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HIGH-ORDER NUMERICAL METHOD FOR SOLVING ELLIPTIC
PARTIAL DIFFERENTIAL EQUATIONS ON UNFITTED NODE
SETS

MORTEN E. NIELSEN* AND BENGT FORNBERGT

Abstract. In this paper, we present how high-order accurate solutions to elliptic partial differ-
ential equations can be achieved in arbitrary spatial domains using radial basis function-generated
finite differences (RBF-FD) on unfitted node sets (i.e., not adjusted to the domain boundary). In
this novel method, we only collocate on nodes interior to the domain boundary and enforce boundary
conditions as constraints by means of Lagrange multipliers. This combination enables full geometric
flexibility near boundaries without compromising the high-order accuracy of the RBF-FD method.
The high-order accuracy and robustness of two formulations of this approach are illustrated by
numerical experiments.

Key words. High-order, RBF-FD, Meshfree, PDEs, Lagrange multipliers

MSC codes. 65N22, 35J05

1. Introduction. Partial differential equations (PDEs) form key parts of virtu-
ally all mathematical models describing physical systems and processes, with a large
number of numerical approaches available. This paper focuses on accurate treat-
ment of boundaries of non-trivial (and possibly time dependent) shapes. A first key
numerical choice is whether to use a grid-based or a meshfree PDE discretization:

e Grid-based: The main options are overlapped grids ([2, 7]) and immersed
boundary techniques ([18, 8, 9, 10, 11])

e Meshfree: The main option up to now has been to use quasi-uniform node
sets that align with boundaries (e.g., radial basis function methods ([4, 6])).
The present novelty is to use ‘unfitted’” node sets that do not impose the
constraint of node sets being aligned with boundaries.

This last option, meshfree quasi-uniform node sets not fitted to align with bound-
aries is attractive because, it

Simplifies the generation of node sets,

Offers the most flexibility in permitting local refinement purely based on
accuracy considerations,

Simplifies the handling of moving boundaries (as no corresponding movement
of nodes is called for).

High-accuracy implementations with unfitted quasi-uniform node sets have so
far not been explored. We demonstrate here that combining RBF-FD (radial basis
function-generated finite differences) with a Lagrange multiplier approach at bound-
aries can achieve very high convergence rates (here tested up to O(h'?), where h is an
average node spacing, or equivalently in 2-D, O(1/N?) where N is the total number
of nodes in a discretization. We here introduce and test this new approach for Pois-
son problems in two- and three-dimensional space with different boundary conditions.
Computationally optimized implementations and other types of PDEs are left to be
considered for future research.
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In this work elliptic PDEs are considered and, for the sake of simplicity, only

different variations of the Poisson problem are tested. Let € R? be a d-dimensional
domain bounded by I" € R?~!, in which we seek a solution to the Poisson problem,

Viu = f(x), x=ecqQ,

(1.1) Bp(u) =u=g(x), =€lp,
Bn(u) = g—z = h(z), xeTly,

where V2 € R is the continuous Laplace operator, u = u(x) € R is the solution in
Q, while I'p specifies the Dirichlet boundary and m is the outward pointing normal
vector defined on the Neumann boundary I'y as depicted in figure 1.

I'n I'p

X
FiG. 1. Domain with boundary definitions for d = 2.

In the following section, section 2, we introduce the traditional collocation-based
RBF-FD method along with the novel Lagrange multiplier-based RBF-FD methods.
Section 3 introduces several test problems and gives numerical comparison results,
which is followed by section 4 with some conclusions.

2. Methodology. The objective of this paper is to solve problems of the form
(1.1) with high-order accuracy while preserving as much of the meshfree nature of
RBF-FD as possible. In the traditional RBF-FD collocation (RBF-FD-C) method,
the computational domain is usually discretized by collocating Ny nodes in €2, Np
nodes on I'p, and Ny nodes on I'y according to the definitions illustrated in figure
1. An example of a boundary-fitted, quasi-uniform node set! is illustrated in figure 2.
For the sake of completeness, the RBF-generated finite differences are first described
briefly in section 2.1 before being utilized.

