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Analysis of Downlink Connectivity Models
in a Heterogeneous Cellular Network
via Stochastic Geometry

Prasanna Madhusudhanan, Juan G. Restrepo, Youjian Liu, Member, IEEE, and Timothy X Brown

Abstract—In this paper, a comprehensive study of the down-
link performance in a heterogeneous cellular network (or HetNet)
is conducted via stochastic geometry. A general HetNet model
is considered consisting of an arbitrary number of open-access
and closed-access tiers of base stations (BSs) arranged accord-
ing to independent homogeneous Poisson point processes. The
BSs within each tier have a constant transmission power, ran-
dom fading factors with an arbitrary distribution and arbitrary
path-loss exponent of the power-law path-loss model. For such
a system, analytical characterizations for the coverage probabil-
ity are derived for the max-SINR connectivity and nearest-BS
connectivity models. Using stochastic ordering, interesting prop-
erties and simplifications for the HetNet downlink performance
are derived by relating these two connectivity models to the max-
imum instantaneous received power (MIRP) connectivity model
and the maximum biased received power (MBRP) connectivity
models, providing good insights about HetNets and their downlink
performance in these complex networks. Furthermore, the results
also demonstrate the effectiveness and analytical tractability of the
stochastic geometric approach to study the HetNet performance.

Index Terms—Multi-tier networks, Cellular Radio, Co-channel
Interference, Fading channels, Poisson point process, max-SINR
connectivity, nearest-BS connectivity.

I. INTRODUCTION

HE MODERN cellular communication network is an
overlay of multiple contributing subnetworks such as the
macrocell, microcell, picocell and femtocell networks. These
are denoted collectively as heterogeneous networks (or, in
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short, HetNets). HetNets have been shown to sustain greater
end-user data-rates as well as provide indoor and cell-edge
coverage. As such, they are an important feature of fourth-
generation (4G) cellular standards [4]-[10].

Until recently, such networks have been analyzed solely
through system simulations. HetNets consist of regularly
spaced macrocell base-stations (BSs) along with irregularly
spaced microcell and picocell BSs and randomly placed end-
user deployed femtocell BSs. The BSs in each of these networks
have different transmission powers and radio environments.
Some BSs (e.g. a customer’s femtocell in their home) may
accept only a private subset of users. These BSs are essen-
tially interference sources for other users. Some HetNets
may operate among unlicensed or secondary devices that are
also interference sources. The result is a complex environ-
ment with many parameters that cannot be efficiently studied
through simulation. Under these circumstances, an analyti-
cal model that captures all the design scenarios of interest is
needed.

Cellular networks modeled with randomly deployed nodes
have yielded a rich set of results [11]-[14]. An important tool
in this work is the homogeneous Poisson point process [15]—
[17]. It can yield analytically tractable results unlike purely
simulation-based studies based on a regular hexagonal grid
[18]-[20]. In practice, we observe that increasingly dense and
irregular BS deployments deviate significantly from an ideal
regular grid. Further, studies have shown that increasing radio
variability drives the performance of ideal regularly spaced
BSs to that of BSs deployed as a homogeneous Poisson point
process [16, Fig. 2], [21, Theorem 3].

In light of the above motivations, it is well-justified to
study a HetNet composed of multiple tiers of networks (e.g.
macrocell, microcell, picocell and femtocell networks), each
modeled as an independent homogeneous Poisson point pro-
cess. Such studies have been done in [22]-[30] and by us in
[1]-[3]. These studies mathematically characterize important
performance metrics such as the signal-to-interference-plus-
noise ratio (SINR) distribution, coverage probability (1 - outage
probability), average ergodic rate, and average load carried by
BSs of each tier.

In this paper we focus on the HetNets downlink cover-
age probability. The main contribution is to develop a general
framework that combines and extends these existing results.
We consider BSs assigned to different tiers. Each tier is a
homogeneous set of radios deployed as a Poisson point pro-
cess with common transmission, propagation, fading factor, and
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reception parameters. Different tiers may have different densi-
ties and radio parameters. Results on this model can be distin-
guished along two dimensions. The first is the algorithm used
to select which BS a mobile station (MS) connects. Different
connectivity models will be defined later and include max-
SINR, nearest BS, maximum biased received power (MBRP),
and maximum instantaneous received power (MIRP). A second
dimension is which of the radio parameters are allowed to vary
between tiers.

The tiers can be further classified as open-access or closed-
access [3], [26], [25], [31]. Open-access tiers consist of ordi-
nary BSs to which any MS can connect. Closed-access tiers
represent private femtocells, unlicensed devices, and other
interference sources. Whether they consist of actual BSs or not,
closed-access tiers model interfering radios that do not provide
service to the MS we wish to study. The open and closed-access
tiers enable many flexible HetNet models to be developed. A
simple model might consist of two tiers. One open-access tier
consists of tall long-range macrocell BS towers with appropri-
ate radio parameters. A second closed-access tier consists of
low-power indoor femtocells with corresponding radio param-
eters. A more complex model might segregate BSs into many
finely distinguished tiers to represent different types of operator
equipment and interference sources.

The max-SINR connectivity model where the fading factors
are exponentially distributed and the path-loss exponents are the
same for all tiers was considered in [26], [27]. Using an entirely
different approach, [22]-[24] derives the coverage probability
for the HetNet with max-SINR and nearest BS connectivity
models, and exponentially distributed fading factors. In [30],
the authors study the HetNet coverage probability for MBRP
connectivity, and, again, for the exponentially distributed fad-
ing. In [1]-[3], we studied the HetNet coverage probability and
stochastic ordering results for MIRP connectivity in the case
when the fading factors have an arbitrary distribution and each
tier’s path-loss exponent may differ.

In this paper we consider nearest-BS and max-SINR con-
nectivity models as a natural extension of our earlier results to
popular connectivity models. We derive the coverage probabil-
ities when each tier has arbitrary transmit power, fading factor
distribution, path loss exponent, and receiver SINR threshold.
The result is a relatively complex semi-analytic expression.
This is found to be useful in several ways. First we are able
to make a qualitative study of performance using results from
stochastic ordering. We show that MBRP and MIRP connec-
tivity models are a special case of nearest-BS and max-SINR
connectivity models, respectively. We also derive a reduced
canonical form for the HetNets that can, in some cases, sim-
plify the HetNet to an equivalent network with one or a few
tiers. When the SINR thresholds of all the tiers are above 1, we
show the HetNet coverage probability under max-SINR con-
nectivity and MIRP connectivity are identical, and nearest-BS
connectivity and the MBRP connectivity are identical. Further,
in these special cases, simple and novel analytical expression
are derived for the coverage probability, average rate and the
load carried by the BSs of each tier. Finally, the semi-analytic
expression is used to study a specific two-tier example. We start
with the system model.
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II. SYSTEM MODEL

This section describes the various elements used to model the
wireless network: the BS layout, the radio environment, and the
role of the BS connectivity model.

