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Definition 1 (Royden and Fitzpatrick §6.4). A real-valued function f on a closed, bounded interval [a,b] is
said to be absolutely continuous on [a,b] provided for each € > 0, there is 6 > 0 such that for every finite
disjoint collection {(ak,bx)}i_, of open intervals in (a,b),

if > bk —ax) <6, then Y |f(bx) — flax)| <e.
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If we have an absolutely continuous function f on [a,b], then for every e > 0, there is a 6 > 0 such that,
in particular using n = 1 open intervals (z,z + §) (or (z — §,z)), then |f(x + ) — f(z)] < e. That is, not
only is f continuous at z, but the choice of § did not depend on z, so f is in fact uniformly continuous.
Overall, we have
absolutely continuous = uniformly continuous = continuous

and (on a compact interval)

Continuously differentiable == Lipschitz cts = absolutely cts = bounded variation = differentiable a. e.
The Cantor function (p. 32 in Hunter and Nachtergaele) is continuous everywhere but not absolutely con-
tinuous. The function f(z) = +/z on [0, 1] is absolutely continuous but not Lipschitz.

Theorem 2 (Fund. Thm. Calc., Thm. 10 §6.5 Royden and Fitzpatrick, or wikipedia). If f is absolutely
continuous on the finite interval [a,b] then f is differentiable a.e. on (a,b), its derivative f' is integrable,
and
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Note that absolute continuity has a different (though related) definition in regards to measures:

Definition 3 (cf. wikipedia). A measure p on Borel subsets of the real line R(R) is absolutely continuous
with respect to Lebesgue measure X if for every measurable set A, \(A) = 0 implies u(A) = 0. This is written
as < A and we say p is “dominated” by A.

Theorem 4. Let p be a finite measure on R(R), then pu < X\ iff there exists a Lebesgue integrable function
g on the real line such that

VA e R(R), wu(A) = / gdA. (1)
A
The function g is unique up to a set of zero measure (wrt A), and is called the Radon-Nikodym derivative
of u, and is often denoted g = Z—‘;.

The theorem generalizes to R™, and to general o-finite measure spaces. The theorem states that a
probability measure has a pdf iff it is an absolutely continuous measure. It also implies the following
intuitive statement that if [, gdX = 0 for all A, then g = 0 a.e. (by uniqueness of the R-N derivative).

Theorem 5 (Tonelli). Let f : X x Y — [0,00] be non-negative and measurable and the measures on X
and Y be o-finite, then

/X (/Y f(%wdy) de = /Y (/X f(amy)dw) dy = /ny f (@) dydz



1. If g : [0,00) — R is a monotone non-increasing (thus measurable) function satisfying
limy o0 g(x) = ¢ > 0, prove that there exists a rational-valued function h : [0,00) — Q
such that the function f:[0,00) — R defined by f = g-h is improperly Riemann integrable
on [0, 00), but not Lebesgue integrable there.

2. Assume that f:[1,2] — R is absolutely continuous, with f(2) = 0. Prove that
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3. Let f:[a,b] — R be a C! function. For € > 0, let C. := {z € (a,b) : |f'(x)| < €},
and let A := {f(z) | = € (a,b), f'(z) = 0}.

(i) Prove that C. is open and that m(f(Ce)) < e- (b — a).

(ii) Prove that A has Lebesgue measure zero.

4. Let (X, B, ) be a measure space, and suppose that p,q, r € (1,00) satisfy
1
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If f € LP(X,u), g € LYX,pu),and h € L"(X,u), prove that f-g-h € L' (X,u) and
that

1f-g-hlle < [1Fllp - llgllg - [[7]l:-

5. Let (X,B,u) be a o-finite measure space, and suppose that f : X — [0,00) is a
nonnegative integrable function. Prove that the function ¢ : [0,00) — [0, 00] defined by
Y(t) =p({x e X : f(x) >t}) is Lebesgue measurable and that

[t = [ vt ae

Hint: you may find Tonelli’s Theorem useful.

6. If {f1, f2,---} is a complete orthonormal set in the Hilbert space L2[0, 1], where [0, 1]
is equipped with Lebesgue measure, and B is an arbitrary measurable subset of positive
measure in [0, 1], use Parseval’s identity applied to the characteristic function for B to

prove that
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