2.1. Radial basis function-generated finite differences. In the RBF-FD
approach, the first step is to create FD-type stencils, one for each derivative and for
each of the N nodes within the domain. Including the stencil ‘evaluation’ point (at
which it is to be accurate), we determine weights to use at its n nearest neighbors (with
n < N) as illustrated in figure 4. These RBF-FD weights are obtained by creating
an RBF-based interpolant across these n nodes and differentiating this analytically.
Weights at the nodes are thus obtained similarly to traditional 1-D FD weights when
instead using polynomial interpolants [4, 3, 1].

INon-grid-based, locally uniform node set with possibly globally varying node density.
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Fic. 2. Boundary-fitted node set including definitions of exterior (gray dots), Dirichlet (red
circles), Neumann (blue squares) and interior (black dots) boundary nodes. This node set combines
quasi-uniformity with nodes being boundary-fitted.

We introduce the polyharmonic radial basis functions ¢;(r) = ¢ (||x — x;||2) = ||x —

x; Hng and multivariate monomials p;(x) to approximate the exact solution to (1.1)

as,

n L

(2.1) u(@) ~up(@) =Y ko (o —zill2) + Y 705 (@)
i=1 j=1

which we require to match at n nodes, i.e. spatial points {x;} 4,

(2.2) u(x;) = up(x;), for i=1,2,...,n,

while enforcing the additional constraints,

(2.3) Z/@pj(:l:i) =0, for 7=1,2,..,¢

i=1

Here ¢ is the number of monomial terms in a multivariate polynomial of degree m.
The above equations can be arranged in a linear system of equations,

~ K A P|lk u
e AB=l Bl = )
where k,u € R", v € RY, 4;; = ¢(||z; — x;||2) is an entry of the RBF collocation
matrix A € R"*™ and P;; = p;(x;) is an entry of the supplementary polynomial

matrix P € R"¢. The linear operation £ can be approximated at an evaluation
point x. as,
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n 14
(2.5) Lu(@)|z, ~ Lup(@)e, = Y rild (|2 = @ill2) o, + Y 7iLPs(@)

i=1 j=1

Ler

which again can be arranged in matrix-vector format,

V[T pT1 |\ Rl 1. T 277 -1 |W| _ T .71 |W| _ T
(2.6) Lu(x)|z, ~ [a” b"] [’J =[a" b'] A [0] = [w" o] [0} =w u,
where a; = L& (||[x — ;||2) |, corresponds to the entries of @ € R™ whereas b; =
Lp;j(x)|s, corresponds to the entries of b € R. The weights, w € R", can equivalently
be computed by solving the linear system,

2.7) [sz ]g] m B [Z] ’

while the weights v € R? are discarded.

2.2. RBF-FD-C method. Let us assume that the continuous operators ap-
pearing in (1.1) have been approximated by means of RBF-FD such that V2 ~ L,
Bp ~ Bp and By = By. The traditional RBF-FD-C method [4, 1] will lead to the
following square system of equations,

L up f
(28) Bp up| = 19|,
BN UN h

where L € RNXN By € RNoXN By e RNNXN and the total number of collocation
nodes is N = Ny + Np + Ny. All three discrete operators are here approximated by
stencil weights based on both interior and boundary nodes according to figure 2. The
solution in the interior corresponds to u; € RN1, whereas the solution on the Dirichlet
boundary corresponds up € RNP and finally, the solution on the Neumann boundary
corresponds to uy € RN,

2.3. Lagrange multiplier-based RBF-FD methods. In this section, we pro-
pose for the problem in (1.1) two novel optimization inspired strategies. For both, the
Poisson equation is posed as a minimization problem, while the boundary conditions
are enforced as constraints using the method of Lagrange multipliers. The reason for
investigating these new formulations is that only nodes internal to the domain are
used for computing the discrete operators, L, Bp and By, which provides high-order
approximations also when using unfitted node sets as the one illustrated in figure
3. The two different formulations investigated are RBF-FD-LM1 and RBF-FD-LM2.
These lead to two different systems of linear equations and may therefore perform
differently. Both strategies are outlined below before their performance is assessed.

2.3.1. Lagrange multiplier method for equality-constrained linear sys-
tems. This section provides some general background that will be utilized in Sections
2.3.2 and 2.3.3.