A. BS Layout

The HetNet is composed of K open-access and L closed-
access tiers. The BS layout in each tier is according to an
independent homogeneous Poisson point process in R? with
density Aok, A for the kth open-access tier and / th ¢losed-access
tier, respectively, where k = 1,..., Kand/ =1,..., L. The
MS is allowed to communicate with any BS of the open-access
tiers, but cannot communicate with any of the closed-access
BSs. We assume the MS location is independent of the BS loca-
tions. Since the BS densities are homogeneous, without loss of
generality, the MS is placed at the origin.

B. Radio Environment and Downlink SINR

The signal transmitted from each BS undergoes fading and
path-loss. At this point we do not concern ourselves whether
the fading is fast fading or slow (shadow) fading and refer to
it as a generic fading factor. The SINR at an arbitrary MS in
the system from the i BS of the k™ open-access tier is the
ratio of the received power from this BS to the sum of the inter-
ferences from all the other BSs in the system and the constant
background noise 1, and is expressed as

—eok
PorWori Roki"

SINRy; = ok ,
I, — ok\yukiROkiU +1I.+n

ey

where subscripts ‘o’ and ‘c’ indicate open-access and closed-
access tiers, respectively, I, = anzl > Pom W pmn Ropiom
is the sum of the received powers from all the open-access
tier BSS; {Pom, Womn, €oms Romn}zzf’n”::fo are the constant
transmit power, random fading factor, constant path-loss expo-
nent, and the distance from the MS to the n™ nearest BS of
the m™ open-access tier; I, = Zle Yool PaWern Rc_lz"l is the
sum of the received powers from all the closed-access tier
BSs; {Pe, Yein, €cls Rcln}leL” ::loo lists the constant transmit
power, random fading factor, the constant path-loss expo-
nent, and the distance from the MS to the n™ nearest BS
of the I™ closed-access tier. The fading factors {\IJ(,mn}floz1

are 1.i.d. random variables with the same distribution as W,,,,

m=1,..., K, and similarly, the fading factors {\Ildn},‘f:l
are ii.d. random variables with the same distribution as
W, I =1,..., L.Further, following [19], it is assumed that

21K 2L
{IE |:\If(f,’;; :| } , {E |:\IJC£I‘” :“ < 00. The various symbols
m=1 I=1

introduced in this section are listed in Table I for quick
reference.

C. BS Connectivity Models

Given thresholds {S} 15:1’ a MS is able to communicate with
a BS i of the k' open-access tier if SINRy; > B. In this case,
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the MS is said to be in coverage. The BS connectivity model
determines to which BS the MS connects and consequently its
coverage performance. The next two sections provide the main
results of this paper. They define and analyze the max-SINR,
nearest-BS, MIRP, and MBRP connectivity models.

IIT. MAX-SINR AND NEAREST-BS COVERAGE
PROBABILITY

Under the max-SINR connectivity model, the MS is said to
be in coverage if there exists at least one BS among all the open-
access tiers with an SINR at the MS above the corresponding
threshold, and is expressed as follows.

K
Peverage . = P (U {miax (SINRy;) > m}) E)

k=1

where SINR;; corresponds to the SINR of the i BS of the k™
tier as defined in (1).

The MS is said to be in coverage under the nearest-BS con-
nectivity model if there exists at least one of the nearest BSs
of the K open-access tiers with SINR at the MS above the
corresponding threshold. This is expressed as

K
Pecverage = P <U {SINR > ﬁk}> : 3)

k=1

where SINRy is the SINR at the MS from tier k’s nearest BSs.
The relative performance is given in this proposition.

Proposition 1: For the same system parameters,

Pmax—SINR > Pnearest
coverage = © coverage"

The above result is easily proved by noting the coverage
events in (2) are a superset of those in (3).

The downlink coverage probability under max-SINR con-
nectivity for a single-tier network was computed in [14]. The
method is generalized to compute the coverage probability for
the max-SINR and nearest-BS connectivity models for the more
general HetNets model.

Theorem 1: The HetNet coverage probability under the max-
SINR and the nearest-BS connectivity models are as follows:

K 27 2 2
-SINR = Fok
Pg:)i/)::rage = Z hoi — (Vi Poi) i E v/
i—1 Eoi
0 0
X / f L10+Ic+?7, . max }/[M,'Sy (_](,l))
y:O w=—00 i=1,-,K

(01 _ gl )

X Tz dwdy,
2njwy  foi
C))
[phearest _ foo /oo ei@y — gio(+m)
coverage =0 Joe oo jw2n
X _LIO+I(~+77, max _y;Nj<u (J©) dody,
ou i=1, K L=y

)
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TABLE I
Li1ST OF SYMBOLS USED IN THE PAPER
Symbol Description
K, L Number of open- and closed-access tiers

Doty « Vil
[P}, (PYE
{Sok}]1((=1 e }lL=1

oK, (el

BS densities of open- and closed-access tiers

. oo)
{Br },{;1 SINR connectivity thresholds
{By },§=1 Tier bias values in MBRP connectivity
n Background noise power
L, Le Total received power from open, closed tiers

i gt

Constant BS transmission powers

Path-loss exponents (¢ > 2)

2
random fading factors (]E e

{vk }Ig(=1

where k = Ilnax Kyl- (see Table I); and the Laplace trans-

i=1,-

form function, L7 1/.4y max yMi<y (o), in (4) and the
i=1,.K

derivative of the Laplace transform function, %L A
max y;Ni<u (o), in (5) are given in (30) and (35),
i=1,- K

i=1,--

respectively.
Proof: See Appendix A. |

Using an alternate approach, expressions for the HetNet cov-
erage probability are obtained in [22] when all the fading
factors are i.i.d. exponential random variables. For a general
system model as in this paper, to the best of our knowledge, the
HetNet coverage probability has not been characterized before.

The semi-analytical expressions are extremely complicated
even for numerical computations. Nevertheless, we can gain
some insights into the problem. First, we observe the role of
fading in the max-SINR connectivity model.

Corollary 1: The HetNet performance under max-SINR
connectivity with an arbitrary fading distribution at each
tier is the same as in another HetNet with open-access

2 K
and closed-access BS densities as {Aoi]E |:\Il Ef”'iH and
i=1

ol

2 L
{Aci]E |:\Il Cgi“' , respectively, and unit fading factor.

i=1
The above relsult is obtained by noting that the effect of

. . . . . o th
fading is equivalent to scaling the density of BSs by the =

moment of the fading factor random variable [19, Corollary 2].
Most prior wireless network studies that use stochastic geom-
etry assume fading factors to be i.i.d. exponential random
variables, as this greatly simplifies the analysis and renders
itself to closed-form coverage probabilities and other related
performance metrics (see [26]). However, the exponential dis-
tribution does not accurately capture the slow fading environ-
ment. Interestingly, the above corollary shows any fading factor

distribution that has the correct %th moment is sufficient for the
max-SINR connectivity model. Unfortunately, the same is not
true for the nearest-BS connectivity model.

Next, we observe that we only ever need to consider a single
closed tier of BSs with unity transmission power and fading
factor.

