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Total 100
There are five problems. Solve four of the five problems.
Each problem is worth 25 points.
A sheet of convenient formulae is provided.
1. Method of Characteristics.
(a) (16 points) Solve the Cauchy problem
t@,u+(x—t)0xu:u2, t>1, xeR,
u(x,1) = x, x € R.

You may reference the provided table of ODEs to determine solutions of any that arise.

(b) (9 points) Determine the region (x,7) € R where your solution in part (a) is classical.
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Table 1: Some first-order linear non-homogeneous ODEs with constant coefficients.



2. Heat Equation. Consider the forced heat equation in one dimension,

ou=9d.u+ f(x,1), t>0, xeR,
u(x,0) =0, x € R.

(a) (9 points) Determine u(x, t) in terms of an integral involving f(x, f).
(b) (8 points) Calculate the integral for u(x, ) when f(x, ) = x°.

(c) (8 points) Suppose 0 < | f(x,1)] < F € Rt if x € [-c¢,c] and f(x,1) = 0if |[x| > ¢. Show that
lu(x, )| < KFct'/?,

for some constant K > Oandallt > 0, x € R.

3. Wave Equation. Consider the radially symmetric initial value problem in R:

u, (X, 1) = Au(x, ), X = (X, Xy, X3) € R?, t>0,

ux,0)=¢(Ix)),  wx0)=w(x), xeR’, |x|=1/x3+x3+x.

(a) (12 points) Determine the solution u(x, t) = v(r, t)/r by exploiting radial symmetry (r = |x| > 0).
(b) (8 points) Assume ¢ > 0 only for |x| € (1,2) and y = 0. Determine the support of u at t = 2.

(¢) (5 points) Find the limit limlx|_)0+ u(x,t) = u(0, t) and a condition so u(0,¢) = 0 for all ¢ > O.



4. Laplace’s equation. Suppose u € C?(Q) is harmonic (Au(x) = 0) on x € Q C R” bounded.

(a) (10 points) Prove u satisfies the mean value property for any ball B(x, r) C €Q:

u(x) = ][ u(y)dsSy = ][ u(y)dy.
dB(x,r) B(x,r)

(b) (8 points) Consider the boundary value problem (BVP) on the unit ball:

Au(x) =0, x € B(0,1) c R?,
ux) = g(x), X € 0B(0, 1).

Write the BVP for the Green’s function G(x,y) and use ®(|x — y|) the associated fundamental
solution to construct the Green’s function G(X,y), checking all necessary conditions.

(c) (7 points) Prove that the solution to the BVP in (b) has the form:
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5. Separation of Variables. Consider the initial boundary value problem (IBVP) on the unit interval:

u,(x,t) +ulx,t) =u, (x, 1)+ 1, xe(0,1), t>0,
u(0,1) =0, u(l,t)=e’", t>0,
u(x,0) = f(x), x €(0,1).
(a) (5 points) Find the steady-state solution i(x) = lim,_,  u(x,1).

(b) (10 points) Formulate the IBVP for v(x, ) = u(x,t) — u(x). Solve for v(x, t) using separation of
variables. Then formulate u(x, 1) = v(x, t) + u(x).

(¢c) (10 points) Use an energy method to show that any classical solution u to the IBVP is unique.



