C’(x):Oorundeﬁnedonlyifx:(),:l:§
1
but clearly we need x > 0 so we have x = 3
) . d*C 2 1 " A N .
Classify: Finally note that Ty T 18 = 2.3 and C”(1/2) > 0 which implies, by the 2nd Derivative Test that z is a
x x z
(local and) absolute min (since we only have one critical point).
1 1 1
Thus z = 3 and y = w3 will minimize the cost C' = x + y subject to 4zy = 1.
x

(b)(12pts) We need to approximate a solution to f(x) = 0. So, by Newton’s Method, we have

32 -2 622 — (322 -2) 322 +2

/ —B22—9 =6 . e n_f(xn): - n _ n n _ n
322 +2
= Tn4+1 = Tt yn=1,2,....
6x,,

(c)(4pts) Discussion: If F(x) is an antiderivative of f(z) then F'(z) = f(x) so, using the Quotient Rule,

we have

— — = h B.
@+ 1) @ 1P iyl o Choie (B)

x ] 1-(z?2+1)—2 22 1—2? 1— 22

. (24pts) Start this problem on a new page. The following parts of this problem are not related.

. . , 14 2%/2
(a)(10pts) Find any function F(z) such that F'(x) = i
5 4
(b)(10pts) Find all inflection points of g(z) = % —~ % Show all work and justify. (You do not need to find the y-value
of any inflection point.)
. . . . 3z?
(c)(4pts) Multiple Choice: Which graph below best matches the graph of the function f(x) = — 1?
22 —

(No justification necessary- Choose only one answer, clearly indicate your answer otherwise points will be deducted.)

Solution: (a)(10pts) Note that
1+I‘5/2 1 I5/2 19 ) 501/2 3 Lo 3

3 3
so we have | F(x) = 2z'/2 + % and, more generally, F(z) = 222 + % +C.

(b)(10pts) Since g(x) is a polynomial, we only need to find and classify the roots of ¢’ (x) where

x° a:j’ bzt 4a? _ 202 1227 _ P — 2?22z 9).
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So ¢"(x) =0 = 2 = 0,2 and now we classify these points using (for example) a sign chart for g’ (z) = 2%(z — 2),

Sign chart for g"’(z)
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[ | - = ‘Inﬂection Point at (2,g(2)). ‘
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(c)(4pts) | Graph (D). | Discussion: Note that f(z) = 23:1: .
22—

Graph (A), and f(z) < 0 for € (—1,0) which eliminates Graph (B), and, finally, since f(x) has vertical asymptotes

has a horizontal asymptote at y = 3 which eliminates

at x = +1, we can eliminate Graph (C) thus the best match from all these choice is Graph (D).

4. (24pts) Start this problem on a new page. The following problems are not related.

1
(a)(12pts) Find the most general antiderivative of f(t) = 2sec(t) tan(t) + %2 Show all work.

(b)(12pts) Suppose the acceleration of an object at any time ¢ is given by a(t) = 3t2 — 4t m/s*, t > 0. Find the position,
s(t), at any time ¢ if v(1) =1 m/s and s(0) = 2. Show all work.

Solution: (a)(10pts) Note that

/[2 sec(t) tan(t) L] dt = 2/sec(t) tan(t) dt + % /t*2 dt = 2sec(t) + % - —— =|2sec(t) — 2%5 +C.
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(b)(10pts) Recall that a(t) = v'(t) thus

2
v(t):/a(t)dt:/(?)tz—élt)dt:ts74'%+C:t372t2+c

and v(1) = 1 implies

l=v(1)=1?-2.-1’4+C=1=-14+C=C=2=vt)=t> - 2> +2=5'(t)

2., ~
= s(t) = —gt’+2+C
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and s(0) = 2 implies that C' = 2 so | s(t) = i §t3 + 2t + 2.