Corollary 2: If the closed tier path-loss exponents are all
equal, i.e. {ed}ll‘:1 = &, the downlink coverage probability in
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the HetNet is the same as in another HetNet with the same open-

access tiers as in the original HetNet (described in Section II-A)

and one closed access tier where the BSs have unity transmis-

sion power and fading factor, and are arranged according to a

homogeneous Poisson point process with a BS density given by
2

2 2
he = Zlel Act PcivE [w;f:| .

Proof: Inspecting equations (4), (5), (29)—(31) the closed-
access tiers affect the HetNet downlink coverage probabil-
ity solely through the Laplace transform expression in (29).
Substituting {8c1}1L:1 = g, in (29), the Laplace transform is the
same as in the case when there is a single closed-access tier with
base-station arrangement according to a homogeneous Poisson
point process with BS density A., unity transmission power and
fading factor, and path-loss exponent &.. |

When the path-loss expoenents differ between closed tiers,
we can still create a single equivalent closed tier but with a non-
homogeneous intensity function as follows.

Corollary 3: The downlink coverage probability in the
HetNet is the same as in another HetNet with the same open-
access tiers as in the original HetNet (described in Section II-A)
and one closed access tier where the BSs have unity trans-
mission power, fading factor and path-loss exponent, and are
arranged according to a non-homogeneous Poisson point pro-
cess with a BS density as a function of radial distance r from
the origin:

2

L 2 2
ke (1) =) het Py E [‘Ifj;"} rd L r=0. (6)
=1

Proof: The total closed-access interference power I, is
independent of the signal power and interference power at the
MS from the open-access tiers. Next, /. satisfies the following
stochastic equivalence I, =¢ Y n | R;!, where {R, }zi | is the
set of distances from the origin of BSs arranged according to a
non-homogeneous Poisson point process with BS density func-
tion given in (6). This is obtained by first using [19, Theorem 2]
to obtain an equivalent BS arrangement for each closed-access
tier according to non-homogeneous Poisson point process with
unity transmission power, fading factor and path-loss exponent
at each BS in the tier. Since the BS arrangements, transmission
and fading characteristics of the BSs of all closed-access tiers
are independent of each other, using the Superposition theo-
rem [32, Page 16], the L closed-access tiers can be combined
together to obtain a single closed-access tier with BS density
function as shown in (6). Due to [19, Theorem 2], the equiva-
lent BS arrangement has the same probability distribution for
I, as the original case. |

We note that both corollaries apply to the max-SINR and
nearest-BS connectivity models.

IV. MIRP AND MBRP COVERAGE PROBABILITY

Under the maximum instantaneous received power
(MIRP) connectivity model, the MS connects to the BS
with the maximum instantaneous received power among all
the open-access tiers. This BS will also have the highest SINR
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(since all tiers contribute to the interference). Let this BS’s

index be (T, 1) = argmax SINR{ ;. In this case
k=1, K, i=1, 2,

Peoverage = P ({SINR7.1 > fr}) ™

Another HetNet connectivity model is the maximum biased
received power (MBRP) connectivity model studied in [30].
Under MBRP, the MS associates with the BS with the maxi-
mum long-term average received-power with a certain bias in
each tier. By long-term average we mean the MS measures the
expected value of the fading factor. Since fading factors within
a tier all have the same distribution, the serving BS will be the
nearest BS in its tier. The tier-index of the serving BS and the
HetNet coverage probability under MBRP are determined as
follows:

T = argmax max Py E[W,] R;kgi"" Bk
k=1, K i=1, 2,

= argmax Por[E [Wor] Ro_kgl{)k Bok (8
k=1,-, K
Plggl\?e}igge =P ({SINRT,I > IBT}) ) ©)

{Bok(> O)}_, the

o0
{kaE[‘Ijoki]Ra_kiok}i_l is the long-term averaged received

power at the MS from the k™ tier BSs; and SINR{ ; is defined in
(1). When {Bok}f:1 = 1, MBRP is called maximum averaged
received power (MARP) connectivity.

From the definition of the HetNet coverage probability
under MIRP and MBRP, the stochastic ordering result can be
extended beyond Proposition 1 as follows.

Proposition 2: 1f a HetNet has {,Bk}le =p or {;6;(},5:1 >

where are biasing factors;

1, and the MBRP bias factor is B, = m for k =
MBRP _ t -SINR _ jpMIRP
l,---, K, then IP)coverage - Pg(e)s‘r:erzsage = P%E\l/)érage - ]P)coverage'
: ; — 1 —
Proof. With Bok—m, for k—l,"', K, by

inspecting equations (8), (9) and (26), we get PMBRP ~—

coverage
Poverage: When {Bx}K_, = B, by inspecting equations (7) and

(25), it is clear that PRacSiiR = PMEE . From [26, Lemma 1],

when {,Bk},fzl > 1, there exists at most one open-access BS
that can have an SINR above the corresponding threshold. As a

result, HetNet coverage probability in (2) becomes ng‘vg;ggl‘ =
Saci P ({max; (SINRy;) > Bi}) = PMIRP . n

For the remainder of this section, we assume a single
closed access tier with homogeneous intensity A, transmis-

sion power P, path-loss exponent &, and i.i.d. fading factors
2

W, (E |:\IJ§‘ ] < oo). We begin by analyzing the MIRP case.

A. SINR Characterization Under MIRP Connectivity

The SINR characterization is simplified by considering a
stochastically equivalent two-tier 1-D system as follows.

Lemma 1: The SINR at the MS under MIRP is the same
as in a one-dimensional non-homgeneous two-tier HetNet
with one open-access network and one closed-access network,
respectively. In the equivalent two-tier HetNet, the open-
access network has a BS density function A (r) = Z,f: 1 Kok (1)
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2

- - 27 2
with Ay (1) =)»0k—P0,§”‘]E|: "k]r‘ok 1, r >0 and the

closed-access network has a BS density function A(r) =
2

27 2
)LCZE—’TPCE“ E |:\I!(f ¢ | re =1, All the BSs in the equivalent HetNet

have unity transmit powers, fading factors and path-loss expo-
nents. The SINR stochastic equivalence is shown below

R
SINR7 ; =¢

S R Y R
where =g indicates the equivalence in distribution; and
{I?,-}.OO ({ﬁi}zl) is the ascendingly ordered distances of

(10)

i=1
the open (closed) BSs from the origin, obtained from a non-
homogeneous 1-D Poisson point process with BS density
function X (r) ()A» (r)) defined above.
Proof: See Appendix B. |
The next lemma shows interesting stochastic equivalences.
Lemma 2: When {sok}f: | = & = ¢, with respect to the
HetNet SINR distribution under MIRP connectivity, the follow-
ing HetNets are equivalent. All three equivalent HetNets have
unity transmit power and fading factors for all tiers.
1) K open-access tiers and 1 closed-access tier with BS

: N K 2 2
Ok]} , AcPFE |:\Ifji|, respec-
k=1

tively, and a background noise power n (same as the
original HetNet).
2) 1 open-access tier and 1 closed- access tier with BS den-

2 2 2
sities ZZK:I dot Py E |: i| A Pf IE [ i| respectively,
and a background noise power 7.
3) 1 open-access tier and 1 closed-access tier with BS den-

densities { ok P, IE[

2 1 2
rPEE|WE

sities 1, )A»C = ] , respectively and a back-

X 2 2
B B
= Pol ]EI:\I/UI

D=1 hol

£

2 2 2
ground noise power ] = 1 (Zlel Aot Py [\11051

We can express this as a function of the total number of tiers,
BS densities of each open-access tier, BS density of the closed-
access tier, background noise power, and the tier index of the

serving BS:
, VK
SINR7 ; =4 SINR (K +1, { « Py IE|: ok:H ,
k=1

2
Ae P# E[ i| n, T>
K 2 2
=« SINR 2,2/\01P;,1E[ 01} A PS E[ ]n,l (12)
=1

=4 SINR (2, 1, &, 7, 1),

Y

13)

where = indicates equivalence in distribution.
Proof: See Appendix C. |
Lemmas 1 and 2 generalize [2, Lemma 1] and [3, Lemma 1],
respectively, to the case where the HetNet also contains a
closed-access tier. Next, we compute the HetNet coverage
probability.