The novelty of this work is that we pose the elliptic Poisson problem as an equality-
constrained minimization problem, i.e. a norm of the residual (Axz — b) is minimized
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Fic. 3. Unfitted node set including definitions of exterior (gray dots), Dirichlet (red circles),
Neumann (blue squares) and interior (black dots) boundary nodes. The interior nodes are distributed
with no respect to the boundary nodes.

while boundary conditions are enforced as equality constraints. Let the equality-
constrained minimization problem be defined as,

min J(x)
(2.9) ®
st. Cx=c.

THEOREM 2.1. The vector @ that for (2.9) minimizes J(z) = 3||Ax — b|3 =

1(Az — b)T(Az — b) can be obtained by solving the square linear system,

o -

THEOREM 2.2. If A is square, symmetric, and negative definite, then the vector x
that for (2.9) minimizes J(z) = &||(—A) "/ (Az—b)||3 = L (Az—b)"(—A) "' (Az—D)
can be obtained by solving the square linear system,

(2.11) [é %T} [f] - [”] '

In equations (2.10) and (2.11), the part X of the solution vectors contain Lagrange
multipliers and are typically discarded. The two novel RBF-FD-Lagrange multiplier
(RBF-FD-LM) formulations (in sections 2.3.2 and 2.3.3) directly use the results of
Theorems 2.1 and 2.2, respectively.

2.3.2. RBF-FD-LM - Formulation 1. In the first formulation, the continuous
Laplace operator is discretized at all interior nodes with stencils using only nearby
interior nodes for establishing stencil weights, and then the sum of squared interior
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residuals are minimized. The boundary conditions are enforced as constraints on
approximations that have utilized only interior nodes,

. 1
min || Lur — f||3
ur 2

(212) s.t. Bpur =g,

BNUI = h,

where the Laplace operator (L € RNt*Nt) Dirichlet boundary conditions (Bp €
RN XNr) and Neumann boundary conditions (By € RN¥XN1) are approximated only
from the solution on nodes that are considered to be interior nodes, i.e., uy € RNt
By Theorem 2.1, this can be rearranged in matrix-vector format,

L"L BY BL ] [w L'f
(2.13) Bp Opp Opn| [Ap| =1 g [,
Bx Oxp OnN| [AN h

where Op y is a zero matrix of size Np x Ny (and similarly for the other zero matrices).
Again, it must be emphasized that the discrete operators, i.e. L, Bp and By, are here
collocated only on interior nodes as depicted with black nodes in figure 2 and 3. Thus,
both the Dirichlet and Neumann boundary conditions are essentially approximated
by RBF-FD extrapolation. However, as will be illustrated in section 3, it is still
possible to use boundary-fitted node sets with/without the boundary nodes included
as interior nodes.

2.3.3. RBF-FD-LM - Formulation 2. In the second formulation, the Laplace
operator is augmented by the boundary constraints, which mimicks (2.11) from The-
orem 2.2. The applicability of (2.11) in the context it will be used here (with L not
necessarily symmetric, negative definite) is justified by L being the discrete approx-
imation to the continuous Laplace operator which possesses these properties. The
formulation gives rise to the system of equations,

L BEY BL [w f
(2.14) Bp Opp Opx| || =|g],
By Oxp OnnN| | AN h

where all submatrices are the equivalent to the ones used in (2.13), however, the
matrix-matrix product LT L and matrix-vector product LT f have been replaced by
L and f, respectively. Other references to using Lagrange multipliers as constraints
to the Poisson problem can be found in e.g. [14, 17].

2.3.4. Comments on the RBF-FD-LM methods. Different possibilities arise
when the problem in (1.1) is formulated as in (2.13) or (2.14). Firstly, it is possible to
use the same boundary-fitted node set as used in the traditional RBF-FD-C method
as illustrated in figure 2. Secondly, it is also possible to use an unfitted node set as
illustrated in figure 3, and use only the interior nodes as collocation nodes. Thus, the
discrete boundary conditions will be approximated at Np + Ny nodes on I' from a
subset of the interior nodes using the exact same algorithm for computing RBF-FD
weights as in the RBF-FD-C method. Hence, the only change is how the problem
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is posed, and the problem size N stays the same as in the RBF-FD-C method if an
unfitted node set is used.

