APPM 1340 Exam 3 Solutions Fall 2023

d
1. (30 pts) Determine d—y for each of the following.
x
(a) y = sin? (23)

(b) 22 +ay+y° =4

222 +1
() y= xxco:x After fully differentiating, do not algebraically simplify your answer any further.
Solution:
(a)
a [sin4 (z%)] = 4sin® (z°) a [sin (2%)] = 4sin® (2*) cos (z?) a [27]
dx dx dx
= 4sin® (z%) cos (23)(32?) = | 1222 sin® (23) cos (z°)
(b)
el — 24
oo [ ey +y’] = (4]
20 +xy +y+3y%y =0
Y (x+3y%) = —(2x +y)
|2ty
A 3y?
(c)

dx (x cosx)?

d [222 +1 zeosz - L[22% + 1] — (222 + 1) - L[z cos ]
xCosT

zeosz - (4z) — (227 + 1) (x - d%[cosx] +cosz - %[m])

(x cosx)?

rcosx - (4x) — (222 + 1)(—xsinx + cos x)
2

(z cos x)




2. (25 pts) Parts (a) and (b) are unrelated.

(a) The position function of Particle P is given by s(t) = 2/t + t/2, where s is in meters, ¢ is in seconds, and
t>1.

i. Find the particle’s velocity function v(t). Include the correct unit of measurement.

ii. Find the distance traveled by the particle between ¢ = 1 and ¢ = 8 seconds. Include the correct unit of
measurement.

(b) The velocity function of Particle Q is given by v(t) = tant — ¢ /4, where v is in miles per hour, # is in hours,
and 37/2 <t < 57 /2.

i. Find the particle’s acceleration function a(t). Include the correct unit of measurement.

ii. Find the acceleration of the particle at ¢ = 27 hours. Include the correct unit of measurement.

Solution:
. 1 1
(@) i s(t)=2t +§t
1 2 1
_ _ -2 _
v(t) =s'(t) = =2t +§——?+§Ws
2 1
i. s'(t)=0=—=
ii. s'(t) 215

t2=4 = t=2 (t= —2isnotin the stated domain of s)

The sign of s'(t) changes at ¢ = 2. Therefore,

D =1s(2) — s(1)| + |s(8) — 5(2)] = ‘(1+1) - <2+;> '+‘ <i+4) —(1+1)’

1
D:’—‘+’+2

1
1+2|=

t
(b) i a(t) =0'(t) =|sec’t — 3 miles / hr?

2
ii. a(2r) = sec? (21) — ?ﬂ = ‘ 1 — 7 miles / hr?




3. (23 pts) Parts (a) and (b) are unrelated.

(a) Find the equations of the tangent and normal lines to the curve y = 2%/2 — z'/2 at z = 4.

2

(b) Find all values of x on the interval [0, 7r] for which the curve y = sin” z — sin z has a horizontal tangent line.

Solution:

~1/2 _
(@) ¢'(z) = §x1/2— lx_1/2 =g 1?2 <3:c 1> =2 (Bx—1)= sr

2 2 2 2

gt

y'(4) =

y(4) =432 412 =8 _2=¢

11
Tangent line: |y — 6 = 7 (x —4)
. 4
Normal line: |y —6 = T (x —4)

(b) y'(x) =2sinxcosz — cosx = cosx(2sinx — 1) =0

T
cosxr =0 = ng

1 T AT

ST ST 9 X 6,6
T T OT
Therefore, |2 = ~, = 2T
ererore, | r 6 9 6




4. (22 pts) Parts (a) and (b) are unrelated.

1
(a) Determine f’(x) for the function f(x) = o by using the definition of derivative.
x

You must obtain f’ by evaluating the appropriate limit to earn credit.
(b) Find the values of b and ¢ for which the following function g(z) is differentiable at = = 2.

—x , <2
— 22 +br+c , >2

You do not have to explicitly state the one-sided limits that are being evaluated.

Solution:
(a)
1 1
/ . (z+h)+1 z+1 .1 1 1
= = lim — —
f@) B0 h hoo b lz+ht1l z+1
. 1 [(z+1)=(z+h+1) .1 —h
= lim — = lm —
=0 h | (z+h+1)(z+1) h=0 h |[(z+h+1)(z+1)
. —1 1
= lim =|-—
h—=0 (z+h+1)(z+1) (x +1)2
(b) 9
3 z? , <2
g'(z) =
—2x+b , x>2
In order for g to be differentiable at x = 2, we must have lim ¢'(z) = lim ¢'(z), which leads to the
T2~ z—2+
following:
9 52
3 (22) = (—2)(2) + b
—=—4+b
17
b=|—
2




In order for g to be differentiable at x = 2, g must also be continuous at z = 2.

lim g(z) = lim g(z) = g(2) leads to the following:

T2~ z—2+