3899

Theorem 2: The HetNet coverage probability under MIRP is

K
Zxokp%kﬂz[ k]/ 277r/
k=1 =

. o
Jjonrfok _ ATBR 2 2 260k
e (l e B ) e PECE| WE | e G(/w ;)

MIRP
]Pcoverage

- e X
jw2m
2 2 260k
_Zlel)"”lPojn]]E|:\I/Ell:|nr fol ]Fl(_% 1—%/(0)
e dwdr, (14)
2\ _ [© _ jor) 2,12
where G (]a), ;) =[S (1—e/*) 27 "5ds,  and

1F1(;+;-) is called the confluent hypergeometric func-
tion of the first kind (Refer [33, Chapter 1, Section 1.7] for the
definition).
Proof: The proof is along the same lines as [2,

Theorem 1], and is not shown here. |

The above expression can be greatly simplified under certain
special cases, and the following results present these cases.

Corollary 4: When {(»:,,k},f=1 = ¢, = ¢, the HetNet coverage
probability is

_jo

2 2
21 2 “ B
MIRP K A”kPDiE[qjaslc}fa?ifoo l ]eu)Zn H(]w)dw
Pcovemge_z X 2 2 ’
k=1 pa )‘(ﬂPolEI:lpoli|
(15)
00 s D 2020 Va5 cof i 2
H(jw)= 2re T <'F]< ok E’Jw)H‘G(/w’S))dr
r=0
where H (ja))|,7:0 = 1 , 71 and A are

1P (=2i1-21j0) +4.G jo. 2
from Lemma 2 and G (-, -) is defined in Theorem 2. When
(Bl = Bor (B}, = 1, (15) is equal to PRacSiiR. When
there is no closed-access tier ()A\C = O), (15) is equal to the
single-tier network coverage probability (see [19, Corollary 4]
and is independent of the BS transmission powers and fading
factors.
Proof: The result is obtained by exchanging the order of
integrations in (14) and simplifying. |
The following theorem shows another scenario when the
HetNet coverage probabilities are identical for the max-SINR
and MIRP connectivity models.
Theorem 3: When B > 1,
coverage probability is given by

Vk=1,---,K, the HetNet

pmax- SINR
coverage

coverage — 2 :

2 2
K Aok Py E[ ok | B
_ pMIRP
k=1 +

oo
f 2mr x exp | —nrék —
r=0 r (1 + 2 ) sinc (2—”>

2 2 2¢epk
K AlnPllE[ 5”’]r€o/

; r (1 + 8%) sinc (ZZ)

dr, (16)
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and in the interference limited case (n = 0) when {801{}]{(: | =

ge=¢
K APy ]E |: i| sinc (%”) B °
SINR__ pMIRP
IP>cmo}ifxerage ]P)coverage _Z 2 2 X 2 2
k=1).P7 [E[\I/;} +2 —1ra Py ]E[‘IJOSI}

a7

Proof: See Appendix D to derive (16), which simplifies to

(17) when n = 0. |
In the above result, (16) can be easily computed numer-
ically and is an extension of [26, Theorem 1] to the arbi-
trary fading and path-loss case. Note that if there is no

: K _ max-SINR _ pMIRP  _
closed tier and {Bx};_; = B, then Pcoverage Pcoverage =

sinc (%”) B~¢. Said otherwise, if all tiers are open, there is no
noise, and the pathloss exponent and threshold are the same
for every tier, then adding additional tiers has no effect on
performance.

The study of the MIRP connectivity has given many interest-
ing insights and simplifications for the max-SINR case. Further,
other performance metrics pertinent to HetNets such as the
average fraction of load carried by each tier in the HetNet and
the area-averaged rate acheived by an MS that is in coverage
in a HetNet can also be derived using the results in this section.
We refer the reader to [3, Theorems 2, 3 and 4] for these results.
Now, we study the MBRP connectivity in further detail and its
relationships to nearest-BS connectivity.

B. SINR Characterization Under MBRP Connectivity

It is clear from equations (26) and (35) that it is tedious
to compute the HetNet coverage probability under nearest-BS
connectivity, even with numerical integration, for the arbi-
trary fading case. With slight modifications to the approach
in Theorem 1 and [14, Theorem 1], HetNet coverage proba-
bility with MBRP can also be derived. These expressions do
not simplify significantly beyond that in (26) and hence are not
presented here. Hence, we conduct a similar qualitative study
of the HetNet performance under MBRP, as in Section IV-A.

Corollary 5: Under MBRP connectivity, the following
stochastic equivalence holds:

SINR7,1 =g
PUT\I’OTIROTI (18)
K PomWomi R — By Wop RN +5°0 W R 4+
Zm=1 Z[:l om Yoml oml oTYoT1 (,T1+Zn=1 cnRen +1

where the equivalent HetNet has BS distributions accord-
ing to non-homogeneous 1-D Poisson process with density

K
functions {ik (r) = Aok— (PokE [Wor] Bok)% rgik_l} ,

k=1
() = e 2” Pf‘rs !y >0, for the K open-access tiers
and the closed access tier, respectively, transmission power
of the mth (m=1,..., K) open-access tier BSs are
Py = (B[ Yol Bom)_1 and unity for the closed-access tier
BSs; and unity path-loss exponent for all BSs, but the fading
factor distributions are the same as the original HetNet.
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2" E[Wom] B

oml

Proof: From (8), T = argmax P,,R
K

m=1,-

_PUT\IIOTIROTIT""IC‘H']

P({SINR. > r}) = p({b

where [, and [. are defined in (1). Now, as in the proof
of Lemma 1, using [2, Theorem 2], let us consider the set
{Romi = (PomE [Wom] Bow) ™" RE22 1 as a set of distances

from the origin of m™ tier BSs from the origin in an equivalent
HetNet. Using the Marking theorem of Poisson processes [32,
Page 55], the equivalent HetNet is from a non-homogeneous
Poisson point process with a BS density function Jom (P), 1 >
0,Vm =1,---, K as shown in Corollary 5. Further, the serv-
ing BS is the closest among all the open-access BSs of the
HetNet. Finally, the m™ tier transmit power of the equivalent
system, P,,, is obtained to ensure that the received power at the
MS is stochastically equivalent to that of the original cellular
system. |

The result is yet another application of the Marking theorem
of Poisson processes, and can be proved using the same tech-
niques as developed in Lemma 1. The next result characterizes
the serving BS under the MBRP case.