3. Numerical experiments. These test problems are introduced to investigate
the accuracy and robustness of the two novel RBF-FD-LM methods. For all test
problems the relative ¢3-norm error is used and defined as,

. || Unum — Uezact ||2
(3.1) _ ,
|| Uezact ||2

where Uy, is the numerical solution and uezqct is the exact analytical solution. In
this work, the emphasis is put on showing the basic principles and only simplistic
tests based on the method of manufactured solutions will be considered for now.

3.1. Test problem 1: Poisson’s equation in the unit disk with Dirichlet
boundary conditions. In this test problem, the relation between stencil sizes and
augmented polynomials is investigated in a similar manner as in [1]. The test problem
is the same as in [1], and is posed as

v2u = f(xay)a T Qa

3.2
(3.2) u=g(r,y), ©clp,

where f(z,y) and g(x,y) are computed from the exact solution u(z,y) = sin(10(z +
y)), while the domain is defined as the unit disk Q = {(z,y) € R?: 2% + y? < 1} and
the Dirichlet boundary as I'p = {(z,y) € R? : 2% + y? = 1}.

The Poisson problem in (3.2) is solved using the traditional RBF-FD-C method
and the new RBF-FD-LM methods. This initial test seeks to illustrate the consis-
tency and robustness of the RBF-FD-LM methods. The test problem is solved on
three different node sets and collocation setups, as illustrated in figure 4, which serves
to illustrate the versatility of the RBF-FD-LM methods. In all three node set con-
figurations, the interior nodes in §2 are determined from a node set generated in a
square domain covering ) using the algorithm proposed in [5], while a node repelling
algorithm similar to the one in [1] has been used to establish the boundary-fitted node
sets.

In figure 5, the relative f3-norm errors are shown for the three different RBF-
FD methods as function of augmented polynomial degree (m) and relative stencil
size ([n/f]), i.e. ratio between neighbors and number of terms in the augmented
polynomial, while using the radial basis function ¢(r) = r3 on a node set corresponding
to the boundary-fitted node set with traditional collocation in figure 4.

Figure 5 differs from its counterpart figure 2 in [1] as the vertical axes show relative
stencil size (n/f) rather than stencil size (n). As background to considering n/¢ , we
note that, in d dimensions, there are £ = (d;m) independent polynomials up through
degree m. As was observed in [1], the system for obtaining the RBF-FD weights is
singular if n/¢ < 1 and reliable accuracy requires n/¢ > 2. Hence, we choose here to
use n/¢ on the vertical axis (rather than n) and focus our attention on the range 2
< n/l < 3. It was also noted previously that the polynomial degree m alone controls
the order of convergence under node refinement. Instead of m = 7 (in Figure 2 in
[1]), we use here m = 3.

Furthermore, it can be noticed that RBF-FD-LM2 method seems to obtain very
similar results to the traditional RBF-FD-C method. Although, the RBF-FD-LM1
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FiG. 4. The three different node sets and collocation setups used for test problem 1. The stencil
illustrated on each node set is based on a relative stencil size [n/l] = 2 and augmented polynomial

degree m = 2.

method seems to provide similar accuracy as the other two methods, it can be noticed
that as the node density h is decreased the solution stagnates around e ~ O(107?),
whereas the two other methods do not.

Next, the problem in (3.2) is again solved, but now only the interior nodes are
used as collocation nodes for the two RBF-FD-LM methods, whereas the RBF-FD-C
method still uses both interior and boundary nodes as collocation nodes. The errors
are illustrated in figure 6. Here, it can be noticed that the accuracy decreases about
one order of magnitude for the two RBF-FD-LM methods, while the relation between
the relative stencil size and augmented polynomial degree seems to follow the same
trend as the traditional collocation setup.

Finally, the unfitted node set is tested and as it is only applicable to the two RBF-
FD-LM methods, the relative error plots are illustrated only for those two methods
on figure 7. As the interior nodes are now placed closer to the boundary than in the
boundary-fitted node set with interior collocation, only a minor decrease of accuracy
is noticed when compared to the traditional collocation method on a boundary-fitted

node set.
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node set, where all three methods use interior and boundary nodes as collocation nodes, for solving
the Poisson equation in the unit disk with Dirichlet boundary conditions.
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node set, where the RBF-FD-LM methods use only interior nodes as collocation nodes, for solving
the Poisson equation in the unit disk with Dirichlet boundary conditions.
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3.2. Test problem 2: Poisson’s equation in butterfly domain with Dirich-
let and Neumann boundary conditions. This test considers a more compli-
cated two-dimensional domain with both Dirichlet and Neumann boundary condi-
tions, which was also used in [13]. The test problem is expressed as,

Vi = flz,y), =e€qQ,

(33) U:g(I,y)7 CCGFD,

0

3—2 = h(x,y), x €Ty,
and the domain 2 is the butterfly illustrated in figure 3, which is represented in polar
coordinates as,

(34)  r(0) = i (2 + sin(26) — 0.01cos (59 - g) +0.63sin(66 — 0.1)) ,

where f(z,y), g(x,y) and h(z,y) are computed from the exact solution,

3 . 3 1
u(x7y) :Ze_%((91_2)2+(9y_2)2) + Ze—(m(91+1)2+%(9y+1)2)

(3.5) 1 1 2 2 1 2 2

+ —e~1(Oz=7)"+(9y=3)") _ ge—((9x—4) +Oy=7)%)

also known as the Franke function. The interior nodes in {2 are determined from a
node set generated in a square domain covering () using the algorithm proposed in
[5]. An example of the node distribution used is illustrated in figure 3, while the
non-trivial source function is illustrated in figure 8 along with the exact solution.

s
w(e,y

Fic. 8. The exact solution and source function for test problem 2.

The test problem in (3.3) is solved using ¢(r) = 73 and varying polynomial degrees
(m) for both RBF-FD-LM methods. Convergence rates are illustrated in figure 9.

From figure 9 it can be seen that the convergence rates of both RBF-FD-LM
methods are similar until formulation 1 stagnates around e ~ O(10~%), which was also
noticed in test problem 1, whereas formulation 2 continuous until machine precision.
The stagnation of formulation 1 is is not altogether unexpected, as this case contains
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FiGc. 9. Convergence rates for both RBF-FD-LM methods with ¢(r) = r3, varying augmented
polynomial degrees (m) and relative stencil sizes [n/€] = 2. The dashed lines indicate slopes equal
to 2, 4, 6, 8 and 10, respectively.

a matrix block LTL in place of L, which for square matrices squares the condition
number.

In addition to the convergence rates, the computational efficiency of each RBF-
FD-LM method is illustrated in figure 10. It must be noted that all computations
are carried out in MATLAB with mldivide() and the runtime includes, in addition to
the solve, the time to assemble the matrices in (2.13) and (2.14), while it excludes
the RBF-FD weight computations. The computational efficiency is of major impor-
tance for applying these methods to large-scale problems, however, we leave out these
investigations for the sake of conciseness.
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Fic. 10. Computational efficiency for both RBF-FD-LM methods with ¢(r) = 73, varying
augmented polynomial degrees (m) and relative stencil sizes [n/l] = 2.

3.3. Test problem 3: Poisson’s equation in the sphere with Dirichlet
boundary conditions. The third test problem considers a simple three-dimensional
domain, namely the unit sphere, with Dirichlet boundary conditions. The test prob-
lem is expressed as,

v?u = f(957y72)7 T e Q7

3.6
( ) u:g(x,y,z), meFDv
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where f(z,y,2) and g(x,y,z) are computed from the exact solution wu(z,y,z) =
sin(mzx) + cos(my) + sin(wz), while the domain is defined as the closed unit ball
Q= {(z,y,2) € R® 22 + y? + 22 < 1}. The interior nodes in (2 have been generated
using the algorithm presented in [15] to scatter nodes in a cube that covers the domain
Q in three-dimensional space. For the sake of simplicity, we have used pre-computed
surface node sets to represent the boundary I'p = {(z,y,2) € R3 : 22 + y? + 22 = 1},
which is desribed in [12] and made available at [16]. An example of the boundary
node distribution is illustrated in figure 11.

Fic. 11. A visualization of the Dirichlet boundary nodes used for test problem 3 (coarsest node
set level in the convergence study).