Lemma 3: For the serving BS under MBRP connectivity, the
probability mass function (p.m.f.) of its tier-index and the joint
p.d.f. of its tier-index and distance from the MS are

PorWor1 RnTl > ﬂT })
i

2 2
ook () - @ Sict kot (P11 Bon) ¥l ¥l

P({T=k})=/°ox

)

r=0
(19)
X 2 2
Fr iy Ueor) = Kok () - e iz ot (Pl or) By et r !
s Kot 1 ’
(20)
for k=1,---, K, where Ao (r)and R,r, are from
Corollary 5. When {eol}l’(:1 =g,
2
Aok (PorE [Wor ] Bok) @
]P({T :k}) _ ak( ok [ ak] ok) (21)

;.
S hot (Pt [Wor] Bop)#

Proof: Along the same lines as [2, Lemmas 3 and 4], the
c.c.d.f. of the distance of the serving BS belonging to the k"
open-access tier are derived.

({T—k}ﬂ Rok >r)(a=)

K
P ﬂ {Ron > Rokl}ﬂ{Rokl >r}] =
I=1, Ik
K
Eg, |I(Rox1 > 1) P ﬂ {Rot > Rok1}| Roki
I=1, Ik

o0 P
@ / ok (1) €= Zimt Lo Pt ds g (22)
t=r

where (a) is obtained since the serving BS belongs to the k™
tier if the nearest BS among all the open-access tiers in the
equivalent HetNet of Corollary 5 belongs to the k" tier and
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(b) is obtained by noting that {R(,n }lel is a set of indepen-
dent random variables with the p.d.f. of Ry as fRoll (r)=

dot (r) - €~ Ji—oRar(9)ds , r >0 from the properties of Poisson
process. Computing the integrals and setting r = 0 yields (19),
while taking the derivative with respect to r yields (20). |

When {E [\Ilol]}lel =1, (19) and (21) reduce to [30, (3) and
(4)], respectively. Deriving the coverage probability expres-
sions for the arbitrary fading distribution case under MBRP
suffers from similar analytical intractabilities as the nearest-
BS case studied in Section III. Hence, we consider the special
case where fading factors are i.i.d. unit mean exponential ran-
dom variables. In [30], Jo et. al. have demonstrated that simple
expressions for the HetNet coverage probability under MARP
can be computed when the fading factors are i.i.d. exponen-
tial random variables. These results were restricted to the
open-access case. We extend to a general HetNet below.

Theorem 4: The HetNet coverage probability under MBRP
connectivity with i.i.d. exponentially distributed fading factors
at all BSs is

K 2 _2 oo
MBRP __ Eok Eok —nréok
IEDcoverage - § : Aok Pok IBk / 2rre x
k=1 "

P nPs%r zigk K 521 260k

TP,

S ‘(2,,) = 1=t Aot Py F(Br.gon)r ol
simc 78(;

e dr (23)

_2
where F(Br.ea) = B [1—2Fi(1 21+ 2o —p ) | +
! . When {80](}]{{:1 =c¢andn =0,

. 2
simc
(501 )

]P;nearest — ]P)MARP

coverage coverage -
2 2
K Aok Py By, © sinc (%”)
7 7 (24)
(=1 e PE + YK AP F (B €) sinc (2?”)
Proof: See Appendix E. |

The above is a generalization of [30, Theorem 1]
to the closed-access case. Further, comparing (17) and

MIRP MARP :
(24), clearly, Ploverace = Pooverage: When {Bi}i=; > 1 since

F (B conysine () 2 1Y i = 0,0 > 2.

V. NUMERICAL EXAMPLES AND DISCUSSION

In this section, we provide some numerical examples that
complement the theoretical results presented until now. We
restrict ourselves to the study of a two tier HetNet consisting of
the macrocell and the femtocell networks, under the max-SINR
connectivity model. More tiers and other models can be ana-
lyzed but this is suggestive of the kinds of results we can derive.
It is also representative because we have shown in many cases
the analysis of many tiers can be reduced to analyzing one or a
few tiers. Please refer to Appendix F for the algorithm to per-
form the Monte-Carlo simulations. The simulation results in the
graphs are the lines and the semi-analytic results are the marks.
These lie on top of each other for all of the graphs. For all the
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Fig. 1. Two-tier HetNet (a) Comparing coverage probabilities for various fad-
ing distributions, (b) Average fraction of MSs served by macrocell BSs vs
macrocell SIR threshold.

studies in this paper, Ay = 5i1, Py =25P>, ¢ =3, o = 1dB,
and n =0 where the subscripts ‘1’ and ‘2’ correspond to macro-
cell and femtocell networks, respectively. Further, under the
closed-access BS association scheme, the MS has access to the
macrocell network only.

In Figures la, 1b and 2, we study the coverage probability,
the average fraction of users served by the macrocell network,
and coverage conditional average rate for various configura-
tions of fading distributions at the macrocell and the femtocell
BSs. Note that the expressions for the coverage conditional
average rate and the average fraction of users served by the
macrocell network can be found in [3, Theorems 2, 3 and 4]
and are included to show the applicability of the results. In all
the figures, T1 and T2 stand for tier 1 and tier 2. Further, the
fading factor distributions are either exponential (Exp(-)) with
a given mean or log normal (LN(-)) with a zero mean and given
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same coverage conditional average rate
for these cases.

N
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Fig. 2. Two-tier HetNet: Variation of coverage conditional average rate with
Tier 1 SIR threshold and different fading distributions.

standard deviation (when the random variable is expressed in
dB).

The plots in Figure la clearly show that a MS has a bet-
ter coverage probability under open-access than closed-access
as predicted by Theorem 3. The top plot (T1: Exp(40), T2:
Exp(1)) is equivalent to the case where P; = 1000 P,, with the
fading factors at both the tiers being unit mean exponential dis-
tributions. The open and closed access have approximately the
same coverage probabilities because the MS is almost always
served by a macrocell BS, as can been seen in the corresponding
curve in Figure 1b. As a result, blocking access to the femtocell
BSs altogether, has only a marginal influence on the coverage
probability at the MS.

When both tiers have the same fading factor distribution, the
coverage probability becomes independent of the exact distri-
bution as shown in (15). This is shown by the next two curves
(T1: LN(4dB), T2: LN(4dB)) and (T1: Exp(1), and T2: Exp(1))
in the figures which each have this characteristic and lie on top
of each other. We also note in (15) that the only component

of the fading factor that is important is E [\IJ%] This is shown

in the last two curves (T1: LN(4dB), T2: LN(6dB)) and (T1:
LN(4dB), T2: Exp(230)) which lie on top of each other since
LN(6dB) and Exp(230) have the same (2/8)th moments.
Under open-access, the coverage probability and the cover-
age conditional average rate (see Figures la and 2) for all the
5 curves mentioned above intersect when the SIR threshold for
the macrocell network is equal to 1 dB. This brings us to an
important point. Given all open tiers and no noise, when the
SIR threshold and path loss exponent is the same for all the
tiers, these become the only factors that affect the performance
and all fading factors, transmit power, and BS density drop out.