Again, the test problem in (3.6) is solved using ¢(r) = 7 and varying polynomial
degrees (m) for both RBF-FD-LM methods and the relative stencils sizes are again
[n/l] = 2. Convergence rates are illustrated in figure 12.

RBF-FD-LM1 RBF-FD-LM2

Relative error

—A—m = 8 —A—-m = 8

—v—m =10 —v—m =10

10718 . - - 10718
5 5

Fic. 12. Convergence rates for both RBF-FD-LM methods applied to test problem & wusing
é(r) = 73, varying augmented polynomial degrees (m) and relative stencil sizes [n/€] = 2. The
dashed lines indicate slopes equal to 2, 4, 6, 8 and 10, respectively.

From the results in figure 12, it is again seen how both formulations provide
high-order accurate solutions. However, formulation 1 does not seem to run into any
stagnation errors, which were noticed for test problem 2, and the formulations obtain
very similar orders of accuracy. It must be noted here, that the node density is not
as fine as in the previous two-dimensional test problems, which could be the reason
for the presence of stagnation errors noticed for formulation 1.
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3.4. Test problem 4: Poisson’s equation in the sphere with Dirichlet
and Neumann boundary conditions. The last test problem considers the unit
sphere with both Dirichlet and Neumann boundary conditions. The test problem is
expressed as,

Viu = f(z,y,2), €,

(3.7) u=g(x,y,2), x€Tp,

0

aizzh(x7y,z)’ me]:‘N7
where f(z,y, 2), g(x,y, z) and h(z,y, z) are computed from the exact solution u(z,y, z) =
sin(mz) + cos(my) + sin(wz), while the domain is defined as the closed unit ball
Q= {(x,9,2) € R 22+ 4%+ 22 < 1}. The boundary and interior nodes have
been generated with the same methodology as for test problem 3, while the bound-
ary nodes are chosen such that I'p = {(2,9,2) € R® : 22 +y? + 22 =1,2 > 0} and
I'y = {(7,y,2) € R® : 22 + 92 + 22 =1,2 < 0}. An example of the boundary node
distribution along with node definitions is illustrated in figure 13.

F1G. 13. A visualization of the Dirichlet (red points) and Neumann (blue points and arrows)
boundary nodes used for test problem 4 (showing the coarsest node set in the convergence study).

The test problem in (3.7) is solved using ¢(r) = r3 and varying polynomial degrees
(m) for both RBF-FD-LM methods and the relative stencil sizes are again [n/¢] = 2.
Convergence rates are illustrated in figure 14.

As seen from the results in figure 14, high-order accurate solutions are obtained
for both RBF-FD-LM methods and no error stagnation seems to be present in either of
the formulations. However, the node density is not as refined as in the two-dimensional
test problems.

Finally, it must be emphasized that the same relative stencil sizes have been used
for both the two- and three-dimensional test problems. Similar results can possibly
be achieved with smaller relative stencil sizes especially in three-dimensional cases.

4. Conclusions. In this paper, a novel method for solving elliptic PDEs dis-
cretized using RBF-FD has been presented, which maintains high-order accuracy on
unfitted node sets. This is achieved by combining Lagrange multiplier boundary con-
straints with pure interior collocation of the RBF-based interpolants, which has led
to the two different formulations proposed here.
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RBF-FD-LM1 RBF-FD-LM2

. . 10°

1 1072} m=6
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1078 : . . 1071%
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Fic. 14. Convergence rates for both RBF-FD-LM methods applied to test problem 4 wusing
é(r) = 13, varying augmented polynomial degrees (m) and relative stencil sizes [n/€] = 2. The
dashed lines indicate slopes equal to 2, 4, 6, 8 and 10, respectively.

Differences in the derivation of the two proposed formulations have been outlined

and

numerical experiments illustrate that high-order accurate solutions of Poisson’s

equation can be achieved for both two- and three-dimensional problems with Dirichlet
and Neumann boundary conditions.

Ideas presented in this paper, and implemented with RBF-FD, can potentially
also be implemented using other spatial discretization schemes, and preliminary tests

have

shown a potential for applications within time dependent (e.g. moving boundary)

problems as well.
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