VI. CONCLUSIONS

In this paper, for the most general model of the HetNets, the
downlink coverage probability and other related performance

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 15, NO. 6, JUNE 2016

metrics such as the average downlink rate and average fraction
of users served by each tier of the HetNet are characterized.
Two important BS connectivity models are studied, namely,
the max-SINR and the nearest-BS connectivity, respectively.
Semi-analytical expressions for the HetNet coverage probabil-
ity is obtained for both the cases. Further, several properties
pertaining to the HetNet downlink performance are analyzed,
which provide great insights about these complex networks.
As an example, we identify the MIRP and MBRP connec-
tivity models to be equivalent to the former models under
certain special conditions. These models are much simpler to
analyze and the results for these models expose interesting
properties of the HetNet. The results admit arbitrarily dis-
tributed fading factors. So, they can be applied to scenarios
that consider either fast or slow fading or a combined fad-
ing. The results in this paper greatly generalize the existing
HetNet performance characterization results and are essen-
tial for better understanding of the future developments in
wireless communications that are heavily based on HetNets.
Future work will address fast and slow fading when treated
separately.

APPENDIX
A. Proof for Theorem 1

The coverage probability expressions in (2) and (3) can be
equivalently expressed as follows:

K My
SINR
Pg:i/)é:rage _P(/(L_JI{I+I+’7_ })
:]P’({k Ilnax My > 1, + I +17}) (25)
Ni
SO ] )
=]P’<{k rlnax kN > I, + 1, —|—n}> (26)
where By, yx are defined in Table I, My =
max Py Wi R{;fl”" is the maximum of the received
=1,---, 00

powers from all the k™ tier's BSs, Ny = PoWor1 R, " is
the received power from the nearest BS among all the k™
tier’s BSs, I, + I. +n is the total received power at the
MS, n is the background noise power, and [,, [, (defined
in (1)) are the sum of the received powers from all the
open-access BSs and closed-access BSs in the system,
respectively. Notice from (25) and (26) that the HetNet
coverage probability can be obtained if the joint probability

and
1=

density function (p.d.f.) of <Ia + 1. +n, rlrlaxKyiM,->

<Io+ Ic+n, rlnaxKyiNi) is known, respectively. Using

T
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the same steps as in the proof of [14, Corollary 4], the above
mentioned joint p.d.f.s can be expressed as

f10+1(.+n,> rlnaxKy,-M,- (x,y) =
il

00 9 Jjox
—Lt1 M;<u (Jo) dw, (27)
/w=7oo gyttt max viMisu / u=y 27
f10+1(.+n,> rlnaxKy,-N,- (x,y) =
il
00 9 Jox
_LI,)-',-[C—H], max y;N;<u (jw) dw, (28)
w=—0o OU =1 K

u=y
where f.. (-, -) denotes the joint p.d.f. of the involved random
variables:

LI +Ic+7] de ykMk<u (5)

e_S(IU+Ic+W)J <
k

LR max ykMkfu)],
1. K

=1,

Lyt 1o+, ,hax weNe<u (8)
=1, K

£E

e—s(10+1c+'7)j< max Vkaiu)}
k=1, K

denote the Laplace transform function of the total received
power at the MS (I, 4+ I. + 1) such that the received power
from the desired serving BS of each open-access tier satis-
fies the constraint Y My < u and yx Ny < u, for the max-SINR
connectivity and the nearest BS connnectivity models, respec-
tively; and J(-) is the indicator function. In order to avoid
repetition, we refer the reader to [14, Corollary 4] for the inter-
mediate steps for the derivation of (27) and (28). We begin with
computing the Laplace transform of the interference from the
closed-access tiers, I, £, (s) = E [e‘”‘«‘].

Lemma 4: The Laplace transform of the interference from
the closed-access tiers is

2 2
L o
—YE ham (P E[ ]r(l—g)

L (s)=e (29)

Proof: The proof for (29) is as follows.

L oo
L. (s)=E |:exp (—s DO Py Rc‘lﬁdﬂ

=1 n=1
(u) l—[ E |:exp (—s Z PV, R 6‘ )]

®) o° e
= Hexp (—AczEwd [/ (1 — e SFatar ”’) 2nrdr]) ,
=1 r=0

n=1

where (a) is obtained because the BS arrangement for the L
closed-access tiers and the corresponding transmission and fad-
ing factors are independent of each other, and (b) evaluates the
expectation in (a) using Campbell’s theorem for a Poisson point
process [32, Page 28], and (29) is obtained by evaluating the
integral in the expression of the equality (). ]

Next, we derive expressions for the two Laplace tranform
functions in (27) and (28) that will later be used to obtain semi-

; ; max-SINR nearest ;
analytical expressions for PEi0izec™ and Pcier o, respectively.

3903

Lemma 5:

LIU+IL-+17, . r{laxKykMkfu (s) = £'IC (s) x

K 2
exp (—sn — ZA ok T (sPUk)évk IEI|: S”kj| X

k=1

2 2 2 su
r(il—-—)+=r(-—,=)1).
Eok Eok Eok  Vk

Lln+1£+7]a

(30)

_max_ vk Ne<u (s) =

2 2
K == ok
—sn=3"K | Aok (s Po) ok E{wokok ]F(lfﬁ)

LI (s)e X

su
2

VeWok1 2w 2 _2
1_[ Ey,,, |:/ ’ )Lokg_ (s Pog) “ok x = fok X
¥ .

=i ok

2

2
_\I’oklx_)tokgﬂ (5 Pok) ok ]E\I’ |: SOk F(—ﬁ,x\l’gk)

(S

}dx , (31

where u > 0, £ (s) is from Lemma 4 and the random vari-
ables W, i1 and W, are i.id. forallk =1,--- , K.

Proof: The proof for (30) is shown below.

rC/I +1. +n de ykMk<u (s) =

El|lexp(—=s (I, + 1. +1n)) x7J (k rlnaxKykMk < u)i|

@ L. (s)e™ %

K o
—sPy Wy R ok —e
E 1_[1_[6 § Fok Hokl Ropy j()/kpokq’oklRDklok §u):|
Lk=11=1

b _
@ L. (s)e™"x

u
HE [H e PRy g ( PorWorr Ry < _)}
k=1 Li=1

Yk
© o
=L (s)e™ | | exp <—k0k/ . (11—
=

k=1

E [e_SP""‘I”’“S”kJ (ng\I’okr_g”" < i)]) 27rrdr)
Yk
d K o
@ Ly (s)e™" 1_[ exp (—Aokvak |:/ (1—
- t=0
2 2 _
e J(t < —)) nt Eok
Yk Eok

K 2
(i)L, (s)e™ S”l_[exp< Okrr(sPok)Sok]E[ e""i|x

2 2 o0 _2 _
[F <1——>+—/ et ek IJ <t> —)dtD
Eok Eok J1=0 Yk

(32)

2
' (5 Pop Wop) 7ok er

where (a) is obtained by noting that . is independent of
the random variables /, and max My <u, L; (s) is a

JRTE
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direct consequence of Campbell’s theorem [32], e™*" is a con-

stant and . r{lax viMy <ugp < {ykPok\I/oklekj”k < u},
=1,-,K

Vk=1,---, Kand [l =1, 2 ; (b) is obtained since the
random variables corresponding to a given tier are independent
of the other tiers; (c) is obtained by applying Campbell’s theo-
rem [32] to each tier of the HetNet; (d) is obtained by changing
the variable of integration from r to t = s Py Worr —ok; (e) is
obtained by rewriting the integral in (d) using special func-
tions; and finally (30) is obtained by rewriting the integral in
(e) in terms of the incomplete Gamma function.

The proof for (31) follows along the same lines as above and
we provide a brief outline below:

Llptletn, (e KVkaSM (s)

L]C (s)e=sn

° —é,
e_SPDk Woki RakIGk T

Vi Pok Wok1
ax ——e—— <u
k=1, K Rokl

K o —€ok —€ok
) Hl—[e—sPok‘l/osz,,k, +1n(3(ykf’ok‘1'0k1R,,k1 Su))

K
) 5Py W, ROk —&
= l—[E\I’OklaRakl [e S FokFok1 Bok1 ] VkPok\poklRoklk

o]

o0
|:l_[ e =5 Pok \pnklRok] j(Rokl>Rok1)
K ek
© oS Pok Yok R i { —e
= 1_[ Wok1, Rok1 [ ok Fok1 %okl J (VkpoklyoklRokl

IA
<
~

=2

IA
<
~

Xe

. —E
—Aok fr:ngl (I—E[e_s ok borr et ])2nra’r:|

K

@ —§ P W RO —&
= | |E\1’0k1,Rak1 [e POk EO Rokt T ( Yk Pok Wor1 R
k=1

IA
<
~

2
X exp <—k0kn (5 Pyy) b0k x
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where the maximization in (a) is only among the nearest BSs
of the K tiers of the HetNet, £, (s) is defined in (32); (D) is
obtained by exchanging the order of expectation and product
since the K tiers of the HetNet are independent of each other,
and further conditioning w.r.t. the fading factors and the dis-
tance of the nearest BS of each tier; (c) is obtained by applying
Campbell’s theorem to the set of k" tier BSs beyond R1,
conditioned on R,k1; (d) is obtained by further simplifying
(c); and finally (31) is obtained by evaluating the expecta-
tion w.r.t. Ror1 in (d) where the p.d.f. of Ry is fr,, (r) =
)»Derrre’k”k”rz, r > 0, and further simplifying. [ |

Next, the partial derivative of the Laplace transform function
in (30) and (31) w.r.t. u are shown, which are in turn used to

compute the joint p.d.f.s of (I,, + I, +n, Ilnax Vi Mi) and
i=1, K

Ip+ 1.+,

tively. We leave the proof to the interested readers as it involves
straightforward algebraic manipulation after taking the partial
derivative w.r.t. u to obtain (34) and (35), shown at the bottom
of the page.

To compare this result with [27], we note that for a unit mean

' IPax Vi ,) shown in (27) and (28), respec-
1

2
exponential random variable E |: W fok ] r <1 + %) Setting

{)\d}l:1 =0 and {eak}k:1 =a, (34) reduces to [27, (2)].
Having computed the expressions for the joint p.d.f’s in
(27) and (28), the coverage probabilities equations derived in
Theorem 1 can be proved below.

Once the joint p.d.f. has been obtained (see (27) and (28), the
probability of the event in (25) can be derived as follows:

INR (@) 1
Pg:ﬁ;érgglg P <{;z IPaX viMi +1n <
I, +1.+n < max yiMi}>
i=1,- K
®» (& [
= i f1¢,+1€+r;, max y; M; (x,y)dxdy
y 0 .V_;’_n i=l,-,K

o [ [ 9
= _L ] . - .a)
/yzo/:_OO gy~ Totletn, max yiMi<y (Jow)

2 s PopWor ROk -
- \pa S Pok Vo R 1 | (1 —e_t) itiéildt N u=y
ok ok t=0 Eok ejwy_e/w(’;'i"l)d d
X ———————dwdy
(33) jo2mw 7
d
3Ll e, ,max  yiMisu &) K f -
Z (VkPOk)F”k E ok u foke Yk, (34)
L4, . max  yiM;<u (s) =1
(%k]E [Z,k 2 suWok 1

. 2 _)‘akgk(‘ ok) Ok By W, r(‘m’yk%kl

Vok1 akl €
o0
u~lotlc+n, max yiNi<u (5) K %

=l K . Z ue vk (35)
= 2 2 . | ’

Liptio+n, nax  yiNi<u () k=1 2 ok i (sor) “ok By, k|: ok r(*%';:)‘c"wzlf)
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where (a) is obtained by noting that
{IU+IC+77 < max yiMi} =
i=1, K

1
{— X maxKyl-M,- +n<lp+1I.+n< IflaxKy,-M,‘}
=1,

K i=1,-,
U Hlo +l41< i_I}}?}?nyiMi} N
max ViMi
i=1, K
Ip+1.+n=< +n ;

and the second set in the union of two sets shown above is a null
set, (b) expresses the probability of the coverage event in terms
of the joint p.d.f., (c) is obtained by substituting for the joint
p.d.f. from (27), then interchanging the order of integrations
of the variables x and w which is justified by the boundedness
of the integrals. Finally, the above expression can be further
simplified to obtain (4).

The same steps can be followed for obtaining (5), and are
omitted for brevity.

B. Proof for Lemma 1

Given a BS belonging to the k™ open-access tier is at a
distance R from the origin, then, due to [2, Theorem 2],
R = (Pokllfok)’1 Ré®o represents the distance of the BS from
the origin where the BS arrangement is according to a non-

homogeneous 1-D Poisson point process with BS density
2

function A, (r), as long as E[W;,‘;k} < oo, for each k =

1, 2,---, K. Similarly, for the closed-access tier, R =
(P-W.)"! Ré is the distance where the BS arrangement is
according to a non-homogeneous 1-D Poisson point process

2
with BS density function X (), as long as E |:\Ilj”:| < oo. This

is a consequence of the Mapping theorem [32, Page 18] and
the Marking Theorem [32, Page 55] of the Poisson processes.
Further, since the BS arrangements in the different tiers were
originally independent of each other, the set of all the BSs in
the equivalent 1-D non-homogeneous Poisson process is merely
the union of all R’s in all tiers. By the Superposition Theorem
[32, Page 16] of Poisson processes, the combined process is a
non-homogeneous Poisson point process with density function
r(r) = Zle Kok (r), r>0.

In summary, we have converted the BS arrangement on a 2-
D plane of a HetNet to a BS arrangement of the equivalent 2-
tier network along 1-D (positive x-axis), and hence, the SINR
distributions of both these networks are also equivalent. Further,
by our construction, the MIRP BS in the HetNet corresponds to
the BS that is nearest to the origin (MS) in the equivalent 2-tier
network. As a result, SINR may be written in terms of the R’s
and R’s indexed in the ascending order, and we get (10).

C. Proof for Lemma 2

The HetNet SINR under MIRP can be computed as follows.
For each tierm = 1,---, K, ¢ (c refers to the closed-access

3905

o0

and represent as
I=1
R} where R’ dingly ordered. Now, [R=2]"
{Rm.1},_, where R’s are ascendingly ordered. Now, .

m,l

_1
tier), form the set {(Pom Womt) * Rom,l}

represents the received powers of all the m™ tier BSs in the
descending order. Finally, the desired BS’s power and tier index
(T) can be easily found by identifying the maximum in the
set {Ié;ﬂ and the SINR can be computed. Using [19,
A=
Corollary 3] which is an application of the Marking theorem
[32, Page 55], it can be seen that {Rm,l}i] represents the
distances from origin of BSs arranged according to homoge-

2
neous Poisson point process with BS density Ay, PonE |:\Il;‘m] ,

where W,,, has the same distribution as the m'™ tier fading fac-
m=K, =00

tors. As a result, the set anfl} represents the set

m=1, [=1
of received powers at the origin of the HetNet composed of

K open-access tiers and a closed-acess tier with BS densities
2N K 2
{Aok P, E |:lIl;k:| } , A PE |:\l'§ ] respectively, with unity
k=1

transmit powers and fading factors at each BS. This is equiv-
alent to the original heterogeneous network and has the same
SINR distribution, hence proving (11).

Further, using the Superposition theorem [32, Page 16], the
K open-access tiers of the equivalent HetNet can be com-

bined to form a single tier network with a BS density equal
2

2 2
to Z,le Aok Py JEW ., thus proving the SINR equivalence in
(12). The distribution of SINR of this two-tier network is the
same as that of an MS in another two-tier network where the
open-access tier has unity BS density, the closed-access tier has
2
Ae PR [\IJCS
a BS density ————~———, unity transmit power and fading
Zlf:] Aok P{;;( Ell,l:k

factors at all BSs and a background noise 1

El

K 2 2\"3
€ €
(Zk:l }‘UkPuk]Eq/ak>

due to [19, Lemma 3] and hence we get the relation (13).

D. Proof for Theorem 3

From Corollary 1 and Lemma 1, we get the following
stochastic equivalence:

SINRT 1 =
hT,lléill
K — ~_ )
S R Ry + 2 iR+
(k.DAT.T)

(PG aRYG))

where hy;’s and g;’s are i.i.d. unit mean exponential ran-

. _ 5—1 5 100 5 190
dom variables, I = 2r_g1n;ax hr xR, {Rkl}l=1 and {R,}l=1
are from non-homogeneous 1-D Poisson processes with den-

2 P%

Z
. . > 2
sity functions Ay (r) = Mok o Popt r ook, k=1,---, K
0

A Z 2_
and A (r) = )chg—’:Pj‘ ree !, respectively. The following steps
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derive the HetNet coverage probability and closely follows the
proof techniques for [2, Theorem 4] and [26, Theorem 1]

SINR MIRP
Pg:;/xerage IP>coverage =
K hz] Rl_l
ZP % 5T w5 > Bi
iz D=1 imthu Ry + 22 &R+
(k,D)#(, J)

5wk 51
—BiRijY i1 2 hu Ry

kDF#J) X

w 2 [e—ﬁi’%‘"E |:e
|

2 2
rem (Pepir) &¢ E[ws }
F(H— 2 )smc(Z”)

€

0

p—1
E I:e—ﬂiRij YiZi &R

—npir—
X

K 00
) >
= E f hoi (r)e
i=1 r=0
2

il

)‘ol”(Polﬂi'")m]E v 81{)[
F( )smc( )

where I?ij is the distance from the origin of an arbitrary point
in the non-homogeneous Poisson process with density function
Xoi (), (@) is obtained by computing the coverage probability
w.r.t. h;; conditioned on all the other involved random vari-
ables and noting that the two Poisson processes are independent
of each other, () is obtained by evaluating the inner expecta-
tions by applying Campbell’s theorem [32] (same steps as in
the proof of [2, Theorem 4]) and expressing the expectation
wrt. R;; ; by the integral where X (r) dr is the probability that
there exists a point in the interval (r, r 4 dr), and finally (16) is
obtained by simplifying the integral in ().

K
- Z[:l

€

2

T

ol

dr,

E. Proof for Theorem 4

The HetNet coverage probability is given in (36), shown at
the bottom of the page, where (a) is from the stochastic equiva-
lence in Corollary 5, () is obtained due to the independence
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of each tier in the HetNet given (7', R,r1). Now, we derive
expressions for £ and E> in (b):

0o o1 ¥e |\
E| =exp —/ 1-Ey, |e Fforr A(r)dr
r=0
. 2
_Apn(Pc/SkRokl)SC
2
2
—e Poklsmc( ) ,
—BiRok1 Yom
- jfjkukl 1—Ey,, [e  Fok1” Jeom (r)dr
Er)=e¢e
( . )L
2Bk (Pom Bom Ry 1 ) com 2 2 . B
_ e—W”WXm Ll 2 aom T By

Finally, (23) is obtained by computing each expectation in (b)
by applying the Campbell-Mecke theorem. For {sgk}le =¢
and n = 0, the integral in (23) simplifies to (24).

F. Simulation Method

The k™ tier of the HetNet with K tiers is identified by
the following set of system parameters: (Ar, Pr, Yk, €k, Br),
where the symbols have all been defined in Section II, and
k=1, 2,---, K, where K is the total number of tiers.
Now we illustrate the steps for simulating the HetNet in order
to obtain the SINR distribution and the coverage probabil-
ity assuming the MS is at the origin. The algorithm for the
Monte-Carlo simulation is as follows: 1) Generate Ny ran-
dom variables according to a uniform distribution in the circular
region of radius Rp for the locations of all the k! tier BSs,
where Ny ~ Poisson (A¢ R%). 3) Compute the SINR at the
desired BS according to Section II-C and record the tier index
I of the desired BS. Repeat the same procedure T (typically,
>50000) times. Finally, the tail probability of SINR at 5 is

given by [fof ials Wh;re SINR > 1} and the coverage probability
is given by Zf:] {# of trials where IT=k and SINR>ﬂk}.

K
]P;MBRP (a) ZE ) okl\poklRDkl > Br bk R »
coverage T,Ror1 Oo lIJ 0 Pomlq”umlj(RDml>R0kl) T
k=1 Dot 7 +7’I+Zm 1 2.0=1 Rom
L (m,1)#(k,1)
®) K _ 1Bk Ror1 O°  —BiRox) Yen - _
= Z]ETJ?UTI e Pok1 x E 1_[ e PoklRUl T = k’ RDT] = Rokl
k=1 n=1
L =E,
K s *ﬁkkoklwaml
T(Romi>Roi1 ~ ~
x 1_[ E |:1_[ Fokt Rom (o o) T =k, Ror1 = Ror1 (36)
l

m=1 =1

Ey
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